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Abstract. Let £ be the category of locally compact abelian groups, with con-
tinuous homomorphisms as morphisms. Let x: £ — % denote the contravariant
functor which assigns to each object in .Z its character group and to each morphism
its adjoint morphism. The Pontryagin duality theorem is then the statement that
X ° x is naturally equivalent to the identity functor in -#. We characterize x by giving
necessary and sufficient conditions for an arbitrary contravariant functor ¢: & — %
to be naturally equivalent to x. A sequence of morphisms is called proper exact if it is
exact in the algebraic sense and is composed of morphisms each of which is open
considered as a function onto its image. A pseudo-natural transformation between
two functors in % differs from a natural transformation in that the connecting maps
are not required to be morphisms in .£. We study and classify pseudo-natural trans-
formations in £ and use this to prove that (R denotes the real numbers) g is naturally
equivalent to y if and only if the following three statements are all true:

(1) ¢(R) is isomorphic to R,

(2) ¢ takes short proper exact sequences to short proper exact sequences, and

(3) ¢ takes inductive limits of discrete groups to projective limits and takes pro-
jective limits of compact groups to inductive limits.

From this we prove that ¢ is naturally equivalent to x if and only if ¢ is a category
equivalence.

Pontryagin duality deals with the relationship between a locally compact abelian
group G and its character group G. This correspondence G+ G extends to a con-
travariant functor, which we denote by y, from the category .# of locally compact
abelian groups to itself. In this paper we give three separate characterizations of y
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as a contravariant functor from £ to . §1 presents properties of x, two systems of
axioms chosen from these properties, and pertinent definitions. In §2 we introduce
the definition of pseudo-natural transformation between two functors in %, which
is more general than the definition of natural transformation in that the connecting
maps need not be morphisms in £, We study and classify pseudo-natural trans-
formations between y and arbitrary contravariant functors in %. §§3 and 4 contain
the main results; in §3 we utilize pseudo-natural transformations in proving that
any functor which satisfies Axiom System I or II is naturally equivalent to x, and
in §4 we prove that any contravariant equivalence in .2 is naturally equivalent to y
by showing that such a functor satisfies Axiom System I. In §5 some comments and
variations on the main results are given(?). In §6 we present two theorems which
classify pseudo-natural transformations between the identity functor in % and
arbitrary covariant functors in & ; these results are analogous to the results in §2.

1. Definitions and axioms. For the definitions of category, functor and related
notions, the reader may consult [1], [5] and [6]. We use the additive notation for all
group operations throughout this paper. Let £ denote the category of locally
compact abelian topological groups, with morphism meaning continuous homo-
morphism. The identity morphism on G is denoted by 1;. The notation G~ H
means G is topologically isomorphic to H; that is, G is isomorphic to H in Z.
We use the terms injection and surjection for morphisms which are set-theoretically
one-to-one and onto, respectively.

We denote the additive group of real numbers with the usual topology by R,
and the subgroup consisting of the integers with the discrete topology by Z. We let
T=R/Z.

Hom (G, H) for two objects G and H of & denotes the set of morphisms from
G to H. For f and g elements of Hom (G, H) we define the morphism

f+g € Hom (G, H)
as follows:

(f+8)x) = f(x)+g(x) forxeG.

With this operation Hom (G, H) becomes an abelian group, and # becomes an
additive category. Furthermore, providing Hom (G, H) with the compact-open
topology makes it into a Hausdorff (not necessarily locally compact) topological
group. We shall consistently assume that Hom (G, H) is endowed with this par-
ticular topological group structure. In the special cases when G~Z or H~T, then
Hom (G, H) is a locally compact abelian group and is therefore an object of Z.
If : & — & is any functor, then ¢ 4 denotes either the map

¢¢.n: Hom (G, H) — Hom (¢(G), 9(H))
or
¢.n: Hom (G, H) — Hom (¢(H), 9(G))
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(depending on whether ¢ is covariant or contravariant) induced by ¢ on Hom (G, H).
The subscripts may be omitted if no confusion arises.

DEerINITION 1. Let y be the Pontryagin character group functor in &, That is,
for G an object of %, we have

x(G) = G = Hom (G, T)
and for fe Hom (G, H) we define ¢ z(f) € Hom (x(H), x(G)) by

XD = [xe.x(N))@) = «of for a € x(H) = Hom (G, T).

The fact that y is a contravariant functor from % to £ is easily established. Much
literature has been devoted to the remarkable properties of this functor.

DEFINITION 2. Let . denote the identity functor in %. For each object G of &,
let pg: G — x(x(G)) be the natural homomorphism defined by

[pe(¥)](e) = a(x) for x € G, « € x(G).

Then p={ps; G an object of £} is a natural transformation from the covariant
functor « to the covariant functor x2=y o y. The Pontryagin duality theorem states
that p: « — y?isin fact a natural equivalence between functors. This duality theorem
is, of course, a crucial property of y.

Let ¢: &£ — % be an arbitrary contravariant functor. Our object is to find sets
of additional conditions which, when imposed on ¢, force ¢ to be the “same”
functor as y; categorically speaking, this means that ¢ is to be naturally equivalent
to x. Our next task is to define several concepts which will be of use in charac-
terizing y.

DEFINITION 3. Let ¢: & — % be a functor. We say ¢ is a category equivalence
if there exists a functor : # — & and two natural equivalences p,: ¢ — i o ¢ and
p2:t—> @ o . In this case ¢ is an inverse of ¢. If =4, then we say ¢ is a duality
Sunctor. Proposition 10.1 in [6] shows that ¢ is a category equivalence as defined
here if and only if the following two conditions are satisfied:

(1) Each function ¢ j is bijective for G, H in %.

(2) For every object G of %, there is an object H of Z such that (H)~G.

DEFINITION 4. A morphism f: G — H is called proper if f'is open regarded as a
function from G to its image in H. A sequence

f

—>A—>BL>C—>

of objects and morphisms in .# is said to be proper exact at B if the kernel of g
coincides with the image of f'and both fand g are proper morphisms. A functor ¢
from & to % is called a proper exact functor if for every short proper exact sequence

0—d2s8 8 c—s0
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in %, the induced sequence

0 (P(A)q’(f) q)(B)(P(g) o(C) 0

or

0 pa) 2L o) H g0y 0
(depending on whether ¢ is covariant or contravariant) is also a short proper exact
sequence. (This definition appears in [7].)

DEFINITION 5. Let ¢: £ — £ be a functor. We say ¢ is topological if ¢ 4 is a
continuous function for every pair G, H of objects in %, where Hom (G, H) is
given the compact-open topology introduced before. (Recall that ¢ is additive if
each @ 4 is a homomorphism between abelian groups.)

DEFINITION 6. Let G and H be objects in £ and let G @ H be the ordinary
“direct sum” of G and H (i.e., the product group with the product topology), let
ig and iy be the canonical embeddings of G and H, respectively, in G @ H and let
e and py be the canonical projections of G @ H onto G and H, respectively.
G @ H can be characterized in & by the “direct sum diagram”

together with the requirements that the diagram be commutative and the morphisms
satisfy the equation
igopg + igopu = lgon
(see [5, p. 250)).
The direct sum is unique up to canonical isomorphism in %, Now if g: G— L
and h: H — L are morphisms in %, then we define the morphism

(g, k) e Hom (GO@ H, L)

by (g, h)=g o pg+h o py. Then we have (g, h) - i;=g and (g, h) o iy=h. Moreover,
(g, h) is uniquely determined by these conditions because if f: G @ H — L is any
morphism such that f o i;=g and f o iy=Ah, then we have

f=fe(igopetiyopy) = gopathopy = (g h).

This merely shows that (G @ H, ig, iy) is a categorical sum of G and H. Likewise,
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it can be seen that (G @ H, pg, py) is a categorical product of G and H; that is, if
g: K— G and h: K— H are morphisms, then

h

is the only morphism such that p; o (§)=g and py o (})=h.

DErINITION 7. For the purposes of this paper, inductive limit in & will mean the
usual categorical limit (if it exists) of a direct system in %, which consists of a set
{G,} of objects of & indexed by a directed set 4 together with a set of morphisms { £, s}
such that f,; € Hom (G,, G;) whenever « <8 and f3, o f,s=f,, Whenever « <B=<+y.
A proper inductive limit in £ is the inductive limit (which automatically will exist)
of a proper direct system (each f,, is a proper injection whose image is an open
subgroup of G;). Dually, the terms projective limit and inverse system are obtained
by reversing the directions of the arrows and order of composition of morphisms
in the above. The term proper projective limit is reserved for a projective limit of an
inverse system ({G,}, {fo5}) in which each f,;: G; — G, is a proper surjection with
compact kernel, called a proper inverse system.

Our first proposition is merely a summary of important functorial properties of
x which will be useful in our later results. To avoid possible confusion, we note that
to say “the functor ¢ preserves direct sums” means that ¢ takes the direct sum
diagram and equation for G @ H to the direct sum diagram and equation for
o(G) @ ¢(H). Similar interpretations are to be applied to other such statements
about functors.

(g) —igeogtinoh:K—>G@®H

PROPOSITION 1. The following are true concerning the functor y:

(1) x is a duality functor.

(2) x is a contravariant category equivalence.

(3) x is an additive functor.

(4) x is a topological functor.

(3 X(Z)~T, x(T)~Z, x(R)~R.

(6) x is a proper exact functor.

(7) x preserves direct sums.

(8) x takes inductive limits to projective limits and projective limits to inductive
limits.

Proof. (1), (2), (5) and (7) are well known. (3), (6) and a weaker version of (8)
for proper inductive limits and proper projective limits have been demonstrated
before (see [10]). In fact, Theorem 5 will show that (2) alone implies all the others.
Regarding (4), Suzuki [9] mentions that each x¢ y is actually a topological iso-
morphism. However, we present a proof of (4) here, since we have not seen it in
the literature.

Let G and H be objects in £Z. We know a base for the neighborhoods of the
identity in Hom (G, H) is given by the set of all N(K, V'), where K runs through the
compact subsets of G and ¥ runs through a base of neighborhoods of the identity
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in H, and where N(K, V) is the set of all f€ Hom (G, H) for which f(K) is contained
in V. Accordingly, any neighborhood of the identity in Hom (x(H), x(G)) contains
a neighborhood of the form

N(F, N(K, U)),
where Fis a compact set in x(H), K is a compact set in G, and U is a neighborhood
of the identity in 7. Now, by well-known properties of compact-open topologies

for locally compact spaces, the map y: Hx y(H) — T given by (x, ) o(x) is
continuous. Under this map we have

Y{O}xF) ={0} = U<=T;

therefore there is a neighborhood W of the identity in H such that (W x F)c U.
Now, let f be an element of N(K, W), a neighborhood of the identity in Hom (G, H).
Let x € K and « € F; then

(NI = aof, and (axof)(x)€a(W) = p(Wx{d}) = WxF)<=U.
Thus x(f) € N(F, N(K, U)). Q.E.D.

PROPOSITION 2. Let ¢: & — £ be a contravariant functor and suppose there is a
natural equivalence t: x — ¢. Then statements (1) through (8) of Proposition 1 also
hold for ¢.

Proof. Let G and H be objects of . and consider the following diagram where
feHom (G, H) and « and p are defined in Definition 2:

&) —P
Pc PH
26—
Tx(G) Tx(H)
#(x(G)) M (x(H))
@(7c 1) o(mqh)
#*(f)

e%(G) ——— ¢*(H)

The morphisms represented by vertical arrows are all isomorphisms in & by
hypothesis. The upper and middle small rectangles commute because p and = are
natural transformations, and the lower small rectangle commutes because it comes
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from applying ¢ to the following commutative diagram:

x(H) )-(-(—f—)—> x(G)

‘r,}l 1'51

o(f)
o(H) —> 9(G)
Thus the large outside rectangle of the first diagram is commutative. This means
that the collection of all morphisms of the form

W76 1) ° Ty © pat UG) — 9*(G)
is a natural equivalence between ¢ and ¢2. This shows that statement (1) holds
for ¢.

Now, statement (2) follows directly from (1). Statement (5) is obvious. State-
ments (3), (6), (7) and (8) follow from standard arguments developed in category
theory, analogous to the proof of statement (1). Statement (4) is different in that
it does not concern a familiar categorical notion. We prove (4) by examining the
diagram

x(H) X(-LL x(G)

TH TG

o(f)
o(H) —> ¢(G)
for fe Hom (G, H). This shows that ¢(f) =7 o x(f) o 75*. Thus we have a bijective
map
Hom (x(H), x(G)) — Hom (p(H), 9(G))
given by the correspondence

X(N) > 1o x(f) e ™.

This map is obviously a group isomorphism and is also a homeomorphism, since
an open set in Hom (x(H), x(G)) of the form N(K, V) is taken onto the open set
N(74(K), 7¢(V)), and vice versa. Thus the map g¢ 5: f—> ¢(f) is a composition of
the two maps fi— x(f) and y(f) — ¢(f), both of which aretopologicalisomorphisms.
Q.E.D.
Let 9: ¥ — % be a contravariant functor. We present two systems of axioms
for ¢.
Axiom System 1 (three axioms).
Ia. (R)~R.
Ib. ¢ is a proper exact functor.
Ic. ¢ takes proper inductive limits of discrete groups to projective limits and
takes proper projective limits of compact groups to inductive limits.
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Axiom System 11 (four axioms).
ITa. ¢(R)~R.
IIb. ¢ takes the proper exact sequences

i
0—>Z——>R-—-p—>T—>0

and

n-1 n
0 7 z 7z V4 F, 0,

where F, is a cyclic group of order n, to short proper exact sequences.
Ilc. ¢ takes proper inductive limits of discrete groups to projective limits and
takes all proper projective limits to inductive limits.
IId. ¢ is an additive functor.
Our task is to demonstrate that any contravariant functor in % which either
satisfies one of these axiom systems or is a category equivalence is naturally equiva-
lent to y. Proposition 2 demonstrates the necessity of each axiom.

2. Construction of pseudo-natural transformations.

DEFINITION 8. Let ¢ and 4 be two contravariant functors from % to £. Suppose
we have a collection o ={og: G an object in £} such that each o is a function (but
not necessarily a morphism in .#) from ¢(G) to (G). Then we call o a pseudo-
natural transformation from ¢ to ¥, denoted o: ¢ — ¢, if for each pair G, H of objects
of & and every fe Hom (G, H), we have

P(f) o oy = o6 o @(f);

that is, the following diagram is commutative:

¢(H) LR #(G)

$(H) ), ¥(G)

In a similar manner we define the notion of pseudo-natural transformation from
one covariant functor to another.

We remark that if & is the category of sets and F: &£ — & is the “forgetful”
functor which assigns to each object of £ its underlying set, then the study of
pseudo-natural transformations between ¢ and ¢ is equivalent to the study of
natural transformations between the functors Fo ¢ and Fo . In this sense, all
but the last statement of Theorem 1 below is a special case of Theorem 1.6 in [1].

For any object G of &, let &;: Hom (Z, G) — G be the natural topological
isomorphism given by ég(e)=o(1) for « € Hom (Z, G). (We use the symbol 1 for



1971] FUNCTORIAL CHARACTERIZATIONS OF PONTRYAGIN DUALITY 159

the integer 1 € Z and the symbol 1, for the identity map on G, where G is an
object in Z£)

We point out at this time that 1;, the identity morphism on 7, is regarded as an
element of Hom (T, T)=x(T).

THEOREM 1. Let ¢: & — £ be a contravariant functor. Let s be any element of
o(T). Then there exists exactly one pseudo-natural transformation 7*: y — @ satisfying
the equation t5(17)=s. Each 15: x(G) — o(G) is defined by the formula

76(9) = [e,2(0))(s) for « € x(G) = Hom (G, T).

Thus there is a one-to-one correspondence between pseudo-natural transformations
7°: x — ¢ and elements s of o(T). If ¢ is a topological additive functor, then each +°
is in fact a natural transformation.

Proof. Let G and H be objects in %, let fe Hom (G, H) and let o € y(H). Let
7% and 7% be defined as above. Then

[9(f) o 7:](e) = [@(f) © (@u,r(e))](s)
= [pg,r(x o )I(s) = 7&(a o f)
= [15 o (x(/NN().

Thus 7¢ as defined in the theorem is a pseudo-natural transformation from y to ¢.
Furthermore,

7(11) = [pr,r(10)1(s) = loa(s) = s.
Now let 7: x — @ be any pseudo-natural transformation and let =.(1;)=s. Let
o € x(G), where G is any object in .Z. Since = is a pseudo-natural transformation,
the following diagram commutes for the morphism « € Hom (G, T):

x(T) LR x(G)

o(T) —— ¢(G)
#(o)
Therefore we have
78(e) = (e, r()][7(17)]
= 1e([x(9)](11)) = 7e(l7 0 @) = 76(x).

Hence r=17*.

For the last statement of the theorem, we observe that the map 5 from x(G) to
®(G) can be obtained by applying the map ¢q r from x(G) = Hom (G, T) to
Hom (¢(T), (G)) and then applying the map from Hom (¢(T), ¢(G)) to ¢(G)

given by fi— f(s). Q.E.D.
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COROLLARY 1. Let ¢p: & — & be a contravariant functor such that o(T)~Z and
for every object G of &, the map g 1 is a topological isomorphism. Then g is naturally
equivalent to x.

Proof. Let s be a generator of ¢(7T), and consider the pseudo-natural trans-
formation 7%: y — ¢. We observed at the end of the proof to Theorem 1 that each
map 7 is the composition of two other maps, and in this case both those other
maps are topological isomorphisms. Q.E.D.

The preceding theorem shows that the construction and classification of pseudo-
natural transformations from y to a contravariant functor ¢ in % is quite simple.
Unfortunately, constructing pseudo-natural transformations from ¢ to y is not so
easy. However, we are able to classify such pseudo-natural transformations in
terms of what they do to ¢(Z), as the following result shows.

THEOREM 2. Let ¢: £ — & be a contravariant functor. Let p. be a function from
o(Z) to x(Z). Then the following two conditions are equivalent:

(1) There exists a pseudo-natural transformation o*: ¢ — x such that o%=p.

(2) For every object G of £ and every x € ¢(G) the following function G — T is a
morphism in &L :

y=>[ér o po (pz,6l¢6 ()DI).
Moreover, there is at most one pseudo-natural transformation satisfying condition

(1). In fact, if o* satisfies (1), then for G in £ and x € o(G), o&(x) is that element of
x(G) given by

3 [06()1(») = [€r ° 1o (pz,6léc " (V)DI(x) for every y € G.

In particular, if ¢ is topological and additive and . is a morphism in %, then con-
dition (2) is satisfied and the o* satisfying condition (1) is actually a natural trans-
formation.

Proof. First, suppose condition (2) holds. Then we define ¢%: ¢(G) — x(G) by
condition (3). Let G and H be objects in &, let x € (H), let y€ G, and let fe
Hom (G, H). Then

[(0% o e(MNEX)(Y) = (§1 ° u)pz,6l€c *(P)] ° e, u(INX)
= (ér ° Wloz,u(f £ (¥)(X)],
while
[(x(f) © et))(¥) = [oti(x) ° fI(y) = [et(X)NS(¥))
= (ér o W)@z, ulé7 (S(YNIX)).

We now examine f o £51(y) and £;*(f(»)). These are both elements of Hom (Z, H),
so they will be equal if they agree at 1 € Z. We see that

[fe &5 (VI = f(») = [Ea*(F(NID).
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Thus o4 o @(f)=x(f) o 6%, so o* is a pseudo-natural transformation. In addition,
if we let x € (Z), we have

[02())(1) = [€r o p o (pz,2[£2 (DDI(x)
= (§ropoloz)(x) = [x))D).

Since o%(x) and u(x) are elements of x(Z) which agree at 1, they must be equal.
This shows that o* satisfies condition (1).

Now let o: ¢ — y be any pseudo-natural transformation which satisfies (1). Let
G be an object in &, let x € ¢(G) and let y € G. Since ¢ is a pseudo-natural transfor-
mation, the following equation is satisfied by the morphism £;(y) € Hom (Z, G):

0z 0 95,6l (¥)] = xz,6[€51(¥)] ° 06.
Hence

[ér 0 b o (pz,6léc " (PIDIX) = (€1 ° 0z ° z,6[E6 H(¥)D(X)
= [(xz.cl€c*(P)] © 06)(x))(1)
= (o6(x) ° [£5 (DD = [06(x))(»).

This means that the map G — T given in condition (2) is simply the map y >
[o6(x)]1(»), so condition (2) is satisfied. Then if we define o* according to condition
(3), we have just shown that ¢*=o.

Now suppose ¢ is topological and additive and p: ¢(Z) — x(Z) is a morphism.
Then clearly condition (2) is satisfied, and so there exists o*: ¢ — x satisfying con-
dition (1). We show an alternate definition of ¢*. Let G be an object in £, We define
a function v from Hom (¢(G), ¢(Z)) to Hom (¢(G), T) by v(f)=éropeof. If
N(K, V) is a neighborhood of 0 in Hom (¢(G), T), then let U be a neighborhood
of 0 in ¢(Z) such that (¢ o u)(U)< V. Then fe N(K, U) implies that v(f) is an
element of N(K, V). Thus v is a continuous homomorphism. Let A=v o ¢ c o £5 1.
Then A is a morphism G — yp(G). Finally set 8=x(}) o p,,; 6 is a morphism from
o(G) to x(G). We show that §=o0%. Let x € (G) and y € G. Then

[B3)](¥) = [x(A) ° poc)(*)(»)
= [pow () ° AU(»)
= [(v° 92,6 ° £ NMI(X)
= [ér o p o (92,6l€c ' (P)DIX) = [et()N(y).
Hence o* is a natural transformation. Q.E.D.
COROLLARY 2. Let ¢: £ — % be a contravariant functor such that o(Z)~x(Z)

and for every G in &, @z ¢ is a topological isomorphism. Then ¢ is naturally equivalent
to x.

Proof. By examining the last part of the proof of Theorem 2, one sees that the
map A: G — xe(G) is an isomorphism in %, Hence ¢* is a natural equivalence.
Q.E.D.
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3. Axiom Systems I and II. A word here about the known structure of objects
of & will be useful. By the structure theorem for compactly generated objects of
£ [8, p. 269], such a group is isomorphic with one of the form Z" ® R* @ C,
where m and n are nonnegative integers and C is a compact abelian group. There-
fore the character group of a compactly generated object of £ is isomorphic with
a group of the form T™ @ R* @ D, where D is a discrete abelian group. A group of
this form is called a group without small subgroups (see [7]). We know that any
object of Z is a proper inductive limit of its compactly generated open subgroups.
In particular, then, any discrete group is the inductive limit of its finitely generated
subgroups. As consequences of these facts and the Pontryagin duality theorem,
any object of & is a proper projective limit of groups without small subgroups,
and any compact group in & is a proper projective limit of groups of the form
T™ @ F, where F is a finite group.

LEMMA 1. Let ¢: &£ — & be a proper exact functor. Then ¢ preserves direct sums.

Proof. Assume ¢ is contravariant. Notice that in the direct sum diagram for
G @ H (see Definition 6), the row and column become short proper exact sequences
when zeros are added at the beginning and end of each. Applying ¢ to this diagram,
we obtain the commutative diagram with exact row and column:

#G)

oo

P(in)
p(H) <—— o(GO® H) ‘o) #(G)
\ LP(PH)
]w(H)

o(H)

Then, since ¢(ig) o (pc) =1, We may conclude from (6.22) in [2] that (G @ H)
is the direct sum of the image of ¢(p;) and the kernel of ¢(i;); by the exactness this
means that (G @ H) is the direct sum of the images of ¢(p¢) and ¢(py); thus we
have the direct sum diagram and equation for ¢(G) ® ¢(H). Q.E.D.

LEMMA 2. Let ¢: ¥ — & be a contravariant functor. Then the following are
equivalent:

(1) ¢ is additive.

(2) @ preserves direct sums.

(3) ¢ takes finite products to sums.

(4) ¢ takes finite sums to products.

Proof. Suppose (1) holds. Then ¢ takes the direct sum diagram and equation
for G@® H to a direct sum diagram for ¢(G) @ ¢(H) in which the analogous
equation is still true, so ¢ preserves direct sums.
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Suppose (2) holds. The remarks on sums and products following Definition 6
show that (3) and (4) are true.

By the uniqueness, up to isomorphism, of sums and products in any category,
we know that any sum or product in % is automatically a direct sum. Thus if either
(3) or (4) is true, then ¢ will take any direct sum into a direct sum, so that (2) will
hold.

If (3) and (4) hold, then it is trivially verified that

whi8) = (%)) and o) = 61, wie)

for any two morphisms fand g with the same range, or same domain, respectively.
Also, for f and g elements of Hom (G, H), an easy computation shows that the
morphism f+g can be expressed as either of the following compositions:

G (3¢ GG (f,8)

/ 1
G ©) H(_DH(HalH) H

(This fact appears in [4].) Thus

H

wr+8) = o[ie)e (19)]

= Loy lo@) © (:((g) = o(f)+¢(g). Q.E.D.

THEOREM 3. Any contravariant functor ¢: £ — &£ which satisfies Axiom System
1 is naturally equivalent to the functor y.

Proof. We first examine the short proper exact sequence

i
0——>Z—>R-—p—>T—>0

which by hypothesis is taken by ¢ to a short proper exact sequence

op) o 90

0 o(T) o(Z) 0.

Thus ¢(T) is isomorphic to a subgroup of R. Suppose ¢(T)~ R. Then let {G,} be
any infinite collection of objects of &£ each of which is isomorphic to T, and let
G=]1. G, (with the product topology), a compact group in £. For any finite set A
of o’s, let G4=]Tses G, and let K,=]Ts¢q G,. Then G~G, @ K, and so ¢(G)~
o(Gy) @ ¢(K,). By Lemma 1 and Axiom System I we obtain

P(Ga) > aE@A (G, ~ R,

where n is the cardinality of 4. Thus the connected component of ¢(G) contains a
subgroup isomorphic to R" for arbitrary positive integers n. This contradicts the
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structure theorem for compactly generated objects in %, since a connected group
in & is compactly generated. Therefore ¢(7)~ R is impossible.

Similarly, if ¢(Z)~ R, we let {H,} be an infinite collection of groups each iso-
morphic with Z. We let H=), H, (the algebraic direct sum with the discrete
topology). Then applying the above argument we arrive at the fact that ¢(H)
contains a subgroup isomorphic to R", where n can be made arbitrarily large, a
contradiction again.

We now know that ¢(T) is isomorphic to a subgroup of R and ¢(Z) is isomorphic
to a quotient group of R but neither is isomorphic to R. The exactness of the

sequence
0—->¢(T)—>R—>¢p(Z)—0

assures us that ¢(T)~Z and ¢(Z)~T.

Now let s be a generator of ¢(T') and consider the pseudo-natural transformation
75: x — ¢ defined in Theorem 1. By Lemma 2, ¢ is an additive functor. Looking
at the definition of +* in Theorem 1, we see that 7% is therefore a group homo-

morphism at least, if not a morphism in %, for each object G. We obtain the
following commutative diagram with proper exact rows:

0— 0 2 xw X y2)——0
0 —— o) P2 o) P z) — 0

We know that 75(1;)=s, so 75 takes a generator of x(T) to a generator of ¢(T).
Therefore % is a topological isomorphism of infinite cyclic groups. Then by the
exactness, we know that 7§ can not be the zero homomorphism. If we can show
that 73 is a morphism in %, then we will know that 75 is an isomorphism in %,
since any morphism R — R in . is automatically linear. By the definition of 7° in
Theorem 1 it suffices to show that g 7 is continuous. To do this, we first examine
the map @ . We know that as topological groups R~Hom (R, R) by the corre-
spondence ¢+ m(t) where m(t) is multiplication by ¢. Let f: R — @(R) be any
isomorphism and define the map f,: Hom (¢(R), ¢(R)) — Hom (R, R) by fo(x)=
floaof Now, let o: R— Rby po=m~1 0o f; 0 @g o m. @, is a homomorphism
of the additive group structure of R, and it is clear that go(1)=1. Using the fact
that m(st)=m(s) o m(t) and hence m~*(« o B)=m~*(a)-m~(B), we see that

po(st) = m=H(f1 o p(m(1)) o p(m(s)) = f)
=m =} (f " o p(m(t)) o fof71 o p(m(s)) o f)
@o() - @o(?)-

Thus ¢, is a homomorphism of the field structure of R and, since R is a real-closed
field [4, p. 273], ¢, must be order preserving. Since g, is identity on the rationals,
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@o must then be the identity on R. In any event, ¢, is a homeomorphism. Since m,
fo and m~1 are all homeomorphisms already, this forces g r to be a homeo-
morphism. Now let m: R — T'=R/Z be the natural projection. Every morphism
B € Hom (R, T) factors through =; that is, there is a unique morphism f8,¢€
Hom (R, R) such that 8= o B,. This map B+ B, is continuous. Also the map
Hom (¢(R), (R)) — Hom (¢(T), (R)) given by y >y o @ (m) is clearly con-
tinuous. But we can write @z as the composite of these last two maps and
Pr,R"

‘Pn.T(B) = <Pn.n(lgo) ° ?’R.T(H)‘

We conclude that ¢ ¢ is continuous, and so T3 is an isomorphism.
We now apply the Five Lemma of homological algebra to the commutative
diagram

X(T)x(P) «(R) x() (Z) 00

Th 5 Ty 0 0

¢(T)¢(p) o(R) o(i) AZ) 00

and conclude that 7§ is at least a group isomorphism. Let U be an open neighbor-
hood of 0 in ¢(Z). Then

() "M (U) = x(@O)(73) = (@) (V).

Therefore 7% is continuous and is an isomorphism in & since x(Z) is compact.
Next let F, be a finite cyclic group of order n. Then we have a short proper exact
sequence

1 .
0 z22, 7 P R 0.

This brings us to the commutative diagram

n. * 1Z
0 0 w(Fy X2 2y XDz
0 0 T, 75 75
n * lZ
0 0 w(F) 2 2y 21D |y

By the exactness of the rows and the Five Lemma, % is an isomorphism.

We have shown that 7%, 5, 7% and 5, where F, is a finite cyclic group, are all
isomorphisms in .£. We are going to show that 7 is a natural equivalence, building
up from these simple groups to more complicated groups.
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For G and H in %, examine the following commutative diagram, which comes
from applying x and ¢ to the direct sum diagram for G ® H:

x(Pc) x(in)
xX(G) —— x(G) ® x(H) — x(H)
(o X7
TG TGOH TH
Pe o(iy)
#(G) ——— ¢(G) ® p(H) —— o(H)
ic) #(pn)

From this we see that

teon = Teou ° X(Pa) © X(ic) + 7cou © X(Pu) © X(in)
= @(pc) © 7% ° x(ic) +(py) © T4 © x(in) = 76 D .
Thus, if 7§ and 5, are topological isomorphisms, then r¢gy is a topological
isomorphism between x(G @ H) and (G @ H).
Let G be a compact group in £ and let G be represented as a projective limit of
({G4}, {f«s}), where the G, are all of the form T @ F, where F is some finite group
in Z. Then, since F is the direct sum of finite cyclic groups, each 7§, is an iso-

morphism in . We then obtain the following commutative diagram whenever
a=f:

x(f2) x(G)
X(Go) — x(G 40"’
la X(f;rﬁ) X( ﬁ)
rf;u T'Z-B T
oG 2, Gy )
P s
o(f2) ~

o(G)

75 is @ morphism in % because it is a homomorphism and y(G) is discrete. The
other arrows in the diagram all represent morphisms. ¢(G) is an inductive limit of
the ¢(G,) and x(G) is also an inductive limit of the ¢(G,) because it is an inductive
limit of the x(G,) and the 7§ are all isomorphisms. Then by the uniqueness of
morphisms in the definition of inductive limit in %, 7§ must be an isomorphism.

Next let G be a discrete group in .#. We refer the reader to the last part of the
proof of Theorem 2. Let u=(7%)"*: o(Z) — x(Z), and let v: Hom (p(G), ¢(Z))
— Hom (¢(G), T) be the continuous homomorphism defined by v(f)=&ropof
as in that proof. Because Hom (Z, G) is discrete, the function ¢ ¢ is a continuous
homomorphism. Hence the function A=vo @, s o £z from G to xp(G) is a mor-
phism in &, Hence 8=y(}) ¢ p,,: ¢(G) — x(G) is also a morphism in £, From the
rest of the proof we see that for any discrete object G, the morphism & coincides
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with ¢% as defined in condition (3) of Theorem 2, and that for any two discrete
groups G and H in # and fe Hom (G, H), the following diagram is com-
mutative:

o(H) ®, #(G)

J x(f) l

x(H) —— x(G)

We now show that ¢4 e 7§=1,, when G is discrete: Let « € x(G) and y e G.
Then

[(0& © 7e)())(¥) = [€7 o 1 © 92,6(£5 (Y D][pe, 2(2)(5)]
= [fr o po@z,0(x o £ (1))
= [br o ()71 o (DNéz ()] = ().

In particular, if G is a finitely generated discrete group in £ then G is a direct sum
of cyclic groups and 7§ is an isomorphism; then o% is also an isomorphism in %,
Finally, if G is allowed to be any discrete group in %, then we can write (G, {f,})
as an inductive limit of ({G,}, {f.s}), where each G, is a finitely generated group in
Z. We are again led to a large commutative diagram whenever « < 8:

x(G)

x(f)
AUl

x(G.) m x(Gy)

'}
n g
Ioaa Ioé‘g ¢

oG L o6,

~gla)
#e) #(G)

in which all the arrows are known to represent morphisms and o%, and o%, are
isomorphisms. Therefore both y(G) and ¢(G) are projective limits of ({¢(G,)},
{e(f:5)}) and o% must be an isomorphism. Therefore 7§, is also an isomorphism in %,

Now let G be an arbitrary object in .£. We can find a compact subgroup G, so
that G/G, is without small subgroups. By what we have shown above and by the
structure of groups in % without small subgroups, we know that 7§, is an iso-
morphism in &Z. Also 7§, is. Applying x and ¢ to the exact sequence

0—> Go2> 625 6/6,—>0
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gives us the following commutative diagram:

0— 26169 "2 46)* s y(G) —0
Tf:/c:o TG T 5;0
0— 96169 P2 5G) s 4Gy —— 0

By the Five Lemma, = is at least a group isomorphism. But y(G,) and ¢(G,) are
discrete groups. Hence the restriction of 7§, to the image of x(q) is a topological
isomorphism from an open subgroup of x(G) to an open subgroup of ¢(G). From
this we conclude that =§ is an isomorphism in £ Q.E.D.

THEOREM 4. Any contravariant functor ¢: £ — &£ which satisfies Axiom System
I1 is naturally equivalent to the functor .

Proof. This is basically a repetition of the proof of Theorem 3, with the following
exception at the very end: after showing that 7§ is an isomorphism in # for groups
without small subgroups, we express an arbitrary object G of £ as a proper
projective limit (G, {f;}) of an inverse system ({G,}, {f.s}) in £ where each G, is
without small subgroups. We then have the following commutative diagram
whenever « <f:

Ga —_—
X )x(/aﬂ) X(Gﬁ)

s .
T T
TG, Gy G

G 2, Gy

o(f3)
(f) >~
#(G)

Now, the restriction of 7§ to the image of x(f,) is a continuous homomorphism on
an open subgroup of x(G); therefore 7% is a morphism in %, But both (¢(G), {¢(f2s)})
and (x(G), {x(f.) o (v&,)~}) are inductive limits of ({p(G.)}, {p(fas)}) and so 7 must
be an isomorphism in .%. Q.E.D.

4. y is the only contravariant category equivalence in %,

LEMMA 3. Let ¢: & — £ be a contravariant category equivalence. Then ¢ takes
inductive limits to projective limits and projective limits to inductive limits.

Proof. This is purely a categorical statement. Let (G, {f,}) be an inductive limit
of the direct system ({G,}, {fss})- Then ¢ induces morphisms ¢(f;): p(G) — o(G,),
where ({p(G.,)}, {¢(f25)}) is an inverse system in %, satisfying ¢(f5) ° ¢(f5) = ¢(f2)
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whenever « <. Let H be an object in £ and suppose h,: H — ¢(G,) are morphisms
such that ¢(f,;) o hs=h, whenever « <. We apply ¢ (an inverse for ¢) and we see
that ($o(G), {$p(f,)}) is an inductive limit of the direct system ({$p(G..)}, {bp(fes)}).
Therefore there is a unique morphism g: ¥(G) — $(H) such that g o Jo(f,)=¥(h,)
for every o. Then, since ¢ ., is bijective, there is a morphism go: H — ¢(G) such
that ¢(g,)=g, and g, is the unique morphism in Hom (H, ¢(G)) such that ¢(f,) - go
=h, for every «. Thus (¢(G), {¢(f,)}) is a projective limit of the inverse system
({p(GL)}, {@(fop)}). The other half of the proof comes from reversing the arrows
and the order of composition of morphisms in the above argument. Q.E.D.

LEMMA 4. Let o: ¥ — £ be a category equivalence. Let G and H be objects in &
and let f € Hom (G, H). Then

(1) G~{0} if and only if p(G)~{0}.

(2) /=0 if and only if pc,u(f)=0.

(3) fis an isomorphism in & if and only if o(f) is an isomorphism in %,

Proof. Recall that ¢ is bijective on morphisms. Let 0;: G — G be the zero
homomorphism. Then clearly G ~{0} if and only if Og=1,. This proves (1).

Suppose f=0. Then we have maps «: G — {0} and B: {0} — H such that B o a=f.
Therefore ¢(f)=g(«) o ¢(B) factors through ({0}) and so ¢(f)=0. This proves (2).

If fis an isomorphism then ¢(f) is always an isomorphism for any functor ¢.
This proves (3). Q.E.D.

LEMMA 5. Let ¢: ¥ — £ be a category equivalence. Then ¢ takes any proper
morphism to a proper morphism and ¢ is a proper exact functor.

Proof. In the category %, every morphism has a kernel and cokernel. To see
this, let f/: G — H be a morphism in % and let K=/~(0) be the ordinary group-
theoretic kernel of £, a closed subgroup of G. Then the natural inclusion i: K — G
is a kernel of fin the categorical sense; that is, fo i=0 and whenever g: 4 — G is a
morphism in % such that fo g=0, then there exists a unique morphism 4: 4 — K
such that g=io h. A kernel is unique up to canonical isomorphism in %, so we
may say that the kernel of any morphism in % is automatically a proper injection.
Similarly, letting H, be the topological closure of the set-theoretical image of f in
H, we find that the natural proper surjection p: H — H/H, is the cokernel of f,
since the definition of cokernel merely reverses the arrows in the definition of
kernel.

Now (we take the case when g is contravariant) because ¢ is a category equiva-
lence, we conclude from this arrow reversing process that ¢ takes kernels to co-
kernels and vice versa. Suppose that f: G — H is a proper morphism and let i and
p be the kernel and cokernel as above. Consider the natural map q: G — G/K
which is clearly the cokernel of i. Then there is a unique morphism f,: G/K — H
such that f=f; o q. f; is proper since f'is proper and f; is injective by construction.
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In fact, we see that f; is a kernel of p. Thus f=f; o q is the composition of a kernel
and a cokernel in . Hence ¢(f)=¢(q) ° ¢(f1) is also the composition of a kernel
and a cokernel, both proper morphisms, so ¢(f) is proper.

Also, we can easily see that a short sequence

O—)K—)Gi)L—>0

is proper exact if and only if fis the kernel of g and g is the cokernel of f. Hence
if such a sequence is proper exact, then in the induced sequence

0—o(0) %8 o) s o) — 0,

o(g) is the kernel of (f) and ¢(f) is the cokernel of ¢(g) and so the induced sequence
is proper exact. Q.E.D.

LEMMA 6. Let ¢: & — £ be a contravariant category equivalence. Then (Z)~T
and p(T)~Z.

Proof. Let : ¥ — £ be an inverse for ¢. Then we know that ¢y(T)~T. Since
the map ¢z yr,: Hom (Z, (T)) — Hom (¢(T), ¢(Z)) is bijective, there must be
some nonzero morphism « from ¢¥(T) to ¢(Z). Then ¢(Z) has a subgroup K
(namely the image of &) which is isomorphic to 7. Now the identity map K — K
extends to a continuous homomorphism ¢(Z) — K by the fact that any continuous
character in % can be extended. This extended morphism ¢(Z) — K thus splits
and hence K occurs as a direct factor in ¢(Z); that is, o(Z)~T @ H for some object
H in Z. But then by Lemmas 1 and 5,

Z = 4p(Z) ~ Y(T) @ Y(H),

which is impossible unless $(H) is {0}, forcing H~{0} and ¢(Z)~T. Also then
$(T)~Z. By applying the same argument first to ¢, we can show that (Z)~T
and o(T)~Z. Q.E.D.

THEOREM 5. Any contravariant category equivalence ¢: ¥ — % is naturally
equivalent to the functor x.

Proof. We show that ¢ satisfies Axiom System I and then apply Theorem 3.
Lemmas 3 and 5 show that ¢ satisfies all the axioms of Axiom System I except
possibly Ia ((R)~ R). By Lemma 6 we have o(Z)=T and ¢(T)~Z. We can also
show ¢(R)~ R, as follows. The short proper exact sequence

i
0—>Z—>R—‘D—>T—>O

is taken by ¢ into a short proper exact sequence

7 9P oR) (i) T 0.
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We can find a compact set C in ¢(R) whose image under ¢(i) is all of T. Letting x,
be the image of 1 under ¢(p), we see that C U {x,} generates g(R); hence ¢(R) is
compactly generated. Also, since the kernel of (i) is discrete, ¢(R) and ¢(T) are
locally isomorphic. Therefore ¢(R) is a group without small subgroups, because T
is. These facts taken together mean that (R) is isomorphic to an object in £ of
the form

ROT"®Z"®F,

where Fis a direct sum of finite cyclic groups. Each of these finite cyclic groups is
isomorphic with a subgroup of T and a quotient group of Z; hence ¢ takes each
one to a quotient group of Z and a subgroup of T’; i.e., a finite cyclic group. Let ¢
be an inverse of ¢; then all these statements hold for i as well. Thus g(R) is of the
form

HRYDZ"DT" D Fy,

where F, is a finite group. But ¢(R)~ R and R cannot be expressed as a nontrivial
direct sum of objects in &%, Therefore one of the factors in this representation must
be isomorphic with R and the others must all be trivial. The only possibility for
this is j=1, p(R)~ R, m=0, n=0 and F, ~{0}. Q.E.D.

5. Some variations. The following result is weaker than Theorem 5, but its
proof is much shorter because it does not depend on Theorem 3.

THEOREM 6. Let ¢: ¥ — £ be a contravariant category equivalence which is also
a topological functor in &. Then o is naturally equivalent to .

Proof. By Lemmas 1, 2 and 5, ¢ is additive; by Lemma 6, o(T)~Z. Let s be a
generator of ¢(T). Consider the natural transformation 7%: xy — ¢ discussed in
Theorem 1. Since g 7 is bijective, each 7§ is a bijective morphismin %, In particular,
then, 75: x(Z) — ¢(Z) is an isomorphism in £ because y(Z) is compact. Let
p=(7%)~ ! and define, for each G in %, a morphism 6;: x(G) — x(G) by 0;=0% o 7§,
where o* is the natural transformation defined in Theorem 2. Then §={6;; G in £}
is a natural transformation from x to y. Furthermore,

—_ s —
07 = o413 = Lia

But then by Theorem 2, 6 must coincide with the natural transformation n: y — x
defined by ng=1,4, for every object G. Hence each =% is a topological iso-
morphism. Q.E.D.

The following alternate proof of Theorem 4 involves a different approach which
was suggested by the referee. It utilizes the concepts of category with convergence
and continuous functor; see [3] for further explication and applications of these
ideas, especially the examples in paragraph 2.2, p. 117.

THEOREM 4. Any contravariant functor ¢: £ — &£ which satisfies Axiom System
11 is naturally equivalent to the functor y.
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Proof. Let ¢ be the category of all proper inverse systems in %. Then (&, X')
is a category with convergence. Let %, be the full subcategory of £ whose objects
are the groups without small subgroups; then (%, #'|-%,) is the subcategory with
convergence induced from J, and %, is dense in (&, ") because every group in £
is a proper projective limit of groups in . Now let %, be the full subcategory of
&, whose objects are all groups in & isomorphic to one of the form R @ Z"
@ T™@ F, where F is a finite abelian group. These are the compactly generated
groups without small subgroups in %, or the elementary groups. Let (&, £3) be
the category with coconvergence where %; is the subcategory of .%; whose objects
are all discrete groups in %, and %3 is the category of all proper direct systems in
%,. Then (&,, #3|%,) is the full subcategory (with coconvergence) of %; and of £,
whose objects are the finitely generated discrete groups; %, is codense in Z;.
Finally, %, is the skeletal subcategory of .%, whose objects are the groups R @ Z™
@ T" @ F, where F is a finite direct sum of cyclic quotient groups Z,» of Z of
prime power order. Now, since (R)~ R by Axiom Ila, we can steal the first part
of the proof of Theorem 3 and show that ¢(T)~Z. Choosing a generator s of
o(T), we let 7°:x — ¢ be the pseudo-natural transformation guaranteed by
Theorem 1. (Actually, we need only define 7§ for G € %,.) Again following the
proof of Theorem 3, we arrive at the fact that +° is a natural equivalence between
the restricted functors y|-%; and ¢|%, since 74, 75, 75 and 7, are isomorphisms,
and 75y =15 @ 4. The reasoning from this point is as follows: Since % is a
skeleton of .%,, +* extends uniquely to a natural equivalence 7°: y|-%, — ¢|%,. (This
extension must agree with 7% by the proof of Theorem 1.) By restricting, we see
that x|-%, ~¢|%. Then (Axiom Ilc), since x and ¢ are cocontinuous on (%, X3),
this extends by the codensity of %, in %, to the natural equivalence 7°: x| % — ¢|Z;.
Since every object in %, is isomorphic to a direct sum of groups in %, and £, we
conclude that =°: y|.%, — ¢|%, is a natural equivalence. Since we know that x and
@ are continuous on % and %, is dense in %, we conclude that +° extends to a
natural equivalence between x and ¢.

6. Pseudo-natural transformations between covariant functors. The following
two theorems are analogous to Theorems 1 and 2.

THEOREM 7. Let ¢: ¥ — £ be a covariant functor. Let s be any element of ¢(Z).
Then there is exactly one pseudo-natural transformation n°:.— @ satisfying the
equation n5(1)=s. Each n%: G — ¢(G) is defined by the formula

16(x) = [pz,6(6c (XDI(s) for xeG.

Thus there is a bijective correspondence between pseudo-natural transformations
n*: o — @ and elements s of o(Z). If ¢ is a topological additive functor, then each v*
is in fact a natural transformation (that is, each n% is a morphism in £).

Proof. Let s € p(Z) and let »* be defined as above. Let G and H be objects of &
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and let fe Hom (G, H). Then for x € G, we have

(P(f) ° &)%) = @6, u(fN@z,6(£c*(XD(s))
= [pz,u(f o &G 1 (X)](s),
(4 o )X = [z, u(¢5 [F(X)DI(s)-
But we saw in the proof of Theorem 2 that fo {5 1(x)=£51(f(x)). Thus p*={n} is
a pseudo-natural transformation. Furthermore,
7%(1) = [pz,2(62 (NI(s) = [@2,2(12))(s) = Loz (s) = s.

Now let 7:¢— ¢ be any pseudo-natural transformation, and let s=7,(1). We
show that n=n°. Let G be an object in £ and let x € G. Then since 7 is a pseudo-
natural transformation, the following diagram is commutative for the morphism
¢51(x) e Hom (Z, G):

while

—1
7 &6 1(x) G

Nz Ne

Z)—— > o(G
") ey 9

Using this information, we see that

16(%) = [pz.6(é6 ' (3)]2(1)]
= 16[(¢5*(NM)] = na(x).

Finally, we see that the map G — ¢(G) given by x> n%(x) is obtained by first
applying the map ;! from G to Hom (Z, G), then the map ¢ ¢ from Hom (Z, G)
to Hom (¢(Z), ¢(G)) and then the map Hom (¢(Z), ¢(G)) — ¢(G) given by fi— f(s).
Therefore if ¢ ¢ is a continuous homomorphism, our map %§ is a morphism in %,
This shows the last statement of Theorem 7. Q.E.D.

Incidentally, applying Theorem 7 to ¢ =2 tells us that the natural transformation
p: v — x? is determined uniquely even as a pseudo-natural transformation, once we
specify the element pz(1) in ¥%(Z). This fact is recorded more as a curiosity than a
result.

THEOREM 8. Let ¢: L — &% be a convariant functor. Let p:o(T)—T be a
Sfunction (not necessarily a morphism in £). Then the following two conditions are
equivalent

(1) There exists a pseudo-natural transformation »*: @ — 1 such that w%=p.

(2) For every object G of £ and every x € ¢(G), the following function x(G) — T
is a morphism in & :

a=> [p o (e, r()]().

In any case, there is at most one pseudo-natural transformation satisfying (1). In
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fact, if o* satisfies (1), then for G in £ and x € ¢(G), wi(x) is that unique element of G
which satisfies

A3) o(wt(x)) = [1 o (pa,r(«))(x) Sor every a € x(G).

In particular, if ¢ is topological and additive and . is a morphism in %, then con-
dition (2) is satisfied and the w* satisfying condition (1) is actually a natural trans-
formation.

Proof. First, suppose (2) is satisfied. Then the existence and uhiqueness of w¥(x)
in G satisfying condition (3) is guaranteed by the Pontryagin Duality Theorem,
and so we define w* by condition (3). We show that «* satisfies condition (1). Let
G and H be objects in &, let fe Hom (G, H), let x € ¢(G), and let « € y(H). Then

(@ o p(NNF)] = plow, (@) @e,n())))]
= ples,r(a o )(x)]
= (2 o f)[wt(x)]
= o(f e wt)(x)].

This shows that w* is a pseudo-natural transformation. Now let x € o(T") and note
that 1; € x(T'). Then we have

wi(x) = lz[@i(x)] = [ o (pr,2(12)I(x) = u(x).

Thus * satisfies condition (1).
Now suppose w: ¢ — ¢ satisfies condition (1). Let G be an object in %, let x € o(G)
and let « € x(G). Then, since w is a pseudo-natural transformation, we have

e(wg(x)) = (@ ° wg)(x) = (wr o Pg,r(0))(x) = [k Pa,r(0))(x).
Hence the function y(G) — T in condition (2) is simply the map «+> o(wg(x)), so
condition (2) is satisfied, and we have shown that wg(x) = w#(x), where w* is defined
by condition (3). Thus w=w*, showing the uniqueness of w*.

Now let ¢ be topological and additive and let « be a morphism in £. Then clearly
condition (2) holds, and so o* exists satisfying condition (1). We demonstrate
another way of constructing w*. Let G be an object of %, Let A: Hom (¢(G), ¢(T))
— Hom (¢(G), T) be defined by A(f)=p of. As in the case of v in the proof of
Theorem 2, A is a continuous homomorphism between topological groups. Now
define B=A o g 7. B is a morphism from x(G) to xp(G). Finally define e=pg?* o x(8)
° oy, @ morphism from ¢(G) to G. We claim that e=w. To see this, let x € ¢(G)
and « € y(G). Then

o(e(X)) = [((B) ° Poccr))](@)
= (po@(X) ° B)(«)
Poc(X)[(A © @g,r)()]
(1 © @ 2(@)](x) = ofwh(x)].

Therefore w* is a natural transformation. Q.E.D.
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