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GROUPS OF EMBEDDED MANIFOLDS

BY
MAX K. AGOSTON

Abstract. This paper defines a group 6(M™", v,) which generalizes the group of
framed homotopy n-spheres in S™**. Let M™ be an arbitrary 1-connected manifold
satisfying a weak condition on its homology in the middle dimension and let v, be
the normal bundle of some imbedding ¢: M™— S™*¥, where 2k =n+ 3. Then (M™, v,))
is the set of A-cobordism classes of triples (F, V", f), where F: S"** — T(v,) is a map
which is transverse regular on M, V"=F-}M"), and f=F|V" is a homotopy
equivalence. (T'(v,) is the Thom complex of v,.) There is a natural group structure on
o(M™, v,), and O(M™, v,) fits into an exact sequence similar to that for the framed
homotopy n-spheres.

This paper attempts to generalize in a natural way a well-known exact sequence
concerning framed homotopy spheres which is contained in the work of Novikov
[11], Kervaire-Milnor [7], and Levine [10]. The author stumbled onto these results
partly because of his efforts to prove imbedding theorems for manifolds in the
metastable range, and partly because of his recent work on Browder-Novikov
theory for maps of degree d, |d|#0 (see [2]).

§2 describes the basic constructions used in this paper. The ““group of embedded
manifolds”, (M, v,), is defined in §3. A fairly simple description of that group is
given towards the end of that section. §3 also contains the main results about
0(M, v,). In §4 we discuss a few interesting open problems. The author would like
to thank the referee for some helpful suggestions.

1. Notation. All manifolds will be C*, compact, and oriented. Maps will be
transverse to boundaries.

If M™ is a connected closed manifold, let [M] e H,M denote the orientation
class. Recall that f: V™ — M™ is said to have degree d, i.e., deg f=d, if fiu([V])
=d[M], where fy: H,V — H,M is the map induced by f on the integral homology
groups.

As usual, D* denotes the closed unit ball in Euclidean k-space R, i.e.,
D*={(yy,..., ) ER* | Y2+ - - +y2<1}. Sk=0D**'=Dt U D*, where D%
=1 Ver) ERFF [ Yi+ - 4R 1=1,»020} and DY ={(y1,.. -, Vi+1)
eRF+Y| y3+ .. +y2,.1=1,y,=0}. We have natural inclusions S¥<S**! and
D= D¥+1 Let e=(1,0) e S°=S*.
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If f: V» — W"*%is an imbedding, we shall consider f as an inclusion map and
identify the total space E= E(v,) of the normal disk bundle v; with a tubular neigh-
borhood of V in W. T(v;)=E/0E is the Thom complex of v, and T;: W — T(v;)
is the natural collapsing map. Given g: U™ — T(v,) which is transverse regular on
V so that N=g~(¥) is an (m —gq)-submanifold of U, we shall always assume that
a tubular neighborhood T of N has been given a fixed bundle structure which is
the pullback of v, under g. We also assume that N is given an orientation which is
induced from the orientation of V.

If V"< W"*4 then by a framing of ¥ in W, or by a framing of a tubular neigh-
borhood T of V, we shall mean a diffeomorphism % : ¥V x D?— T such that
F(x, 0)=x. Two framed submanifolds (V'?, %) and (V%, %) in W"*? are framed
cobordant if there is a framed submanifold (N"*1, ) in Wx[l, 2] such that
N, 9)n(Wxi)=(V,, #)xi, i=1,2. They are framed h-cobordant if N is an
h-cobordism.

2. Preliminaries. Throughout this paper we shall make the following assump-
tions: M ™ is a 1-connected oriented manifold with n>5. Let ¢=[n/2]. Then either
n=0 (mod 4), or HLM=0 and H,_, M is torsion-free. ¢ is an imbedding of M in
S**k where 2k =n+3.

DEFINITION.

Tot (M, v,) = {(F, V™ f) | F: S*** — T(v,) is a map which is transverse regular
on M with V" = F~Y(M) l-connected and f = F| V: V — M}.

St (M, v,) = {(F, V,f) e Ty* (M, v,) | deg f > 0 and fi: H,V — H:M

is an isomorphism for 0 £ i < [n/2]}.

Note. 4% (M, v,)# @ since it contains (T,, M, identity).

If oy=(F, Vi, f) € 7ot (M, v,), define o; ~a, if there is a map H: S***¥x[1, 2]
— T(v,) which is transverse regular on M such that H|S***xi=F;xiand H (M)
is an h-cobordism between F; x 1 and ¥V, x 2. Clearly, ~ is an equivalence relation.
We set

T (M, v,) = T* (M, v,)|~ and  F*(M,v,) = K5 (M, vo)|~ = T *(M,v,).

If « € 73* (M, v,), we shall also write « for the equivalence class that o determines
in 7 *(M,v,).

Suppose that o;=(F, V,, f}) € 7 *(M, v,). Let v, be the normal disk bundle of V;
in S**¥ and let D" x D* and D" x D* be canonical tubular neighborhoods of D%
and D™ in D%** and D"**, respectively. Without loss of generality we may assume
that DL cV,, D <V, E@|S" )=E@,|S*~)cS"**~1 V,—D%< D" x DF,
Vo— D" < D% x D¥, fi(D%)=fo(D")=x,€ M, and f;|S***-1=£f,|S"+¥-1 Now
define F3: S™** — T(v,) by F3|D%tk=f,|D"** and Fa|D"*¥=f,|D"**. Let V;
=F3 (M), fs=F;|Vs, and a; # ay=(Fs, V3, f3). Then deg f;=deg f,+deg f2, V3
=V, #V,, and e, # oy is a well defined element of 7 *(M, v,).
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Next, define 6% **™ to be the group of A-cobordism classes of framed homotopy
n-spheres in S***. If Z" is a homotopy n-sphere in S™** with a framing & of its
normal disk bundle vy, we let [Z, #] denote the element it determines in 6%*%",
(Note that in analogy with 6%**™ we can think of  *(M, v,) and ¥ *(M, v,) as
h-cobordism classes of certain submanifolds V"< S"** with a given bundle map
from the normal disk bundle of ¥ in S**¥ to v,.)

Keeping the notation of the two previous paragraphs, let o=[Z, ] e §3*%n
Assume that D =X, E(vy|S"~Y)=E(»,|S™"!), and X=X — D" c D% x D*. Define
F':S™"*k > T(v,) by F'| D"*k=f,| D"**, F'(F(y,u))=f1(F (e, u)), for (y,u) € X x D¥,
and F'(D"**—%(X x D¥))=canonical base point of T(v,). Set V'=(F")"(M),
['=F|V', and o, #o=(F,V',f'). Then o, #o is a well defined element of
T *(M,v,), deg f'=deg f, and V'=V, # 2.

One can easily check that if ;€  *(M, v,) and o; € 67+%" then the two con-
nected sum operations defined above have the following properties:

(1) (o1 # 00) # az=0y # (cz # a),

() oy Fog=ag# oy,

(3) (1 # o2) # o1 =0 # (02 # 01),

(4) (1 # 01) # ea=(e1 # @3) # 03,

(5) o # (01 +05)=(ay # 0,) # 05, and

(6) if ¢y € (M, v,), then o; # 0, € L+ (M, v,).

LEMMA 1. Let o,=(F,, V;, f)) € (M, v,) and suppose «; # a3 =(Fs, Fs, f3). Then
there exists a triple I'=(H, W™"*1, h) such that

(@) H: S"**x [3,4] - T(v,) is a map which is transverse regular on M with
W=H ~Y(M) 1-connected and h=H|W : W — M

(b) H|S**kxI=F,x1,1=3,4;

©) as=(Fu, Vi, fo) € L+ (M, v,) where V,=F; (M) and fy=F,|V,; and

(d) H(W, V,)=0forizt+1 if n£0 (mod 4).

Proof. We shall define inductively a sequence I',=(H;, W, h;), for 0<i<[n/2] -1,
such that

(1) H;: S***¥x [0, i+1] — T(v,) is a map which is transverse regular on M with
W,=H; (M) l-connected and h;= H;| W,;

(2) H|S™**x[0,i]=H,_1;

(3) oW,=V;3x0 U N; with N, l-connected;

4) (h)«: HW; — H,M is an isomorphism for 0<¢=<i;

(5) if j: V3x0— W, is the natural inclusion, then ji: H(V;3 x0) — H,W, is an
isomorphism for t>i+1; if t=i+1, j is one-to-one and H, ., W;=juH,,1(V3x0)
@ G, where G is a torsion-free group which is zero if H;M had no torsion and
(h)(G)=0.

Define H,: S™**x [0, 1] — T(v,) by Hy(x, t)=F3(x). Then H, clearly determines
a triple ['y=(H,, W, ho) which satisfies (1)~(5). Suppose I, -y =(H;_1, Wi_1, bi_1)
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has been defined for 1=<i=<[n/2]—1 satisfying (1)-(5). Our object will be to add
handles to W,_, along N;_; to make A; _, i-connected.
Let j': N;_; — W,_; be the natural inclusion and consider the exact sequence

= Hi (Wi, Nio)) —> HN,_, —— HW,;_, = j*Hi(VchO)@G_’"'

Jx
¢ l /
H"{(W;_,, V3x0) (hi-1)s

HM

Since i < [n/2])—1, the universal coefficient theorem for cohomology and (5) imply
that j; is an isomorphism. Let K;=kernel of (f3)«: H;Vs — H;M. K; is a direct
summand of H;V; because Vo=V, #V, and (f))«: H,V,— HM, I=1,2, is an
isomorphism. Therefore, if K=kernel of (h;_,)sx: H{W;_, — H;M, then K is a
direct summand of H;W,_, and K=/,(K;) ® G. The diagram

H(Vyx0) 2> HW,_,

(faxok Ai-l)*
HM

shows that (h;_,), is onto H;M. It follows that every element of K can be realized
as an imbedded sphere in N,;_; with trivial normal bundle. One can now add
handles to W,_, along N;_, to kill K as in the case of the usual Browder-Novikov
theory. In fact, since 2k 2n+ 1, the handles can be attached in S™** x i so that the
method of [4] and [9] can be used to obtain I';=(H,, W, k). I'; will satisfy (1)-(4)
trivially. The proof of Theorem 2.1 in [1] shows how (5) can be satisfied also. This
finishes the inductive definition of I';.

Let t=[n/2]. Assume that n#0 (mod 4). By hypothesis H,M=0 and H,_, M is
torsion-free, and so (5) implies that (h;_ 1| N, _1)%: H/N;_,— H,M is an isomorphism
for 0<1/<[n/2). Define H: S***x (3, 4] — T(v,) by H(x, u)=H,_,(x, t(u—3)) and
set W=H Y(M), h=H|W. Then I'=(H, W, h) satisfies (a)~(d) in Lemma 1 and
the lemma is proved in this case. If n=0 (mod 4), then there is no obstruction to
doing surgery on N,_; in the middle dimension and one can define I'; satisfying
(1)=(4) very much like the other I';. Therefore we can get a I' satisfying (a)-(c) in
this case also. This completes the proof of Lemma 1.

We can now define an operation + in &£ *(M, v,) as follows: If «; € ¥ (M, v,),
then we let «; + oy = 0oy, Where o, is defined as in Lemma 1(c).

LeEMMA 2. + is a well defined associative and commutative operation.

Proof. Suppose that I"=(H', W', k') and oy=(F,, V4, f:) are triples which
satisfy (a)-(d) in Lemma 1. + will be well defined once we show that «j=c,.
Define H": S"**x[2,4] - T(v,) by H"(x,u)=H'(x, —u+6) for ue[2,3] and
H'"(x,u)=H(x, u) for ue[3,4). Let W"=(H")"*(M) and h"=H"|W". It suffices
to show that we can make W” into an h-cobordism via framed surgery in S™*¥ x
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(2, 4). To be precise, we are looking for a map P: S***x[2,4]x [0, 1] - T(v,)
satisfying

(1) P is transverse regular on M;

(2) P|S™**x[2,4]x0=H"%x0, P|S"**x2xu=F;x2xu, P|S"**x4xu=
Fyx4xu, foruel0,1]; and

(3) U=P (M) N S"*kx[2,4] x 1 is an h-cobordism.

If n=0 (mod 4), then there is no obstruction to doing surgery on W”, even in
the middle dimensions. If n#0 (mod 4), then it follows from Lemma 1(d) (using
our hypothesis on the homology of M in the middle dimensions) that we only
have to do surgery on W” in dimension =< [n/2]. In any case, it is therefore possible
to define P inductively, similar to the definition of the T'; in the proof of Lemma 1.
We shall omit the details and leave it to the reader to translate the construction
for the T'; so that it is applicable in this situation.

Finally, the fact that + is associative and commutative follows from the fact
that # has these properties. This finishes the proof of Lemma 2.

LEMMA 3. Let o;€ S+ (M, v,) and o; € 083%™ Then
(g # (01 +09))+ag = (g # 01) + (g # 03).
Proof. This lemma is an easy consequence of the observation that
(01 # (01+09)) # @z = (1 # 01) # (e # 0).
Next, let a=(F, V, f) e T *(M, v,). Define
$o: T (M, vy) > Mk T(v,) and  ho: F (M, vy) = 01 T(v,)
by $o()=[F] and go=4o| S * (M, v,).
LeEMMA 4. ¢ and i, are well defined. |, is additive.

Proof. Since i, i, are clearly well defined, it suffices to show that i, is additive.
Let ;€% (* M, v,). It follows from the definitions that yo(e; + o) =p(e; # @)
=tg(or) + Pho(eeg) = holey) + o(es). Therefore i, is additive and the lemma is proved.

We conclude this section with the definition of two more maps. First, note that
we can identify H,,T(v,) with the integers Z in such a way that 1 corresponds to
[M]e H,M™" via the Thom isomorphism. Let

deg: 1 T(vy) = Hy o T(vy)

be the Hurewicz homomorphism and define an additive map deg: S *(M, v,) - Z
by deg (F, V, f)=deg f. Then we have a commutative diagram

S (M,ve) Lo 7 T0)

deg, g

Z=AH,, kT(Vw)-
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3. The group 6(M,v,). Let «, Be F*(M,v,) and set «=(T,, M, identity).
Define e~ , B if «+re=p+ se for some nonnegative integers r and s. Obviously, ~,
is an equivalence relation and we can define (M, v,)=%*(M, v,)/~.. We shall
write [«] for the equivalence class in (M, v,) determined by « € *(M, v,).

Define an operation + in (M, v,) by [«]+ [B]=[«+pB]. It is easy to check that
+ is a well defined associative and commutative operation. [¢] acts as a zero element.
The projection (M, v,) — (M, v,) is additive.

At this point the only thing which keeps 6(M, v,) from being a group is that we
do not know whether every element has an inverse. We shall return to this question
shortly.

Define P, as usual by

P, =0 ifnisodd,
=Z, ifn=2(mod4),
=Z ifn =0 (mod4).

We shall think of P, as the set of framed cobordism classes [U", #] of pairs
(U™, F), where (U, oU)<(D"*!, S**1-1), 123, # is a framing of the normal disk
bundle of U, and oU is a homotopy (n— 1)-sphere (see [10]).

Suppose that o,=(F,, V,, f) € ¥+ (M, v,) and that $o(e;)=1o(cz). Then there is
a map H:S"*¥x[l,2] — T(v,) which is transverse regular on M such that
H|S™"**¥xi=F,xi. Set Wr*1=H Y(M) and h=H|W. Let us try to make W into
an h-cobordism just as in Lemma 2. The only problem occurs when we try to do
surgery in the middle dimension [(r+1)/2]. This difficulty was circumvented in
Lemma 2 by our conditions on M and n. But it follows from by now standard
techniques that the obstruction to doing this surgery is a well defined element
y(ay, ag) € P, 1. In fact, we may assume that W is diffeomorphic to V,x[l, 2)
+U™*?, where £ denotes the boundary connected sum along ¥, x 1 and (U, oU)
=(S**Ex[1,2], S**kx 1) is a ([(n+1)/2]—1)-connected =-manifold with dU a
homotopy sphere and a framing & of its normal disk bundle which is induced by
H (see [8, p. 20]). Then y(ay, ap)=[U, F1=p(U, F) (see [10, §4.5] for a definition
of y(U, #)).

Let (U, #) be a disjoint copy of (U, #) so that (U, oU;)=(S™*¥*x[1, 2],
S™tkx1). Define Wt — U, in a natural manner, where we take the boundary
connected sum along V; < oW. It is easy to obtain a map H;: S™"**x[1, 2] - T(v,)
which is transverse regular on M such that Hy *(M)= W — U, and H,|S™**x2
=F,x2. (H, is gotten by a construction similar to the one found in the definition
of the connected sum of an element of 7 *(M, v,) with a framed homotopy sphere.)
If welet F3x 1=Hs|S"**x 1, Vy=F5Y(M), and f; = F5| V3, then we can also assume
that (Fs, Vs, fa)=a, # —(0Uy, #|0U,). But there is no longer any obstruction to
making W+ —U, into an h-cobordism since y((U, #)x —(U,, #H))=¢(U, F)
=AUy, #)=0 (see [10, §4.5]).
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We summarize this discussion in a lemma. Let 9,: P,,, — 0%**™ be given by
o(lU, #F)=[oU, #|oU]. o, is a homomorphism. This was essentially proved in
[10].

LEMMA 5. Let oy € S *(M, v,,) and suppose that Po(e;) =o(z). Then

oy # 01(Y(e1, @3)) = aa.
Next, let
3 1k T(vy) = kernel of deg: 7, . T(v,) = H, . . T(v,),

and define §: 0(M, v,) — 2, T(v,) by Y([e]) =o() — (deg e)po(e)-
LEMMA 6. ¢ is a well defined additive map.

Proof. Suppose that [¢]=[8]. Then «+re=p+ se for some nonnegative integers
r and s. Hence () +ripo(e) =ho(a+re)=io(B+se) =1o(B) +sbo(¢) and dega+r
=deg (a+re)=deg (B+se)=deg B+s. It follows that

Poler) — (deg o)ho(e) = ro(e) — stbo(e) + (s — deg o)fo(e)
= Yo(B) —ripo(e) + (s — deg a)bo()
= Yo(B) — (deg B)ho(e) +(deg B—deg a+5—r)fio(e)
= Yo(B) — (deg B)ho(e),

and so ¢ is well defined. Clearly (0)=0.

Let [o], [B] € O(M, v,). Then ¢([]+ [B]) =([e+B]) =o(x +B) — (deg (« +B))Pole)
=to(«) +Po(B) — (deg e)po(e) — (deg B)o(e) =([«]) + ¥([B]). Thus ¢ is additive and
Lemma 6 is proved.

Note. If 8(M, v,) is a group, then  is in fact a homomorphism.

Define 9yt Ppyy—> L *(M,v,) by 04(y)=¢# 0:(y), and let 9: P, — (M, v,)
be the composition of 9, followed by the projection of & *(M, v,) onto 8(M,v,).

LEMMA 7. 0, and 0 are well defined maps. 0 is a homomorphism.

Proof. 6, and o are well defined because # is well defined. Let y, € P, ;. Then
Lemma 3 implies that

Ay1ty2) = [Oo(y1+y2)] = [e # 01(y1+72)] = [e # O1(y1+v2) +e]
= [e# 01(y) te # 1(y2)] = [e # 01(y1)]+ [ # 01(v2)]
= 0(y1)+(y2),

i.e., 0 is a homomorphism.

Finally, let p:#%,,T(v,) > P, be the well-known mapping which assigns to
every x €m0, ,T(v,) the surgery obstruction to finding a representative F: S™+¥
— T(v,) for x+yo(e) € 7,4 T(v,) such that F is transverse regular on M and
F|F~*(M): F~*(M)— M is a homotopy equivalence. If n%2 (mod 4), then x=0.
If n=2 (mod 4), then our knowledge of p is in general limited (see [3]); however,
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with our restrictions on the homology of M, n is a well defined homomorphism.
Consider the diagram

S M, ve) 2o 7 TO0)

|
Pn+1 T’ B(M» Vo,) T 772+kT(V¢) T’ Pn

¢

THEOREM 1. 8(M, v,) is an abelian group and the bottom row is exact.

Proof. It is easy to see that ,0,=0. From this it follows immediately that
$0=0, i.e. (image d)<(kernel ). Let [«] € (kernel ) and let deg a=d. Then
ho(«) =dipo(e) =tho(de). By Lemma 5,

(d—De+0o(y(de, @) = (d— e+ (e # 01(v(de, ))) = de # 0,(y(de, @) = «.

Therefore, o(y(de, ))=[c«], and we have shown that (kernel ;)< (image 9). This
proves that (image 0)=(kernel ).

Next, let x € n3, . T(v,,). Suppose that u(x)=0. Then x +4(¢) € m, , , T(v,) belongs
to the image of ¥,, i.e., there is an « € S *(M, v,) with Jo(e)=x+1,(e). Hence,
H([e]) =o(e) — (deg a)fo(e)=x, so that (kernel p)<(image ). Conversely, let
[e]€e 8(M,v,) and set y=iy(e)—(deg a—1)py(e) € myy T(v,). Then degy=1.
Assume n=2 (mod 4). By definition, u(([«])) is the obstruction to finding a
representative F: S*** — T(v,) for y such that F is transverse regular on M and
F|F~Y(M): F~(M) — M is a homotopy equivalence. But using our hypothesis
on the homology of M, we see that for this particular y we can start with a repre-
sentative F such that H(F~*(M))=0 and H,_,(F~'(M)) is torsion-free, where
t=[n/2]. Therefore, we shall never have to do surgery in the middle dimension;
and so u(Y([«]))=0. Since p=0 when n#2 (mod 4), we have shown that (image )
= (kernel p).

It remains to prove that (M, »,) is an abelian group. As was observed earlier,
it suffices to show that every a € 8(M, v,) has an inverse. Choose a b €  ~*(—i(a)).
Such a b exists because (image ) =(kernel y) is a subgroup of =3, ,T(v,). Then
Yla+b)=y(a) +P(b) =¥(a) —y(a)=0. By exactness we can now find a y € P, ., such
that o(y)=a+b. Hence 0=00)=(y—y)=0(y)+0(—y)=a+(b+0(—y)). This
finishes the proof of Theorem 1.

Let us show that Theorem 1 is a generalization of a well known exact sequence.
Suppose that M"=S" and ¢:S"™— S"*¥ is the standard inclusion. Define
Aot FH(S™, v,) — 03FEm by A((F, V, f))=[V, %], where % is the framing of V
induced from the framing of S™ in S*** (Note that ¥ is indeed a homotopy
sphere.) Clearly A, is well defined. Also, Ag(cc+re)=Ay(«) for each « € F*(S*, v,)
because if % is the standard framing of v,, then (Z"°, #) # (S*, %)=(2", #) for
every framed homotopy sphere (", #) in S***. (Here # denotes the operation
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of framed connected sum which induces the addition in 67*%") Therefore, A,
induces a well-defined map A: 6(S™, v,) — 07+%* given by A([e])= As(c).

If [Z, F] e 67%%n let f: 2 — S" be a homotopy equivalence with deg f=1. Let
g: vy —> v, be given by g(F(y, w))=(h(y), u) € S*x D= S™** for (y, u) € Z x D*.
Then g induces a map F: S*** — T(y,), and X\ ((F, Z, f))=[Z, #]. Thus A, and
hence A is onto.

Next, let o, e F*(S" v,) and suppose that Ay (e)=2A,(B). Without loss of
generality assume that deg B—deg a=r=0. Then it is not hard to show that
a+re=f. (Observe that if o; € *(S", v,), then oy +ay=0; # ap.) It follows that
A is one-to-one. But A, and hence A, is additive since the addition in & *(S™, v,)
and 67*%" both come from a connected sum operation, and so we have proved

LEMMA 8. A is an isomorphism.

Now v, is trivial, and so T(v,)=S"**v S* by [I11]. 7, T(vy) =74 S**F
@ 4 1S*, where deg maps the first factor isomorphically onto H,,,T(v,)=Z.
Therefore, we can identify =2, ,T(v,) in a natural way with =, ,.S*. (In fact, one
can make this identification in the case of any imbedding ¢: S®™ — S"** with
2k =2 n+3 because v, will then be trivial by [6].) It follows from Lemma 8 that the
sequence

Pii—> O(Sn, Vaa) — "g+kT(Vw) T) P,

o 4
can be identified with the Milnor-Kervaire sequence

) S -al_> O}H.k’n ? TnpiS® ?Pm
where i, is defined via the Pontrjagin-Thom construction and p,, like g, is the
usual surgery obstruction.

These observations lead us to another definition of 8(M, v,,). Briefly, it is possible
to define (M, v,) to be the h-cobordism classes of (F, V, f) for which fis a homo-
topy equivalence. The sum of [(Fy, Vy, f1)] and [(F,, Vs, f3)] is defined to be the
class of that triple (F3, Vs, f3) which is obtained from (Fi, Vi, f1) # (Fa, Va, f2)
#(T,, — M, identity) by surgery for which f; is a homotopy equivalence. In order
that this addition is well defined and that we get a group we have to be able to do
the necessary surgery. This is why we need some conditions on »n and the homology
of M. Our condition, that either n=0 (mod 4) or H;M =0 and H,_, M is torsion-
free, can probably be weakened. The reason that we did not give this straight-
forward definition of 6(M, v,) at the beginning and proceeded in a roundabout
fashion to define & *(M, v,) first is that #*(M, v,) and ¢, are interesting in their
own right (see the next section).

Next, observe that the inclusion i:S"**<S"***1 induces natural maps
%+(M’ V«p) g ‘7.(-)+(M’ Vlw)a ‘%+(M’ V(o) - ‘%+(M’ Viw)a .7-+(M, vm) g ’7-+(M9 v{w)’
LM, v,) > L (M, v,), and §(M,v,) — (M, v;,). These “suspension” maps
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are clearly additive and will all be denoted by s. Let 6% be the trivial k-disk bundle
over M. Then v;,=v, @ 6%, and the following diagrams commute:
L M ®0) = P M) Loy T6) = 7 STO))

0,
~ I b

X LM, v,) > Ty T(ve)

o

Pn+1

5 oM, v, D 01) = 0(M, v,) i’ 772+k+1T("io) = ‘”g+k+1S(T(Vw))
/ TS TS#

X‘ 0 v
(M, v,) m

(S(T'(v,)) is the reduced suspension of T(v,) and s is the usual suspension map on
homotopy.)
Finally, define

Pn+l

> 704k T (Vo)

0(M) = lim 6, v, @ 8.

It follows from the above remarks and Theorem 2 that 8(M) is a well-defined
abelian group. In fact, 8(M) is isomorphic to 8(M, v, @ 6°) whenever k+t=n+3.
6(M) is the group of manifolds which are “framed” homotopy equivalent to M.

4. Conclusion. We would like to conclude with some unanswered questions
which arise naturally in the context of this paper:

1. (M, v,) corresponds to 87 ***. A natural analogue of §***:", the h-cobordism
classes of (unframed) homotopy n-spheres in S***, would seem to be the set,
S(M), of h-cobordism classes of homotopy smoothings of M which are imbedded
in S"** The set F(M), for large k, was considered in [12] and fit into an exact
sequence. There is a commutative diagram

SLM) — [M, F._1/0,_,]

a\~ T T /F'P"

(M, ”w) — "2+ kT(Vo)

¢

Pn+1

The top row was defined in [12] for large k and shown to be exact. It reduces to the
Milnor-Kervaire sequence when M"=S" Can one generalize other sequences in
[5] and [10]?

2. When is an element x € 7, ,T(»,) in the image of 4, ? This question is partially
answered in [2] and involves the study of Browder-Novikov theory for maps of
degree d> 1. Note how much easier it is to determine the image of .
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3. Let (F, V,f)e *(M, v,). Is V homotopy equivalent to M ? (The homotopy
equivalence may have no relation to f.) This question in conjunction with question 2
has bearing on the problem of whether manifolds imbed in the metastable range.
Since fy(f*(a) N [V])=(deg f)(an [M]) for ae H'M, it follows that fy.: H,V — HM
is an isomorphism for 0 <i<n whenever H;M is finite and the order of H;M is
relatively prime to deg f for 0 <i<n. This suggests a somewhat weaker question:
Is ¥ homotopy equivalent to M if fi.: H;V — H;M is an isomorphism for 0<i<n?

4. When does a manifold M" admit a map f: M — M of degree d>0? Are
there some more or less simple conditions on the homology or homotopy groups
which will guarantee the existence of f? This problem fits into our context because
it is related to the previous questions about ¥ *(M, v,) and =, ., T(v,).

5. Would it be useful to study manifolds M™ which have the property that
de=(F,;, (M™), f,)? For example, M"=S" has this property. Do products of
spheres S' x S*~! behave similarly?
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