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ON SOME STARLIKE AND CONVEX FUNCTIONS

BY

G. M. SHAH

Abstract. In this paper we study functions of the form J-* igiO/Ylk -i (1 — tzk)"k) dt

for \z\ < 1 and show under what conditions such a function is convex, convex in one

direction and hence univalent in |z|<l. We also study the functions giz) where

giO) = \, tf(z)#0 and Re [zg'iz)/giz)]ï: -a, 0á«< 1, for \z\ < 1.

1. Let S denote the set of all functions of the form

(i) m = z+ 2 «v
n = 2

that are holomorphic, univalent and starlike in the disk D={z : \z\ < 1} in the

complex z-plane. It is well known [3, p. 13] that a function/given by equation (1)

is in S if and only if Re [zf'(z)/f(z)]>0 for |z| < 1, or equivalently, by Herglotz's

representation [8, p. 570],

n\ zf'&     reW+zd„<Bï(2) fW = L ^da(e)>

where a(8) is a nondecreasing function of 6 in [0, 2rf] and a(27r) — a(0) = 1. Equation

(2) after simplification may be put in the form

(3) fi'z) = z exp [-2 f * log (1 -e-'ez) ¿«(0)1

for |z| < 1. We choose here that branch of the logarithm which has the value zero

atz=0.

In particular if we take a(8) to be a step function with jumps of ak > Oat 8k e [0,27r)

ik=\,2,...,n) such that 2E = i au=l (to meet the requirement that a(27r) — <*(0)

= 1), in equation (3), it follows that the function

(4) w = fiiz) = z/fl (1 -exp l-i»,W

is in S. In fact/(z) maps the disk D onto the w-plane with n radial slits [2, pp. 36-37].

A function h holomorphic in D is said to be convex and univalent in D if and

only if there exists a function/in the class S such that fi(z)=zh'(z) for z e D. We
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shall denote the class of such functions h by C. It follows from equation (3) now

that hedí and only if

(5) h'(z) = exp Ï-2 F" log (1 -e-iez) da(6)\

for |z| < 1. Once again that branch of the logarithm is taken in (5) which is zero at

z=0.

We also have from equation (4) that functions h such that

(6) h(z) = £ il ¡fi (1 - exp [iBr\t)2^ dt,

with 2?=i <*/=l, «i>0, 0j£ [0, 2tt) (/=1, 2,...,n) and |z|<l, are members of C.

In fact it follows by the Schwarz-Christoffel transformation [4, pp. 192-193] that

h maps the disk D = {z : \z\ < 1} onto the interior of an n-sided convex polygon.

We remark here that functions / given by equation (4) are extremal in some

sense in S and the functions h given by equation (6) are extremal in the class

C[5].

In §2 we intend to study functions which reduce to functions of the type given by

equations (4) and (6) as a special case. In §3 we study another class of functions

g(z) which are used in §2.

2. It is known that a function fl(z)=z+2"=2 cnzn holomorphic in D is in C if

and only if Re [l+zh"(z)/h'(z)]>0 for all z in D [3, p. 14]. A function/(z) holo-

morphic in D is said to be convex in one direction in D if it maps \z\=r for every r

near 1 into a contour which is cut by every straight line parallel to this direction in

not more than two points. If he C then h is convex in every direction in D. We

now prove the following result.

Theorem 1. Let g(z) be holomorphic in D with g(0) = 1, g(z) # 0 and Re [zg'(z)/g(z)]

ä —a for \z\ < 1, where 0^a< 1. Suppose also that

(1) h(z) = f (g(t)/tl (1 -zkty«) dt = z+ J anz\
Jo   \ / fc = l / n=2

where ak>0, \zk\ -I (l^k^ri). Then,

(a) h(z) is convex in one direction and hence univalent in D //2"=i «fc^3 — 2a,

and \an\ Un for all n.

(b) h(z) is in C ifj% = x afc = 2-2o! and \an\ = 1 for all n.

Proof. We have h'(z)=g(z)/\~\l=i (\-zZk)"k for |z| < 1, and hence

h'(z)      g(z) + ¿xl-zzk
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Or,

zh"(z)      zg'(z)     1  ^      (l-zz,)-(l+zzfc)-2
«fc

h'(z)        g(z)      2^"" \-zzk

= Zg\z) _1   ^ 1   *  akjl+ZZk)

giz)      2¿yak+2k4<y    \-zzk

zg'iz)     1  ^        ,1^      (l-|z|2|zfc|2) + 2/Im (zzfc)~2 2 a« +Ô 2 «ftg(z)      2 ¿er«  '2Ä- |l-zzfc
Therefore,

(8) +5 2
1 ^      (l-|z|2|zk|2)

«k-
Z k = l I1      ZZkl

1     n

>  1— a — - 2. ak f°r Izl  < 1-

It follows now by a result of Umezawa [10] that h'z) is convex in one direction in

Z) if (l-a-|2k=i ak)= —i orif 2ï=i ak = 3-2a. That h'z) is univalent in D and

|c7n| ̂n for all n follows from a result of Robertson [6].

Again from inequality (8) we have that hiz) is convex in D if 1 — a—\ 2k=i «k = 0

or if 2k=i a-k = 2 — 2a. Thus h'z) e C and that |a„| S 1 for all n is well known for

functions in C [2, p. 12]. This completes the proof.

A function/(z) holomorphic for |z| < 1 is said to be starlike in one direction iff

maps \z\=r for every r near 1 onto a contour C which is cut by a straight line

passing through the origin in two, and not more than two points. From this

definition, Theorem 1 and the relation between the members of S and C we have

the following corollary.

Corollary 2. If giz) and zk il^kSn) are subject to the same conditions as in

Theorem 1, ak > 0 (1 á k ^ n) and

fiiz) = zgiz)lf\ (1 -zzky* = z+  2 bnz\
I k=l rc=2

then,

(a) f(z) is starlike in one direction z/2k = i <*k^3-2a and \bn\ ̂ n2 for all n;

(b) f(z) e S if 2k = i ak = 2 — 2a and \bn\ ̂ n for all n.

Proof. We have/(z) = zh'(z), where h is given by equation (7). That/(z) is starlike

in one direction if 2" = i <xkú3 — 2a follows from part (a) of Theorem 1 and a result

of Robertson [6]. Again from equation (7) we have bn = nan for all n. Hence from

(a) of Theorem 1 we have |Z?n| ̂n2 for all n. (b) follows from (b) of Theorem 1.

If we take, in particular, g(z)=l for |z| < 1, ak = m (1 ̂ k^n) in Corollary 2 we

have the following result of Rubinstein [7].
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Corollary 3. The function f(z)=z/\~[k = x (1— zzk)m is univalent (and starlike)

in Difm-=2/n and \zk\£ 1 (1 £k£n).

In the following result no restriction is put on the ak except that these are positive.

This in turn, however, shrinks the domain on which/(z) is starlike or convex.

Theorem 4. Let g(z) be holomorphic in D with g(0) = 1 and g(z) + 0 and

Re [zg'(z)/g(z)] 2: -a,       0 ^ a < 1.

Suppose that

(9) h(z) = £ (g(t)jt\ 0 - tzky^ dt,

withak>0, |zfc| = l (1 g/c^n), and R=maxXSk%n \zk\. Then

(a) h(z) is convex in one direction and hence univalent for

\z\ Ú (3-2a)  R\2 2 «fc + 2a-3|;

(b) h(z) is convex (and univalent) for

\z\ £(i_«)/Äy^«fc+«_i|

Proof. As in the proof of Theorem 1, we have

n   T,    zh"(z)~\ .   , 1 ^ 1 ^      l-|z|2|zJ2

It is clear from the proof of Theorem 1 that f(z) is convex in one direction and

univalent for |z| ^£i/2 if the right side of the inequality (10) is ä — \ for |z| úRxt2

and that/(z) is convex for \z\ <R0 if the right side of the inequality (10) =0 for

|z|<£0.

We intend to find R0 such that

1    » i    "        i _uiai_ 12

(11) l-«-± 2 «*+{ 2 «*   h _ Jli   ^ -18   for N á *„
z >c = l ^ k = l \l      zzk\

where j8=\ or 0. Let z = re'9, zfc = rk exp [j0fc], 1 ̂  k ^ n. The inequality (11) is true if

, 1 ^ 1  ^      _\-r2rl

1 -«-5 2 «k + 2 2, «* l-2rrfccos(fl+flk) + r^ = ~ß

íorO¿reRB,0 = e^2rr. The last inequality holds if

1-a-i t «* + \ 2 ,Ü(12~2rjL2?    ^ ~ß   forO = r = JlB>
2fc = i        2k = i i+r2r2 + 2rrk
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or, if

1—-4 2 «* + \ 2 afe?i * -P   »*0 * r á *,.
z k = 1 z k = 1       1"T-'rfc

If we let Ffc(r) = (1 - /rfc)/(l + rrk) (1 á A: g «) then the last inequality becomes

(12) 2(1 -0+/3)- J «k+ 2 «fc^1") = °   for ° = r = Re-
k=l k=l

For a fixed rk, 0^rk^R, Fk(0) = 1 and Ffc(r ) is a decreasing function of r, and hence

min0sr£/íSFfc(r) = (l-iífir)c)/(l-l-Aírk) = Fk(J?í). Again F^^), when treated as a

function of rk, is a decreasing function of rk and hence

min   F¿Rt) = (1 - Ä,Ä)/(1 + R„R).
OSrkiR

Thus the inequality (12) holds if

«a-.+»-¿*+(}=jg)(¿*)í*
Or, if

20+U*fl)(l-«+/3)-2 J <*kW) =í 0,
k = l

or if

J?, Ú (l-« + /3)W|; «fc-l+a-jsj.

Hence by taking ß=$ and 0 we have that /¡(z) is convex in one direction and

univalent for

|z| á i3-2a)  r(i 2 «k + 2a-3|

and Hz) is convex for

|z| ^0-«)/Ä(|. «* + «-l)-

We deduce immediately from Theorem 4 the following.

Corollary 5. If giz) and zk il^k^ri) and R are the same as in Theorem 4 and

/(z) = z^(z)/ri2 = i (1 -zzky« with «fc>0 (1 gfcg»). F/zen

(a) /(z) is starlike in one direction for

\z\ <: (3-2a)/i?Í2 2 «k+2a-3),

(b) /(z) is starlike iand univalent) for

\z\ g(l-a)^^2^ + «-1)-
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By taking g(z)=\ for |z|<l, afc=l (l-k-¿ri) in Corollary 5 we obtain the

following result of Rubinstein [7].

Corollary 6. The function z/Y\k = x (1— zzk) is univalent (and starlike) for

\z\ < l/R(n—l) where £ = max1sfcgn |zfc| S 1.

We use Theorem 1 to prove the next result.

Theorem 7. Ifg(z) is holomorphic in D, g(0)= 1 andg(z)^0, Re [zg'(z)jg(z)] ^ -a

where 0 = a^ I, for \z\ < 1, then the function

F(z) = zg&/(t[ (l-zz«)a [ (^)/fl 0-^0"*) *)'

where ak>0, |zfc|^l, 1 =k^n, andJ.k = xctkú2 — 2a, is holomorphic in \z\ < 1 and if

F(z)=l + 2n=i bnzn then \bn\ = 1 for all n.

Proof. By Theorem 1, h(z) = ¡z0 (g(t)IY\k = x (l-zkt)ak) dt is holomorphic, univa-

lent and convex for |z| < 1. It follows by a result of Strohäcker [9] that

Re [zh'(z)/h(z)] ï i,

or equivalently, Re £(z)^-£ for |z| < 1. Since n(0)=0, h(z) is univalent for |z| < 1, it

follows that n(z)^0 for 0< |z| < 1 and hence £(z) is holomorphic for |z| < 1. Let

G(z)=F(z)-l. Then G(0)=0, G(z)=2»-i bnzn and Re (G(z))^ -| for |z| < 1. The

function w = z/(l — z) = 2™=1 z" is holomorphic, univalent and convex for |z|<l

and maps |z| <1 onto the half-plane Re(w)> — \. It follows now by a known

result [2, p. 12] that \bn\ = l for all n.

3. In this section we study the functions g(z) which we have used in the last

section.

Theorem 8. If g(z) is holomorphic in D, g(0) = l, and g(z)#0, Re [zg'(z)/g(z)]

_ —a, with 0^a< I, for \z\ < 1, then

g(z) = exp ̂ 2(a + p) j'" log {jf-^j dß(6)\,

for some p>0, where ß(6) is a nondecreasing function of 6 in [0, 2-n] with ß(2-n)—ß(fy)

= 1. (Here that branch of the logarithm is chosen which vanishes at z = 0.) Also

" \g(rew)\ Ú n-^ps  for 0 Ú r < 1, 0 Ú 8 Ú 2*.
(l+r)2a = l6V     n = (l-r)2

Proof. For 0^a< 1, we have that Re [zg'(z)/g(z)] = — a > - (a + p) for any p>0

and hence Re [zg'(z)/(a + p)g(z) +1 ] > 0. Let

<13> wm>+i'^'ï^fM|2|<1-
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It is easy to see that F(0) = 1 and by Herglotz's representation [8, p. 570] for such

functions F we have

zg'iz) C2"elB + z/»2u giO + 7

+ 1=        W^dßiB)   for |z| < 1,
Jo     e   ~z(a + p)g(z)

where ß(8) is nondecreasing in [0, 27r] and ß(2Tr)-ß(0) = 1. Thus

zg'(z) _ ,_ , _, Ç2n few+z

or,

g(z) = (a + P)fJ(^z-l)dß(8)

W)=2(a+P)["^m-

Integrating the last equation from 0 to z, |z| < 1, with respect to z, we obtain

log g(z) - log g(0) = 2(a + p) f p -J— dß(B) dz
Jo Jo    e   —z

r2" c*   i
= 2(a + p) -L-dzdm

Jo    Jo e   ~z

= 2(* + p)Cjlog(-^)dß(8).

Hence,

(14) giz) = exp [2(a + p) ÇJ log (-¿y dß(8)],

for |z| < 1. In equation (14) we take that branch of the logarithm in the integral

which vanishes at z=0.

To prove the other assertion we have from equation (13) that F'z)= 1 + 2rf=i bnzn

and Re (F(z))>0 for |z| < 1 and hence by a known result [1, p. 44]

\^- < Re (F(rë°)) < j±£   for 0 < r < 1, 0 < 8 < 2n.
\+r -       v v     " - l-r - >     -     -

In terms of g these inequalities become

-y + 'fr ̂  Re Kfff >) ̂ SftÄ.       0 < , < 1,0 SiS 2,.
l+r      -       \   g(re">) J ~     l-r

Since

Re

we have

frewg'(rele)\ d .   ....

'2{a + p) á | log \g(re")\ í 2^±à,       0 < r < 1, 0 S » á 2r.
l+r     - 3r    6I6V     " -    l-r
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Integrating with respect to r from 0 to r, we get

-2(a + p)log(l+r) ú \og\g(reie)\ Í -2(a + p)log(l-r),

0 < r < I, 0 = 8 = 2-n.

Or,

(15)     (1+rj3(«+„ = l^ie)l ^ (1_r)3(«^)'       0ár<l,0<í<2t,

since the relations hold trivially for r=0. Since inequalities (15) hold for any p>0,

we let p -*■ 0 and we finally get

^5; = |s(«4S)l ^ 77^'       0 á r < 1, 0 á » á 2».

Theorem 9. If g(z) is subject to the same conditions as in Theorem 8 and g(z)

— 1 +2"=i ar¡zn, then \an\ ¿n+1 for all positive integral values ofn.

Proof. Choose a positive number p such that a + p ̂  1, and let

As in the proof of Theorem 8, we have Re (£(z))>0 for \z\ < 1, F(0) = b0 = l and

hence by a known result of Carathéodory \bn\ ¿2 for n = l, 2, 3,.... Substituting

in equation (16) the power series expansion for g(z) we obtain

2 «anzn = (a + p) 2     2 bkan-k\zn   with a0 = 1.
n = l n = l   \fc = l /

Equating the coefficients of zn we have

n

(17) nan = (a + p) 2 Mn-fc      («=1,2,3,...).

For »=1, equation (17) gives, 1^1 = |a-r-/3| |/Vz0| = |*ißo| =2. For n=2, we have

2|a2| = |0: + /0l \bxax + b2a0\ ¿2\ax\+2\a0\ ¿4+2=6 and hence |a2|=3.

Suppose now that \an\ á»+1 for 1 ¿n^j, then again from equation (17) we have

7 + 1

(j+i)k+i| ú \cc+p\ 2 1**1 I«í+i-*I
k = l

¿2*2 |«f+i-*| á 2 2 U+2-k)
*=1 k=l

= 2[(/+l)+/+...+l] = (;+l)(;'+2).

Thus |fli+i| új+2 and the result follows by induction.



1971] ON SOME STARLIKE AND CONVEX FUNCTIONS 91

Bibliography

1. C. Carathéodory, Conformai representation, 2nd ed., Cambridge Tracts in Math, and

Math. Phys., no. 28, Cambridge Univ. Press, New York, 1952. MR 13, 734.

2. W. K. Hayman, Multivalent functions, Cambridge Tracts in Math, and Math. Phys.,

no. 48, Cambridge Univ. Press, New York, 1958. MR 21 #7302.

3. P. Montel, Leçons sur les fonctions univalentes ou multivalentes, Gauthier-Villars, Paris,

1933.

4. Z. Nehari, Conformai mapping, McGraw-Hill, New York, 1952. MR 13, 640.

5. B. Pinchuk, On starlike and convex functions of order a, Duke Math. J. 35 (1968), 721-734.

MR 37 #6454.

6. M. S. Robertson, Analytic functions star-like in one direction, Amer. J. Math. 58 (1936),

465-472.

7. Z. Rubinstein, Some inequalities for polynomials and their zeroes, Proc. Amer. Math. Soc.

16 (1965), 72-75. MR 30 #2127.

8. M. H. Stone, Linear transformations in Hilbert space, Amer. Math. Soc. Colloq. Publ.,

vol. 15, Amer. Math. Soc, Providence, R. I., 1932.

9. E. Strohäcker, Beiträge zur théorie der Schlichten funktionen, Math. Z. 37 (1933), 362.

10. T. Umezawa, Analytic functions convex in one direction, J. Math. Soc. Japan 4 (1952),

194-202. MR 14, 461.

University of Wisconsin-Milwaukee,

Milwaukee, Wisconsin 53201


