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ON SOME STARLIKE AND CONVEX FUNCTIONS

BY
G. M. SHAH

Abstract. In this paper we study functions of the form ﬁ (g@®)/TTp=1 A —2zi)x) dt
for |z] <1 and show under what conditions such a function is convex, convex in one
direction and hence univalent in |z] <1. We also study the functions g(z) where
g(0)=1, g(2)#0 and Re [2¢'(z)/g(2)]= — o, 0= a <1, for |z|] < 1.

1. Let S denote the set of all functions of the form

1) f(@) =z+ i a,z"

that are holomorphic, univalent and starlike in the disk D={z : |z| <1} in the
complex z-plane. It is well known [3, p. 13] that a function f given by equation (1)
is in S'if and only if Re [zf'(z)/f(2)] >0 for |z| <1, or equivalently, by Herglotz’s
representation [8, p. 570],

2f'(2) B 21 o0 | 7
@ I = [ L o)

where «(6) is a nondecreasing function of 8 in [0, 27] and «(27) —«(0)=1. Equation
(2) after simplification may be put in the form

3) fz) = zexp [—2 fo " log (1—e~%2) da(o)]

for |z| <1. We choose here that branch of the logarithm which has the value zero
at z=0.

In particular if we take «(6) to be a step function with jumps of «, >0at 6, € [0, 27)
(k=1,2,...,n) such that 3%_, ¢, =1 (to meet the requirement that «(27)—«(0)
=1), in equation (3), it follows that the function

@ W= f(z) = / 1‘[ (1—exp [ i6,]2)%

isin S. In fact f(z) maps the disk D onto the w-plane with n radial slits [2, pp. 36-37].
A function h holomorphic in D is said to be convex and univalent in D if and
only if there exists a function fin the class S such that f(z)=zh'(z) for ze D. We
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shall denote the class of such functions 4 by C. It follows from equation (3) now
that 4 € C if and only if

) K(z) = exp [—2 fo * log (1—e-2) da(ﬁ)]

for |z| < 1. Once again that branch of the logarithm is taken in (5) which is zero at
z=0.
We also have from equation (4) that functions A such that

©) h(z) = fo (1 / u (1—exp [i0,]t)2“1) a,

with 3?7, o;=1, «,>0, 6,€[0, 27) (j=1,2,...,n) and |z| <1, are members of C.
In fact it follows by the Schwarz-Christoffel transformation [4, pp. 192-193] that
h maps the disk D={z : |z| <1} onto the interior of an n-sided convex polygon.

We remark here that functions f given by equation (4) are extremal in some
sense in S and the functions A given by equation (6) are extremal in the class
C[5].

In §2 we intend to study functions which reduce to functions of the type given by
equations (4) and (6) as a special case. In §3 we study another class of functions
g(z) which are used in §2.

2. It is known that a function A(z)=z+ >, a,z" holomorphic in D is in C if
and only if Re [1+zh"(2)/#'(z)]>0 for all z in D [3, p. 14]. A function f(z) holo-
morphic in D is said to be convex in one direction in D if it maps |z| =r for every r
near 1 into a contour which is cut by every straight line parallel to this direction in
not more than two points. If 4 € C then 4 is convex in every direction in D. We
now prove the following result.

THEOREM 1. Let g(z) be holomorphic in D with g(0)=1, g(z) #0 and Re [2g'(2)/g(2)]
2 —a for |z| <1, where 0= a < 1. Suppose also that

%) Wz) = fo (g(t) / Q (1 —zkt)“k) dt = 2+ 22 a2,

where o,,>0, |z,| =1 (1 £k <n). Then,

(@) h(z) is convex in one direction and hence univalent in D if 3% _; 0 <3—20,
and |a,| =n for all n.

(b) h(z) isin Cif Dp-y 0 <2—2« and |a,| £1 for all n.

Proof. We have #'(z)=g(z)/[ 1¢-1 (1 —zz,)*% for |z| <1, and hence

=2 4

) g@) . &
oo e
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Or,
zh"(2) _28(@ 1 i o (1—zz)—(1+2zz,)
h'(2) gz) 24" 1—zz,
zg'(x) 1< 1 3 ol +22)
T gl 2 kzl ) kZ1 1—zz,
L@ 1&  1E (—[n)+2iIm (z)
B g(z) kz % +2 kZ], % Il _zzkl2
Therefore,
hll(z) > _ _-1_ n
Re [1+zh() 2 1-a-j > o
1 & (1=zPz?)
®) *3 kzl % [1—2zz,[?
> l—a—% Z o for |z] < 1.
k=1

It follows now by a result of Umezawa [10] that A(z) is convex in one direction in
Dif(l—«—%3%_; &)= —%orif >F_; e, £3—2c. That A(z) is univalent in D and
|a,| £n for all n follows from a result of Robertson [6].

Again from inequality (8) we have that h(z) is convex in Dif 1 —a—% >2_, «, 20
orif 3%_; ey <2—2a. Thus A(z) € C and that |a,| <1 for all n is well known for
functions in C [2, p. 12]. This completes the proof.

A function f(z) holomorphic for |z| <1 is said to be starlike in one direction if f
maps |z|=r for every r near 1 onto a contour C which is cut by a straight line
passing through the origin in two, and not more than two points. From this
definition, Theorem 1 and the relation between the members of S and C we have
the following corollary.

COROLLARY 2. If g(2) and z,, (1 Sk <n) are subject to the same conditions as in
Theorem 1, o;,>0 (1<k<n) and

1) = 2@ [TT -z = 24 3 b,z

then,
(@) f(2) is starlike in one direction if 3% _, o, <3 —2« and |b,| <n? for all n;
(b) f(2)eSif Sr_1 0. =2—2a and |b,| <n for all n.

Proof. We have f(z)=zh'(z), where h is given by equation (7). That f(z) is starlike
in one direction if >%_; «; <3 —2a follows from part (a) of Theorem 1 and a result
of Robertson [6]. Again from equation (7) we have b,=na, for all n. Hence from
(a) of Theorem 1 we have |b,| <n? for all n. (b) follows from (b) of Theorem 1.

If we take, in particular, g(z)=1 for |z| <1, &,=m (1 £k <n) in Corollary 2 we
have the following result of Rubinstein [7].
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COROLLARY 3. The function f(z)=z[[ [k-1 (1 —2zz,)™ is univalent (and starlike)
in Difm=2/nand |z,|£1 (1Zk<n).

In the following result no restriction is put on the «, except that these are positive.
This in turn, however, shrinks the domain on which f{(z) is starlike or convex.

THEOREM 4. Let g(z) be holomorphic in D with g(0)=1 and g(z)#0 and
Re[zg'(2)/g(@)] 2 —o, O =a<l
Suppose that
) W) = | (g(t) TTa- tzk)“k) @,
k=1

with &, >0, |z,] £1 (1<k<n), and R=max, <=, |z|- Then
(a) h(z) is convex in one direction and hence univalent for

2| < (3—2a)/R(2 > ak+2a—-3);
k=1

(b) h(z) is convex (and univalent) for

12| < (1-a)/R(§1ak+a-1).

Proof. As in the proof of Theorem 1, we have

zh"(2) 1< > 1=|z%z®
(10 Re [14575] 2 1m0 2 et Z M=z

It is clear from the proof of Theorem 1 that f(z) is convex in one direction and
univalent for |z| < Ry, if the right side of the inequality (10) is = —13 for |z| S Ry,
and that f(z) is convex for |z| < R, if the right side of the inequality (10) 20 for
|z] < Ro.

We intend to find Ry such that

13 13 z|?|z
@ ek S ek S HEE S s o<,

where =14 or 0. Let z=re", z;,=r, exp [i6,], 1 £k <n. The inequality (11) is true if

l n l—rzrk
— —— ‘~ > -
1 o 2 kzl ak+2 Z [ l_zrrk cos (0+ Ok)+r2rk = p

k=1

for 0=r= Ry, 0= 0 <2x. The last inequality holds if

l-—a—% i z lak(l—" rid) >

—B for0 =r = R,
&y 2.4 1+r%2+2mm, = B 8
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or, if

1S 1S all=rm) 5 _ <r<
l~e=3 2, %%3 2 “Tom, 2 P fr0SrsR,

If we let Fi(r)=(1—rr)/(1+rr,) (1 £k =n) then the last inequality becomes

(12) 21—a+f)— D a+ D Fr) 20 for0<r <R,
k=1 k=1

For a fixed r,, 0<r, <R, F,(0)=1 and F,(r) is a decreasing function of , and hence
mings,sg, Fi(r)=(1—Rgri)/(1+ Rgri) = Fi(Rg). Again Fi(R;), when treated as a
function of r, is a decreasing function of r, and hence

min Fy(R,) = (1— R;R)/(1+ R,R).
OSre=R

Thus the inequality (12) holds if

z 1—R4R\( <
2w s (AR (8) 2o
(1—a+p) ,,ZI“"+(1+R,R kzlak
or, if
2(1+RR)(1—a+B)—2 > «(RR,) 2 0,
k=1
or if

Rs < (1—o;+,3)/11(§1 ozk—l-l-a—ﬁ)-

Hence by taking =4 and 0 we have that A(z) is convex in one direction and
univalent for

2] £ 3—20) /R(Z 21 ak+2¢x-—3)

and h(z) is convex for
|z| = (l—a)/R(z ak+a—-l)o
k=1

We deduce immediately from Theorem 4 the following.

COROLLARY 5. If g(z) and z,, (1 £k <n) and R are the same as in Theorem 4 and
S@)=2zg(2)[TTi-1 (1 —2z,)% with ,,>0 (1 £k Zn). Then
(a) f(2) is starlike in one direction for

2] < (3—2a)/R(2 21 a,,+2a-3),

(b) f(2) is starlike (and univalent) for

ol < (l—a)/R(é_l ak+a_1).
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By taking g(z)=1 for |z| <1, «,=1 (1£k=n) in Corollary 5 we obtain the
following result of Rubinstein [7].

COROLLARY 6. The function z[T 1}, (1—2zz,) is univalent (and starlike) for
|z] <1/R(n—1) where R=max, ;<. |z,| £1.
We use Theorem 1 to prove the next result.

THEOREM 7. If g(z) is holomorphic in D, g(0)=1 and g(z) #0, Re [2g'(2)/g(2)]Z —«
where 0L a <1, for |z] <1, then the function

F(z) = 28(2) / (Q (1—zz,) fo (g(t) /’H (l—zkt)“k) dt),

where «,>0, |z,|=1, 1 Sk=n, and 3} _, o, <2—2a, is holomorphic in |z| <1 and if
F)=1+372., b,z" then |b,| =1 for all n.

Proof. By Theorem 1, h(z)= {7 (g(t)/T Tz -1 (1 —z,t)%) dt is holomorphic, univa-
lent and convex for |z| < 1. It follows by a result of Strohdcker [9] that

Re [zK'(2)/h(2)] 2 4,

or equivalently, Re F(z) 214 for |z| < 1. Since 4(0)=0, A(z) is univalent for |z| <1, it
follows that h(z)#0 for 0<|z| <1 and hence F(z) is holomorphic for |z|<1. Let
G(z)=F(z)—1. Then G(0)=0, G(z)=>-, b,z" and Re (G(z))= —13 for |z| < 1. The
function w=z/(1-z)=37., z" is holomorphic, univalent and convex for |z|<1
and maps |z| <1 onto the half-plane Re (w)> —4%. It follows now by a known
result [2, p. 12] that |b,| =1 for all n.

3. In this section we study the functions g(z) which we have used in the last
section.

THEOREM 8. If g(z) is holomorphic in D, g(0)=1, and g(z)#0, Re [zg'(z)/g(2)]
2 —a, with0=a<]l, for |z| <1, then

8@ = exp [2atp) [ log () )]

for some p>0, where B() is a nondecreasing function of 8 in [0, 2] with B(2=)— B(0)
=1. (Here that branch of the logarithm is chosen which vanishes at z=0.) Also

1

= = < |g(re®)| = a= )za for0=r<1,0=20 < 2n

Proof. For 0=« <1, we have that Re [zg'(z)/g(z)]2 —a> —(«+p) for any p>0
and hence Re [zg'(z)/(«+ p)g(z)+1]>0. Let

2g'(2) _ I SR
(13) W)g(z)-H = F(z) = ’2:0 bzt for |z| < 1.
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It is easy to see that F(0)=1 and by Herglotz’s representation [8, p. 570] for such
functions F we have

ﬁ%ﬂ =f0 e “d,s(o) for 2] < 1,

where B(6) is nondecreasing in [0, 2=] and B(27)—B(0)=1. Thus

T eon [ (525 a0

or,

g
£ — 2etp) [ o O

Integrating the last equation from O to z, |z| <1, with respect to z, we obtain

log g(z)—log g(0) = 2(a+p) j f - dB(6) dz

ew

= 2(a+p) f f dz dp(6)

= 2e+p) [ tog (5=) aBO)

Hence,
(14) 8@ = exp [2a+0) [ log (=) )]

for |z| < 1. In equation (14) we take that branch of the logarithm in the integral
which vanishes at z=0.
To prove the other assertion we have from equation (13) that F(z)=1+>2_, b,z"
and Re (F(z))>0 for |z| <1 and hence by a known result [1, p. 44]
1—r l+r

_r 16 -
H_rg Re (F(re®)) < = for0=r<1,0=<022n

In terms of g these inequalities become

—2e+p)r . pe (’ew (’ew)) < 2ot o<, 1,05 052

14+r g(re‘a) 1—r
Since
re“’g’(re“’)) 3 2 i
Re (_g(re“’) =Tz Re (log g(re®)),
we have
—————21(1-:')) log |g(re®)| = 2(a+f) 0<r<1,026Z%2n
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Integrating with respect to r from 0 to r, we get
—2a+p)log(1+r) < log g(re®)] = —2(a+p) log (1-r),

O0<r<1,0=560 < 2m
Or,

1 1
(15) W) < |g(re“’)| =< (ITM, 0sr<1,0<0< 2m,

since the relations hold trivially for r=0. Since inequalities (15) hold for any p>0,
we let p — 0 and we finally get

i +1r)2_“ < |g(re)| < (I—IW" 0<r<1,0Z20Z%2n

THEOREM 9. If g(z) is subject to the same conditions as in Theorem 8 and g(z)
=147, a,z", then |a,| £n+1 for all positive integral values of n.

Proof. Choose a positive number p such that «+p =1, and let

(16) @i";—()zg)—(z-)ﬂ = F@z) = 2 b,z".

As in the proof of Theorem 8, we have Re (F(z))>0 for |z| <1, F(0)=b,=1 and
hence by a known result of Carathéodory |b,| =2 for n=1, 2, 3, .... Substituting
in equation (16) the power series expansion for g(z) we obtain

i na,z" = («+p) i (i bka,._k)z" with a, = 1.
n=1

n=1 \k=1

Equating the coefficients of z* we have

a7 na, = (+p) D bane  (1=1,2,3,...)

k=1

For n=1, equation (17) gives, |a,|=|a+p| |b1a0| = |b1ao| £2. For n=2, we have
2|az| =+ p| |b1a; + baao| £2|a;| +2|ag| £4+2=6 and hence |a;| 3.
Suppose now that |a,| <n+1 for 1 £n<j, then again from equation (17) we have

i+1
(+Dlajsa]| S |e+pl kz |Bic| |@541 -l
=1

j+1 j+1
< 2;1 |js1-k| S 221 (j+2-k)
= 20U+ D+j+--- +1] = G+1DG+2).

Thus |a;, ;| =j+2 and the result follows by induction.
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