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BY
RICHARD D. BOURGIN

Abstract. Each norm closed and bounded convex subset K of a separable dual
Banach space is, according to a theorem of Bessaga and Pelczynski, the norm closed
convex hull of its extreme points. It is natural to expect that this theorem may be
reformulated as an integral representation theorem, and in this connection we have
examined the extent to which the Choquet theory applies to such sets. Two integral
representation theorems are proved and an example is included which shows that a
sharp result obtains for certain noncompact sets. In addition, the set of extreme
points of K is shown to be p-measurable for each finite regular Borel measure g,
hence eliminating certain possible measure-theoretic difficulties in proving a general
integral representation theorem. The last section is devoted to the study of a class of
extreme points (called pinnacle points) which share important geometric properties
with extreme points of compact convex sets in locally convex spaces. A uniqueness
result is included for certain simplexes all of whose extreme points are pinnacle points.

Introduction. In 1966 Bessaga and Pelczynski [1] proved that each norm closed
and bounded convex subset of a separable dual Banach space is the norm closed
convex hull of its extreme points, thus providing a “Krein-Milman” type theorem
for a certain collection of noncompact sets. (A more elementary proof of this
result has been given in [11].) For compact convex sets (in locally convex spaces)
the Krein-Milman theorem can easily be reformulated as an integral representation
theorem, using measures which are supported by the closure of the set of extreme
points (see for example [13, p. 6]). This formulation has a large number of applica-
tions to analysis, probability, etcetera. A much more precise kind of representation
theorem is provided by Choquet theory, where the measures (at least in the metriz-
able case) are supported by the set of extreme points, not just the closure. (See [5]
and [2]. For a comprehensive and readable account see [13].) The Bessaga-
Pelczynski theorem would probably find greater applicability if it too could be
reformulated as an integral representation theorem. As a step towards solving this
problem we investigate to what extent the Choquet theory applies to the sets
described in the Bessaga-Pelczynski theorem. We take this opportunity to thank
Professor R. R. Phelps for directing the author’s thesis from which this paper is
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drawn. In addition we wish to thank Professors R. Blumenthal, H. H. Corson, and
V. L. Klee for several fruitful conversations.

In §1 we study analogues in the noncompact case of one of the basic tools of
Choquet theory—that of a measure representing a point. §2 contains two integral
representation theorems for sets including those described in the Bessaga-
Pelczynski theorem, with measures supported by certain boundaries of the sets.
Also included in this section is a result which states that the set of extreme points
of such sets is nearly a Borel set (in a sense which is made precise). The third section
is oriented towards describing certain types of closed and bounded convex sets in
certain Banach spaces (including separable dual Banach spaces) which share some
important geometric properties with compact convex sets in locally convex spaces.
As an application of some of the notions described in §3, a uniqueness result is
proved for simplexes having such properties.

NotaTioN. Henceforth all topological spaces are assumed to be Hausdorff. For
any normal topological space D, denote by C,(D) the Banach space of continuous
real-valued bounded functions on D with the supremum norm. The Banach space
[C,(D)]* may be identified with the space of regular bounded finitely additive
measures on the algebra X of sets generated by the closed subsets of D. (See for
example [7, Theorem 2, p. 262].) Hence the set (D) of all such measures which
are nonnegative and integrate the identically 1 function to 1 forms a convex set
which is weak* compact. (Note that x € Z(D) implies that || =1=pu(D).) For any
convex subset C of a linear space, ex C denotes the set of extreme points of C. If C
is a subset of a normed linear space, n(C) denotes the norm closure of C.

1. The Bessaga-Pelczynski theorem may be easily reformulated as an integral
representation theorem if finitely additive measures are allowed. One such result
is the following. (Similar results occur in [3] and [9].)

PROPOSITION 1.1. The Bessaga-Pelczynski theorem is equivalent to the following
Statement:

Let K be a norm closed and bounded convex set in a separable dual Banach space
B*. Then for each x in K there is a p in P(K) such that u(f)=f(x) for each f in B**
and p(n(ex K))=1.

Because finitely additive measures have such limited use in analysis, a much more
significant theorem would result if finitely additive measures could be replaced by
countably additive probability measures (and if n(ex K) could be replaced by
ex K) in Proposition 1.1. As a first step towards improving on Proposition 1.1 the
notion of a measure representing a point is discussed in the more general context of
noncompact sets.

For a compact convex subset G of a locally convex topological vector space (Ics)
V the following result [13, Proposition 1.1, p. 4] is well known: If u is a (countably
additive) probability measure on G there is a (necessarily unique) point x in G for
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which u(f)=f(x) for each fin V*. (The point x is called the resultant or barycenter
of u.) This theorem provides one of the basic tools of Choquet theory, and in
extending Choquet theory to deal with noncompact sets it soon becomes evident
that corresponding statements are needed. A closed and bounded convex subset K
of a separable dual Banach space B* has three natural topologies: the weak*, weak,
and norm topologies. Each of these topologies on B* determines a set of continuous
linear functionals, and it is natural, in defining what is meant when we say that a
(countably additive) probability measure p on K has barycenter x, to distinguish
between these cases. There is yet another collection of functions to consider when
defining barycenters: the affine continuous functions on K. (Here again we must
distinguish between the affine functions on K which are continuous in the weak*,
the weak, and the norm topologies on B* restricted to K.) Definition 1.3 takes into
account these various possibilities.

DEerINITION 1.2. Let C be a convex subset of a lcs E. Denote by A(C) the linear
space of affine continuous functions on C.

DEerINITION 1.3. Let C be a closed and bounded convex subset of a Ics E. For u
in Z(C) and x in E say that u weakly [affinely] represents x and write p~x [ux x]
if u(f)=f(x) for each f'in E* [fe A(C)]. If E is a dual Banach space (that is E=F*
for some Banach space F) say p weak* represents x and write u ~* x if u(f)=f(x)
for each fin F. (Note that F has been identified with a subspace of F**=E*, We
shall henceforth make this identification whenever it is convenient.)

DEerINITION 1.4. If F is a dual Banach space and C<FE denote by w*(C) the
weak* closure of C.

The next proposition is used often in what follows. It has been proved in more
generality in [3]. A (different) proof is included here for the sake of completeness.
(Note that the natural language, when dealing with bounded continuous functions
on noncompact sets, is that of finitely additive measures. Because of this we some-
times work with finitely additive measures as well as countably additive ones.)

PrOPOSITION 1.5. Let C be a closed and bounded convex subset of a dual Banach
space E*. For each p in P(C) there is a (necessarily unique) point x in w*(C) for
which p ~* x. If u~x, then x € C.

Proof. The set J=w*(C)is weak* compact and convex and  defines a continuous
linear functional u; on C(J) by the rule: For g € C(J) let pu,(g)=p(g|c). Evidently
1, is a countably additive probability measure on J and hence there is a point x in
J such that u,(f)=f(x) for each fin E. Thus u(f)=f(x) for fin E and hence p ~* x.
If u~x and x ¢ C there is an f € E** for which sup f(C) <f(x). For this f we have
JS(x)=p(f) S sup f(C)<f(x), a contradiction.

If D is a normal topological space and p € [C,(D)]* is a countably additive
measure on the algebra X, the Hahn extension theorem (see, for example [7, p. 136])
guarantees that u has a unique extension to a countably additive measure on the
Borel subsets of D. We shall henceforth identify such a measure with its extension.
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DEerINITION 1.6. If D is a normal topological space we denote by Z (D) the set
of countably additive measures in #(D).

A stronger version of Proposition 1.5 is available when ue Z.(C). A similar
result has been proved in [9] although the proof differs significantly from the one
appearing here.

PropOSITION 1.7. Let C be a closed and bounded separable convex subset of a
Fréchet space E. If ue PLC) there is an x in C for which u~x.

Proof. A result originally due to Ulam [12] states that a finite Borel measure v
on a complete separable metric space Y is regular with respect to compact subsets,
i.e., if P is a Borel subset of Y, then for each ¢>0 there is a compact set M<P
for which |v|(P\M)<e. (Here |v| is the total variation of v.) Applying this result to
the measure p in Z,(C), choose a finite or countably infinite sequence {V,} of
pairwise disjoint compact subsets of C of positive measure, with > u(V,)=1. Let
V. be the closed convex hull of V,. Then V, is compact and convex. Denote by u,
the probability measure on V, defined by p,(P)=[uw(V,)] w(V, N P) for each
Borel set P of V,. Then for each n there is a point x,, in ¥, such that u,~ x,. More-
over, the sequence {>;<,<, #(Vo)pne=1 converges in norm to p. It is also evident
that the sequence {3, <, <, 1(V,)Xn}k 21 is Cauchy and hence converges to the point
x=2 u(Va)x,. Thus for fin E* we have u(f)=2 u(Va)u(f)=2 p(Va)f(xn) =f(x)
so that u~x e C.

REMARK 1.8. The only place we used the separability of C in the above proof
was in satisfying the hypotheses of Ulam’s result. A theorem of Marczewski and
Sikorski [10] states that whenever the density character of a metric space Y is a
nonmeasurable cardinal, each o-finite Borel measure on Y is supported by a separ-
able subset. Using this result, the proof of Proposition 1.7 may be easily modified
to prove a similar result for closed and bounded convex subsets of a Fréchet space
whose density character is a nonmeasurable cardinal.

For G a compact convex subset of a Ics V it is known (see for example [13,
Lemma 9.7, p. 68)) that if u € Z,(G) represents x and if 4 is an affine upper (lower)
semicontinuous function on G then u(h)=h(x). We will prove the corresponding
result for a collection of noncompact sets in Proposition 1.11. (This proposition
will later be applied to prove a uniqueness result about certain noncompact sim-
plexes. See Proposition 3.11.) We need two lemmas.

LeMMA 1.9. Let h be an affine upper semicontinuous function on a closed convex
subset C of a lcs E. Then

h(x) = inf{f(x)+a|f+a= h feE* acR}
for each x € C.

Proof. The proof is a standard application of the separation theorem in Ex R
and is omitted.
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LeEMMA 1.10. Let h be an affine upper semicontinuous function on a closed and
bounded separable convex subset C of a Fréchet space E. If u € P,(C) then

w(h) = inf {u(g) | g € C(C), g = h, and g is concave}.
Proof. From Lemma 1.9 it follows that
h(x) = inf {g(x) | g€ C,(C), g = h, and g concave}

for each x in C. Exactly as in the proof of the first part of Proposition 1.7 observe
that p is regular with respect to compact subsets. The remainder of the proof
follows that in Lemma 9.2 of [13, p. 62] using these observations.

ProrosiTION 1.11. Let C be a closed and bounded separable convex subset of a
Fréchet space E. Suppose that h is a bounded upper (lower) semicontinuous affine
Sfunction on C and that p € 2 (C) weakly represents x. Then w(h)= h(x).

Proof. If 4 is lower semicontinuous replace it by — A, so assume that 4 is upper
semicontinuous. Exactly as in the proof of Proposition 1.7 there is a finite or
countably infinite sequence {u,} of measures in £(C) for which
limy, | — D1 snsk Gutn]| =0, each u, has compact support, say V,, and the a,’s are
strictly positive real numbers such that > a,=1. The closed convex hull ¥V, of ¥V,
is compact and convex and p, € (V) so that there is a point x, € V, for which
pa~ Xn. Moreover h|y. is an upper semicontinuous affine function so that u,(h)
=h(x,). Because 4 is bounded it follows that u(h)=3 a,u.(h)=> a.h(x,). If the
sequence {u,} is finite we conclude that u(h)=h(3 a,x,). It is evident in this case
that 3 a,x,=x and u(h)=h(x) as was to be shown. Thus we shall henceforth deal
only with the case of an infinite sequence {u,}. Since {(Z1snsk @) ™' D1snsk GnXndez1
is a Cauchy sequence in C converging to x, it follows that

wh) = 2 ah(x,) S hx).

In order to prove the reverse inequality, it suffices to show that for each £>0 we
have u(h)+e> h(x). Now given >0 choose g in C,(C) such that g is concave,
g2 h and u(g) = u(h)+¢/2. (This can be done by Lemma 1.10.) Since ¥V, is a com-
pact convex metric subset of E, Z.(V,) is weak* metrizable and hence p, is the
weak* limit of a sequence {u, ;};», of discrete probability measures on ¥, such that
Kn,i~ X, for each i [6]. Define, for each positive integer k, the measure v, € Z,(C)
by vie=Cnzr+1 @)~ Dnzks1 niin. By Proposition 1.6 there is a point y, € C such
that w,~y. Define a discrete measure A e Z(C) by A=1)<nsi dufini
+(Snzk+1 an)ey,. Evidently A ~x for each k and the weak* limit of {A};»; is p.
It is possible, therefore, to find a discrete probability measure A in Z(C) such that
A~x and |u(g)—AN(g)| <e/2. Writing A explicitly as

A= be, (Bz0 > b=1lzeC > bizi = )

1sisl 1sis1
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the above inequality becomes |u(g)—>,xi<; b:g(2))| <e/2. Since g(z;)=h(z;) for
i=1, ..., [ we therefore conclude that

wh)+¢/2 2 w(g)

> 2, be@)—e2
> > bh(z)—el2
= h(x)—¢/2

so that u(h)+e> h(x) and the proof is complete.

2. In order to obtain a Choquet-type result (with measures supported by ex K)
for a set K as in the Bessaga-Pelczynski theorem it would be helpful (and of in-
trinsic interest) to know whether ex K is a G, set or, more generally, a Borel set.
While these questions remain open, it is true that ex K is always p-measurable (in
the sense of Carathéodory) for each p in Z,(K). Recall that a metrizable subset of
a topological space is said to be analytic if it is the continuous image of a complete
separable metric space (cf. [4, p. 197]).

PROPOSITION 2.1. Let C be an analytic convex subset of a metric linear space.
Then ex C (which might be empty) is a u-measurable set (in the sense of Carathéodory)
for each pe 2,C).

Proof. It is clear that the space F=(0, 1) x Cx C is analytic since C is, and that
the diagonal D={(z, x, x) | t € (0, 1) and x € C}is closed in F. Since C is a separable
metric space, it is homeomorphic to a subset (which is necessarily analytic) of a
compact metric space M. Using the fact that each analytic subset of M is u-
measurable with respect to each finite Borel measure on M [4, p. 210], it follows
that each analytic subset of C is u-measurable for each u in Z,(C). The set F\D,
being an open subset of an analytic set, is itself analytic, and hence $(F\D) is
analytic where ¢: F\ D — Cisthe continuous map defined by (¢, x, y)=tx+(1 —t)y.
But (F\D)=C\ex C so that C\ex C, and hence ex C, is u-measurable for each u
in Z2,(C).

For any point x of K (K as in the Bessaga-Pelczynski theorem) it is obvious that
ex~x and hence there is a measure in Z(K) supported by the trivial boundary—
K itself—which weakly represents x. More generally we shall call a subset D of K
a boundary if, for each x in K, there is a measure u € Z.(K) such that u~x and
p(D)=1. The major question of whether or not ex K is a boundary of K remains
unanswered except in certain very special cases. (See Example 2.3. Note also that
when K is weak* compact, ex K is a boundary by the Choquet theorem, using
Proposition 1.7 and the elementary fact—see the proof of Proposition 2.2—that
the weak* and norm Borel subsets of K coincide.) However, as is shown in Proposi-
tion 2.2, the following subset b(K) of K is a boundary. Let T; =w*(K)\K and
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To=w*(T; U ex w¥(K)). Then b(K)=T, N K. Observe that b(K)=w*(ex K) when
K is weak* compact and, for certain noncompact sets K, we have b(K)=ex K
(Example 2.3). Consequently Proposition 2.2 does provide a Choquet theorem in
some nontrivial cases. (On the other hand, for K={x=(x;) €l | x;=0 for each j,
[ x| =1} it is easy to see that b(K)= K and hence Proposition 2.2 provides no infor-
mation in this case.)

PROPOSITION 2.2. Let K be a closed bounded convex subset of a separable dual
Banach space B*. Then b(K) (as defined above) is a boundary for K. That is, for each
x in K there is a measure p € P (K) for which p~x and w(b(K))=1.

Proof. Since J=w*(K) (in the weak* topology) is compact convex and metriz-
able, there is a probability measure u € [C(J)]* (defined, therefore, on the weak*
Borel subsets of J) for which u ~* x and u(ex w*(K))=1. Since ex w*(K)<T, the
set H={ue [C(J)]* | nis a probability measure, u ~* x and u(T;) =1} is nonempty.
If py and p, are measures in H write u, > u, provided p,(g)=pq(g) for each
convex function g € C(J). Because T, is weak* compact, a standard Zorn’s lemma
argument shows that there is a minimal p, € H with respect to >. We will show
that u, is a probability measure on the Borel subsets of J induced by the norm
topology, and that uy(b(K))=1.

Each norm closed ball of B* is weak* compact (and is hence a weak* Borel set)
and each norm open subset of B* is a countable union of closed balls. Tt follows
that each norm open set (and hence each norm Borel set) is a weak* Borel set. (The
reverse inclusion is immediate.) Thus, considering J in the norm topology we have
po € Z(J). In particular, the norm closed set K is u,-measurable.

Suppose now that uy(75\K)>0. For each point y in T,\K let U, be a closed ball
centered at y such that U, N K= @. Because T,\K (in the norm topology) is a
separable metric space there is a countable subcollection of the U,’s covering
T.\K. Since u, is countably additive there is a point y, € T,\K for which (denoting
Uy, by Up) uo(Up N J)=0>0. Let v, € Z(J) be defined by

vi(P) = a™luo(P N Uy N J)

for each Borel subset P of J. Since U, NJ is a norm closed and bounded
convex set, Proposition 1.7 guarantees that there is a point y, € Uy, N J=J\K<T,
such that »;~y;. Now define v, € Z(J) by vo(P)=po(P\Uy)+ ae,,(P). Evidently
vo~x and vy(T,)=1 and each weak* continuous convex function g on Uy NJ
satisfies the inequality g(y;)=¢,,(g)<vi(g) [13, p. 25]. It follows from this in-
equality that u, > v,. Hence po=v,.

To complete the proof it suffices to produce a measure v € H such that v+#p,
and po >v. Evidently o<1 since otherwise po~y; #x, a contradiction. Defining
v3 € P2LJ) by vs(P)=(1—a) uo(P\{y,}), Proposition 1.9 shows that there is a
point x; € J such that vz~ x; and hence x=ay; +(1 —«)x,. Since y, ¢ K there is a
point z#y; on the segment between x and y; which is not in K (hence is in T,\K)
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and can be written as z=ay; + (1 —ao)x; With e << 1. It is readily checked that
x=aag z+(1 —aay Y)x, and that the measure v € Z(J) defined by W(P)=ocwg 1e,(P)
+(1 — aag Yvy(P) satisfies the conditions v5(T;)=1 and v3~x. From »({y,})=0 it
follows that v# ue, and the proof will be completed by showing that o > v; that
is, if g is a convex function in C(J) then we must show that ¥(g) < uo(g). Recall the
earlier expressions for u, and v; then this inequality becomes

aog'g(z)+ (1 —aogt)vs(g) < ag(yy) +(1—ova(g)

and a further rewriting reduces the problem to showing that

(1—a0)~*g(2) — eo(l —a0) '8 (y1) = »s(8)-

But we have g(z) S «og(y1)+(1 —)g(x,) since g is convex and hence

(1—0p) " 2g(2) —ao(1 —p) “*g (1) = g(xy) = va(g)

as was to be shown.

EXAMPLE 2.3. As mentioned earlier, examples may be constructed of subsets
K of I; which are norm closed bounded and convex but not weak* closed for which
b(K)=ex K. These examples are all subsets of Q, the positive cone of /;, and are of
the form {xe Q|f(x)21} N K; for certain continuous real-valued concave
functions f on Q and norm closed halfspaces K;. (Of course by /; we mean the
Banach space of absolutely summable sequences of real numbers with [(x;)]
=121 |xi|. Then I; = c¥ where ¢, is the Banach space of sequences of real numbers
converging to zero, with the supremum norm.) We will need the following lemma.

LEMMA 2.4. Let {f}i»1 be a sequence of continuous real-valued nonnegative
functions on [0, 00) with the property that (fi(x;)) € Q whenever (x;) € Q. (Examples
of such sequences are given in Lemma 2.5.) For x=(x;) € Q define f(x)= 2,21 fi(X:)-
Then f is continuous on Q.

Proof. Since f is the supremum of the sequence {3;<i<, fi}nz1 the function f'is
lower semicontinuous. Suppose now that fis not upper semicontinuous. Then there
is a sequence {x"},»;={(x})}n2: in Q and x=(x;) € Q for which |x"—x| — 0 and
for some r € R and ¢>0 we have f(x") > r for each n, and f(x) <r—e. First observe
that this supposition implies that for each positive integer M there is a positive
integer N such that
1)) > IAGD—f(x)| > ¢/2 provided n 2 N.

izM

A contradiction is now obtained by using (I) to construct a point y=(y;) € Q
such that (fi(3,) ¢ ;. Choose N, so that (denoting N, +1 by a)

(1) Sizafi(x)<e/8, and 35, x;<% and ||x*—x| <} for n= Ny, hence

2) Sizax¥ <27 for each nZ N;.

Using (I) choose n; = Ny such that 3, | fi(xf*)—fi(x;)| > ¢/2. It follows that for
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some k, we have (denoting N, +k, by b) the inequality >, <;<, | fi(x!) —fi(x;)| > /2.
Lety; =0, ..., yy,=0,y,=x3, ..., yp=x3. Theny,20, >, <;<, ;<27 ! by (2) and
2asiso fil(h) 2 Zasiso [fi(1) —filx)| —fi(x:)] > ¢/2— /8 > ¢/4.” Suppose now that
y; has been chosen for i=1, ..., Ny+ky, ..., No+ky, ..., N;+k, so that y, =0 for
each i and (letting b'=N;+k) Di<icpy yi<27 4272+ +277=1-2"7 and
Disise fl() >Jje/4. Choose N, ., > N;+k; so that (for a"=N,,,+1) we have

(1) 2izar filxi) <e/8 and '

(2) Sisar XP<279*Vfornz Ny, ;.

Then choose k., as was k; and (letting b"= N, 1 +k;,1) choose yy 1, - .5 Vi, 415
Vars « > Yor S WEI€ Y1, ..., Yuy» Vas - - -» Vo It is immediate that (y;) € Q but that
121 fi(y)=0c0. Thus fis upper semicontinuous and the lemma follows.

Suppose that the functions f; satisfy the further conditions that for each i, £;(0) =0,
that each f; is strictly concave and that {f;"1(1)};», is a bounded subset of R. It
follows immediately that f is strictly concave and f(0)=0 so that f~*[l, ) is a
closed convex subset of Q not containing 0. Observe next that {f;”(1)};>, is bounded
away from 0. (Indeed, if this were not the case a subsequence {f;,*(1)};>, could be
constructed for which 2;., f5,}(1) <co. We are led to the contradiction f(x)=c0
where x=(x;) € Q is the point with x, =f;.'(1) and x;=0 whenever j#n, for each
i.) Let o;=1£;"%(1), and from above it follows that (¢, *) € /.. The set K; mentioned
at the beginning of this example is defined to be Ki={(x;)el | > i x;<1}.
Finally, let K=f"1[l, ) N K;. Because {f;"*(1)};», is bounded, the points
S 1(1)8; € K converge in the weak* topology to 0 so that K is not weak* closed.
(Here §; is the sequence with 1 in the ith position and 0 elsewhere.) From the strict
concavity of the f’s and the definition of K it follows that ex K=f"*(1). If
x=(x;) € K and f(x)> 1, there is an integer N such that >,<;<y fi(x;)>1. It is an
elementary matter to check that w*(K)=K; N Q and hence w*(K)\K=f"1[0, 1).
Thus there is no point (y;) € (W*(K)\K) U ex w*(K) for which >, <<y fi(31) > 1, so
that x ¢ b(K). Hence b(K)=ex K. (There are, of course, many possible modifica-
tions in the above construction which yield sets K with similar properties.)

This example is concluded with the construction of one possible collection of
fi’s. We wish to thank Mr. J. Deeter for pointing out the elementary proof of this
next lemma.

LEMMA 2.5. Let {6;};>, be a summable sequence of real numbers such that
0<6,<1 for each i, and let \;=1—0,. Then the functions f(x)=x" satisfy the con-
ditions of the construction.

Proof. The only part requiring checking is that >;,, x}<oo whenever (x,) € Q.
Let A={i | x,gﬂi} al‘ld B={i I xi< 01}. NOW

Z xp = Z xx; %

i€d ied

S D03 D x <.

ied ied
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(The number 3 arises from the inequality x~* <e'* <3 for x>0.) Also
Zx{“§20§“<320i<oo
i€eB ieB ieB

and putting these inequalities together we obtain the desired result.

In the proof of Proposition 2.2 we showed that a minimal measure on a certain
weak* compact set T, was in fact supported by K N T,. It is clear that whenever D
is a weak* compact subset of w*(K) such that D>ex w*(K), there are always
minimal measures on D representing a given point of K. The difficulty arises in
showing that such a measure is supported by K N D. This difficulty was overcome
in Proposition 2.2 by using the fact that for each point y of T,\K there is a convex
(norm) neighborhood of y entirely contained in T,\K, thus utilizing a type of
“local convexity” for T,\K. Moreover, examples may be given to show that without
some sort of ‘“local convexity” for D\K (D a weak* compact set containing
ex w¥(K)) it need not be true that minimal measures on D are supported by D N K.
(This eliminates the possibility, then, of adapting the proof of Proposition 2.2 to
prove an integral representation theorem for the sets K as in the Bessaga-Pelczynski
theorem, with measures supported by w*(ex K) N K.)

Now relax the condition that a boundary of K be a subset of K, and require only
that it be a subset of some compactification of K. Under this more general notion
of boundary we are able to prove the following representation theorem.

PROPOSITION 2.6. Let C be a bounded convex subset of a normed linear space N
and assume that C is the norm closed convex hull of ex C. Let BC denote the Stone-
Cech compactification of C considered as a subset of N in the weak topology (induced
by N*). Then for each point x of C there is a probability measure . in [C(BC)]* such
that u(f")=f(x) for each f in N* (where [’ is the extension of f|c to an element of
C(BC)) and u(P)=0 whenever P is a Borel subset of BC disjoint from (BC\C) U (weak
closure ex C).

Proof. Let y denote the canonical embedding of N in N**. The set w*(xC) is a
weak* compact convex subset of N** and hence there is a maximal probability
measure pu; on w*(yC) such that u,(f)=f(x) for each fin N*. Denote by X the
linear subspace of C(BC) of functions f such that f|; is uniformly continuous (in
the relative uniformity on C induced by the weak uniformity on N). For fin X the
function f|; o x~! defined on xC is then uniformly continuous (in the relative
uniformity on yC induced by the weak* uniformity on N**). Since f|co x~?! is
bounded on xC it has a unique extension to a continuous function on w*(xC),
henceforth denoted by #f. Define the linear functional L; on X by L,(f)=pu,(*f).
Then L,(1)=1 and L, >0 so that |L,||=1. Extend L, to a linear functional L on
C(BC) with ||L|=]|L,||=1=L(1). Then L corresponds to a probability measure
w e [C(BOH*. For fin N* it follows that u(f")=L(f")=L,(f") since f| is weakly
uniformly continuous. But L,(f") =p,(*f") = . (f) =f(x). Hence u(f") =f(x) for each
fin N*.
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It remains to be shown that each Borel subset P of BC disjoint from
(BC\C) U (weak closure ex C) has u-measure 0. If uw(P)>0 for some such P, the
regularity of u guarantees the existence of a compact subset M of P such that
w(M)>0. It is evident that M is a weakly compact subset of C and hence there is a
Yo € M such that the intersection with M of each weak neighborhood of y, has
positive measure. It is possible therefore [8, p. 7] to find a weakly uniformly
continuous bounded nonnegative function f; on C such that fy(y,)=1 and f;(z)=0
whenever z € (weak closure ex C). Hence f; € C(BC) satisfies the conditions f; =0 and

w{yeBClfe(y) > 8) 2 uEye M| fo(y) > 1) > 0.

It follows that u(f3)>0.

On the other hand w*(x(ex C))=w*(ex yC)>ex w*(yC) by the Milman converse
of the Krein-Milman theorem. The function f; is weakly uniformly continuous on
C so that fj € X. Since f; o y~(x(ex C))={0} we conclude that #f; is identically 0
on ex w*(xC) and hence on w*(ex w*(xC)). But y, is supported by w*(ex w*(xC))
and hence p,(#f5)=0. This yields the contradiction 0=p,(*f5)=L.(f5)=pn(f5)>0.
Thus u(M)=0 and hence u(P)=0 as was to be shown.

3. For a compact convex subset G of a Ics Vit is well known [6] that each u in
Z4G) is the weak* limit of a net of discrete probability measures on G, each of
whose barycenters coincides with that of u. (In the proof of Proposition 1.11 it was
shown that, in fact, a similar result holds for a measure u € Z,(C) where C is a
closed and bounded separable convex subset of a Fréchet space.) We shall be
concerned here with the more general problem of determining geometric conditions
on C under which a measure p in Z(C) which weakly represents a point x of C is
the weak* limit of a net of discrete measures (v,),cr in Z(C) such that v,~x for
each y in I". (Note that for any normal topological space D, it is easy to see that
P(D)=w*(co ({&, | y € D})) and hence each pu € #(D) is the weak* limit of some
net of discrete probability measures on D.)

Our first result says, in effect, that we can under quite general circumstances do
the next best thing to requiring that the resultants of the »,’s coincide with that of p.

ProrosiTiON 3.1. Let C be a normal subset of a lcs E (with topology &) and
suppose that C is bounded and convex. Let p € P(C) and suppose that u~ x for some
x in C. Then there is a net (v,),er of discrete measures in P(C) such that if x, is the
resultant of v, it follows that

(1) (v,)yer converges weak* to p; and

(2) (x,),er converges (in the 3 topology) to x.

Proof. Let BC denote the Stone-Cech compactification of C (C in the & topology).
Then p corresponds to a (countably additive) probability measure u’ in [C(BC)]*
by the rule p'(f)=pu(f]|c) for each fin C(BC), and hence p’ lies in the weak* closure
of co({e, | yeBC}). Let (Urea be a downward directed convex neighbor-
hood base of 0e[C(BC)]* in the weak* topology. For each A in A choose
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pr€co({e, | yeBC)) such that u,ep +U, Now each u, is of the form
pa=21sisn Gi&y, Where a,>0, 31<i<, a;=1, and {y;},==,<BC. Since {¢, | y € C}
isweak* densein {e, | y € BC}foreach i there is a point x; € C such that e, € &, + U,.
Since U, is convex if we let vy=3,x<s, a;s,,, then v, € uy + Uy=p'+ U, + U,. But
for each « in A there is a A in A such that U, + U,< U,, and hence the net (v,)sen
converges weak* to u'.

Each fin E* is bounded on C, hence let f* denote the extension of f/|. to BC.
It is clear that lim, v,(f)=p'(f")=u(f)=f(x). Letting z, € C denote the barycenter
of v, this shows that (z,),cs converges in the weak topology on E (induced by E*)
to x. Hence each subnet of (z,),ca converges weakly to x. Let (V;)sca be a down-
ward directed J-neighborhood base of x in E. For each Ae A, the net (z,)e>a
converges weakly to x and by the Hahn-Banach theorem there is, therefore, a net
(Va,0)sea in €O {v, | @ € A, « > A} such that the resultant of v, , is in V. Let I" denote
the cartesian product A x A, and observe that I is a directed set under the ordering
(A, 81)%(A, 8) if A; > X and &; > 8. It is easy to check that the net (v,),er satisfies
(1) and (2) of the proposition.

COROLLARY 3.2. Let C be a normal bounded convex subset of a Ics E and suppose
that . € P(C) weakly represents some point x in C. Then w(h) = h(x) for each bounded
Sfunction h in A(C). In particular n~ x whenever A(C)< C,(C).

Note that if C is a closed and bounded convex subset of a Fréchet space,
then A(C)=Cy(C). Indeed, if he A(C) is unbounded (say, from above) then
for each n choose a point x, € C for which A(x,) 2 n. Let {«,},, be a sequence of
nonnegative real numbers such that >, «,=1 and >, na,=00. Because C is
complete the point Y, »; a,x,=x belongs to C, and A(xX)=>,5; eh(x,) = D pz1lcy
=00, a contradiction.

Proof of Corollary 3.2. Let (v,),.r be a net of discrete measures in Z,(C)
converging in the weak* sense to u, such that their respective resultants x, converge
to x. If h € A(C) is bounded (and hence h € C,(C)) then

(k) = lim v (k) = lim h(x,) = h(x).

COROLLARY 3.3. Let C be a bounded convex subset of a normed linear space E.
If x is an interior point of C and if u € P(C) weakly represents x, then there is a net
(vy)yer of discrete measures in 2 (C) such that

(1) (v)yer converges in the weak* sense to p; and

(2) v,~x for eachy inT.

Proof. Choose a net (u;)sea Of discrete measures in Z,(C) converging weak* to p,
whose resultants form a net (x;)s;ca converging in norm to x. Since x is an interior
point it may be assumed that the points x, are all inside some fixed ball centered
at x, and hence 2x—x,€ C for each 8 €A. For each positive integer k, let
(k+1)x—kx; be denoted by y; x, and let &5, denote the point mass at y, ;. For each
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8 in A define, inductively, a sequence {us.},>1 Of measures as follows: Let
o1 =H(ps+es,1) and let p,,=(k+1)" (kps+esx) if yo € C and pop=ps -1
otherwise. Using the fact that for each k the net ((k+ 1)x —kx;);ca converges to
x, it follows that the net (us i )e.imeaxn (N the integers) converges in the weak*
sense to p. Furthermore, for any he A(C) we have p,(h)=k(k+1)"1h(x;)
+(k+1)" h(ys,1) =h(x) if ps i € C; otherwise ps 1 (h) = ps,i - 1(h). Since p; 1(h) =h(x),
clearly p; .~ x for each (8, k) € Ax N so that for I'=A x N conditions (1) and (2)
are satisfied.

The next definition and proposition have exact analogies in the compact case.

DerINITION 3.4. For C a normal convex subset of a Ics E and fe C,(C) we
define the upper envelope f of f on C by f(x)=inf {h(x) | A=f on C, h e A(C)} for
each x in C.

PRrOPOSITION 3.5. For C a normal convex subset of a lcs and for f in Cy(C), the
function f is concave, bounded, and upper semicontinuous; moreover f< f and f=f if f
is concave. Finally, f(x)=sup {u(f) | p € P(C), u~x} for each x in C.

Proof. The proof follows that in [13, p. 19, and Proposition 3.1, p. 21] using
finitely additive instead of countably additive measures.

Suppose that for some point x in C (C a normal convex subset of a Ics E) each
u € P(C) for which p~ x is the weak* limit of a net (v,),r of discrete measures in
Z(C) such that v,~ x for each y in I'. Then for each function fin C,(C) it follows
that
* f(x) = sup {u(f) | n discrete in Z,(C), p ~ x}.
(Note that Corollary 3.3 shows that each interior point of a bounded convex subset
of a normed linear space is such a point.) Such a description of f has several applica-
tions (see for example, Corollary 3.8; see also Proposition 3.11). A second class of
points for which (*) holds for a large collection of functions fin C,(C) is described
by the next proposition. A definition is needed first and in order to motivate it
observe that, for G a compact convex subset of a Ics, a point x of G is extreme if and
only if x belongs to the closure of {x,},er Y {»,},er Whenever (x,),cr and (¥,)yer
are nets in G (with the same directed set I') such that the net (3x,+%y,)yer con-
verges to x. This characterization is no longer valid in noncompact sets (see
Example 3.9 below) and it turns out to be helpful to identify those extreme points
for which it is satisfied. This will be done with the aid of the next definition.

DEerINITION 3.6. Let C be a closed and bounded convex subset of a dual Banach
space E*. A point x € ex C is a pinnacle point if whenever (x,),er and (¥,),er are
nets in C (with the same directed set I') for which the net (3x,+4y,),er converges
in the weak topology on E* (induced by E**) to x, it follows that

X e W*({xy}yel" v {yr}rel")'

Recall that for a normal topological space D, the set Z is the algebra of sets
generated by the closed subsets of D.
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PROPOSITION 3.7. Let E* be the dual of a separable Banach space and suppose
that C< E* is a closed and bounded convex set. Let x, € ex C. Then the following are
equivalent:

(1) x, is a pinnacle point,

(2) if p € P(C) satisfies u~ x, then for each set S € Z for which u(S) >0 it follows
that x, € w*(S);

(3) f(xo)=f(x0) for each function f defined and weak* continuous on w*(C).

Proof. We will prove (2) = (3) and not (2) = not (1) = not (2) = not (3).

(2) = (3). Suppose that (2) holds and let fe C(w*(C)). Given >0 choose
SeZ to be a relative weak* neighborhood of x, in C for which y € S implies
|/(»)—f(xo)| <e. Then x, ¢ w*(C\S) so that u(C\S)=0. It follows that [, fdu
=[¢fdu and hence |f(xo)— [ fdu| = [, |/(x0)—f(»)| du<e. Since £>0 was arbi-
trary, clearly f(x,)= f of du. Thus f(xo)= f(x,) follows now using Proposition 3.5.

not (2) = not (1). First of all a norm closed convex set 4 in X is constructed
such that C\4 is convex, u(4) >0, and x, ¢ w*(4). Let D' denote the image in E***
of a subset D of E*. There is a measure p; on w*(C’) corresponding to p, and
because w*(C’) is compact, pj is countably additive. It is shown that
0<pi(w*(4)) <1 and the nets contradicting (1) are obtained by working with the
resultants of the normalized restrictions of the measure u; to w*(4") and to
w*(C")\w*(4’). The detailed argument follows.

Choose S in X for which u(S)>0 and x, ¢ w*(S). For each point y of w*(S) let
U, be a weak* closed convex neighborhood of y in E* such that x, ¢ U,. Since
S<C is a bounded set, w*(S) is weak* compact and hence admits a finite subcover
Uy, ..., Uy, Since Uy, N CeZ and since u(S)>0, one of these sets has positive
measure, say u(U,, N C)>0. Choose h in E and / and !’ in R for which
h(xo)>1>1">sup h(U,,). Let

Ay = h (=00, '] nC
and
A=h*Y-00,l]1NnC.

Then x, ¢ w*(A), A is convex, norm closed and bounded, C\4 is convex, and
m(4) 2 (4,)>0.

Denote by x the natural embedding of E* in E*¥** and let D’=xD for each subset
D of E*. We now construct the measure u; on w*(C’). Let p'=p o x~. Then p'is a
finitely additive measure on C’ and since y ~* is an affine (uniform) homeomorphism
between C’ in the weak* topology and C in the weak topology, each weak*
continuous bounded function on C' is u'-integrable. Define u; on C(w*(C")) by the
rule pi(g)=p'(g|c) for each g in C(w*(C’)). Then p;20 and pi(1)=1; hence u;
is a (countably additive) probability measure on w*(C").

The next step is to show that 0 < pj(w*(4")) < 1. Since w*(C) is a weak* compact
set and & (used in the definition of A) is weak* continuous, Urysohn’s lemma
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guarantees that there is a weak* continuous function g on w*C (0= g =1) such that
g=1on h=Y(—o0, '] " w*(C) and g=0 on w*(C) N h~[l, o). The function g is
weak* uniformly continuous on w*(C) and hence on C and consequently g|. is a
weakly uniformly continuous function on C. Thus g’'=g|c°x~*! is uniformly
continuous on C' in the weak* topology and there is a (unique) function g7 in
C(w*(C")) which extends g'. Since {y e C' | g'(y)#0}= 4’ it follows that

{y ew*(C") | gi(») # O} = w*(4")

and hence [,.., 81 dui =, &1 dui. Referring to the definition of u; we have

[ stdi= gilod = [ g = gloduz [ gdu=utan >0,
w*(C" c’ c’ o} Ay

It follows that .., g1 dui>0 and thus p;(w*(4"))>0.

We show next that ui(w*(4")) < 1. Indeed, if pi(w*(4'))=1 then since w*(4’) is
weak* compact and convex there would be a point of w*(4’) which u; weak*
represents. Now [,. .., h* dui= [, h* du=h*(x,) for each h* in E** and hence p;
would represent y(x,)=xg. It follows that x; € w*(4’). Hence there would be a net
in A’ converging in the weak* topology to xg. This leads to a contradiction since
the corresponding net in 4 would converge to X, in the weak topology (which is
impossible since A is weakly closed in C and x, ¢ A). Thus letting a=pu;(w*(4"))
it follows that 0<a<1.

Define measures p; and p; on w*(C') by py(P)=a ui(P N w*(4')) and
ws(P)=(1—a) ui(P N (w*(C")\w*(4")) for each weak* Borel set P of E***,
Since p; and pj are probability measures on w*(C’) there are points Fy and F¥ in
w*(C’) such that u;~*F¥ for i=2,3. Furthermore, Fj e w*(4’) since
pa(w*(4))=1, and it is evident that xo=aF§ + (1 —a)F§. Define points F, and F;
in w*(C") as follows: If a2} let Fo=F¥ and F3=2x,— Fy. If a< let F;=F¥ and
Fy,=2x,—F#. Evidently [F,, F5]<[F¥, F¥l<w*(C') and x,=3(F,+F;). Let
(U)\)aea be a downward directed convex neighborhood base at 0 € E*** in the weak*
topology. If a=4 choose x, € 4 such that xj € F,+ U,. Similarly, choose y, € C
such that y, € F3+ U,. (If a<% choose w, € 4 such that wj € F¥+ U,. Then let
xx=a(l —a)~*(w,— x,) + x,. Evidently x, € C and x} € F,+ U,. Choose y, € C such
that y, € F3+U,.) Thus the net (3x,+3y.)en converges weakly to x, Since
Xo ¢ w*(A) clearly x, ¢ w*({x,}rea) €ven if a<3. It is easy to see that some subnet
(¥y)yer of (12)en satisfies the condition that its point set does not contain x, in its
weak* closure. Then the nets (x,),er and (3,),er satisfy all but the last part of
Definition 3.6, thus completing this portion of the proof.

not (1) = not (2). Choose nets (x,),er and (y,),er such that (3x,+1y.)er
converges weakly to xo and yet xo ¢ w*({x,},er U {»;hrer). By going to subnets if
necessary assume that there is a point Fin w*(C’) such that (x,),er converges weak*
to F (and hence (»}),r converges weak* to 2x; — F). Let 8C denote the Stone-Cech
compactification of C (C considered in the norm topology). Again by going to
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subnets if necessary, assume that (x,),.r converges in BC to v and that (y,),er
converges in S8C to w.

For each g in C,(C) denote by g# its extension to a function in C(BC). Define
linear functionals v; and v, on C,(C) by the rules v,(g)=g#(v) and v,(g) =g#(w) for
each g in C,(C); evidently v; € Z(C). Let v=4(v; +vy). For each h* in E** it follows
that

w(h*) = 3 (h*) +va(h*)] = HA* () +h*H(W)]
= 3lim [A*(x,) +h*(y,)] = 4 lim [x3(A*) + yy(h*)]
= 3[F(h*)+2xo— F)(h*)] = xo(h*) = h*(xo).

That is, v~x,. Let M=w*({x,},er Y {¥;},er) and let U be a relative weak* open
subset of w*(C) for which x, ¢ w*(U) and U> M. Choose a weak* continuous
function g* on w*(C) such that g*=1 on M and g*=0 on w*(C)\U (0=Zg*=1).
Then we have

f g*dv=fg*dv=%f g*dvl+%f g* dv,
Unc c c c
=1 li:n [g*(x,)+g*(y)] = L.

It follows that w(U N C)=1 and since x, ¢ w*(U) (and thus x, ¢ w¥(U N C)) the
measure v and the set U N C contradict (2).

not (2) = not (3). Let p be a measure for which (2) fails. Using Proposition 3.5
it suffices to construct a function f which is weak* continuous on w*(C) such that
w(f)>f(x,). For the function f choose any weak* continuous strictly convex
function on w*(C). (Such a function exists since w¥*(C) is a metrizable compact
convex set in the weak* topology.) If S € Z is a set for which (S) >0 and x, ¢ w*(S),
construct, exactly as in the first part of the proof of not (2) = not (1), a set 4 of the
form h~1(—o0, I] N C (for some A in E) such that x, ¢ w*(4) and u(4)>0. Since
p~ X, it is evident (using Proposition 1.5) that b=pu(4) < 1. Define measures A; and
A, on C by the conditions A;(P)=b"'u(4 N P) and A(P)=(1—-b)"'u(P N (C\4))
for each P in X. It is easy to see that A, and A; belong to 2(C). Then there exist x;
in w*(C) (by Proposition 1.5) such that A, ~* x; and since x, € w¥(4) we have
X1 # X,o. It follows that x,=bx; + (1 — b)x,. The measure A, corresponds to a measure
X¥ € [C(w*(C))]* by the rule A¥(g)=A(g|c) for g in C(w*(C)). Since Af is a (count-
ably additive) probability measure on w*(C) it is the weak* limit of a net of discrete
measures (v,,.),er, in Z(w*(C)) such that v,; ~* x, for each y in I'; and i=1, 2.
Hence A(f)=X(f)=lim,r, v,,((f) 2 f(x;) from the convexity and weak* continuity
of f. Finally, from the strict convexity of f we conclude that u(f)=>bA(f)

+(1=b)2(f) 2 bf(x1) + (1 = b)f (%2) > f(x0)-

COROLLARY 3.8. Let C be a closed and bounded convex subset of the dual E* of a
separable Banach space. Then {x € ex C | x is a pinnacle point} is a G; set. In particular
if each point x in ex C is a pinnacle point then ex C is a G, set.
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Proof. Let f be a bounded weak* continuous strictly convex function on w*(C).
Using Proposition 3.7 it is easy to check that {x eex C | x is a pinnacle point}
={x € C | f(x)=/(x)} and since f is upper semicontinuous the conclusion follows.

It is not difficult to construct a closed and bounded convex set K in /; having an
extreme point which is not a pinnacle point, as the following shows.

ExampLE 3.9. Let

A={8+8|i=2,3,...} and B={-8,+i"18_,—-8|i=3,4,...}
and let k=n(co (4 U B)). The point 0 is in X since
3814+ 8)+3(—8,+i18_,—8)| = 3!
fori=3,4, ....In fact, some calculation shows that 0 € ex K. Since the sequences
(814825 and (— 8, +i~15,_, — §,);2 5 satisfy all but the last part of Definition 3.6,
evidently O is not a pinnacle point.

With the benefit of Example 3.9 the following elementary argument shows that
Proposition 3.1 cannot in general be improved. If C is a closed and bounded
separable convex subset of a Fréchet space, then each measure . € Z(C) is regular
with respect to compact subsets (see the beginning of the proof of Proposition 1.7).
Using this fact it is possible to prove, exactly as in the compact case (see, for
example, [13, Proposition 1.4, p. 8]) that if x € ex C and n € Z(C) weakly represents
x then p=e,. In particular, if K is the set described in Example 3.9, the only measure
in Z,(K) weakly representing 0 is ¢,. Since 0 is not a pinnacle point, there is a u
in Z(K) such that u~0 and p does not satisfy (2) of Proposition 3.7. Evidently
p#¢e and hence p is not the weak* limit of a net of discrete measures in Z(K)
each of which represents 0.

Finally, it should be mentioned in connection with Proposition 3.7 that there is a
closed and bounded convex subset K of /; which has a pinnacle (extreme) point x
such that x(x) ¢ ex w*(x(K)). (Here y denotes the natural embedding of /; in I¥*.)
Thus, although in a convex set C (satisfying the conditions of Proposition 3.7) an
extreme point of C whose image under yx is an extreme point of w*(yC) must
necessarily be a pinnacle point, these two notions are distinct.

As an application of some of the foregoing ideas we prove a uniqueness result
for a certain collection of simplexes.

DEerINITION 3.10. Let C be a convex subset of a Ics E. Then C is a simplex if the
cone with vertex 0 over the set Cx{l}< E x R generates a lattice ordering on the
linear span of Cx {1}.

ProposITION 3.11. Let K be a closed and bounded simplex in a separable dual
Banach space B* such that

*) J(x) = sup {u(f)) | n a discrete measure in P(K), p~x}

whenever x € K and f is a convex function in Cw*(K)) (w*(K) in the weak* topology).
Then given x in C there is at most one measure p in P(K) such that p~x and
plex K)=1.
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Proof. Observe first that ex Kis a G, set (Corollary 3.8) so that u(ex K)=1 makes
sense. It follows from (*) and the fact that the only measure » € Z,(K) such that
p~zeex K is v=e, that f(y)=f(y) whenever fe C(w*(K)) and y € ex K. Suppose
that u e Z,(K) is a measure such that u~x and u(ex K)=1. Let J=w*(K). For
each weak* continuous convex function fin C(J) we have u(f)=pu(f), and exactly
as in the compact case [13, p. 67] the fact that K is a simplex implies that f is affine
on K. Hence since f is upper semicontinuous (Proposition 3.5) we conclude that
w()=w(f)=F(x) (Proposition 1.11). If ve 2(K) is also a measure for which
v(ex K)=1 and v~ x then w(f)=f(x)=v(f) for each convex function fin C(J). But
as was observed in the proof of Proposition 2.2, the weak* and norm Borel subsets
of J coincide, and hence . and » may be considered as elements of [C(J)]*. Since
the linear span of the cone of convex functions in C(J) is a dense subspace of C(J),
and since p and v agree on this subspace, p=v and this completes the proof.
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