TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 153, January 1971

ON BRANCH LOCI IN TEICHMULLER SPACE(})
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Abstract. The branch locus of the ramified covering of the space of moduli of
Fuchsian groups with fixed presentation by the corresponding Teichmiiller space is
decomposed into a union of Teichmiiller spaces, each characterised by a description of
the action of the conformal self-mappings admitted by the underlying Riemann
surfaces. Equivalence classes of subloci under the action of the modular group are
studied, and counted in certain simple cases. One may compute as a result the number
of conjugacy classes of elements of prime order in the mapping class group of closed
surfaces.

1. Introduction. The study of Teichmiiller spaces may be approached from
two different, but essentially equivalent, standpoints. One may consider either
classes of marked Riemann surfaces S of fixed genus g=2 or classes of Fuchsian
groups G of fixed isomorphism type, the connecting link between them being the
classical uniformisation theorem for such surfaces and the fact that a conformal
mapping f between two surfaces corresponds exactly to an isomorphism between
the uniformising Fuchsian groups effected by conjugation with some conformal
self-mapping f of the disc obtained by lifting of the original mapping f.

In this paper our interest is primarily directed towards the branch locus A, in the
Teichmiiller space T,, which consists of those points which are fixed (points)
under the action of the Teichmiiller modular group. The survey article of Rauch
[12] contains a summary of most of the known facts about this set. It is known
that A, is a countable union of complex submanifolds (not disjoint) of 7,, each one
being stabilised by a cyclic subgroup of the modular group. Each submanifold is
in fact homeomorphic to the Teichmiiller space of a Fuchsian group which uni-
formises quotient surfaces of the classes of surfaces lying in it. We classify all the
Fuchsian groups which arise in this way and link them with the geometric nature
of the action of the modular group; related results have been obtained by Kuri-
bayashi [5] and Greenberg [2].
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2. Preliminaries on Fuchsian groups and Teichmiiller spaces. (For details the
reader is referred to Macbeath [8] and Bers [1].)

Let U denote the Poincaré upper half plane {z | Im z>0} and let £=LF (2, R)
be the group of linear fractional self-mappings of U. A Fuchsian group is a discrete
subgroup I' of %, and if the quotient space U/T’ of I'-orbits is compact then I
is isomorphic to an abstract group G with presentation of the form

generators: Xy, ..., Xy; 4y, b1,...,a,, b,

relations: XM= xPe = ... = xPe =1,

k4
X1Xg: « X H [a;, b;] = 1,
7=1

M

where [a;, b;]=a;b,a; *b; 1. All groups considered here will have compact quotient
space. The signature of G is the ordered set of integers (y; my, my, . . ., my). Two
such groups are isomorphic if and only if they have the same orbit genus y and the
periods {m;} are the same except for possible reordering [10]. For G as above we
define w(G)=2y—2+3>%_, (1—1/m;). There are Fuchsian groups isomorphic to
G if and only if w(G) >0, in which case we refer to G as a group of Fuchsian type.
We distinguish in particular the group with signature (g; ——) where g=2,
which is denoted by K,. For each Fuchsian group I there is a natural projection
map =p: U— U/T defined by z+> I'z, the I'-orbit of the point z. If I'x K, then
U/T is a compact Riemann surface of genus g.

For a fixed group G of Fuchsian type (1) we consider the set R(G) of all iso-
morphisms r: G — & such that r(G) is Fuchsian (with compact quotient space).
R(G) has a natural topology obtained by the correspondence

re>(r(xy), . .., r(xy), r@), - . ., r(b,)) € Lr+2.

We note that this is the same topology on R(G) as that of pointwise convergence
induced on it as a subset of [[reg Ly, ZL=-Z for all x € G. The space R(G) was
first introduced by A. Weil [13] in the context of discrete subgroups of any semi-
simple Lie group. See also Macbeath [9].

The group % acts on R(G) by conjugation: for ¢t € %, r € R(G), we denote by
t*(r): G — & the isomorphism x — ¢ ~'r(x)z. The quotient space R(G)/£*=T(G)
is the extended Teichmiiller space of the group G. If G=K, then T(K,), denoted
usually by T,, consists of two disjoint copies of the usual Teichmiiller space T(S,)
of surfaces with genus g, one sheet for each orientation of the surfaces. It is well
known that T(G) is homeomorphic to two copies of complex N-space, where
N=3y—3+k (Bers [1]). If y=0 and k=3, then T(G) is a pair of points.

Let M(G) denote the group of outer automorphisms of G; M(G)=A(G)/HG)
where %(G), I(G) are the groups of automorphisms and inner automorphisms of
G respectively. Let @ € M(G) denote the class of « € A(G). Then & acts on T(G)
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by the rule [r]— [r o «], where [r] signifies £ *-orbit of r € R(G). It transpires that
M(G), which we call the modular group of G, is a properly discontinuous group of
self homeomorphisms of T(G). We note that an application of the Nielsen theorem
that any automorphism of the fundamental group of a surface may be induced
by a homeomorphism of the surface (see [11]) implies that the group M,=M(K,)
is isomorphic to the mapping class group of surfaces of genus g; indeed the action
of & € M, on an element [r] € T, is the same as the action of the inducing homotopy
class of self-mappings of the base surface S on the element of T(S) corresponding
to the surface U/r(K,) with the marking induced by r. A similar interpretation is
possible for any G of Fuchsian type using an extended Nielsen theorem due to
Zieschang [14]. The points of T(G) fixed by some nontrivial element of M(G)
constitute the branch locus A(G).

Suppose that K’, I'V are Fuchsian groups isomorphic to the abstract groups K,
I" with respective signatures (g; n,, . . ., m) and (y; my, my, . . ., my). Thus K’ =r(K),
I'"=p(r) for some r € R(K), p € R(T"). Let K’ be a subgroup of I'V. A simple argu-
ment involving fundamental regions shows that if [I''; K']=n—it must be finite
since the groups have compact quotient spaces—then w(K')=n-u(IV). If K=K,
we obtain the Riemann-Hurwitz formula

V) 2g-2 = n{Z'y—2+ i (1 —l/mi)}.

Let K i T' be an injection for the above groups K and I'. We do not assume
K normal in T, although this will always be so in the sequel. Then there is a natural
map from R(T) into R(K) given by p+> p o i, which induces a map i: T(I") — T(K).
Greenberg [2] states the following result.

LeMMA 1. The map i is a real analytic homeomorphism onto the image set I,
which is a closed subset of T(K).

This may be proved by observing that the generators of K can each be expressed
as a word in the generators of I, thus relating the coordinates of [poi]e [ to
those of [p] € T(I") algebraically.

3. The branch locus. Let # € M, be an element of finite order n>1. Then the
cyclic group H=<{y)>~Z, has nontrivial fixed point set F(H) (see Kravetz [4]).
We wish to examine the structure of F(H). We write K for K, to simplify the nota-
tion.

Let [r] € F(H). Then [r o y]=[r], and so there is an element k, € & such that

(i) B¥(r)=roy,ie. roy(k)=h;r(k)h, for each k € K;

(i) Ay ¢ r(K) for 1Sv<n—1, and h* e K.

This is because i} € r(K) < y"=1.

Now A, preserves the orbits of r(K) in U and consequently (for details see

Macbeath [8]), the Riemann surface represented by the space U/r(K) of r(K)-
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orbits admits a conformal self map h; defined by

3) r(K)-z Ii> h(r(K)-2) = r(K)-(hy 'z)

for ze D.
Condition (ii) implies that A; has order n. Let I',=<{r(K), h.>. Then we have an
exact sequence

@) 1 —> rK)—2> T, 2 (Hy —> 1,
where j is the inclusion map and ¢ is the obvious projection map. Notice that the
group <h;> is anti-isomorphic to H=<{y).

Now I',c A (r(K)), the normaliser of r(K) in %, and as a result I', is Fuchsian
with compact orbit space. Let I" be an abstract group with presentation of type
(1) such that #"~T, and select an isomorphism p: I' — I',. This determines a
unique injection i: K — I' such that p o i=r. (It transpires that the particular choice
of p is unimportant.)

THEOREM 2. F(H)=i(T(T)).
Proof. Let [o] e T(I"), and set s=o00i. Writing 6=00p~! we see that 0:
p(T") — o(T") satisfies 8|r(K)=sor~*. Let hy=0(h,). Then the diagram

r (/]
K r(K) s(K)

r 0

K r(K) s(K)

commutes, and so [s o y]=[s]. Thus [s] € F(H).

Suppose conversely that [s] € F(H); thus there is an element A, and a group
I's=<s(K), hs), such that

h¥(sor=) = (sor HYha¥ : r(K) — s(X).

Hence there exists a mapping 6: I', — I'; extending the isomorphism sor~%,
defined by 6(h,)=h,; one only needs to observe that W=r(k)hl="hir(k;) iff
ky=9"(k;), which is equivalent to s(k,)hi=hls(k;), and so 0 is a well defined
isomorphism. Thus s=0 o i where c=00p. |

It is interesting to note the interpretation of this result with regard to 7'(S). By a
result of Macbeath [10] extending Nielsen’s theorem, an isomorphism

9: p(I") — o(T")

between Fuchsian groups with compact quotient space can be realised geometri-
cally in the sense that there exists a homeomorphism ¢: U — U such that

tut~* = O(u) for alluel.



1971] ON BRANCH LOCI IN TEICHMULLER SPACE 391

In fact the ¢ constructed in [10] appears as the (essentially unique) quasiconformal
self-map of U which covers the Teichmiiller map = between U/r(K) and U/s(K),
and one sees that the conformal self maps A, h; of the respective surfaces are
related by hy=7 o0 hy; o 771,

The theorem extends immediately to a description of the fixed point set of any
finite subgroup H< M, (and indeed to the fixed point set in T(K) of any finite
subgroup of M(K) for an arbitrary group K, provided that the set is nonempty).

COROLLARY 3. Let HS M(K) be any finite group. Then there exists a group T’
of Fuchsian type and an injection K ;. T such that
(i) 1 > K T'— H' — 1 is exact with H' anti-isomorphic to H;

(i) F(H)=#T(T)).
Proof. The anti-isomorphism comes from the correspondence
v hi(y)
where [r] is a typical element of F(H). One obtains

y1v2 > h(y1y2) = hi(y2) o hy(yy). |

Next we consider the reverse situation. Let K, I" be groups with Fuchsian
presentation such that

i
®) 1—K—TI'—sH —1
is exact for some finite group H'.

PROPOSITION 4. The set i(T(T))=1Im (i) is the fixed point set of some subgroup
H< M(K) with H anti-isomorphic to H'.

Proof. Let r € R(K), p € R(T'), with r=p o i. Then for each h' € H' there is an
h, € p(T") such that

(@) hrer(K), it ¢r(K)for 1sk<n—1;

(b) h7r(K)-h,=r(K).
Hence there exists y=9(r, h,) € A(K) defined by y=r—1 o h¥ o r. Evidently

H={fr h) | W eH

is the required group by Theorem 2. |

We are led to consider the family of all sequences (5) for fixed groups K, I' and
H’. Having fixed an injection i we shall examine the effect of automorphisms
o € UK), B e AT on the induced mapping i. The essential action is rather that
of M(K) and M(T):

LEMMA 5. Let i, j be two injections of K into T with j= o i o a, where « € A(K),
B € A(T). Then Im j=a(Im £).



392 W. J. HARVEY [January

Proof. For each [rleIm i, r=poi for some pe R(I") and so &[r]=[poio«]
=[poftojlelmj. I

We note that in the above situation Im i=F(H) for some H< M(K) implies
that Im j=F(eHa™1).

In order to give a systematic description of the branch locus we introduce the
following notations. Let I(K, I', H') denote the set of all injections i: K— T
with T'/i(K)~ H'. Every such i is characterised up to automorphisms of K and I'
by fixing a surjection of I" onto H’ (a fixed abstract group). Let ®(X, I', H’) be the
family of all equivalence classes of surjections ¢: I' — H’ with ker ¢~ K, modulis the
actions of A(I") and A(H'). Note that P is finite since I' is finitely generated. Lemma
5 shows that the image sets of injections characterised by a fixed class of surjections
in @ coincide. Let i, be any injection corresponding to a class {p} € ®(K, I, H');
thus i,: K— ker . We denote by A(K, I', H’) the set {[rle T(K) : [r] € Im (i),
ieI(K, T, H')}. It follows that

(6) AKX, T, H') = Im 1)

o
aeM(K) \{o}e®(X,I',H’)
the choice of representatives ¢ and i, being unimportant.

As an illustration, let I' be the group with signature (0; 2?¢+2) with g=2, and
H'~Z, Then ®(K, T, Z,) contains one equivalence class of surjections, and
A(K,, T, Z,) represents the hyperelliptic branch locus in 7,. Kravetz [4] showed
that if g>2 this set is a countable union of component submanifolds. In general
however the components are much more complicated, as distinct image sets
& (Im i,), &(Im i,) may intersect without coinciding.

We observe that the sets A(K,, I', Z,) afford us a simple description of A,.
Let n range over all possible orders for an element of M,—in fact 2<n=<4g+2
(see [3])—and for each n let &, , denote the set of isomorphism classes of group
I' of Fuchsian type with ®(K,, I, Z,) nonempty. Then
™ A, =U U AKK,T,Z,),

n Ledn,g
and we have decomposed A, into a countable union of submanifolds, each con-
sisting of a family of surface classes admitting a conformal self-map of order n
such that the quotient surface has a fixed uniformising group I'. We shall find that
the nature of the conformal map is fixed by the pair (T, {¢}).

4. Conformal self-mappings of Riemann surfaces. Let K be a Fuchsian group
uniformising a compact surface S of genus g=2, and let 7: S — S be a conformal
mapping. Then, as seen in §2, there corresponds an element ¢ € &£ such that ¢ ~*K?
=K and ¢ induces the self-mapping = by r=t’, the action on the K-orbits. Thus,
writing I'=<K, t), we have U/T'=S;~S/{r) and an exact sequence

l—>K—>T sty —>1,
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with {t'>>~Z[nZ, where n is the order of (7). There is an obvious extension of
this to the case of an arbitrary group H' of self-maps.

The presentation of the group I' indicates the geometric nature of the action of
7, in that if I" has signature (y; my, ..., m,) then y is the genus of S, and the {m;}
are the branching orders of the covering S — S;. In particular, the number of
m; equal to n is the number of fixed points of . We show now the interrelation
between the surjection ¢ and the behavior of = at the branch points.

Suppose that I' has presentation (1). We recall that for u € I', () is defined
to be the map u’ of orbits

’

u
Kz |—> Ku~*(z), zeU.

The group (7> will be written as the integers modulo » with =1 mod ». Thus
@(u)=1 means that ¥’ =r. Let ¢ be specified by setting p(x)=¢ mod n, i=1,..., k
and p(a)=A4;, (b)=B;, j=1,...,y. Thus xj=7%,

LEMMA 6. The mapping ¢ is a surjection with kernel K~ K, if and only if
(@ i1 &=0modn,
(b) for eachi=1, ..., k, g.cd. (&, n)=n/m,.

Proof. (a) is a trivial consequence of the homomorphism condition and (b)
corresponds to the requirement that ker ¢ have no torsion. [J

Each elliptic generator x; has a unique fixed point z; in U, and the orbit 'z
is precisely the set of points fixed by the conjugates of x; in I. We write stab. (z)
={y e ' | yz=z}; it follows that if z € I'z;, staby (z)2Z,,,.

Consider the image set of I'z; under the projection #x: U — S. It is the inverse
image under the covering S — S; of the point represented by I['z;. Since I'=
Urz¢ Kt?, we have T'z,=J; Kt/(z;) and so I'z;={J; r7/(Kz). Now x;= % and so
the sets 7 ~/(Kz,;) in U fall into a family of n/m; K-orbits (points of S)

{T_j(Kzi)aj = 0’ l’ LS n/mt'_ 1},

since (¢;, n)=n/m;. These are the fixed points of {x{)>=<{7"™). If m;=n there is of
course only one point of S corresponding to I'z;, fixed by the whole group <{=).

If T: S — S is a conformal self-mapping of order n which fixes a point P, then
in local coordinates z near P we must have 7(z) =z where e is a primitive nth root
of unity. Thus T is locally a rotation at P through angle 27v/n where (v, n)=1.

THEOREM 7. The rotation angles of the automorphism group {t) are determined
by the homomorphism .

Proof. Let P be a point of mx(I'z;). We shall determine the rotation angle of
7~ ™m at P. We assume that the element x; € T is a counterclockwise rotation about
z; through angle 27/m,. There is no loss of generality here since for any Fuchsian
group I' such generators may be chosen by taking a suitable canonical fundamental
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polygon for I' (see Macbeath [8]). Now x;= 7% and so, near P= Kz,, 7% represents
a mapping

Kz Kx;(2),
(i.e. z+> x; Y(z) for z near to z,). If P=Kt’(z,) then writing
74 = (tjxgt _j),

we see that 7% represents a rotation about P through angle —(27/m,). Let 7, be the
integer satisfying &, -n, =(n/m;) mod n, 0 <x; <my, (p;, m;)=1. Then +~™™ is locally
a rotation at each P € mk(z;) through an angle 2my;/m;. |

Thus the surjection ¢ characterises completely the action of = on S. One may
deduce, for example, the representations of {r) as linear transformations on the
spaces A,(S) of holomorphic g-differentials on S. If w € 4,(S), the Abelian differ-
entials on S, and w=f(z) dz near P e S, then f(zo 77 ) d(z - 7~1) represents an
Abelian differential near Q=7(P) which we denote by w,. A choice of basis for
A4(S) results in a complex g x g matrix representation p(r) of the map w+> w,.
The eigenvalues of the unitary matrix p(7) are complex nth roots of unity since
(p(7))"=1d, and the multiplicity N, of the value &’ (e=exp 2mi/n) may be calculated
using the Riemann-Roch theorem [6] giving

N0=73

N, = y—1+ 12 a(1-( L)

where ¢;;=0 if j- £,=0 mod n, and 1 otherwise, and {y)>=y—[y] denotes the frac-
tional part of y. Similar formulae hold for the action induced on A4,(S).

The results in this section extend to the situation where any group of auto-
morphisms acts on a surface.

5. Submanifolds of A,. If we view a Teichmiiller class [r]€ T, as a class of
marked surfaces [S, 7], where 7 is a homeomorphism from a fixed surface X to
S=U/r(K,) and equivalence between two marked surfaces (S, 7;) and (Sg, 7)
is a conformal mapping c: S; — S, such that 7, =c o F,, then in the light of §4 we
may characterise the fixed submanifolds of A, as follows.

ProPOSITION 8. Let {p} e ®(K,, I', H'), and let i, : K —ker ¢. Let [r]€Im i,.
Then the surface class [S, F] admits an automorphism group H,> H' with the geo-
metric character implied by ¢, and Im i, is the set of all classes [s]=[S’, §] admitting
an automorphism group H,~ H' such that there is a homeomorphism 6: S — S’
with H;=0"1H,0.

Proof. It only remains to observe that the geometric information supplied by
@ is characteristic of the class {¢}, and that if r=p o i,, s=0 o i,, then we have a
commutative diagram with exact rows
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c
1 r(K;) o(T) H; 1
r P
io @
1 K, r H 1
S o J
<
1 s(K,) o(T) H! 1

where < denotes inclusion map. The homeomorphism 8 is obtained by realising
geometrically the isomorphism s o r~* between the fundamental groups r(X,) and

s(K;).
We single out the subloci with H'~Z, for closer attention. One finds [3] that in
order for a group I' with signature (y; m, ..., m,) to possess Z, as factor group

with torsion-free factor, it is necessary and sufficient that
@) Lem. (my,...,m)=m=lcm.(m,...,m,...,m) for all i=1,...k,

where m; denotes omission of m;;

(ii) m divides n, and m=n if y=0;

(iii) k#1, and if y=0 then k= 3;

(iv) if m is even then the number of periods m; divisible by the maximal power
of 2 dividing m is even.

To this we add the condition implied by the Riemann-Hurwitz formula:

(V) 2g—-2)n=2y—-2+3f., (1-1/m).

PROPOSITION 9. The family §, , consists of isomorphism classes of groups whose
signatures satisfy (i)—(v).

Note. (1) Two signatures correspond to isomorphic groups if and only if the
genera are equal and the periods are reorderings of the same set of integers.

(2) &n,o is nonempty if and only if M, contains elements of order n (in other
words some surface of genus g has a conformal self-map of order n).

THEOREM 10. Let p be an odd prime. Then ¥, , (g Z2) is nonempty if and only if
at least one of the following statements holds:

(a) g=1 mod p;

(b) there is an integer | such that I(p—1)[2<g<Ip/2.

Proof. The Riemann-Hurwitz formula reads 2g—2=p(2y—2)+k(p—1), and
we seek suitable solutions for y and k to the equation g=yp+(k—2)((p—1)/2).
If k=0 there is a solution for those g satisfying g=yp—p+1, where y=2, and
condition (a) follows. Otherwise, since k=2, y=0 we seek nonnegative integer
solutions for X=y, Y=k—2, to g=pX+((p—1)/2) Y. The general solution is

X=g-((p-1/2):], Y=pl-2g
for / an integer. A nonnegative solution exists if and only if (b) occurs.
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We remark that analogous sufficient conditions are immediate for composite n,
but they are then by no means necessary.

COROLLARY 11. If &, , is nonempty, then p divides 2g+1){(g+1)!1}(®.

Proof. Certainly p<2g+1. If g+2=<p=<2g—1, then (a) cannot hold. Moreover
2g/p>1and 2g/(p—1) <2, andso thereis no integer in the interval [2g/p, 2g/(p— 1)},
which contradicts (b).

COROLLARY 12. &, , is nonempty for every n<(2g+1)*/2.

Proof. If n<(2g+1)*/2 then g=n(n—1)/2, and so the interval [2g/n, 2g/(n—1)]
always contains an integer since it has length at least 1.

COROLLARY 13. The largest value of g for which F,,, is empty is (p%>—4p +1)/2.

One can compute the cardinality of &, , directly from the Riemann-Hurwitz
equation g=yp+(k—2)((p—1)/2).

Let v, be the number of classes in %, ,, and let F(z)=>,:5 v,2% If p#2, 3 we
find that

F,(2) = Z 2P+ -2Xp - 1)/2

v,k
= zP- 1)12(1 —z")‘l(l _z(p—l)l2)—1 +Z’(l +z)(1 __zp)—l’

with similar expressions for Fy(z) and F;(z). Lloyd [7] has found generating func-
tions F,(z) for all values of n using more advanced combinatorial techniques.
We next study the set (K, I, Z,).

THEOREM 14. Let T' be a group of Fuchsian type with signature (y; my, ..., my)
and l.c.m. (m))=m. Each equivalence class of surjections in ®(K,, I, Z,) contains a
surjection @ which satisfies ¢(a))=id for j=1,...,y, (b))=B;, @(b)=id for
Jj=2,...,7, where B, generates the subgroup Z,,,.

If k=0, all surjections of I'=K, onto Z, are equivalent.

Proof. We list the automorphisms of I"' which will be used, giving their actions
on the generators of I':

X1 Xp-1Xk a; as asz---a, b1 bz b3"’b7

QI]_ X1y oo Xk albl, as, ... a, bl’ bg' . by

WAy | X1, .. X, | a1bs, as, ... a, a7t by, ... b,

%3 asx,a; 1, ceey agxkaé'l aqa,, b1a2b1‘ 1, as,...a, bl, azb2a2- lbf 1, ba, e by
-1 -1 .,.-1 -1

Wy | X100 X1, @7 xka | [a7 x5 Ay, @, .. .54, |biar x4y, by, . . b,

(® In fact, if p<g—1, $p,, is nonempty iff plg—1 or p=2/+1 with 1|g.
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We also need the automorphisms 8B, j=1,..., y—1, defined by

X; —> X, i=1,...,k;
a,— a, b, — b, i#j,j+1;
a;—> Gy, by—byyy;
@je1—> CTMAC1,  brpa = cibic 4,
where ¢;,1=[a;,1, b;;1].

Let ¢ be defined by x;+— &, a;+— A;, b;—> B,. Then the effect of the auto-
morphisms %U,, ..., Ay is as follows:

SRR A4, Az 4, B, B, B,
2[1 fl’ oo fk’ Al +B1, Ag, P A” Bl, oo By
%2 fl, .« fk, Bl, Ag, o e A.,, —AI, Bg, oo B.,
A T A, +By, A, ... A, B,, B;—B,,B;--- B,
2[4 fl: ... fk: Al: .. An Bl+£k’ Bﬂ: .. By

Also B, induces the mapping
&— &, i=1--.k;
(4, B) — (4;, By, i#jj+1
(4, B) = (441, By 1), (4541, By 1) — (4, B).

We reduce ¢ systematically. By application of %,, and, if needed, A, we reduce
A; to 0. Using {8B;} we bring each pair (4;, B, to the position of (4;, B;) and
reduce 4, to 0. We may now assume that the pair (0, B;) in position 1 is such that
B; generates {4,, B, i=1,...,y). Using %; we may reduce the second-position
B-element to 0, and employing {8,} we kill all other elements B;, i>2, in the same
way. Finally we reduce Bj to a generator of Z,/Z,, by applying U,, together with
automorphisms which reorder the periodic generators x;- - -x,.

We are able now to count the number of classes in &(K,, I, Z,). It suffices to
consider those I' with orbit genus y=0 unless k=0. Let N(k, p} be the cardinality
of ®(K,, I, Z,) when I has signature (y; p, . . ., p) with k periods, and let G,(z)
= >, N(k, p)z*. It follows fromi a result of Lloyd [7] that

Gyl2) = 1%{% (=2 + (=X =21 —2) ]+ 5 D0 —z‘)“"‘”"},

the summation being over / such that 1#I|(p—1), and ¢(/) denoting the Euler
totient function. Note that if p=2 we get Gy(z)=1/(1 —z%); there is one class of
mapping onto Z; when k is even and none when k& is odd.

There is an interesting link here with the structure of the modular group M,.
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PROPOSITION 15. Let A(p, g) denote the number of conjugacy classes of elements of
M, which have prime order p.
Then L(z)=72,>2 Mp, g)2° is given by

L2) = 2277 (1=zP) G (z®?~V12)—z1-?—z—2, if p > 3;
Ly(z) = z73(1-2%)"1G4(z) —z"2-2z—1;
Ly2) = z7¥(1—-2%)"Y(1—2z) t—z"1—2z—1.

Proof. It follows from §3 that A(p, g)=> |®(K,, I', Z,)|, where | | denotes
“number of elements in”, the summation running over classes of group I' in
Fp.o- We must evaluate >, , N(k, p)z?, where g=yp+(k—2)((p—1)/2). One finds
that, for terms in z2 and higher powers of z, L,(z) coincides with the function

Z1-7p Z { z N(k, p)z®- 1)/2}2717 = z177.G (2P~ V)1 —z7) "L,

20 \k20

It would seem to be of interest to know A(n, g) for arbitrary n, but this may be
a difficult question.

REMARK. The study of A, sheds light on the structure of the quotient &, =T,/ M,,
which is the space of moduli of surfaces of genus g. This is a complex space with
singular set A,/M,, and using our dissection of A, one can visualize the ramifica-
tion a little more clearly. Each set A(K,, I', Z,) is mapped into itself by M,, and the
quotient of this set is made up of subsets in 1-1 correspondence with classes
{p} e ®(X,, T, Z,). We note that when I' has signature (0; m,,..., m,) and ¢ is
specified by the integers ¢, .. ., & less than n, the surfaces underlying the points
of the set corresponding to {p} are characterised by the algebraic curve

k
r* = [T @x-ws,
i=1
where y,, .. ., ¥, are distinct complex numbers.
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