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0. Introduction. In this paper we define strongly locally setwise homogeneous
continua (s-1-s-h continua) and determine the minimal normal subgroups of the
groups of all homeomorphisms of such continua. We also obtain some results
about the topological structure of such spaces. Locally setwise homogeneous
(I-s-h) continua were first introduced in [1], where it is shown that the groups of
all homeomorphisms of I-s-h continua are nonzero dimensional. These continua
include all the compact, connected manifolds, with or without boundary, as well
as the universal plane curve (i.e. Sierpinski curve), universal curve, and Hilbert
cube. These examples are also s-1-s-h continua except possibly the universal curve
and Hilbert cube.

In [3] R. D. Anderson determines the minimal normal subgroups of the groups of
all homeomorphisms of certain topological spaces with a complicated kind of
setwise homogeneity and an invertibility property. These spaces include the universal
plane curve, universal curve, S%, and S3.

In [2] J. V. Whittaker shows that the compact manifolds, with or without
boundary, are characterized by the algebraic structure of their groups of homeo-
morphisms, in the sense that any two compact manifolds are homeomorphic iff
their groups of homeomorphisms are algebraically isomorphic. One of his main
tools in this characterization is his development, in the first part of the paper, of
the structure of the minimal normal subgroups of the groups of all homeomorphisms
of the compact manifolds. His methods are similar to those of [3].

In [7] Ulam and von Neumann announce the theorem that the identity com-
ponent of the homeomorphism group of the two-sphere is simple.

Thus our results of §3 will extend some of the results of [2], [3], and [7]. The
paper is organized as follows. In §2, we develop the notion of a near basis for a
s-1-s-h continuum; in §3, we use near bases to determine the minimal normal sub-
groups of the groups of homeomorphisms of s-1-s-h continua; in §4, we study the
structure of s-l-s-h continua some more; and finally in §5, we show that various
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continua are both l-s-h and also s-l-s-h. We also show that the Hilbert cube
is I-s-h.

The following important question remains unanswered: Are all I-s-h continua
also s-l-s-h?

1. Conventions, notation, and some definitions. All spaces are separable metric.

H(X), or H when no confusion arises, denotes the group of all homeomorphisms
of X.

f: X —> Y denotes an onto function.

If A< X, then h is supported on A means that h(x)=(x) for x ¢ A.

For each point x € X, O(x) denotes the orbit of x; that is, O(x)={h(x) | h € H}.

A chain of open sets %: U, ..., U, is a finite, ordered set of open sets such that

M UNU # aiffli-j| £1,

QUNU #oifUNU,# @,and

(3) U, ¢ U, for any pair i, j.

% is a chain from a to b means that a is an element only of the first link of %,
and b is the element only of the last link of %, and neither is contained in the closure
of the remaining elements of %. It is well known and easy to prove that if a and b
are points of a connected, locally connected, metric space, then for any >0, there
is a chain from a to b such that the diameter of each link is less than e. Furthermore,
these elements may be chosen from any basis for the space.

If % is a collection of sets, then #* denotes the union of the elements of %.
w(Z)=1ub {diam U | U € %} is called the mesh of %.

If A< X, C(A) denotes the complement of 4. 4 or A~ denotes closure.

The universal plane curve (or Sierpiriski curve) is a continuum whose standard
construction is the following: Let C be a square plus its interior in the plane.
Divide C into nine equal squares, and remove the interior of the middle ninth.
Break each of the remaining eight squares into nine equal squares, and remove the
interiors of their middle ninths. Continue the process inductively, ad infinitum.
The set which remains is the desired continuum. The Sierpinski curve has been
characterized by Whyburn [6] as the only locally connected, one-dimensional plane
continuum with no local cut points.

The standard construction for the universal curve (or Menger curve) is the follow-
ing: Let F,, F,, and F; be three faces of the solid cube S in E® such that no two of
these faces are opposite each other. We remove portions of S by punching out,
to the opposite side, the interiors of the middle ninths of Fj, F,, and F;. We next
punch out, to the opposite side, the interiors of the middle ninths of each of the
remaining eight squares in each of F;, F,, and F3, and we continue this process
inductively. The remaining set is a continuum called the universal curve. The univer-
sal curve has been characterized by R. D. Anderson [4] as the only locally connected,
one-dimensional metric continuum containing no local cut points, such that no
open subset is imbeddable in the plane.
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2. Strongly locally setwise homogeneous continua and near bases. In this
section we study the structure of s-1-s-h continua through the notion of a near basis
for the space. We begin with some definitions.

DEfFINITION 2.1. Let X be a continuum, and let G be a subgroup of H(X).
Then X is called locally setwise homogeneous under G iff there exist both a basis B
of connected open sets of X and a dense subset 4 of X such that for any Be B
and a, b€ A N B, there is a homeomorphism g € G, g supported on B, such that
g(@)=b. {X, A4, B, G} is called a locally setwise homogeneous structure for X. If X
is locally setwise homogeneous under H(X), then X is called locally setwise
homogeneous denoted l-s-h. We note that a l-s-h continuum will necessarily be
locally connected.

DEFINITION 2.2. A continuum X is called strongly locally setwise homogeneous
(s-1-s-h) iff there exists a locally setwise homogeneous structure {X, 4, 8, G} for X
such that for each Be 8 and x € A N B, there is a neighborhood U of x with
U< B, satisfying the following property: For each open subset ¥ of B, there exists
a homeomorphism 4 € G such that

(1) A is supported on B, and

() KO)<V.

We will say that U (or U) moves freely in B.

REMARK. We note that, in this paper, l-s-h and s-l-s-h structures and spaces are
defined only for locally connected continua, although it is possible to define them
for more general spaces.

DEerINITION 2.3. Let {X, 4, B, H} be a l-s-h structure, and let Be®B, B# .
Let @={h(B) | h € H}. © is called a near basis for X iff every open set U of X con-
tains the closure of an element of &. & is said to be generated by B.

See Remark after Theorem 2.2.

LemMa 2.1. Let {X, A, B, H} be a s-I-s-h structure. Let %: Uy, U,, ..., U, be a
chain of elements of B from x to y, where x, y € A. Then there exists a neighborhood
N of x such that N (U,—U,) and N moves freely in U*. Further there exists a
homeomorphism g such that g=h, _, .. .hyh,, where h; is supported on U, and g(N)
moves freely in U,

Proof. Since X is s-1-s-h, there exists a neighborhood N’ of x in U, which moves
freely in U,. Let d=d(x, U,). Let N be a connected neighborhood of x such that
NcN’ and diam (N)<d. We show that N moves freely in #*. Let
x;€U; N Uy A. Then there exists a neighborhood N; of x; such that
N, U, N U, and N; moves freely in U,. Since N, is open in U; and N moves
freely in U,, there exists a homeomorphism 4, supported on U, such that 4,(N)
S N,;. Now let V be any open set in U,. There is a homeomorphism ¢, supported
on U, such that ¢;(N,)< V. Thus ¢,k (N)< V. It follows that N moves freely in
U, v U,.

Now let x; € U; N U and let N, be a neighborhood of x, that moves freely in
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Us;. Then, since N, moves freely in U,, there exists a homeomorphism A, supported
on U, such that hy(N,)< N,. Therefore hh,(N)<S N.,.

We may continue this process inductively. Thus, after a finite number of steps,
we have neighborhoods N, U; N U, for 1 £i<n—1, such that

(1) N; moves freely in U, ;, and

(2) hy...hohy(N)<S N; and moves freely in U, ;.

Now let N, be any open set in U,. Since A,_;...hyh,(N) moves freely in U,,
there exists a homeomorphism h, such that Ak, _; .. .hh,(N)< N,. Thus N moves
freely in %*, and if g=h,_,...h,, then g(N) moves freely in U,.

LeMMA 2.2, Let {X, A, B, H} be a s-lI-s-h structure. Then for each x € X and
connected open set U containing x, there exist a sequence of connected open sets
{W}2o in U and a homeomorphism h € H, h supported on U, such that

(1) Win W,=ga for i#j,

) lim;_ , W;=x, and

(3) B (Wo)=h(W)=W,,1.

Proof. Let x € X and let U be a connected open set containing x. Letae A N U,
a#x. Let#,: Uy, Uy, ..., Uy, be achain of elements of B in U from a to x
such that w(%)<1%d(a, x). Let a; o=a,a,,€e AN (U,; " U,,;,,) for i=1, 2, ...,
ny—1. Let %;: Uy,1, Uy, . . ., Uy, s, be a chain of elements of B froma, ,, -, to x
in U,, such that w(#%;)<3d(U,, -1,%). Let a;, -, be a,, and let
ag, € AN (Uy; N Ugyyq) fori=1,2,...,ny—1. Let %3: Uy, Uso, ..., Us,n, be
a chain of elements of B in U, ,, from a, ,, -, to x such that w(%3) <4d(Uy n, -1, X).
Clearly this process may be continued inductively, ad infinitum.

Now let ¥ be the subchain of %, whose elements are U, 1, Uy 3, ..., Uj 5y -1.
Let ¥, be the subchain of %, from the last element of %, which meets the last
element of #] to (and including) U, ,,-;. Let ¥; be the subchain of %, from the
last element of %, which meets ¥, to U, ,,—;. Continue the process inductively.
Let ¥~ be the infinite chain whose links are the links of the ¥7’s. Now we rename
the links of the chains 77 as follows:

Y1V Vi oo Vs

Y2: Vo, Vaygs -+ o5 Vo €tC.

Letby; € AN (Vy1—Vig), bio€ AN(Via N Vig)y ooy by, €A 0 (Vi1
N Vi) Let byy € ANVo1—Vao) N Vigy, boge AN (Vo N Vag), ..oy
bor, € AN (Va,—1 N Vay,). We continue this process inductively, also.

Finally we are ready to construct the homeomorphism 4. Let N, be a connected
neighborhood of b, ; in ¥, ; — ¥, , which moves freely in V; ;. Let N, be a neighbor-
hood of b, ; in ¥ ; N Vy,; which moves freely in V, ;. Let M, be a neighborhood
of by 5 in V31 N Vy o which moves freely in V, ;. We choose N,;, N,, and M, so
that they are elements of ®B. Let g, be a homeomorphism supported on ¥, ; such
that g,(N,)< M,. Let #7 be the chain 77, and let ; be a homeomorphism sup-
ported on #°¥ such that h,(N;) = N,. We further assume that A, is constructed as g
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is constructed in Lemma 2.1. Note that &g, is supported on ¥ ¥ U V, ; and takes
N, into N, and N, into M,.

Let N; be a neighborhood of b3 ; in V, ,, N V5, which moves freely in Vs ;.
Let M, be a neighborhood of b3, in V5, N V3, which moves freely in V; 5. Let
g2 be a homeomorphism supported on V; ; such that go(N;)<= M,. Let #; be the
following chain: #5: Vs 5, Va3, . . ., Vax,. Then, as above, there exists a homeo-
morphism A, supported on #7% such that h,(M,;)< N;. Again we assume that A, is
constructed as g is constructed in Lemma 2.1. Note that neither g, nor A, affects
points of V1, ..., V1 ,x, -1. Further hyg,h, g, is supported on ¥'§ U 7§ and takes
N, into N;, N, into N3 and N; into M, We continue the process inductively
obtaining two sequences of homeomorphisms {g;};>, and {h}>,.

It is clear that g;, h;, and A, are the only homeomorphisms affecting points of
¥'¥. Similarly, g,_1, gn, An-1, hn, and h, ., are the only homeomorphisms affecting
points of ¥¥. Thus we may define h="---hy - g5 - hy - g.=T12, hg,, since for
each n, [ 12, hig,=T 1721 hig,on ¥7}. Then A is clearly a homeomorphism of X onto
itself such that 4 is supported on ¥ * and A(N)<S N, ;.

We obtain {W;}2, as follows. Let W,=N; and let W,=h"(N,). Since N, N\ N,
= ¢ and A(N,;) S N,, it follows that W, N W, = @. Therefore h"(W,) N h™(Wy)= @
also. For suppose not, and assume n>m. Let y € h"(W,) N h™(W,). Then h~"(y)
€ Wo 0 h"~™(W,). But n—m>0 and K(W,) is a subset of | J2, ¥ ¥ for k>1.
This is a contradiction. Thus W, N W;= & for i#j, and (1) of the lemma is proved.

To show part (2) we observe that N;S V;_; ., _, N Vi, lim;.,, (diam V, ;)=0,
and lim;, o d(V;_1,x, _,> X)=0. Thus lim,,, N;=x. But W,= N,. It follows that
lim;, , W;=x, and (2) is proved.

Part (3) follows immediately, because W, =h"(W,) by definition. Thus the lemma
is proved.

REMARK. We note that the N,’s could have been chosen to be elements of 8.

LEMMA 2.3. Let {X, A, B, H} be a s-l-s-h structure. Then the subspace A admits
a basis of homeomorphic sets.

Proof. Let x, € A and let {W;}{>, be a sequence of connected open sets such that

1) W,n W,=ga for i#j,

(2) lim;_, , W,=x,, and

(3) W,=h"(W,) for some homeomorphism 4, as in Lemma 2.2.

Let x be any point of 4 and let U € B be any neighborhood of x. We will show
that there is a homeomorphism ¢ such that x € $(W,)< U.

Since x € A, there exists a homeomorphism g such that g(x,)=x. Let g(W))=W,.
Then W; — x. Therefore there is an integer n such that W,cU. Let ye A N W,
Then there is a homeomorphism f, supported on U, such that f(x)=y. Therefore
fY(y)=x and xef~Y(W,)<U. Let ¢=f"'gh™. Then x € (W)= U. It follows
that 4 admits a basis of homeomorphic sets—namely the collection of all images
of W, under homeomorphisms of X onto itself.
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THEOREM 2.1. Every s-l-s-h continuum has a near basis.

Proof. Let {X, A, B, H} be a s-1-s-h structure, and let x, € 4. Let {W;}2, be a
sequence of pairwise disjoint elements of B converging to x,, such that for some
he H, (W))=W,,,. Let €={h(W,) | h€ H}. Then it follows from Lemma 2.3
that € is a near basis for X, for if U is any (connected) open set of X, there is a
point a€ A N U, and therefore an element E € € such that EC U.

THEOREM 2.2. Let X be a s-I-s-h continuum, and let €, and €, be two near bases
for X, generated by B, and B,, respectively. Let M(€)=\J{E€@Q}, i=1, 2. Then
M(C,)=M(C,).

Proof. Let x € M(Q,). It is sufficient to show that x € M(€,). Since x € M(€,),
there exists an h € H such that x € h(B;). Now B, is open in X, and €, is a near
basis for X. Therefore there is a homeomorphism g € H such that g(B,)< B,. Then
gh™! takes h(B,) into B,. It follows that g ~1(B,) contains x and is an element of
@,. Therefore x € M(C,).

ReEMARK. It follows from Theorem 2.2 that M(C) is independent of the near
basis € chosen for X, and is therefore unique. Thus we may, and will, denote this
set by M(X), and call it the core of X. We note that in the case of the compact
connected manifolds, this set coincides with the set M(X) defined in [2], and is just
the interior of the manifold. In the case of the universal plane curve, we get the
whole space. This latter statement is true for the following reasons. It follows
from [6] that the universal plane curve has exactly two orbits (one of which is
the union of the complementary bounding simple closed curves), and each of these
orbits is dense in the space. In Theorem 5.2, we prove that the universal plane curve
is s-1-s-h. Thus we may apply Theorem 4.2, in which it is proved that the core of X
is the union of the dense orbits of X. Thus the core of the universal plane curve is
the whole space.

3. Minimal normal subgroups. Theorem 3.1 of this section is an analogue of
Theorem 1 of [2]. The proof is essentially the same. We will indicate how to use the
properties of the previous section to make the necessary modifications.

DEerFINITION 3.1. Let X be a s-l-s-h continuum, and let € be a near basis for X.
Let Q(€) be the group of homeomorphisms generated by the homeomorphisms
supported on elements of €; that is, Q(€) consists of finite products of homeo-
morphisms, each of which is supported on an element of €. Then Q(€) is called a
basic subgroup of H(X) and is said to be generated by €.

See Remark after Corollary 3.1.1.

THEOREM 3.1. Let X be a s-I-s-h continuum, and let Q(€) be a basic subgroup of
H(X) generated by the near basis €. Then Q(€) is a minimal normal subgroup of
H(X).

Proof. Let {X, A, B, H} be a s-lI-s-h structure. Let G be any nontrivial normal
subgroup of H, and let g € G, g#e. We will show that Q(€)<G. Let U be any
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element of € such that U N g~}(U)= . We note that g=*(U) € € also. Let x be an
element of U, and let {W;}{2, be a sequence of connected open sets in U, and let f;
be an element of H such that

(1) lim; o Wi=x,

2) W,n W,=g for i#j, and

3) L(W) =W, 1.

By Lemma 2.2, {W;};%, and f; exist. Further f; € Q(€), since f; is supported on
Uand Ue@.

Now let ¥ be any element of €, and let f be any homeomorphism supported on
V. We show that fe G. There exists an f, € H such that f(V)< W,, since V € .
Let g, =f1g"f1"'g. Now g, € G, since g, is the product of g by a conjugate of g~ 1,
and G is normal in H. We note that g, is f; on U and a copy of f;~* on g~1(U).

Let fo=f2ff5*. Then f; is a copy of f and is supported on W,. If f, € G then any
conjugate of it is also an element of G, and thus fe G. We show that f, € G. Let

h(x) = fo(x), xe W,,
= 81/081"(x), xegi(Wy), nzl,
=X, xeX— 0 Wi.
i=0

Then it is easy to see that f,=g,h~ gy *h, which is a product of g, by a conjugate
of gi 1. Since g, € G, it follows that f;, and therefore £, is also in G.

COROLLARY 3.1.1. Let {X, A, B, H} be a s-I-s-h structure, and let &, and &, be
near bases for X. Let Q(€)) be the basic subgroups of H(X) generated by €, i=1, 2.
Then Q(€,)= Q(€,).

Proof. By Theorem 3.1, Q(€,)< Q(€,) and Q(€,)< Q(€,). Thus O(€,)= O(E&,).

REMARK. It follows from the corollary that Q(€) is independent of €, and there-
fore is unique. We denote the minimal normal subgroup by Q(X) and call it the
basic subgroup of H. We note that in the case of a compact, connected manifold,
our Q(X) coincides with the group Q(X) defined in [2].

4. Additional properties of l-s-h and s-l-s-h continua. In this section we
study the core of X, M(X). Recall (from the Remark following Theorem 2.2) that
M(X) is defined to be the union of the elements of €, where € is a near basis for X.
From Theorem 2.2 it follows that all near bases produce the same set.

THEOREM 4.1. Let {X, A, B, H} be a I-s-h structure, and let x € X. Then if O(x)
is not dense, it is nowhere dense.

Proof. Suppose there exists an open set U such that [O(x)]” N U=U. Let V be
an open set such that ¥ N [O(x)]"=@. Let ye A N [O(x)]~. Then it follows
(Lemma 2.3 of [1]) that there exists 4 € H such that A(y) € V. Since A is continuous,
there exists a neighborhood W of y such that A(W)< V. Now W must contain some
point of O(x), say z. Then there exists a homeomorphism g € H such that g(x)=z.
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Then hg(x)=h(g(x))=h(z) e (W)< V. Thus hg is a homeomorphism taking x into
V. Therefore ¥V N [O(x)]~ # @. This is a contradiction. It follows that O(x) is
nowhere dense.

THEOREM 4.2. Let {X, A, B, H} be a s-I-s-h structure. Then
(1) M(X) is an open dense subset of X,

(2) M(X) is the union of the dense orbits of X, and

(3) M(X) is connected.

Proof. (1) Let € be a near basis for X. Then M(X) is the union of the elements
of € and is therefore open. Since € is a near basis for X, M(X) contains 4, and is
therefore dense.

(2) Let x € M(X) and let U be open in X. Let €={h(B), for some B e B and all
h e H} be a near basis for X. We first show that there exists an h € H such that
h(x)e U.

Since x € M(X), there exists an f€ H such that x € f(B). Since € is a near basis
for X, there is a g € H such that g(B)< U. Let h=gf 1. Then h(x) € U. Thus, if
x € M(X), then O(x) is dense. We next show that O(x)< M(X). Let y € O(x). Now
there is a homeomorphism fe H such that x € f(B). Also there is a ¢ € H such
that #(x)=y. It follows that ¢f € H and ¢f(B)= M(X). But y € ¢f(B). Thus y € M(X).
So we have now shown that if x € M(X) then O(x) is dense and O(x)<= M(X).

It remains to be shown that if O(x) is dense then O(x)< M(X). From the above,
it is sufficient to show that x € M(X). Let E € €, a near basis for X. Since O(x) is
dense, there is a point y € E such that y=~h(x) for some h € H. From the above,
O(y)= M(X). But x=h~Y(y) € O(p). Thus x € M(X) and O(x)<= M(X).

It follows that M(X) is the union of the dense orbits of X.

(3) Suppose M(X)=P U Q, where P, Q are mutually separate sets. Since M(X)
is open and P and Q are open in M(X), P and Q are open in X. Letae A NP,
be AN Q. Let e=min {d(a, C(P)), d(b, C(Q))}. Let €: Cy, C,, ..., C, be a chain
of elements of #Z from a to b such that u(%) < /2. Let h be a homeomorphism of X
onto itself, & supported on €*, such that h(a)=>. (Clearly 4 exists for # may be
chosen to be h,...hyh;, where h; is supported on C; and carries h,_,...h,(a)
to a point of C;N C;,, for 2<i<n—1, and hy(@)e C; N C,, and h, carries
Ho_1...hohy(a) to b)) Now €* is connected, and X— M(X) separates €*. Let
D=[X—-M(X)] N €*. Then D separates a from b in €*. Thus h(D) separates h(a)
from h(b) in €*, and therefore in C,. But C,< M(X) and therefore cannot contain
any points of h(D). For if x € C, N h(D) then x € M(X), and since O(x)= M(X),
h=1(x) e M(X). But h~*(x) e D and D N M(X)= &. This is a contradiction.

It follows that M(X) is connected.

REMARK. The following question seems natural. Suppose {X, 4, #, G} is a
I-s-h structure, where G is a proper subgroup of H. Suppose also that there exists
a B e & such that for each open set U in X, there exists a g € G with g(B)< U. Let
& ={g(B) | g € G}. Let M(S) be the union of the elements of &. Is M(&) necessarily
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the same as M(X)? The answer is “No”, for the following reason. Let X be the
universal plane curve, and let { X, 4, #, H} be a I-s-h structure for X. Let e=diameter
of C, where C s the outer complementary bounding simple closed curve and let #' =
{Be % | diam B<¢/2}. Let G be the subgroup of H generated by those elements of
H which are supported on a single element of B’. Then {X, 4, #’, G} is an l-s-h
structure for X. Let B, € B’ such that B, N C=@. Let €={g(B,) | g € G}. Then
M(€) cannot contain C, because each element of G leaves C setwise fixed. However,
M(X)=X.

5. Continua which are l-s-h and s-l-s-h. It is known that the universal plane
curve, universal curve, and the compact connected manifolds, with or without
boundary, are I-s-h. (See [1] for a discussion.) From this it is clear that the following
continuum is also I-s-h:

(This example was brought to my attention by R. D. Anderson.) Let X be a com-
pact two-manifold without boundary. Remove the interiors of a countable dense
set of pairwise disjoint simple closed curves whose diameters have limit 0. The
resulting continua are clearly 1-s-h.

In this section we show that the above mentioned examples, with the possible
exception of the universal curve and Hilbert cube, are also s-I-s-h. In addition, we
show that the Hilbert cube is l-s-h.

THEOREM 5.1. A compact manifold is s-I-s-h.

Proof. Let X be a compact n-manifold, A=1Int X, B be a basis of connected
open sets whose closures are cells and such that for each Be 8, (B—B)isa (n—1)
sphere and let H be the group of homeomorphisms of X. Then it is easy to see that
{X, A, B, H} is a l-s-h structure for X. Now let Be 8, xe AN B. Let $: B—> S
be a homeomorphism of the cell B onto the n-ball S, where S={p € R" | d(p, origin)
=1}, and such that ¢(x)=origin. Let S’ be the n-ball of radius 4, and let U
=¢~(Int S’). Then U< B.

We show that U moves freely in B. Let ¥ be open in B. Then there exists a
homeomorphism 4, 4 supported on B, such that #(x) € V. Now U N A~Y(V) is an
open subset of U containing x. Then ¢(U N A~1(V)) is an open subset of S’ con-
taining the origin. There exists a homeomorphism ¥': S —> S which keeps the
origin fixed and carries S’ into §(U N h~1(V)). Then ¢~¥'¢ is a homeomorphism
of X supported on B and carrying U into U N A=*(V). It follows that ¢~ 1¥¢ is
supported on B and carries U into V.

THEOREM 5.2. The universal plane curve is s-I-s-h.

Proof. Let {X, A, B, H} be a l-s-h structure for the universal plane curve X.
Let the outer bounding simple closed curve be denoted by C,, and let the other
complementary bounding simple closed curves be denoted by {C;},. Let C
=20 Ci. Let Be B, xe AN B. Let U be a neighborhood of x such that (1)
U< B and (2) Bd U is a simple closed curve not meeting C. Let ¥ be any open set
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in Band let ye A N V. Let W be a neighborhood of y such that (1) W<V and
(2) Bd W is a simple closed curve not meeting C.

We show that there exists a homeomorphism 4, 4 supported on B, such that
WU)< V. Let N be an open set containing U U V in its interior such that (1)
N< B and (2) Bd N is a simple closed curve not meeting C. From the proof of
Lemma 1 of [6], it follows that there exists a homeomorphism ¢: N—U —> N— W
taking Bd N — Bd N by the identity, and Bd U onto Bd W. Further, the lemma
just cited also shows that ¢ can be extended to take U onto W.

COROLLARY 5.2.1. The example described at the beginning of this section is s-I-s-h.
Proof. Clear.
THEOREM 5.3. The Hilbert cube, I, is Il-s-h.

Proof. Let I°=T]>, I;, where I,=[0, 1]. Let A=[]>, I?, where I?=(0, 1). Then
Aisdensein I”. Let B be the collection of all connected open sets of /* of the form
Uy xUyx -+ x U, xT2 41 I, where U, is a connected open subset of I, in the
topology of I,. Then B is a basis of connected open sets of /®. Let H be the group
of all homeomorphisms of I° onto itself. We will show that {I*, 4, B, H} is a
I-s-h structure for 7.

Let Be®B with B=U; xUyx - - x U, x[[2ps1 L. Let a,be AN B with a
=(a, ag, ...), b=(bq, by, ...). We will define a homeomorphism h: [® —> [®
such that A(a)=5b. We obtain / as an infinite product. Let A;: I; = I, be a homeo-
morphism such that (1) 4; is supported on (0, 1) N U; and (2) hi(a;)=b,. Let h; be
an extension of A; to all /® defined as follows. If x=(xy, x5, ..., X;_1, Xi, Xis1, .. .)
then hy(x)=(xq, Xa, . . ., Xi_1, hi(X;), Xi 41, . ..). Let A=][;2, h;. Then A is a homeo-
morphism of I® onto itself, 4 is supported on B, and h(a)=»b.

Nortke. In a later paper, we hope to prove or give reference to theorems showing
that the Hilbert cube and universal curve are also s-1-s-h.
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