TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 154, February 1971

BOUNDARY CONDITIONS IN THE INFINITE INTERVAL
AND SOME RELATED RESULTS

BY
RAO V. GOVINDARAJU(*)

Abstract. The number of square-integrable solutions of a real, selfadjoint differ-
ential equation are determined using exclusively the elementary theory of matrices.
Boundary conditions in the infinite interval are given a simple format and a relation
between any two selfadjoint boundary conditions is deduced. Finally a lemma due to
Titchmarsh, which forms the basis of eigenfunction expansions, is generalized.

We consider the case when the differential operator L is real and formally self-
adjoint. The order n of L is necessarily even. Let n=2v. Very little is known about
the algebra of boundary conditions in the interval [0, o) except that they may be
expressed by means of functions of D* and that the number of selfadjoint boundary
conditions depends on the number of square-integrable solutions. In this paper the
following results are proved:

(1) When the linearly independent solutions, square-integrable in [0, o), of
Ly+uy=0 are v+r,0=r=v. Selfadjoint boundary conditions in [0, o) can be
expressed by means of a (n+2r) x (v+r) matrix of rank v+r which satisfies the
condition

J, 0 0 -1
M* M =0,,, where ,J, =" dJ, = °l-
o [0 Jr]a" [ls 0]
Further, the number of conditions involving zero alone (initial conditions) and the
number of conditions involving infinity alone (final conditions) can be determined
by knowing the structure of M.

(2) The difference between the number of initial conditions and the number of
final conditions in a set of selfadjoint boundary conditions is a constant, equal to
v—r.

(3) If M; and M, define two sets of real selfadjoint boundary conditions in
[0, c0), then there exists a ,J,-symplectic matrix S such that M, =SM,.
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(1) shows that we need no longer distinguish between boundary conditions in the
infinite interval and boundary conditions in the finite interval. This result can be
used to prove eigenfunction expansions using calculus of residues. W. N. Everitt [1]
constructed the domains of the associated selfadjoint operator in the two cases
when r=0 and r=v. In the rest of the cases Lemma 2.3 of [2] remained difficult to
prove. The equivalent of this lemma is proved in this paper. The proof becomes
simplified once we observe that we are no longer distinguishing between the point
at infinity and a finite point as far as boundary conditions are concerned. We also
give a method by which, given a certain type of selfadjoint real boundary conditions,
we can find the corresponding point on the boundary of the surface S,(co, n) of
Everitt [1].

(2) is a result known to be true in the finite interval. The equivalent of (3) for
the finite interval is also true and the proof follows on similar lines.

1. Notations. [{ fZ dx is denoted by (f, g), and (f, g) denotes (f, £)w. <f, &8s
denotes (Lf, g)o—(f; Lg),. {f, g> denotes {f, g>.

If U(x)=[uy(x) us(x)- - -uy(x)] and V(x)=[v:(x) vo(x)- - -v,(x)] then the matrix
[<w; vPp]1 51551555, 1s denoted by U, V).

#'(x) denotes the ith derivative of ¢(x) and the matrix [¢!~ (X)]1sisni1sism 1S
denoted by W[, ¢5- - - $n)(x). The matrix [[ ¢,;(x) dx] is denoted by [ [¢;(x)] dx.
The identity matrix of order r is denoted by I, and the rx s zero matrix by O,.
A’ denotes the transpose and A* denotes the conjugate transpose of 4. A <0 means
that A is negative definite.

The differential operator L is given by

Ly = & g0+ s 91y 1 - 4, (0n0),

qo(x), g1(x)1, . . ., q,(x) are real and g,(x)#0 for any x. C*[I] denotes the set of all
complex valued functions having » continuous derivatives on 1.

gi(x) is in C*~*[0, b] for every finite 5> 0.

If f(x) and g(x) are in CT[0, b] then <f, g>,=BLf, gl(b)— B[S, g](0) where
B[f, g](x) is the bilinear form W*[g(x)]B(x)W][g(x)] where B(x) is a real, skew-
symmetric, nonsingular matrix associated with the operator L [3, p. 285]. Also
iB(x) has signature zero. (See Lemma 2 of [6].)

2. The fundamental set of solutions. u is a complex number, Im p=v>0.
THEOREM 2.1. We can choose a fundamental set of solutions of
.1 Ly+uy =0,

say 0(x, p)=[01(x, ) O2(x, p)- - - 0,(x, )] and $(x, ) =[b:(x, p) ba(x, p)- - - bu(x, p)]
such that if W[0(x, p)]=F(x, p) and W{d(x, p)]=H(x, u) then

(22) [F HY(x, p) B(x) [F H](x, p) = J,

for any x,0Sx<o0.
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Proof. Since iB(x) has signature zero, there exists a real matrix 4 such that
A'B(0)A=J,. We can now choose a fundamental set of solutions 0(x, ), ¢(x, r)
such that [F H](0, n) = 4 so that (2.2) is satisfied at zero. But since <8, >, =0, (2.2)
follows.

THEOREM 2.2. For any finite x, i(H*BH)(x, p) and i(F*BF)(x, u) are positive
definite and

(2.3)  [(F*BF)+(H'BH) *|(x, w) = [(F*BH)(H*BH)~*(H*BF)|(x, 1),
24) [(H*BFY(H'BH)\(x, 1) = [(H*BH)(F'BH)](x, 1.

Proof. Since {(6, ¢), (6, $)>.=[(F H)*B(F H)]§(1) and since (F H)(0, p)=4 is
real, we have i(F*BF)(x, p)=2v [} 6*0 dx and i(H*BH)(x, u)=2v {% ¢*¢ dx and
as such, since v>0, are positive definite. Also

[(F H)*B(F H))(x, ») = [(F H)*B(F H)(F H)~*B~*(F HY B(F H)(, 1)
= JLIFHYB(F H)]"'J, by (2.2

calculating [(F H)'B(F H)]~* and comparing with the left side we get (2.3) and (2.4).
Let

R = — B0 b ) = 3 [ e ax]

Then R,(x)>0 and if 0<k,(b, p) Skq(b, p)= - - - Sky(b, n) are the characteristic
roots of f'(’, ¢*$ dx then there exists a unitary matrix U,(u) such that

. 1
(U R Us)(w) = D'ag [kl(b W kG, w7 kG, u)]’

i.e. Ry(w)=(1/20)Py(u)Py"(1) where

_ . 1 S B |
PU) = U Dint [ e ey )

Let b tend to infinity through a sequence b,. Then the sequences k,(b,, ) are
monotonic increasing [4] and hence converge either to a finite limit or diverge to
infinity.

Let k,(b), ko(b), .. ., k,(b) converge to finite limits k,(w), ko(), ..., kA(p) as
b — oo through b,. There exists a unitary matrix U such that Lt,_, U, =U. (We
apply Bolzano-Weierstrass theorem repeatedly to the bounded elements of the
unitary matrix U,.) We then have

Lt Ry(1) = Lt oo Py WP3(E) = 55 PGIPH) = R(:)

where

= -Di 1 1 ooy 1 s .
@9 P = UDisg | s s Ty & o]



116 R. V. GOVINDARAJU [February
THEOREM 2.3. The L,[0, c0)-span of ¢(x, u) is equal to the rank of R(u).

Proof. The rank of R(u) is, by (2.5), the number of characteristic roots of
5 #*¢ dx which converge to finite limits. Theorem 5 in [S] completes the
proof.

By (2.5), only r columns of P(u) are nonzero and linearly independent. Denoting
these by #(u) we have P(u)=[Z(n) 0].

THEOREM 2.4. The elements of $(x, n)P(n) are square-integrable.

Proof. Denoting the columns of U by [u; u,- - -u,], we have

bt
Lt f [y -w]*$*$lur - - -] = Diag (ky, ks, . .., k)
§— O 0
so that the elements of ¢(x, p)ZP(u) will be in L,[0, o). Further

2.6) f PrgraP dx = 1,
0
and since

9 f $*(x, i)p(x, i) dx = [H*BH()) = (H*BH)(b, i),
0

we have

2.7 [2*H*BHP)(c0, i) = —2il,

or

(2.8) [PP*H*BHPP (w0, i) = —20P(i)P(i).

3. Circles in the matrix space(?). Let x be any n x v real matrix of rank » such
that y'B(b)x=0,. Then any function y(x) € C*~*[0, b] satisfying the condition

G0 X'B®) Wy®)] = 0,,

has the property W’'[y(b)] B(b) W[y(b)]=0.

We shall find a vth ordered matrix Z,(x)(?) such that the elements of the vector
Po(x, p)=0(x, 1)+ (x, 1) Z\(p) satisfy (3.1), i.e. if Gy(x, p)= W[o(x, p)]=F(x, )
+ H(x, 1) Zy(w), then

(32 X' B(d) Ge(, 1) = O,

(%) Work on these lines was previously done by Kodaira [7] using geometry, by Everitt [8]
discussing the problem when n=4 and generalizing later in [9].

(®) It may be noted that the rth column of Z,(n) is essentially an element on the surface
S, (b, p) of Everitt [1].
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THEOREM 3.1. The eigenvalues of the boundary value problem
Ly+uy =0,  W[yO]B0O)HO) =0, WI[y@b)]Bb)x=0
are real and are the roots of det [H'(b, n) B(b) x]=A(r)=0 and conversely.

Proof. Let y(x,s)=0(x, s)B;+¢(x, s)B, be an eigenfunction. Applying the
condition at zero, we get 8, =0. The condition at b gives [y’ B(b) H'(b, 5)]B, =0 so
that in order that 8,#0, A(s)=0. Now consider

0 H'(b, 1) B(b) x].

[H(b, ) xI' B(b) [H(b, ) x] = [X'B(b) H(b, 1) 0

A(s)=0 implies [H(b, s) x] is singular so that there exist nonzero v x 1 vectors «
and B such that yo= H(b, s)B. This shows that the solution ¢(x, s)B satisfies the
boundary conditions so that s is an eigenvalue. That the eigenvalues are real is well
known. Hence for nonreal u, the matrix y'B(b) H(b, 1) is nonsingular so that by
(3.2), with Im p=v>0,

(3.3) Zy(n) = —[Ix'B(®) F(b, w]lx'B(b) H(b, W]~

Since y is independent of u we also have y'B(b) Gy(x, n')=0,. Taking u’=u we have
Zy(n)=Zy(p) and for p’'=g,

(3.4) G3(b, 1) B(b) Gol(b, ) = 0,.

For any Z,(p) satisfying (3.4)
b
(3.5) 2 [ gy dx = Z) -2,
Hence, Im Z,(1) <0 so that Z,(u) is nonsingular. (3.4) can be written, using (2.3)
and (2.4), as
(3.6 [Zo(1) = Eo(W]* Ry (W[ Zo(1) — Fo(1)] — Re(n) = 0
where €, (n)= —[(H*BH)~'(H*BF)](b, 1) and €,(r)=%,(1) by (2.4). Further

(3.7) —2.Im Gy(w) = 20 fo " (0+4,)4(0+$%,) dx -+ Ry(w).

The right side of (3.7) is positive definite so that Im €,(x) <0 which implies that
€(1) is nonsingular.

As we take different conditions at b by changing y we get a system of Z,(x)
satisfying (3.5) and (3.6). (3.6) is the equation of a “circle” Cy(x) with “radius”
R,(r) and center €,(w) in the space of symmetric matrices of order v.

DEerINITION 3.1. Let C be any circle in a space of matrices given by the equation
f(Z)=0. We say that a matrix A lies inside C if 4 is in the space and f(4) <0.

THEOREM 3.2. The circle C,(u) decreases as b increases, i.e., if a>b then every
matrix on Cy(p) lies inside Cy(u).
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Proof. If Z (p) lies on C,(ur), then by (3.5)

(33) —o [ Htbeds = ImZG.
Also since

(8, ¢), (8, $)>, = [F H]*(b, u) B(b) [F H)(b, ) —J,,
we have, premultiplying by [/ Z}] and postmultiplying by [/ ],

—2ip f " Wb dx—2iTm Zy(w) = [(F+ HZ.)*B(F-+ HZ)\(b, ).

The right side is —i[(Z,—%,)*R; }(Z.—€,)] +iRy(w) while the left side equals, by
(3.8), 2iv [§ Y¥*ib, dx from which the theorem follows.

THEOREM 3.3. A matrix Z lies on the circle C,(r) if and only if it can be written as
Z(p) = (1/20)Py(p) % Po(p) +E(1)
where U is a symmetric unitary matrix.
Proof. Since R,(r)=(1/2v)P,(1) P(1), the circle C,(r) can be written as
3.9 W Z,—€,)* Py Py {(Z,—€,)—P,P; = 0.

Let Z be any matrix and let 2v- Py Y(w)[Z—€,] Py H(p)=%.
If Z lies on C,(p), it will be symmetric and satisfy (3.9) so that % will be sym-
metric and unitary. The converse is also true. Hence, the theorem.

THEOREM 3.4. The elements of any matrix Z lying inside C.(r) are bounded.

Proof. Asin Theorem 3.3, we can show that any matrix Z lying inside Cy(r) can
be written as

Z = (1/20)Py(p) VPy(p) +€,(w)

where V is a symmetric matrix and V*V </, (i.e,, V*V—1I,<0).

For any b> k, the circle C,(u) lies inside C,(r) and so will be the centre €,(x) of
C,(n). Hence, by Theorem 3.4 the elements of €,(n) will be bounded, the bounds
being independent of b. A repeated application of Bolzano-Weierstrass theorem
shows that there exists a matrix () to which €,(1) converges through a diverging
sequence. Without loss of generality we can assume that this sequence is the same
as the sequence b, through which P,(1) tends to P(uw).

Let Z,(») be any matrix on the circle Cy(i) given by

Zyw) = (1/20)Py(p) % Py(p) +E ().

Letting b tend to infinity through b,, the matrix Z,(x) tends to a matrix Z(w) given
by Z(x)=(1/2v)P(u) % P'(1)+%(r). Note that the symmetric unitary matrix % is
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just a parameter and so does not change in the limit. Also by (3.8),

(3.10) f ® g dx = —% Im Z(y)

1]
where §(x, p) = 0(x, p) +¢(x, 1) Z(p).

Each matrix Z, on C,(u) tends to a matrix Z(x) which lies on a circle C(u) called
the limiting circle with centre ¥(1) and radius R(x)=P(x) P*(u). When the rank of
R(w) is r we call C(w) as the limit circle of type r. When r=0, the circle reduces to a
single matrix %(x) and the case is called limit point case.

It will be shown in the next section that r is directly connected with the number
of solutions in L,[0, 00) of Ly +puy=0 and it is known that this number is indepen-
dent of u when it lies in one of the half-planes: Im x>0 or Im p <0. But since L is
real, y(x, p)=y(x, i) so that the number of solutions in L,[0, c0) is independent of
w and hence so is the type of the limiting circle.

4. Square-integrable solutions.

THEOREM 4.1. There exist at least v linearly independent solutions of Ly + uy =0,
Im p=v>0 in L,[0, c0).

Proof. By letting b tend to infinity through b, in (3.7), we have

2 fo (0-+$%)*(0+$%) dx= —2 Im %(,»)-%) P(s) P'(w).
This shows that the elements of (6+¢%)(x, n) are in L,[0, o).

THEOREM 4.2. In case of limit circle of type r, there exist exactly v+ r solutions of
Ly+upy=0,Im p>0 in L,[0, c0).

Proof. When the rank of R(w) is r, the L,[0, co)-span of ¢(x, p) is, by Theorem 2.3,
r and the elements of ¢(x, n) P(u) are in L,[0, o0). By Theorem 4.1, the elements of
0(x, p)+é(x, n) €(w) are in L,[0, o). It only remains to show that these two sets of
solutions are linearly independent and this follows from the fact that the matrix

[ I, 0, ]

. C) P(w)
is of rank v+r.

Let #(x, u)=0(x, n)e+¢(x, u)B be any solution in L,[0, c0) where o and 8 are
v+ 1 vectors. If «=0 by Theorem 2.3, n(x, u)=4¢(x, x)B will be in the space spanned
by ¢(x, u) P(w). If «#0, then 0(x, p)a+ ¢(x, n) €(u)x will be a nontrivial solution

in L,[0, 00) so that ¢(x, u)[B—%(n)e] will be in L,[0, 00) so that by Theorem 2.3
there is a v x 1 vector o such that B —€(u)a=2P(u)e. Since

I, 0, 1[e e
[%(#) 9‘(#)] [O] B [B]
which shows that =(x, ) is a linear combination of $(x, ) P(1) and 6(x, w)
+é(x, 1) €(w).
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5. A basis of D* mod D,. D* is the set of all functions f(x) such that f(x) is
continuously derivable n—1 times and f"~!(x) is absolutely continuous and f(x)
and Lf(x) are in L,[0, c0).

D, is the set of all functions of g(x) in D* such that {f, g>,=0 for every f(x)
in D*,

D+ denotes the set of all solutions of Ly+iy=0in L,[0, c0) and D~ denotes the
set of all solutions of Ly —iy=01in L,[0, c0). That D*= D+ D* + D~ is well known.

Throughout we assume that the limiting circle is of type r. Any matrix Z(i) on
the limiting circle C(i) is given by

(5.1) Z(i) = 3P@) % P'()+€()
and is such that
(5.2) [(F+HZ)* B(F+ HZ))(c0,i) = 0.

Taking il, —il and I in place of % in (5.1), we get the following equations from
(5.2):

[(F+ H%)* B(F+ H%)—(i/2)PP*H*B(F+ H%)

¢3) +(i/2)(F+ H¥)*BHPP' + }PP*H*BHPP'|(0, i) = 0,
(5.4) [(F+ H%)* B(F+ H%)+(i/2PP*H*B(F+ H%) )

—(i/2)(F+ H%)*BHPP' +1PP*H*BHPP'|(, i) = 0,
5:5) [(F+ H%)* B(F+ H%)+4PP*H*B(F+ H%)

+3(F+ H%)*BHPP' + }PP*H*BHPP')(c0, i) = 0.

Note that each term in the brackets in each of these equations is finite. Hence, from
(5.3) and (5.4) we get by adding, by (2.8),

(5.6) [(F+H%)* B(F+ H%))(, i) = —}[PP*H*BHPP')(0, i) = (i/22P"(i)
and by (5.4) and (5.5) we have

[PP*H*B(F+ H%))(w, i) = 0,

i.e.
PRI *
P[ H B(F+H%)] ~ o,
OV-T,V
i.e. by (2.5)
. 1 1 1 P*H*B(F+ qu)] _
Diag ((k1)1/2’ (kz)llz" i A 0,..., 0)[ 0 =0,

i.e.

5.7 [?*H*B(F+ H%)] = 0,,,.
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THEOREM 5.1. The matrix Q(i)=1Im €(i)+ Rl R(i) is nonsingular.
Proof. Let
s(x) = [$(x, i) 2() $(x, i) P(i) (0+4E)(x, i) B+ B)(x, i)].

Then the elements of s(x) form a basis of D* + D~ (we say that s(x) is a basis of
D+ + D™). We then have

0, 0, PH(i) P*(i)

0, 0, P'(i) 2(i)
G BA0= 0 _g0) —2imew o,

-2 —P() 0, 2i Im €(i)

and by using (2.7), (5.6) and (5.7),

—2I, 0, 0,, P*i
0, 2, PG) O,

(5.9) Bis, 5)(0) = 0. —.ﬁ(i) iRG) 0,
-2(i) 0, 0, —iR()
Hence,
—2il, 0, —PX(i) 0,,
0, 2i, 0,, —2(i)
(5.10) <s,5) = , e .
23i) 0,, IR()+2iIm%@) 0,
0,, 2(i) 0, —(i/2)R(i)— 2i Im €(i)

We note that the matrix {s, s) is nonsingular. For, if we assume the contrary, there
exists a nonzero (n+2r) x 1 vector « such that (s, s> =0, i.e. s, sa) =0 which shows
that the function s(x)e in D* + D~ is such that {f, sa)>=0 for all f(x) in D* and
this means that s(x)e is in D, which is a contradiction. Hence the matrix on the
right of (5.10) is nonsingular. Premultiplying the first “row” of (s, s> by 2(i)/2i
and adding to the third, the third “row” becomes [0,, 0,, 2iQ(i) 0,] which shows
that Q(i) is nonsingular.

THEOREM 5.2. There exists a real basis p(x) of D* + D~ such that

0, Q@G) 0,z
(5.11) Blp,pl0 = | —-0() 0, 0,5

0z, Oy, Oy
and

(5.12) Blpke) = [ %5

02r,n Jr
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Proof. The basis p(x) is given by p(x)=s(x)- A(i) where
I, —il, —-3#* (1)20)7*
I i, -3 -—-(1)20)%

A=t o, i I
o, 0, —il, I
0, Im& I, 0,
0,, -RIZ 0, 1
“I'I, —0-'ImRG) Q-*RIZG) 0-'Im2G)|
0, 1, 0, 0,

It can be seen that A is the product of two nonsingular matrices and is hence
nonsingular. We can verify that p(x) is real and satisfies (5.11) and (5.12) by using
(5.8) and (5.9).
Now since the matrix
12 =29
@) 0

is skew-symmetric, nonsingular and has signature zero, there exists a real matrix
K such that

JO0 - Q(i)]
K K=J,.
[Q(i) 0
If
K Ov 14
0 =)o ]
then by (5.11) and (5.12), '
_Jv 0n.2r
(5.13) B([t, t)(0) = [02 o ]
(5.14) B[t, t](c0) = [00,, 0’;2'],
2r,n T
and hence,
(515) <t, ty = ,J.

6. Algebra of boundary conditions.

DEFINITION 6.1. A homogeneous boundary condition in the interval [0, c0) is a
condition on y(x) in D* of the form {u, y)>=0 where u(x) is a fixed function in D*.

The boundary conditions

6.1) lu,y> =0, i=12,...,5,

are said to be linearly independent if >3 a,{w;, y> =0 for every y(x) of D* implies
a,=0,i=1,2,...,s.
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The following theorem follows at once:

THEOREM 6.1. The boundary conditions (6.1) are linearly independent if and only
if uy(x), uy(x), . . ., ug(x) mod D, are linearly independent.

Since #(x) is a basis of D* mod D,, there exists a unique (n+2r) x s matrix M
(assuming that the limit circle is of type r) such that

(6.2) [ty(x), ux(x), . . ., u(x)] = t(x)M mod D,.

With this notation, we can denote the conditions (6.1) by My[0, ©0)=0. If y(x)
in D* satisfies these conditions, then y(x)=#(x)8 where B is a (n+2r)x 1 vector
satisfying, by (5.15), M* ,J,.8=0. The conditions are said to be selfadjoint if
M* ,JM=0.

THEOREM 6.2. Let

M, O Ma]
M‘[o M, M,

where M, isnxp, My is 2r xq, M is nx s, and M, is 2r x s. M, and M, have ranks
p and q respectively, and let the matrix [}2] have rank s. Then the conditions
My[0, 0)=0 imply p conditions involving zero alone, q conditions involving oo alone
and s conditions involving both zero and infinity.

Proof. If y(x)=t(x)B mod D, then the conditions M y[0, o0) are equivalent to the
three sets of conditions

[MFfO0],J8=0, [OMS,JB=0, [M¥M},B=0.
The first condition may be written as

-J, 0
0 02,]3 =0

i.e. by (5.13), [M¥ 0] B[t, t1(0)-B=0. If £,(x)=1(x)[%] then the first set of con-
ditions are equivalent to B[t,(x), y](0)=0 which are p linearly independent con-
ditions involving zero alone (initial conditions).

Using (5.14) we can show in a similar way that the second set of conditions
involve infinity alone (final conditions) given by B[t(x), y)(c0) =0, #5(x)=1#(x)[x1,].

If t3(x)=1t(x)[}2], the third set of conditions becomes {t;, y>=0 which are s
conditions involving both zero and infinity.

It can be easily seen that a selfadjoint domain of L can be defined by means of
v+r linearly independent, homogeneous, selfadjoint boundary conditions. From
now on, whenever we say “selfadjoint boundary conditions”, we mean v+r
linearly independent homogeneous boundary conditions which are selfadjoint.

ez 0l

THEOREM 6.3. In a set of selfadjoint boundary conditions, the difference between
the initial and final conditions is a constant, equal to v—r.
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Proof. By a series of elementary column transformations, which leave the
conditions M y[0, c0) =0 unaltered, we can reduce the matrix M to the form given
in Theorem 6.2. We will show that p—g=v—r. We can write M =[}1] where V] is
nXx (v+r) and has rank v+r—q and V, is 2r x(v+r) and has rank v+r—p. There
exists an n x (v—r+q) matrix X of rank v—r+gq such that V¥X=0. Also since M
has rank v+r, there exists an (n+2r) x (2r —q) matrix [}1], Y;isnx (2r—q) and Y,

2

is 2r x (2r—q), such that the matrix [§ 2 ¥] has rank v+r and

(6.3) [V V;][;)Y ;’j =0.

Note that the rank of Y, is 2r—gq. For, if it is less than 2r—g, some columns of Y,
can be made zero by column transformations so that by (6.3) there exist more than
v—r+¢q linearly independent column vectors 8 such that V#¥8=0 which contradicts
our assumption that V; has rank v+r—gq. Since M* ,J,M =0, by (6.3) it follows
that there is a (v+r)th ordered nonsingular matrix 7 such that

X vl . X v,
6.4 M = T, ie. M= —,J T
©4) v [0 Yz] Le J[o Yz]

so that V,=—J,[0 Y,]T. Comparing the ranks we have v+r—p=2r—q or
p—q=v—r.

This theorem shows that when all the solutions are in L,[0, c0] the number of
initial conditions is equal to the number of final conditions which is known to be
true in the case of finite intervals.

THEOREM 6.4. The number of conditions which include infinity are at least r and
at most 2r.

Proof. That the upper limit is 2r is evident since V, is a 2r x v+r matrix. Sub-
stituting the value of M given in (6.4) in M* ,J,M =0, we get X*J,X=0 which
shows that the rank of X is at most v, i.e. v—r+g=v or g<r. Hence, by Theorem
6.3, v—r=p—q=p—ror p<v. Hence, v+r—pz=r, i.e. rank of V, is at least r.

This theorem shows that in the case of limit point, each selfadjoint domain can
be defined by a set of v initial conditions.

We say that the boundary conditions are real if the boundary condition functions
u(x) are real, i.e., since #(x) is real, if the matrix M is real. We shall now deduce a
relation between any two sets of real selfadjoint boundary conditions M, y[0, 0)=0
and M,y[0, c0)=0.

DErFINITION 6.2. Let K be any matrix of order p. A matrix S of order p is said to
be a K-symplectic matrix if S*KS=K.

THEOREM 6.5. Let M be any 2p x p real matrix of rank p such that M’ KM =0 for
some nonsingular, skew-symmetric matrix K of order 2p. Let X be any nonsingular
matrix of order p and let Y be any skew-symmetric matrix of order p. Then there

exists a 2pxp matrix N such that [M N] is nonsingular and M'KN=X and
N'KN=Y.
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Proof. We shall denote the linearly independent columns of X by x;, x,, . . ., x,.
Consider the linear equations

(6.5) M’KB, = x,

where B; is a 2p x 1 vector.
Since the rank of M'K=rank of [M'K x;]=p, the equations (6.5) are consistent
and a solution B, exists. Also the rank of [M B;] will be p+ 1, for if we assume that

there is a column vector “«” having p elements such that Ma=p,, then (6.5) gives
Xx;=M'KMea=0. Now consider the linear equations

w2

12

where y,, is the element in the ith row and jth column of Y. Again this system is
consistent and a solution B, exists such that the rank of [M B, B,] is p+2. Further,

B, B2V KBy Bo] = [_‘; yaz].

Proceeding in this way, we find that the solutions of

[MBy-- Bl KBir1 = [Xie1, Yiger - Viisn]

exist and the rank of [M By---B, Bi,1] is p+i+1 for i=1,2,...,p—1. Let
N=[B,---B,]. Then [M N] has rank 2p and M'KN=X and N'KN=7Y.

THEOREM 6.6. Let M, y[0, 0]=0, M,y[0, c0]=0 be two real selfadjoint boundary
conditions. Then there exists a ,J,-symplectic matrix S such that M,=SM,.

Proof. Applying Theorem 6.5 to M; and M, with X=—1 and Y=0, we can
find (n+2r)x(v+r) matrices N; and N, such that [M; N;] and [M, N,] are
nonsingular and

M]’. erNl = _I’ Mﬁ.” er N2 = _L N;. er Nl = Né er N2 = 0.
Since the matrices ,J, and M, and M, are real, we can take N, and N, to be real,
so that
[Ml Nl]’ er[Ml Nl] = [Mz Nz]' er[Mz Nz] = Jv+r'

Hence, the matrix S=[M; N,][M, N,]~ ! is ,J,-symplectic and M, =SM,.
Finally we proceed to prove Lemma 2.3 of [2] in the following section.

7. Extension of a lemma due to Titchmarsh. We assume that the number of
square-integrable solutions are v+r. Consider the real selfadjoint boundary con-
ditions M y[0, c0)=0 where the real matrix M is given by

x1 O
=[5 .l
0 xe
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where x; is nxv and y, is 2r x r. For nonreal u, we choose a set of » linearly in-
dependent solutions of Ly+py=0, denoted by ¢(x, r), which satisfy the v initial
conditions of M y[0, c0)=0. We can choose another set of v solutions 8(x, i) such
that [6(x, 1) ¢(x, 1)] form a fundamental set of solutions such that if W[60(x, u)]
=F(x, p) and W[§(x, u)]=H(x, n) then [F H]'(x, u) B(x) [F H](x, ) =J,.

We shall now find a matrix Z(n) such that the set of solutions (x, p)=0(x, )
+¢(x, ) Z(w) satisfy the r final conditions, so that if W[j(x, u)]=G(x, ) then

@a.1) Lt G*(x, p) B(x) G(x, p) = 0.

We have seen in §3 that any Z(p) satisfying (7.1) is of the form
Z(p) = (1/20)P(n) % P'(w) +€ (1)

with the usual notations. If %, is the first rth ordered principal minor of % then

(7.2) Z(p) = (1/20)P () U, Z' (W +E ().

Only %, is unknown on the right side of (7.2) and we proceed to find Z(u) so
that y(x, ) satisfies the r conditions at infinity.
Since #(x) is a basis of D* mod D,, there exists a matrix N(u),

Nu(w) N 12(,“')]

NG = [
B = V) Nask)
where Ny, is nxr, Ny is 2rxr, Ny, is nxv and N, is 2r x v, such that

[$(x, 1) P(1) 6(x, ) +(x, 1) E(W)] = #(x) N().
Since #(x, ) satisfies the conditions at zero,

ol 2] -

THEOREM 7.1. The matrix [x3 J, No1)(i) is nonsingular for nonreal p.

Proof. We shall show that if [y5 J, Na;](n) is singular for any p then p is real.
We have

0 ’2 r 21
s Nax(®)]' Jolxe Nas(w)] =[ X2 Jr Nar(3) ]

N:’n(l‘) Jixe N§1(I") J: N21(P')

If [x3 J; N2,](r) is singular, then the matrix on the right will be singular so that the
matrix on the left will be singular. Hence, there exist nonzero column vectors « and
B such that y,e= Noy(1)B, B#0, for, if =0, then since x, has rank r, «=0. Hence,
the solution

o, 1) = 405, ) P8 = 1) (4]

is nontrivial and satisfies the conditions at infinity and by (7.3) also satisfies the
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conditions at zero. Hence, «(x, p) is an eigenfunction and p is an eigenvalue so
that p will be real. Now

P(x, p) = 6(x, p)+(x, 1) €() +(1/20)(x, p) P(W) %2 ()

gl
NCL i
If these solutions are to satisfy the conditions at infinity,
.10, YU P'

(%] i ) R B
ie.,

Xa Ji[Naa() %12 () + Nog(p)] = 0
or

(G2 Jr No)%: 2 i) = —(x2 J; Nag)().
Since Im p#0,

U P () = —[(xaJr Nax) " (x2 Jr Naa)l(w).
The matrix Z(u) can now be found by (7.2).
THEOREM 7.2. Lt, ., Bly(x, u), ¥(x, u")]=0.

Proof. Since (x, 1) and (x, n") satisfy the same set of conditions at infinity, we
have y3 J,[Na1(p) %12 (1) + Noo(n)]=0 and a similar expression for u' with %,
instead of %;.

From these we have

(7.9) [Nay(') %22 (W) + N. 22(1t)]’ Jr[Nay(p) %, P '(F)+N22(#)] =0.

This is the required result, for, since

v,
45, = 1698 7]
and
29' r
¢mMJmm% “q

Lt Blg(x, ), ¥(x, p)]

- nnve)|o v "TY] e

No(' U P
- %t W

| 1w N 7 ¥ = 0 by .0,
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