
TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 154, February 1971

DENSE SIGMA-COMPACT SUBSETS OF
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Abstract. In this paper four classes of separable metric infinite-dimensional

manifolds are studied; those which are locally the countable infinite product of

lines, those which are locally open subsets of the Hubert cube, and those which are

locally one of two dense sigma-compact subsets of the Hubert cube. A number of

homeomorphism, product, characterization, and embedding theorems are obtained

concerning these manifolds.

1. Introduction. Let s denote the countable infinite product of open intervals

and regard the Hubert cube Ix as the product of the closures of those intervals.

A Fréchet manifold (or f-manifold) is a separable metric space having an open

cover by sets each homeomorphic to an open subset of s. This definition is justified

since all separable infinite-dimensional Fréchet spaces are known to be homeo-

morphic to s (see [7] for references). A Hubert cube manifold (or Q-manifold) is a

separable metric space having an open cover by sets each homeomorphic to an open

subset of/00.

Let X be a separable metric space. A closed subset K of X is said to have Property

Z in X (more briefly we say that K is a Z-set in X) provided that for any nonnull

homotopically trivial open subset U of X, U\K is nonnull and homotopically

trivial. Following Anderson [6] we say that a subset M of X has the (finite-

dimensional) compact absorption property, or (f-d) cap, in X if (1) M =Un°=i Mn,

where each Mn is a (finite-dimensional) compact Z-set in X such that Mn<=Mn+1,

and (2) for each e > 0, each integer m > 0, and each (finite-dimensional) compact

subset K of X, there is an integer n>0 and an embedding h: K-+ Mn such that

h | K O Aím = id and d(h, id) <e. We use the convention that (f-d) cap represents two

alternatives in an obvious way, one being cap and the other being f-d cap. In this

sense we say that Mis an (f-d) cap-set for A'provided that M has the cap (or f-d cap)

in X.

In [6] R. D. Anderson has established the following theorem: Let Xbe I™ or í

and let M, N be subsets of X, both having the (f-d) cap in X. Then there is a
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homeomorphism of X onto itself taking M onto N. We remark that Bessaga and

Pelczyñski [12] and Torunczyk [17] have also established this result by use of a

device resembling the (f-d) cap.

The question of the equivalence of sets which have the (f-d) cap in an F-manifold

was raised at a conference on infinite-dimensional topology held at Cornell

University, January 5-7, 1969, and it appears as Problem 29 in the report of that

meeting, Problems in the topology of infinite-dimensional manifolds. In §6 we give an

affirmative answer to this question.

We will regard the Hubert cube as a canonical compactification of s in which

/°° = nr=i/¡ and J=nr=iAp, where for each />0 we have 7, = [-l, 1] and

I° = (— 1, 1). The definition of the (f-d) cap characterizes two different types of

subsets of 700. Let a denote the set of all points in j having at most finitely many

nonzero coordinates and let 2 denote the set of all points in s having at most

finitely many coordinates not in [—•£•, £).

We remark that in real Hubert space I2 there are canonical versions of a and 2.

The space a is homeomorphic to a vector subspace of I2, namely, the linear span of

the usual orthonormal basis. The space 2 is homeomorphic to a vector subspace of

I2, namely, the linear span of the usual copy of the Hubert cube there. It is shown

in [6] that 2 has the cap in 7™ and a has the f-d cap in Ie0.

We will be concerned with manifolds modeled on 2 and a. A ^-manifold (or

a-manifold) is a separable metric space having an open cover by sets each homeo-

morphic to an open subset of S (or a). In this paper we obtain a number of homeo-

morphism, characterization, and embedding theorems concerning F, Q, 2, and

(7-manifolds. We summarize these results in the next section.

The author wishes to thank R. D. Anderson for helpful comments on an earlier

version of this paper.

2. Summary of principal results on F, Q, 2, and a-manifolds. In this section we

list some principal results on F and g-manifolds along with the principal results

of this paper. The references refer to results of this paper unless other authorship

is indicated.

I. Characterization of manifolds by homotopy type.

Theorem 2.1 (Henderson [14]). If X and Y are F-manifolds of the same

homotopy type, then they are homeomorphic.

Theorem 2.2 (Corollary 10.2). If X and Y are both a-manifolds or both 2-

manifolds and are of the same homotopy type, then they are homeomorphic.

Conjecture 2.1. If X and Y are compact Q-manifolds of the same homotopy type,

then they are homeomorphic.

II. Open embedding theorems.

Theorem 2.3 (Henderson [14]). If X is an F-manifold, then there is an open

embedding h: X^> s.
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Theorem 2.4 (Theorem 10.3). If X is a a (or Y¡)-manifold, then X can be embedded

as an open subset of a (or S).

III. Product theorems.

Theorem 2.5 (West [18]). If K is any countable locally-finite simplicial complex,

then \K\ x s is an F-manifold and \K\ x 7™ is a Q-manifold.

Theorem 2.6 (Corollary 8.4). If K is any countable locally-finite simplicial

complex, then \K\ x a is a a-manifold and \K\ xÜ is a li-manifold.

Theorem 2.7 (Corollary 10.3). If X is a a-manifold and Y is a H-manifold of the

same homotopy type, then Ix/° and Y are homeomorphic.

IV. Factor theorems.

Theorem 2.8 (Henderson [14]). If X is an F-manifold, then there is a countable

locally-finite simplicial complex K such that X and \K\ x í are homeomorphic.

Theorem 2.9 (Corollary 10.4). If X is a a-manifold (or Z-manifold), then there

is a countable locally-finite simplicial complex K such that X is homeomorphic to

\K\xa(or \K\xZ).

Conjecture 2.2. If X is any Q-manifold, then there is a countable locally-finite

simplicial complex K such that X and \K| x 7°° are homeomorphic.

Theorem 2.10 (Anderson and Schori [9]). IfXis an F-manifold, then X, Xxs,

and Xxlm are all homeomorphic.

Theorem 2.11 (Anderson and Schori [9]). If X is a Q-manifold, then X and

Zx/°° are homeomorphic.

Theorem 2.12 (Theorem 8.3 and Theorem 10.2). If X is a a-manifold and In is

any n-cell, then X, Xxa, and Xxln are all homeomorphic.

Theorem 2.13 (Corollary 8.5 and Theorem 10.2). If X is any ^-manifold, then

X, Jx2, and Xxl™ are all homeomorphic.

V. Relationships between F, Q, S, and a-manifolds.

Theorem 2.14 (Theorem 10.2 and Corollary 10.1). If X is a a (or I^-manifold,

then X can be embedded as an f-d cap (or cap)-setfor an F-manifold and also for a

Q-manifold.

Theorem 2.15 (Anderson [6]). If X is Ira or s and M, N are (f-d) cap-sets for X,

then there is a homeomorphism of X onto itself taking M onto N.

Theorem 2.16 (Lemma 5.4 and Theorem 2.15). If X is an F or Q-manifold and M

is an f-d cap (or cap)-set for X, then M is a a (or ^-manifold.

Theorem 2.17 (Theorems 6.1 and 6.2). If X is an F or Q-manifold and M, N are

(f-d) cap-sets for X, then there is a homeomorphism of X onto itself taking M onto N.
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Theorem 2.18 (Anderson [6]). If M is an {f-d) cap-set for I™, then Iœ\M is

homeomorphic to s.

Theorem 2.19 (Corollary 8.3). IfXisany Q-manifold and M is an (f-d) cap-set

for X, then X\M is an F-manifold which is of the same homotopy type as X.

VI. Subsets and supersets ofF, Q, 2, and a-manifolds. If X is any space and % is

any cover of X, then a function /: X -> X is said to be limited by <% provided that

for each x e X, there is a member of <% containing both x and/(x).

A subset K of a space X is said to be strongly negligible provided that given any

open cover ^ of X, there is a homeomorphism of X onto X\K which is limited by *%.

Theorem 2.20 (Anderson, Henderson, and West [10]). A necessary and sufficient

condition that a closed subset K of an F-manifold have Property Z is that K be

strongly negligible.

Theorem 2.21 (Theorems 6.9 and 10.2). A necessary and sufficient condition that

a closed subset K of a a or L-manifold have Property Z is that K be strongly negligible.

Theorem 2.22 (Theorem 6.7). Let M be an (f-d) cap-set for an F or Q-manifold

X and let K be a Z-set in X. Then M\K is an (f-d) cap-set for X.

Theorem 2.23 (Theorem 6.6). Let M be an (f-d) cap-set for an For Q-manifold X

and let K be a countable union of (finite-dimensional) compact Z-sets in X. Then

M U K is an (f-d) cap-set for X.

VII. Homeomorphism extension theorems. If % is any cover of a set X, then

St C%) is defined (as usual) to be the star of W and for each n > 0 we define St" (°U)

to be the nth star of <%.

Theorem 2.24 (Anderson and McCharen [8]). Let X be an F-manifold, let

Ku K2 be Z-sets in X, let % be an open cover of X, and let h be a homeomorphism of

Kx onto K2for which there is a homotopy H: KxxI-> X such that for each x e Kx,

H(x, 0) = h(x), H(x, l) = x, and H({x) x I) is contained in some member ofQl. Then h

can be extended to a homeomorphism of X onto itself which is limited by St4 (^l).

Theorem 2.25 (Theorem 11.1). Let X be a a or IL-manifold, let Ku K2 be Z-sets

in X, let % be an open cover of X, and let h be a homeomorphism of Ki onto K2for

which there is a homotopy H: ATi x /-> X such that for each x e Ku H(x, 0) = h(x),

H(x, l) = x, and H({x}xl) is contained in some member of °l¿. Then h can be ex-

tended to a homeomorphism of X onto itself which is limited by St28 (°U).

VIII. Complete extensions o/2 and a-manifolds.

Theorem 2.26 (Lemma 10.1 and Theorem 10.2). Let X be a a (or X)-manifold

and let Y be a complete separable metric space containing X. Then there is an F-

manifold Z such that Z<=Zc Y and X is an f-d cap (or cap)-set for Z.
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IX. Infinite deficiency. A subset K of 7°° is said to have infinite deficiency

provided that for each of infinitely many different coordinate directions, A" projects

onto a single interior point of (—1, 1).

Theorem 2.27 (Anderson [3]). Let Xbe Ia or s and let Kbea closed subset of X.

A necessary and sufficient condition that K be a Z-set in X is that there exists a

homeomorphism of X onto itself taking K onto a set having infinite deficiency.

Theorem 2.28 (Chapman [13]). Let X be an F-manifold and let K be a closed

subset of X. A necessary and sufficient condition that K be a Z-set in X is that there

exists a homeomorphism h of Xonto Xxs such that ns o h(K) has infinite deficiency.

We remark that a separate proof of Theorem 2.28 is given in Corollary 7.1 of

this paper.

Theorem 2.29 (Theorem 7.2). Let X be a Q-manifold and let K be a closed

subset of X. A necessary and sufficient condition that K be a Z-set in X is that there

exists a homeomorphism h of X onto Xxl™ such that tt¡«> o h(K) has infinite

deficiency.

3. Preliminaries.   The metric we use for 7™ and s is given by

d((xt),(y¡)) = (Zl-Xxi-ydj112,

where (x¡), (y¡) el". Whenever no confusion is possible we will use dto denote the

metric of any space under consideration.

Let Z denote the set of positive integers and for each i e Z let rt be the projection

of 7°° onto 7¡. For each a<=Z define 7a = n¡ea/i, sa = T~[ieaI°, and let ra be the

projection of 7" onto Ia. For each ieZ let Wt+= Ti~1(l), W,~ = tí~1(-\), and

Wi= Wi+ u Wf. We call Wt+ and Wf the endslices of 700 in the /-direction.

A subset of 7M of the form T~[¡% l Jt is called a basic closed set in 7™ provided that

Jt is a closed subinterval of 7¡, for each i > 0, and /¡ = 7¡ for all but finitely many /'.

The interior in 7" of a basic closed set is called a basic open set in 7°°. A basic open

set in s is the intersection of a basic open set in 7°° with s. We call s the pseudo-

interior of 7°° and fi(70O) = 70O\j the pseudo-boundary of 700.

A core is a set C=n¿™ i J¡, where for each />0, J¡ is a closed interval contained

in 7¡°. A basic core set structured over a core C = rL = i J¡ is defined as the set of all

points (xi) es such that xt eJt, for all but finitely many /. We know from [4] that

each basic core set is an apparent boundary of 7°° and from [6] that each apparent

boundary of 7°° is a cap-set for 7™, where M<=7°° is an apparent boundary if there

is a homeomorphism h: 7" -W0 satisfying h(M) = B(I'c).

A homeomorphism h of 7°° onto itself is said to be a /^-homeomorphism

provided that h(s) = s.

If í/¡}(™ i is a sequence of homeomorphisms of a space Xonto itself for which the

sequence {fi°fi-i°---°fi} converges pointwise to a homeomorphism/of X onto

itself, then we call/the infinite left product of{f,}¡°=1 and write f=L FL™ if-
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We list below four convergence procedures that we will need to insure the

existence of an infinite left product of homeomorphisms. The first of these is Lemma

2.1 of [3] and the second is Theorem 2 of [10]. The third and fourth are easy

consequences of the apparatus used in [10] to establish the second.

Convergence Procedure A. For each homeomorphism g of a compact metric

space X onto itself and each e > 0 let

v(g, e) = g.l.b. {d(g(x), g(y)) I d(x,y) ^ e}.

If{f¡}?Li is a sequence of homeomorphisms of X onto itself such that

d(fi,id) < min ((3-0, (3-'H(/i-i°--- % 2"')),

for all i>\, thenf=L Ylt=if exists.

Convergence Procedure B. Let °U be a countable star-finite open cover of any

space X. (By star-finite cover we mean a cover such that the closure of each member of

the cover intersects the closure of only finitely many other members of the cover.)

There exists an ordering {t/Jj™ 1 of the elements of W such that for any sequence

{fi}t°=i of homeomorphisms of X onto itself, where f is the identity on X\Uifor all

i>0,f=LYl?=ifi exists. Moreover, we can assign a positive integer n¡ to each U¡,

independent of the choice of such {/¡}¡™ i, such that nt^ni + 1 and

/W) = (/»,°/n(-l°"-°/l)(tf.),

for all i>0.

Convergence Procedure C. Let ^ be a countable star-finite open cover of any

space X and let {£/(}(" i, {n¡}¡% i be as in Convergence Procedure B. If Y is any space

and{f¿¡°=1 is any sequence of homeomorphisms of Xx Y onto itself such thatfi is the

identity on (X\U¡) x Y,for all i>0, thenf=L n<" i/¡ exists. Moreover, we have

f(UixY) = (fnr.--of1)(UixY),

for all i > 0.

Convergence Procedure D. Let <W be a countable star-finite open cover of any

space X and let {C/Jj™ 1 be as in Convergence Procedure B. If{f)r= i is any sequence of

homeomorphisms of X onto itself such that f1\X\U1 = id andfi + 1\X\f °- • ■°f1(Ui + 1)

= id, for each i>0, thenf=L fit" if exists.

4. Some basic results concerning (f-d) cap-sets. The following result can be

found in [6].

Lemma 4.1. Let X be a metric space, let M be an (f-d) cap-set for X, and let f be a

homeomorphism of X onto a metric space Y. Thenf(M) is an (f-d) cap-set for Y.

The next result shows that (f-d) cap-sets in /°° are "maximal." We will use this

result to prove a corresponding property for F and g-manifolds in §6. We will give

no proof, since it is essentially Theorem 1 of [17]. We remark that Lemma 4.2

follows from Theorem II of [4] in the case that M is a cap-set for 7™.
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Lemma 4.2. Let M^N^l™, where M is an (f-d) cap-set for 7" and N is a count-

able union of (finite-dimensional) Z-set s in 700. Then N is an (f-d) cap-set for 7 e0.

Our next lemma is a generalization of Anderson's results on the equivalence of

(f-d) cap-sets in s and 700 [6]. We only sketch the proof.

Lemma 4.3. Let M and N be (f-d) cap-sets for 700, let K^IX\(M\J N) be a

Z-set in 7", and let £ > 0 be given. Then there is a homeomorphism h ofIx onto itself

such that h(M) = N, h\K=\à, and d(h, id)<e. Moreover, if M u N<^s, then we can

additionally require that h be a ß*-homeomorphism.

Proof. We only treat the case in which A/uiVci to obtain the /^-homeo-

morphism h. Write Af=U"=i Mn and iV = U™=i Nn so as to satisfy the definition.

It is clear that there is an integer «j >0 and an embedding/: M1 -> Nni such that

d(f, id) < e/2. Using Lemma 3.1 of [13], we can extend/ to a /5*-homeomorphism

hx such that h1\K=iá and d(hu id)<e/2.

Using Convergence Procedure A let S = min((3~2), (3"2)7)(/¡1, 2~2)) and use

Lemma 4.1 to get an integer n2 > 1 and an embedding/2: Nn¡ -> h^M^) such that

f2\h1(M1) = id and d(f2, id) < min (e/4, S). Then we can extend/2 to a /^-homeo-

morphism g2 such that g2\(Ku Wx u Ä1(W1)) = id and d(g2, id) < min (e/4, 8). We

then put h2=g21 to complete the second stage of the construction.

It is clear that by induction we can continue this process to obtain a sequence

{/iji" i of j3*-homeomorphisms and a sequence {«i}(" 0 of integers (where n0= 1) such

that the following conditions are met.

(1) «o<«2<«4< • • • andn1<«3<«5< • • -,

(2) for each i > 1, A, is the identity on K u (\Jf.\ W,) u (hi^1 »■ --oAiXUy-i ^)>

(3) (Ä,o...oAl)(Mn(.1)cJVB()for/odd>

(4) (hi o • • • o AOÍM,,,) => 7Vn¡ _ „ for i even,

(5) ht is the identity on Nn¡_2, for /^3 and odd,

(6) hi is the identity on Aj_i «• ■ -o /¡!(Mn¡_2), for i even,

(7) «/(Ai, id)<e/2   and   J(Af, id)<min (e/2', 3"', (3_iMAt-i °-•-° Ax, 2"')),   for

Using Convergence Procedure A we find that A=Lrit™ißi is a ^-homeo-

morphism which satisfies the required properties.    □

A special case of the next lemma is known in a more general setting (see Corollary

2 of [17]).

Lemma 4.4. Let M be an (f-d) cap-set for 7e0 and let K be a Z-set in 7œ. Then

M\K is an (f-d) cap-set for 7™.

Proof. Let Af=Un°=i Mn be as in the definition and for each integer «>0 let

Nn = Mn n {x 6 7°° | d(x, £)£l/w>. It is then clear that M\#=U"=i Nn. It follows

from Theorems 8.1 and 9.1 of [3] that Property Z and infinite deficiency are

equivalent in Im modulo ambient homeomorphisms. This implies that each Nn

is a Z-set in 7™.
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Now let A be a (finite-dimensional) compact subset of Ia, let m>0 be an

integer, and let e>0 be given. It follows from Theorem II of [4] that there is a

cap-set M' for 7°° in 7°°^. Let A/' = IJ"=1 A7¿ be a representation as in the

definition. Without loss of generality we may assume that A is a Z-set. Let

^Vv"m = U"=i Cn, where each Cn is a compact set satisfying Cn<^Cn+1. Let nx>0 be

chosen large enough so that there is an embedding fx : d -*• A/^ which satisfies

/i(Ci) n Nm = 0 and í/(/i, id) < e/4. Using Lemma 3.1 of [13] we can extend fx to a

homeomorphism f[: 7™ -> 7°° which satisfies f[\Nm = id and d(f[, id)<e/4.

Let e' = min (e/8, 3~2, (3~2)rj(f[, 2~2)) and choose n2>nx large enough so that

there is an embedding f2.f'\(C2)-> M¿2 which satisfies f2(fí(C2)) n Arm= 0,

/2|/l(C1) = id, and J(/2, id)<e'. Once more use Lemma 3.1 of [13] to extend f2 to a

homeomorphism f2. 7™ -»• 7°° which satisfies f2\Nm = id and ¿/(/a, id) < e'.

Using Convergence Procedure A we can continue this process in an obvious

fashion to obtain a sequence {f¡}i = 1 of homeomorphisms of 7°° onto itself for

which f=L Tli-ifi exists and satisfies f(A\Nm)<= M', f\Nm = id, and d(f id) < e/2.

Let o = d(f(A), K), which is a positive number, and let g:f(A)^Mn be an

embedding, for some« >0, such that g\A n 7Vm = idand d(g, id) < min (e/2, 8). Then

g°/: A -> Mn is an embedding for which g °/L4) n A^= 0 and ¿(g °f, id) < e. It

is clear that there is an n'^n such that g °f(A)<=Nn; which completes the verifica-

tion of the definition.    □

Corollary 4.1. Let M be an (f-d) cap-set for s and let K be a Z-set in s. Then

M\K is an (f-d) cap-set for s.

Proof. We know from Theorem 8.2 of [3] that K, the closure of K in 7°°, is a

Z-set in 7°°. Now any (f-d) cap-set for s is an (f-d) cap-set for 7", and any subset of

s which is an (f-d) cap-set for 7™ is an (f-d) cap-set for s. Then M is an (f-d) cap-set

for 700 and from Lemma 4.4 we find that M\K=M\K is an (f-d) cap-set for s.    □

5. Property Z in manifolds. In this section we prove some results concerning

Property Z in manifolds that will be useful in later sections. We also exhibit a

technique (Theorem 5.1) by which we can relate T^and g-manifolds.

In Lemma 1 of [10] some techniques are given for establishing Property Z in

normal, locally homotopically trivial spaces. Lemma 5.1 is essentially a restatement

of this result and Lemma 5.2 is a consequence of the proof that is given there.

Lemma 5.1. Let X be normal and locally homotopically trivial. If A is a closed

subset of X such that each point of A lies in an open set U for which A n U has

Property Z in U, then A has Property Z in X.

Lemma 5.2. Let X be normal and locally homotopically trivial and let A be a

closed subset ofX. If,for eachpointp e A andeach open set Ucontaining p, there is a

homotopically trivial open set V containing p such that F<= U, V\A ^ 0, and V\A is

homotopically trivial, then A has Property Z in X.
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In Lemma 2 of [10] it is shown that if F is any Z-set in an T^-manifold X, then

any closed subset of 7ms also a Z-set in X. Lemma 5.3 establishes a similar property

for g-manifolds. We remark that for F-manifolds all compact subsets are Z-sets.

This follows from Theorem 2.1 and the fact that any compact subset of s is a Z-set

(see Theorem 3.5 of [2] and Theorem 9.1 of [3]).

Lemma 5.3. Let F be a Z-set in any Q-manifold X. If A is any closed subset of F,

then A is also a Z-set in X.

Proof. Using Lemma 5.1 let U be any open subset of X which is homeomorphic

to a basic open subset of 7™. Then there is a homeomorphism h of U onto 7co\H/,

where W is a finite union of endslices of 7°°. Since Property Z obviously carries over

to open subsets we find that h(Fn U) is a Z-set in 7°°\H/.

Define K=h(Fr\ U) u W, which is a compact subset of 7°°. Let V be any

nonnull, homotopically trivial open subset of 7°° and note that V\K—

(V\W)\h(Fn U). Since W obviously has Property Z in 7" it follows that V\W

is a nonnull, homotopically trivial open subset of 7°°\W/, hence V\K\% a nonnull,

homotopically trivial open set. This means that K is a Z-set in 7°°.

Using Theorem 8.1 of [3] there is a homeomorphism g of I°° onto itself such that

g(K) has infinite deficiency. Using techniques similar to those of Theorem 9.1 of [3]

it now easily follows that g ° h(A n U) is a Z-set in g o h(U).    □

The following result was pointed out to the author by William Barit.

Lemma 5.4. Let X be an F or Q-manifold and let M be an (f-d) cap-set for X.IfU

is an open subset of X, then M n U is an (f-d) cap-set for U.

Proof. Let A/ = U™=1 Mn be a representation as given in the definition and for

each «>0, let An={x e X\ d(x, X\U)^l/n}. If we put N=MnU and

Nn = Mn n An, for each «>0, then N=(Jn=i Nn. It follows from Lemma 5.3 and

the comments preceding Lemma 5.3 that each Nn is a Z-set in U. Then N= (J ™= j Nn

is clearly a representation which satisfies the definition for N to be an (f-d) cap-set

for U.    D

Since (f-d) cap-sets for s exist, we can use Theorem 2.1 and Lemma 5.4 to prove

the existence of (f-d) cap-sets for T^-manifolds. In Lemma 5.6 we prove that cap-

sets for £>-manifolds exist. The existence of f-d cap-sets for g-manifolds will be

established in §6. We will first need a preliminary result.

Lemma 5.5. Let X, Y be Q-manifolds and let A be a Z-set in X. Then Ax Y is a

Z-set in XxY.

Proof. Using Lemma 5.2 let U be a nonnull, homotopically trivial open subset

of Zand let F be a nonnull, homotopically trivial open subset of Y. All we have to

do is prove that (UxV)\(AxY) is nonnull and homotopically trivial. But

(Ux V)\(A x Y) = (U\A) x V is clearly nonnull and homotopically trivial.    □

Lemma 5.6. If X is any Q-manifold, then X has a cap-set.



408 T. A. CHAPMAN [February

Proof. Using Theorem 2.11 we know that there is a homeomorphism of X onto

Xx 7™. It will then suffice to prove that Xx2 has the cap in Xx Ie0. Since 2 has

the cap in 7œ we can write 2 = (J"=1 Mn so as to satisfy the definition. Write

X=(Jn = i Xn, where each Xn is a compact subset of X lying in the interior of

Xn + 1. Then Xx2 = (J™=1 (Xn x Mn) which we now show to satisfy the definition

of a cap-set for Xx 7°°.

It follows from Lemmas 5.3 and 5.5 that each Xn x Mn is a Z-set in Xx Iro. Now

let m >0 be an integer, let K be a compact subset of Xx Iro, and let e >0 be given.

Since it, » (A1) is a compact subset of 7 e0 there is an integer «x > 0 and an embedding

¿i : 777°° (A) -»■ Mni such that hxl-rr,« (K) n Mm = id and d(hu id) <e. It is clear that

there is an integer n2>0 such that ttx(K)^Xn2. Put n = max(n1,n2) and we ob-

viously have an embedding h of K into XnxMn such that ^An (Zmx Mm) = id

and d(h, id) < e.    □

With the existence of cap-sets in g-manifolds established we can now prove a

result which relates F and g-manifolds.

Theorem 5.1. If X is any F-manifold, then X can be regarded as a subset of a

Q-manifold Y such that Y\X is a cap-set for Y. On the other hand, if Y is any

Q-manifold, then there is an F-manifold X<^ Y such that Y\X is a cap-set for Y.

Proof. If X is any T^-manifold, then Theorem 2.1 gives an open embedding

h: X^s. Let Y be an open subset of 700 such that Yr\ s=h(X). Then Fis ob-

viously a g-manifold and it follows from Lemma 5.4, and the fact that 5(7°°) is a

cap-set for 7 e0, that Y\h(X) is a cap-set for Y.

If Y is any g-manifold, it follows from Lemma 5.6 that there is a cap-set M for

Y. To show that Y\M is an T^-manifold let U be any open subset of Y which is

homeomorphic to a basic open subset of 7". Let h: U-*■ I™ be an embedding

such that Ico\h(U)= W, where W is a finite union of endslices of 700. It is obvious

that h(U n M) is a cap-set for 7o3 and we know that 2 is a cap-set for 7°°. Using

Lemma 4.3 there is a homeomorphism g of 7°° onto itself such that g(2)=h(U n M)

andg| W=ià. This means that h(U\M) is homeomorphic 7°°\(2 u W). But Theorem

2.18 implies that 7C0\(2 u W) is homeomorphic to s.    □

Corollary 5.1. Let Y be any Q-manifold and let M be an (f-d) cap-set for Y.

Then Y\M is an F-manifold.

Proof. For M a cap-set the proof is given above. For M an f-d cap-set we use the

outline given above.    □

In Theorem 8.2 of [3] it is shown that if F is a Z-set in s, then F (closure taken

in 7°°) is a Z-set in 7e". The next result generalizes this to g-manifolds.

Lemma 5.7. Let X be a Q-manifold and let M be a cap-set for X. If F is a Z-set in

X\M, then F (closure taken in X) is a Z-set in X.

Proof. Using Lemma 5.1 let i/be an open subset of Zand let h: V'-»> 7°° be an

embedding such that Ia>\h(U)= W, where W is a finite union of endslices of 7e0.



1971] DENSE SIGMA-COMPACT SUBSETS 409

Using the proof of Theorem 5.1 we can additionally require that h(U n M)

= B(Ia>)\W. Then h(U\M)=s and hence K=h(Fn U) is a Z-set in s. This means

that K is a Z-set in 7". Then h(F n U) = Kr\ h(U) is a Z-set in h(U), which is

what we needed.    □

The next result will be used in proving an open embedding theorem for a and

S-manifolds.

Lemma 5.8. Let X be an F-manifold, let M be an (f-d) cap-set for X, and let F be

a closed subset of X contained in X\M. Then F is a Z-set in X.

Proof. Using Lemma 5.1 it is sufficient to prove that for any open subset U of

X which is homeomorphic to s, U n Fis a Z-set in U. Thus, our problem is reduced

to the following: if A^is an (f-d) cap-set for s and Ais a closed subset of s contained

in s\N, then K is a Z-set in s.

To show that K has Property Z in s let F be a nonnull, homotopically trivial

open subset of s. Let/: S71'1 -*■ V\K be continuous and let g: Bn -*■ V be a con-

tinuous extension of/ where Bn is an «-ball and Sn ~x is the boundary of Bn. If we

think of a canonical version of N (i.e. N=a or N='Z) then it is clear that there is a

continuous function h:g(Bn)^s such that h(g(Bn)\g(Sn-1))<^N, h\g(Sn~1) = id,

and d(h, id)<«, where e = d(g(Bn), s\V). Note that A(g(Än)) nK=0, h(g(Bn))c y,

and A o g is a continuous extension of /. This proves that V\K is homotopically

trivial. Since V r\N^ 0 we have V\Kj=0.    □

The following two results will be used in the last section of the paper.

Lemma 5.9. Let X be any F-manifold, let F be a Z-set in X, and for each « > 0 let

Fn be a Z-set in X. Then F n (Af\U"=i Fn) is a Z-set in X\\J™=1 Fn.

Proof. Using Lemma 5.2 let U be any nonnull, homotopically trivial open

subset of X. Then Un (Ar\U"=i Fn) = t/\U"=i (Fn n U), and using the negli-

gibility result of [4] we know that £/\Un>=i (Fn n U) is homeomorphic to U. Thus

U n (X\\J?=1 Fn) is homotopically trivial. We then have U n (X\\Jn = i Fn)\F

nonnull and homotopically trivial by the same argument. Lemma 5.2 then implies

that F n (X\U»". i Fn) is a Z-set in X\\J?= 1 Fn.    D

Lemma 5.10. Let X be an F-manifold, let M^X be an (f-d) cap-set for X, and let

F be a Z-set in M. Then F (closure in X) is a Z-set in X.

Proof. Using Lemma 5.1 it is clear that our problem reduces to the following:

If N is an (f-d) cap-set for s and K is a Z-set in N, then K (closure in s) is a Z-set

in s.

Let [/be a nonnull, homotopically trivial open subset of s, let/: S"-1 -*■ U\Kbz

a continuous function, and let g: Bn -*■ U be a continuous extension of/ Using the

idea contained in the proof of Lemma 5.8 there is a continuous function A: Bn -> j

such that h(g(Bn)\g(Sn-!))<=■ N, h\g(Sn~1) = id, and hog(Bn)<=U. This argument

has already shown that U n N is homotopically trivial.
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It is clear that there is an r, 0<r<\, such that h °g({xeBn \ rS \\x\\ ̂  1})

C\K=0. Put S?'1={x e Bn | ¡XU =r] and use the fact that K has Property Z in N

to extend the map h ° g IS?-1: S?_1 -> (Í/ n A^)\A to a continuous function <p: Bf

-> (17 n iV)\A, where 7i"={x e 7?" | ||x|| í=r}. Piecing these together we then have

a continuous function ¡l>: Bn -+ U\K which extends/.    □

6. Properties of (f-d) cap-sets in F and ß-manifolds. The main results of this

section are Theorems 6.1 and 6.2, in which we establish the equivalence of (f-d)

cap-sets in F and g-manifolds. We also use similar techniques to obtain a number

of other results.

We first establish the equivalence of (f-d) cap-sets in T^-manifolds.

Theorem 6.1. Let X be an F-manifold, let °U be an open cover of X, and let M,

Nbe (f-d) cap-sets for X. Then there is a homeomorphism h of X onto itself such that

h(M) = N and h is limited by <%.

Proof. Using Theorem 2.1 we may, without loss of generality, assume that X

is an open subset of s. Applying Theorem 1 of [10] there is a star-finite open cover

{Ui}¡°= i of X such that for each i>0, Ut is a basic open subset of s and there is a

Vxb^I such that d(U¡, s\Vi) = ei>0. Assume that {f/J^i is ordered as in Con-

vergence Procedure B.

We may regard each Cl (Ut) (closure taken in s) as a copy of s together with a

finite union of "endslices." Since M C\U\ and N n C/j are (f-d) cap-sets for Ux we

can use Lemma 4.3 to get a homeomorphism hx of X onto itself such that

hx(M n U1) = N n Uu h1\X\U1 = id, and d(hu id) <ejtiu where {njili is the

sequence of Convergence Procedure B that is associated with {Ut}^=1.

Proceeding by induction assume that homeomorphisms {h$mi of X onto

itself have been defined so that A(|A'\i7i=id, for l^i^j, hi+1(h¡ °- • -° ht(M) n U¡)

= N n Uu for 1 &i<j, and d(hh id)<(l/Mi)-mm (eu ..., ef), for 1 úiúj- Then let

hj+1 be a homeomorphism of X onto itself such that hj+1\X\Uj+1 = id,

hj+1(hj°- ■ ■°h1(M)nUj+1) = NnUj+1, and d(hj+1,id)<(llnj+1)-mm(e1,.. .,ej+1).

We can use Convergence Procedure B to conclude that h=L Yl¡°=i K is a homeo-

morphism of X onto itself such that h(M) = N. Moreover we note that if

x e UjWJlzl i/j, then d(h(x), x)<ej. This implies that h is limited by °ll.    □

We now prove the corresponding result for g-manifolds. The following lemma

takes the place of Theorem 1 of [10] in this case.

Lemma 6.1. Let Xbea Q-manifold and let °U be an open cover of X. Then there is a

star-finite open cover {Ui}¡°=1 of X which refines *% and for which each Ut is homeo-

morphic to a basic open subset of 7°°.

Proof. Since X is a separable, locally compact metric space, it can be written as

the union of an increasing sequence {X^=i of compacta, each lying in the interior

of its successor.
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It is clear that there is a collection {£/?}&! of open subsets of X, each homeo-

morphic to a basic open subset of 7", such that {Ul}\x=i covers Xu and for each i,

[//cl20 (the interior of X2). For each n>\ let {£/"}/?=i be an open cover of

Xn\X°-u where each {/" is homeomorphic to a basic open subset of 7e0, such that

for each i, U?^X°+1\Xn_2 (or C/fcAl for n = 2). Then put {%"=! =

{[/" | 1 ̂  i ̂ Á) « = 1} for our required star-finite open cover of X.    □

Since we do not have an open embedding theorem for g-manifolds we will first

need a preliminary result for open subsets of 7™. With the aid of Lemma 6.1 a

proof of the following result can be given that is almost identical to the proof of

Theorem 6.1.

. Lemma 6.2. Let G be an open subset of 700, let <% be an open cover of G, and let M,

N be (f-d) cap-sets for G. Then there is a homeomorphism h of G onto itself such that

h(M) = N and h is limited by <W.

Theorem 6.2. Let Xbea Q-manifold, let % be an open cover of X, and let M, N be

(f-d) cap-sets for X. Then there is a homeomorphism h of X onto itself such that

h(M) = N and h is limited by °U.

Proof. Using Lemma 6.1 it is clear that there is a star-finite open cover {i/J^i of

Zsuch that for each />0, Ux is homeomorphic to an open subset of 7°° and there

is a Vi e <W such that d(Ut, X\Vd"*l>0.

Using the notation of Theorem 6.1 we need a sequence {A;}¡" x of homeomorphisms

of X onto itself such that for each />0, ht\X\Ut=id, hx(Mn Ux)=Nn Uu

hi + 1(hi°---°h1(M)nUi) = N nUh and d(hi,id)<(\¡nl)mm.(eí,.. .,e{). All of

these except the last can be automatically met. The last condition can clearly be

met by choosing an appropriate cover of each Uh transferring it over to an open

cover in 7œ, and applying Lemma 6.2. Then h=L n«™ i h is our required homeo-

morphism.    □

Although it is obvious that any (f-d) cap-set for i is also an (f-d) cap-set for 7°°,

the corresponding property for g-manifolds is not quite so obvious. This is our

next theorem.

Theorem 6.3. Let X be a Q-manifold, let M^ X be a cap-set for X, and let N be

an (f-d) cap-set for the F-manifold X\M. Then N is an (f-d) cap-set for X.

Proof. Using the proof of Lemma 5.6 we know that Xx B(IX) is a cap-set for

Xxl". Combining the fact that X is homeomorphic to Xx 7e0 with Theorem 6.2,

there is a homeomorphism A of Zonto Xxl™ such that h(M) = XxB(I°°).

Let N= (Jn=i Nn be a representation as given in the definition, let m > 0 be given,

let K be a (finite-dimensional) compact subset of X, and let e>0 be given. Using h

to transfer the problem to Xx Ix, there is an embedding/: K-*- X\M such that

f\K nNm = id and d(f id) < e/2. Using the fact that N is an (f-d) cap-set for X\M

there is an integer n >0 and an embedding g:f(K) -*■ Nn such that g\K n Nm=id

and d(g, id) < e/2. Then g °/is our required embedding.    □
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The next result shows that we can piece together certain portions of (f-d) cap-sets

to obtain (f-d) cap-sets.

Theorem 6.4. Let Xbe an For Q-manifold and let U be an open subset of X. Then

the following are true:

(1) If M is an (f-d) cap-set for U, then there is an (f-d) cap-set N for X such that

N n U=M.

(2) If M,N are (f-d) cap-sets for X, then (M\U) u (N n U) is an (f-d) cap-set

forX.

Proof. For the proof of (1) let N' be an (f-d) cap-set for X. (From Theorem 6.3

we now know that f-d cap-sets exist in g-manifolds.) Using Theorems 6.1 and 6.2

we can obtain a homeomorphism h of X onto itself such that h(N' n U) = M and,

by a proper choice of a cover of U, h | X\U=id. Then N=h(N') satisfies N n U=M.

For the proof of (2) let h be a homeomorphism of X onto itself such that

h(Mc\ U) = NC\ U and h\X\U=id. Then h(M) = (M\U) u (N n U) is an (f-d)

cap-set for X.    □

In the next theorem we prove that (f-d) cap-sets can be determined locally.

Theorem 6.5. Let X be an F or Q-manifold, let {Ut}ÏL i be an open cover of X, and

for each i>0 let Mt be an (f-d) cap-set for Ut. Then M=\J¡°=1 M¡ is an (f-d) cap-set

forX.

Proof. We only sketch the proof for g-manifolds. The proof for T^-manifolds is

similar. Let {Vt}^=1 be a star-finite open cover of X which is a refinement of {£/4}4™ i

and which is ordered as in Convergence Procedure B. Let N have the (f-d) cap in X

and use the techniques of Theorem 6.1 to inductively define a sequence {A|}j" i

of homeomorphisms of X onto itself for which hx(M n V1) = Nr>t Vu

hi + 1(hi °- • -o hx(M n Vi + 1)) = N n A, °- ■■°h1(Vi + 1), for all i>0, A1|Ar\K1 = id, and

hi + 1\X\h¡ o- • -o A1(K4 + 1) = id, for all i>0. We remark that in order to achieve the

first and second conditions we have to make use of Lemma 4.1. Then Convergence

Procedure D assures us that h=L FL" i A¡ is a homeomorphism of X onto itself

which obviously satisfies h(M) = N.    □

We can easily use this result to obtain a generalization of Lemma 4.2 to F and

g-manifolds.

Theorem 6.6. Let X be an F or Q-manifold, let M be an (f-d) cap-set for X, and

let K be a countable union of (finite-dimensional) compact Z-sets in X. Then M U K

is an (f-d) cap-set for X.

Proof. In case X is an T^-manifold we use Theorem 2.1 to get an open embedding

A : X ^* s. Using Theorem 6.4 there is an (f-d) cap-set N for s such that N n h(X)

=h(M). By Lemma 4.2 we know that N u h(K) is an (f-d) cap-set for s, hence

(N u h(K)) n h(X) = h(M) u h(K) is an (f-d) cap-set for h(X).

If X is a g-manifold let U be any open subset of X which is homeomorphic to a

basic open subset of 7". Then there is a homeomorphism/of U onto 7°°\lf, where
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Wis a finite union of endslices. It is clear that f(M n U) is an (f-d) cap-set for 700

and f(K n U) is a countable union of (finite-dimensional) compact Z-sets in 7°°.

From Theorem 4.2 we know that/(M n J7) u/(A"n U) is an (f-d) cap-set for

7e0, hence for/({/). Thus Theorem 6.5 implies that M u K is an (f-d) cap-set for

X.   D

We can also use Theorem 6.5 to prove that we can remove certain portions of an

(f-d) cap-set and still have an (f-d) cap-set.

Theorem 6.7. Let X be an F or Q-manifold, let M be an (f-d) cap-set for X, and

let F be a Z-set in X. Then M\F is an (f-d) cap-set for X.

Proof. In case X is an F-manifold let U be an open subset of X which is homeo-

morphic to 5. Then Fn U is a Z-set in U. Using Corollary 4.1 we find that

(M n U)\(F n U) has the (f-d) cap in U. Then Theorem 6.5 implies that M\Fis an

(f-d) cap-set for X.

If X is a g-manifold let U be an open subset of X for which there is a homeo-

morphism A of {/onto IX\W, where If is a finite union of endslices. We observed

in Lemma 5.3 that/(Fn U) u W is a compact Z-set in 7™. Using Lemma 4.4 we

find that h(M n U)\[h(F n U) u W] = h(M n U)\h(F n U) is an (f-d) cap-set for

7°°, and hence for h(U). Once more Theorem 6.5 implies that M\F is an (f-d)

cap-set for X.    □

In our next theorem we show how an (f-d) cap-set of a product relates to the

(f-d) cap-sets of the factors.

Theorem 6.8. Let X, Y both be F-manifolds or both be Q-manifolds and let

Afc X, N*= Y be (f-d) cap-sets. Then MxN is an (f-d) cap-set for XxY.

Proof. First assume that X and Y are F-manifolds. Let / : X -*■ sai and

f2 : X -> sa2 be open embeddings, where ax is the set of odd positive integers and

a2=Z\a1. Then f^X) xf2( Y) is an open subset of s=sctixsa2. We know that there

is an (f-d) cap-set P1 for j"i such that Px nfx(X) =/(M) and an (f-d) cap-set P2 for

sa2 such that P2 nf2(Y)=f2(N).

It is obvious that there exist canonical (f-d) cap-sets Rx for sai and R2 for sa*

such that Rx x R2 is an (f-d) cap-set for s. This implies that P1 x F2 is an (f-d)

cap-set for 5 and thus (Px xF2) n (f(X) xf2(Y))=f1(M) xf2(N) is an (f-d) cap-set

íor MX) xf2(Y).

Now assume that Zand Tare g-manifolds. Using Lemmas 5.3 and 5.5 we find

that if ijC X is a compact Z-set in X and K2<= Y is a compact Z-set in Y, then

K± x K2 is a Z-set in Xx Y. If we use the techniques involved in the proof of Lemma

5.6 it follows that if M and N are cap-sets, then MxN isa. cap-set for XxY. Thus

all we have left to do is the case in which M and A^ are f-d cap-sets.

Let M' be a cap-set for X and let N' be a cap-set for Y. It clearly follows from

the techniques involved in the proof of Lemma 5.6 that XxN' and M' x Y are

cap-sets for Xx Y. Using Theorem 6.6 we find that (Xx N') u (M' x Y) is a cap-

set for XxY.
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Now choose f-d cap-sets M" for X\M' and N" for Y\N'. Using what we proved

above we know that M"xN" is an f-d cap-set for (X\M')x(Y\N'). Since

(Xx Y)\[(XxN')v(M'x Y)] = (X\M')x(Y\N') it follows from Theorem 6.3

that M" x N" is an f-d cap-set for Xx Y. Then we can clearly use Theorem 6.2 to

relate this to M and N.    □

We can use Theorem 6.7 to characterize Z-sets in (f-d) cap-sets.

Theorem 6.9. Let X be an F-manifold and let M be an (f-d) cap-set for X. A

necessary and sufficient condition that a closed subset K of M has Property Z in M is

that K be strongly negligible in M.

Proof. If K is strongly negligible in M, then we can use the proof of Theorem

2.20 to prove that K is a Z-set in M.

Thus assume that K is a Z-set in M and let {Ut}¡°=1 be an open cover of M. For

each i>0 let Vt be an open subset of X satisfying V¡ n M= Ut. Without loss of

generality we may assume that X={Jj°=1 Vx.

By Lemma 5.10, K (closure in X) is a Z-set in X. Using Theorem 6.7 it follows

that M \K is an (f-d) cap-set for X. By Theorem 6.1 there exists a homeomorphism A

of Zonto itself such that h(M) = M \K and A is limited by {K4}4°1 x. Thus Kis strongly

negligible in M.    □

7. Infinite-deficiency in manifolds. In [13] a proof of the following theorem is

given.

Theorem 7.1. Let Xbe an F-manifold and let F be a closed subset ofX. A necessary

and sufficient condition that F have Property Z in X is that there exists a homeo-

morphism A of X onto Xxs such that 7rs(A(F)) has infinite deficiency.

The technique involved in the proof of Theorem 7.1 is to use Theorem 2.10 and

then to modify the copy of Fin Xx s so that its projection in s has infinite deficiency.

In our next theorem we give a similar characterization of Property Z in Q-

manifolds. As a corollary we get an easy proof of Theorem 7.1.

Theorem 7.2. Let X be a Q-manifold and let F be a closed subset of Xx 7e0. A

necessary and sufficient condition that F have Property Z in Xxl™ is that there

exists a homeomorphism A of Xxlm onto itself taking F onto a set whose projection

in 7°° has infinite deficiency. Moreover, we can construct A so that A(XxÄ(7co))

=xxB(r).

Proof. The step from infinite deficiency to Property Z is easy and is similar to the

proof of Theorem 9.1 of [3]. Thus assume that Fis aZ-set in Xx 7°°. Since Xx B(Im)

is a cap-set for XxF", it follows from Theorem 6.7 that (Xx7i(7œ))\Fis also a

cap-set for Xxlœ. Using Theorem 6.2 there is a homeomorphism fx of Xxl°°

onto itself such that/1((Xx5(7°0))\F) = XxÄ(7C0). This gives us

f1(F)n(XxB(I">)) = 0.
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Let 7>0 be an integer and for each x e Xx Yli¥¡j A let Ux x (8X, 1] be an open

subset of (XxYli^jI^x7, containing (x, 1) such that (Uxx(8x, 1]) nf1(F)= 0.

Note that {Ux | x e Xx Ylttj A} is an open cover of Xx Ylitj h- Thus we can use

Lemma 6.1 to get a star-finite open refinement {U¡}¡°=1 of {Ux \ xe XxYlt^jIi}

which covers Xx rif *y A- Moreover we may assume that the £/¡'s are indexed as in

Convergence Procedure B. It is clear that for each i > 0 there is a number 8¡ > 0 such

that i á S¡ < 1 and(UiX(oi, l])n/(F)=0.

Now construct a closed cover {Ct}4"i of XxTli¥:j I¡ such that C¡c£/j, for all

i>0. For each z>0 let <pt: Xx Yla=j h -*■ [0, 1] be a continuous function such that

<Pi(x) = \ for xeCt and <p¡(x) = 0 for x e XxYli^j It\Ut. For each />0 we now

construct a homeomorphism g¡ of (Xx Yli^i /<) x I¡ onto itself which slides points

linearly in the 7rdirection as follows: if xe XxYlw7(, then {x}xl¡ is taken

linearly onto itself such that g¡(x, 8¡) = (x, 8i(l-<pi(x)) + (:2J)(pi(x)). Applying Con-

vergence Procedure C to {gt}i"i let g=L J~[¡°= 1 g¡, which is a homeomorphism of

XXIe0 onto itself satisfying g °fi(F)<^(XxYli4jIi)x [— 1, £]. Using similar

techniques we can construct a homeomorphism g' of Xxlx onto itself which

slides points only in the 7rdirection such that g' ° g °f1(F)(^Xx Yli*f I¡ x [—i, i].

Then put gi==g' °g. We note that g* is a homeomorphism of Xxl°° onto itself

which satisfies g> °/i(F)<= Ix Y\i*j A x [~i, il. "x ° g'(*, 0 =*, and

n ° wj» o g1 (x, t) = rf(0,

for all i+j and (x, t) e Xx 7°°.

Exercising some control on the "size" of the gps and using Theorem 4.2 of [7],

it is now clear that /2=7_ Tl?=igi gives a homeomorphism f2 of Xxl™ onto

itself such that /2(/(F))c Xx n&i [-■i, i] and /a(JTx 5(7°°)) = Ix 5(7°°). Using

Theorem 3.5 of [2] there is a jS*-homeomorphism </■: 7™-^►7co such that

íHEIí™ i [~i> i]) has infinite deficiency. Then/3 = id x ¡fi gives a homeomorphism of

A'x7°° onto itself such that n,* °f3(XxY\T=\ [-\, |]) has infinite deficiency and

f3(Xx 5(7")) = X x 5(7 °°).

Now /3°/2°/i is a homeomorphism of A'x7c° onto itself such that

*7» 0/3 0/2 °/i(F) has infinite deficiency. We also note that

fs°h°fAFn(XxB(I<°))] c Zxj

and is a countable union of compact sets. Using Corollary 5.7 of [2] for pushing a

à-compact subset of s to 5(7°°) there is a homeomorphism/4 of Xxl°° onto itself

such that ttj" °fi 0/3 0/2 °/(F) has infinite deficiency and/4 °/3 o/2 o/^ix Ä(7CC))

= Ix 5(7™). Then A=/4 o/3 o/2 0/ satisfies our requirements.    □

Corollary 7.1. If X is an F-manifold and F is a Z-set in Xxs, then there is a

homeomorphism h of Xxs onto itself such that tts ° h(F) has infinite deficiency.

Proof. Using Theorem 5.1 there is a g-manifold Y containing Xxs such that

Y\(Xx s) is a cap-set for Y. This means that there is a homeomorphism/of Y onto



416 T. A. CHAPMAN [February

7x7°° such that/(Xxí)= Yxs. Then/(F) is a Z-set in Yxs. By Lemma 5.7 we

know that Cl (/(F)) (closure taken in Y x 7°°) is a Z-set in Yxl™. Thus there is a

homeomorphism g of Yx 700 onto itself such that g(Yxs)= Yxs and g(Cl (/(F)))

has infinite deficiency. We can write s = s1xs2, where slt s2 are copies of s and

g(Cl (f(F))) is infinitely deficient in the s2 factor. Then the following diagram, with

appropriate restrictions on the homeomorphisms involved, gives our desired

homeomorphism.

/ g /_1xid
Xxs-> Yxs-> Yxs = (YxSí)xs2-> Xxs.    □

8. Product and factor theorems. The first result we establish is a relationship

between cap-sets and f-d cap-sets in F-manifolds. For its proof we will require two

preliminary lemmas.

The first lemma gives sufficient conditions in order that a subset of 7 °° be a cap-

set for 7°°. These conditions are also necessary, and in [5] Anderson used them for

a definition of cap-set.

Lemma 8.1. Let M<^Im be a countable union of Z-sets in 700 which satisfies the

property that for each e>0 and each pair A, B of compact subsets of 7°°', with

A<=B n M, there is an embedding h: B -> M such that h\A = id andd(h, id) < e. Then

M is a cap-set for 7°°.

Proof. Let N be a cap-set for 7°° and write N=\Jñ=i Nn, as in the definition.

Then there is an embedding^: N-y -> M. Since/i(iVi) obviously has Property Z in

700 we can use Lemma 2.1 of [13] to extend fx to a homeomorphism gx of 7°° onto

itself.

Using the above properties of M we can inductively obtain a sequence {g4}4" i of

homeomorphisms of 7M onto itself such that

(1) for each i > 0, g¡ ° ■ • • ° gi(-/Vj)c M,

(2) for each ¿>0, g4 + 1|g4 °- ■ •°g1(Ar4) = id, and

(3) for each i> 1, d(gi, id)<min ((3~'), (3-«)i?(g,-i •• ■ -ft, 2-')).

Applying Convergence Procedure A we find that g=7, FL™ i gi gives a homeo-

morphism of 7e0 onto itself such that g(N)'=M. Since g(7V) is a cap-set for 7°° it

follows from Lemma 4.2 that M is also.    □

Lemma 8.2. For each n > 0 define

Mn = {x e 7 e0 | r4(x) = 0,/or i ^ 2n-l and odd}.

Then M=(J"=i Af„ Aas íAe cap in 7M.

Proof. We will prove that M has the properties of Lemma 8.1. Thus let A be a

compact subset of M and let e > 0 be given. It will clearly be sufficient to prove the

existence of an embedding A: 7°° ->- M satisfying A|^4=id and d(h, id)<e.

Let <% be an open cover of 7°°\yá such that for elements Ue<%, diam(i/)

"becomes small" as d(U, A) "becomes small." Then let {Í74}4"i be a star-finite
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refinement of °ll such that each Ut is a basic open set in 7°° and assume that

{Ut}iLi is ordered as in Convergence Procedure B. Choose an odd integer m such

that (24™ m 22_i)1/2<e. We will construct A so that A does not affect the first m—\

coordinates of any point.

Using the simplified geometry of the basic open sets Uit we can rotate coordinates

in an obvious manner to obtain embeddings A4:70O^7cc such that for each

/>0, A4(£/4)c=Af, Ai|7to\i74 = id, and A4 does not affect the first m — \ coordinates of

any point. Each point x of 7™ is moved only a finite number of times in the sequence

Ai(x), A2 ° Ai(x), h3° h2° hy(x),.... Thus A(x) = limi_co A4 °- ■ o Ai(x) defines an

embedding 7™ into M such that h\A = id and d(h, id)<e.    □

Theorem 8.1. Let X be an F-manifold and let M<= X be an f-d cap-set for X. Then

Mx/" is a cap-set for Xx 7°°.

Proof. We will use Theorem 6.5 by showing that if U is an open subset of X

which is homeomorphic to s, then (M n U)xlm has the cap in Ux 700.

We know that there is a homeomorphism/of U onto s satisfying f(M n s) = a.

Thus it will suffice to prove that a x 7°° has the cap in s x 7e0. Let 7™ =FI {A I ' odd}

and 720O = n{A I ¿even}. Let /I be the set of all elements of 7f having at most

finitely many nonzero coordinates. Using Lemma 4.2 we know that A has the f-d

cap in 7™. Lemma 8.2 shows that A x I2 has the cap on 7" x I2. There is a homeo-

morphism g of 7" onto itself such that g(A) = au where ctj is the set of all points in

ii = n W [ ' odd} having at most finitely many nonzero coordinates. Thus ctj x 72™

has the cap in 7™ x 7^ and hence in Sy x I2. This is what we wished to prove.    □

Corollary 8.1. Let X be an F-manifold, let M<^X be an f-d cap-set for X, and

let N<= X be a cap-set for X. Then A/x/"° is homeomorphic to N.

Proof. This follows immediately from Theorems 6.1 and 8.1.    □

We know from Theorem 2.8 that given any F-manifold X, there is a countable

locally-finite simplicial complex Ksuch that Xis homeomorphic to \K\ x s. We use

this in our next theorem.

Theorem 8.2. Let X be an F-manifold and let Kbea complex as above. If M^ X is

a cap-set (or f-d cap-set) for X, then M is homeomorphic to \K\ x2 (or \K\ x a).

Proof. All that we need to do is prove that |AM x a has the f-d cap in |K\ x s, since

the proof that \K\ x2 has the cap in |AT| xs is easy and resembles the proof of

Lemma 5.6.

Write \K\ =Uñ=i \Kn\, where \Kn\ is a finite complex contained in the interior of

|£n + i|, and write ct = U"=i Mn so as to satisfy the definition of an f-d cap-set for s.

We will show that the representation \K\ x a = U"=i (|7^n| x Mn) satisfies the defini-

tion for \K\ x a to have the f-d cap in |Ä'l x s. To this end let m>0 be an integer,

let F be a finite-dimensional compact subset of \K\ xs, and let e>0 be given.

If C is any compact subset of s, then there is a homeomorphism of s onto
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i x [O, 1 ) taking C into s x {0}. This means that there is an isotopy G: sxI-> s such

that G0 = id, d(x, Gt(x))<eß, for all tel and x e s, and Gt(s) n Mm= 0, for all

t > 0. For each x e F define f(x) = Gt ° tts(x), where

t = d(x, \Km\x Mm)l(l +d(x, \Km\x Mm)).

Then/: F-> s is a continuous function such that d(f 7rs)<e/3 and/(F\(|ATm| x Mm))

nMm=0.

In [8] it is shown that if X is any F-manifold, A is a topologically complete

separable metric space, °ii is an open cover of X, and g: A -> X is a continuous

function, then there is an embedding g: ,4 -> X such that g is ^/-close to g (i.e. for

each a e A there exists an element of °1i containing both g(a) and g(a)). If we let

X=s\Mm and choose an appropriate cover of X, then we can use this result to

obtain a continuous function /: F->s such that f\ \Km\ xMm = -ns | \Km\ x Mm,

/|F\(|ü:m| x Mm) is an embedding, and d(fj)<eß.

Note that/(F) is a finite-dimensional compact subset of s. Thus there exists an

integer n>0 and an embedding g:f(F)^-Mn such that g|/(F) n Mm = id and

i/(g, id)<e/3. Now let n'^n be an integer such that ir]IC\(F)<=\Kn-\. Define A:

F-> |JÇ„.| x Mn- by A(x) = (7T|Jf|(x), g °/(*)), for all xeF. Then A is an embedding,

A|Fn (|A"m| x Mm) = id, and d(h, id)<e, as we wanted.    □

Corollary 8.2. Let X be an F or Q-manifold, let M<= X have the f-d cap, and let

A<= X have the cap. Then X, M, and N are all of the same homotopy type.

Proof. For X an F-manifold the proof follows from Theorem 8.2. If JT is a

g-manifold we have already shown (Lemma 5.6 and Theorem 6.2) that N is

homeomorphic to 1x2, and hence has the same homotopy type as X. Using

Corollary 5.1 we find that M has the same homotopy type as N.    □

Corollary 8.3. Let X be a Q-manifold and let M<= X have the (f-d) cap. Then

X\M is an F-manifold of the same homotopy type as X.

Proof. If N is an (f-d) cap-set for X\M, then Corollary 8.2 implies that N and

X\M have the same homotopy type. From Theorem 6.2 it follows that N is homeo-

morphic to M, and from Corollary 8.2 it follows that M and X have the same

homotopy type.    □

From Theorem 2.5 we know that if K is any countable locally-finite simplicial

complex, then \K\ xs is an F-manifold. We use this to prove a corresponding

property for a and 2-manifolds.

Corollary 8.4. If K is any countable locally-finite simplicial complex, then

\K\ x a is a a-manifold and \K\ x2 is a ^-manifold.

Proof. From Theorem 8.2 we know that \K\ x a is an f-d cap-set for |A^| x s and

\K\ xS is a cap-set for \K\ xs. Then Lemma 5.4 implies that |A^| x a is a a-manifold

and |^| x S is a 2-manifold.    □
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We can easily establish some factor theorems for (f-d) cap-sets in F-manifolds.

Theorem 8.3. Let X be an F-manifold, let M be an f-d cap-set for X, and let 7n

be any n-cell. Then M, Mxa, and Mxln are all homeomorphic.

Proof. Using Theorem 6.8 it follows that M x a is an f-d cap-set for Xxs. This

implies that M and M x a are homeomorphic.

Since X and Xx7œ are homeomorphic it follows that X and Xx7n are also

homeomorphic. Thus to show that M and MxP are homeomorphic all we have

to do is prove that Mxln is an f-d cap-set for Xxln. Using Theorem 6.5 it is

clearly sufficient to prove that if U is any open subset of X which is homeomorphic

to s, then (M n U)x In is an f-d cap-set for U x In. Thus the problem reduces to

the following : Show that a x In is an f-d cap-set for s x In.

Let 5j = PI{74° I i>n) and a1 = {xesx \ x has at most finitely many nonzero

coordinates}. Then Lemma 4.2 implies a1x7n is an f-d cap-set for 70O = 71cox7n,

where 7" = F] {h I i> «}• Thus a± x 7" is an f-d cap-set for Sy x In, which is what we

wished to prove.    □

Corollary 8.5. Let X be an F-manifold and let M be a cap-set for X. Then

M, M x 2, and M x 7°° are all homeomorphic.

Proof. It follows from Corollary 8.1 that M is homeomorphic to Nx 7e0, where

N is an f-d cap-set for X. Thus M and Mxlx are homeomorphic. It then follows

that 2 and ctx7°° are homeomorphic. Thus (with "~" meaning "is homeo-

morphic to ")

A/x2 ~ (J/Vx7œ)x(ffx7°°) ~ (Nxa)xlx ~ Nxl™ ~ M.    D

9. Permuting sets which have the (f-d) cap. The following result is a generaliza-

tion of Lemma 4.3. Since its proof is similar, except that we are handling several

subsets of 7™ having the (f-d) cap at one time, we omit its proof.

Lemma 9.1. Let {Mt}î=1 (n finite or co) be a collection of disjoint subsets of I™

which have the (f-d) cap in 7™ and let {N$=\ be a collection of disjoint subsets o/7°°

which have the (f-d) cap in 7™. 7/A:c5(7co)\[U"=i (M, u Nf)] is compact, then there

is a homeomorphism A 0/7°° onto itself such that A|Ä = id andh(M^) = Ni,for all i. If

U?= i (Mi u N¡)c s, then we may additionally require that h be a ^-homeomorphism.

We can easily apply the techniques of §6 to prove the following theorem.

Theorem 9.1. Let {M$=x (n finite or co) be a collection of disjoint subsets of an

F or Q-manifold X which have the (f-d) cap in X and let {N(}?= y be a collection of

disjoint subsets of X which have the (f-d) cap in X. Then there is a homeomorphism A

of X onto itself such that h(Mt)=Ni,for all i.

In our next theorem we prove that any finite collection of n disjoint (f-d) cap-sets

for an F or g-manifold can be permuted with a period n homeomorphism.
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Theorem 9.2. Let {M¡}f=1 be a finite collection of disjoint subsets of an F or Q-

manifold X, with each M¡ having the (f-d) cap in X. Then there is a period n homeo-

morphism A of X onto itself such that h(Ml) = Mi + 1,for l^i^n—l, andh(Mn) = M1.

Proof. We only treat the case in which X is an F-manifold and each M¿ is a cap-

set for X. The other cases are similar.

Let {[a¡, A,]x [c¡, 4]}"=i be a collection of disjoint rectangles in ( — 1, l)x(—1, 1)

and let/be a homeomorphism of (— 1, 1) x (— 1, 1) onto itself of period n such that

f(\ax, At] x [c„ </,]) = [a,+i, Al+1] x [c,+u a\+1], for 1 <ig,n-1, and

f([an, K] x [c„, dn]) = [a1} AJ x [cu ¿J.

For 1 ̂  /' ̂  n let C¡ be the subset of s which consists of all points xes such that

T2j-iM e [fli, Ai] and t2;(x) 6 [c¡, </,], for all y > 0.

For 1 ¿ ¡'^« let 7V( be the basic core set in s structured over C¡. Then {N¡}f=1 is a

collection of disjoint cap-sets for s. Let g be the homeomorphism of s onto itself

such that T{2j_12j) o g(x)=f(rl2j_12j)(x)), for all/>0. Then g is a homeomorphism

of s onto itself of period n such that g(Nt) = Ni + 1,for l^iún—l, and g^,,) = N^

Now let Af be a cap-set for A' and use Theorem 6.8 to conclude that {Mx Af,}f_!

is a collection of disjoint cap-sets for Xxs. Also idxg: Ixí-^-Ixí gives a

homeomorphism of period « which permutes the collection {Mx JV(}"=i. Since Xis

homeomorphic to Ixj this means that there is a collection {iV/}"»! of disjoint

cap-sets for X and a period « homeomorphism A' of X onto itself which permutes

Using Theorem 9.1 there is a homeomorphism 99 of A' onto itself such that

<p(Mi) = N'i, for 1 úiún. Then A = <p_1°A'oç> satisfies our required properties.    □

Using similar devices we can also permute a countably infinite collection of

disjoint (f-d) cap-sets for an For ß-manifold.

Theorem 9.3. Let {.M¡}¡™ _ «, be a collection of disjoint subsets of an F or Q-

manifold X, each Mx having the (f-d) cap in X. Then there is a homeomorphism hofX

onto itself such that h(M^) = Mi + i,for all i.

Proof. Once more we only treat the case in which X is an F-manifold and each

Mi is a cap-set for X.

Let {[u¡, Aj]},™! be a collection of disjoint subintervals of ( — 1, 1) such that

Ai<ai + 1, for all i, and let/be a homeomorphism of (— 1, 1) onto itself such that

/([«.> A¡]) = [Oi+1, Ai+i], for all i. For each / let C¡ be the subset of s consisting of all

points x e s for which t;(x) e [a„ A¡], for all y"> 0. As in Theorem 9.2 let Nt be the

basic core set in í structured over C¡. It is now clear that we can use techniques like

those used in the proof of Theorem 9.2 to complete the proof of this theorem.    □

10. Open embedding theorems for a and l-manifolds. The main result of this

section is Theorem 10.3 in which we prove that any a (or £)-manifold can be

embedded as an open subset of a (or 2). Our proof makes use of Henderson's open
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embedding theorem for F-manifolds (Theorem 2.3). Our strategy is to first embed

the a (or 2)-manifold as an f-d cap (or cap)-set for an F-manifold (Theorem 10.2),

and then apply Henderson's result.

In this and the next section we will need the following well-known result which is

due to Lavrent'ev (see [16, p. 235]).

Theorem 10.1. Each homeomorphism between subspaces A and B of topologically

complete metric spaces X and Y, respectively, can be extended to a homeomorphism

between G ¿subsets of X and Y.

The following result gives a technique for finding F-manifolds in topologically

complete metric spaces. We will also use this in the next section.

Lemma 10.1. Let X be an F-manifold, let M be an (f-d) cap-set for X, let Y be a

topologically complete metric space, and let h: M -*■ Y be an embedding. Then there

is a copy X' of X such that A(M)<= A"c Y and h(M) is an (f-d) cap-set for X'.

Proof. Using Theorem 10.1 we can extend A to a homeomorphism 77: X"->H(X"),

where X" and 77(A"*) are GVsets. Using Lemma 5.8 we find that X\X" = \J?=1 F,

where each F4 is a Z-set in X. Using Theorem 1 of [4] there is a homeomorphism A

of X onto X". Then X" is a copy of X and it is obvious that M is an (f-d) cap-set for

X". We set X' = H(X") and note that h(M) is an (f-d) cap-set for X'.    D

We are now ready for the major step in establishing our open embedding

theorems. This will also be used in the next section.

Theorem 10.2. If X is a a (or H)-manifold, then there is an F-manifold Y and an

embedding A: X-> Y such that h(X) is an f-d cap (or cap)-set for Y.

Proof. Let {Í74}t°l i be an open cover of X such that each U¡ is homeomorphic to

an open subset of a (or 2). Without loss of generality assume that X<=Z, where Z

is a topologically complete separable metric space. For each i > 0 let V¡ be an open

subset of Z such that V¡ n X= U¡ and let G4 be an open subset of s such that

Gxc\ a (or G4 n 2) is homeomorphic to £/4. Then G, n a (or G4 n 2) is an f-d cap

(or cap)-set for G4, and making use of Lemma 10.1 there is an embedding A4 : G4 -> V¡

such that £/4c:A4(G4) and £/4 is an f-d cap (or cap)-set for A¡(G().

We note that each A4(G4) is a topologically complete metric space and hence it

must be a G6 in Vt. Thus for each ¡>0we have K4\A4(Gi) = U¿°= i ^i\ with each A*

closed in Z. We also note that for each i and n, A? n X= 0. This means that

Af n A/G,) is a Z-set in Ay(G;), for all n, i, and/ Now put G4 = A4(G4)\U"= i U"= i ^?>

and from Theorem 1 of [4] we know that each G\ is homeomorphic to A^G). It is

also true that each C/4 is an f-d cap (or cap)-set for G\.

We note that for eachy>0, V} n (JJ4°°=1 G'i) = G'j. This means that Y=\J?L1 G'f is

an F-manifold. Since X has the f-d cap (or cap) locally in Y, we find that X is an

f-d cap (or cap)-set for Y.    □

We can also prove a corresponding property for g-manifolds.
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Corollary 10.1. If X is a a (or ^-manifold, then there is a Q-manifold Y and an

embedding h: X ^ Y such that h(X) is an f-d cap (or cap)-set for Y.

Proof. Let Z be an F-manifold and let/: X -> Z be an embedding such that f(X)

is an f-d cap (or cap)-set for Z. Using Theorem 5.1 there is a g-manifold Y and an

embedding g:Z^Y such that Y\g(Z) is a cap-set for Y. Then Theorem 6.3

implies that g °f(X) is an f-d cap (or cap)-set for Y.    □

We can easily use Theorem 10.2 to classify a and 2-manifolds according to

homotopy type.

Corollary 10.2. If X and Y are both a-manifolds (or both 1,-manifolds) and are

of the same homotopy type, then they are homeomorphic.

Proof. Using Theorem 10.2 there are F-manifolds X', Y' and embeddings

/: X-*- X', g : Y-*- Y' such that/(X) is an f-d cap (or cap)-set for A" and g(Y) is

an f-d cap (or cap)-set for Y'. Since X and Y have the same homotopy type, it

follows from Corollary 8.2 that X' and Y' have the same homotopy type. Using

Theorem 2.1 we have X' homeomorphic to Y'. Then Theorem 6.1 implies \naif(X)

is homeomorphic to g(Y).    □

We can also use these techniques to sharpen Corollary 8.1.

Corollary 10.3. Let X be a a-manifold and let Y be a ^-manifold of the same

homotopy type. Then Xxlm and Y are homeomorphic.

Proof. Using the techniques of the proof of Corollary 10.2 there is an F-manifold

Z and embeddings/: X^Z,g: Y^Z such that/ÍA') is an f-d cap-set for Z and

g(Y) is a cap-set for Z. Then Corollary 8.1 implies that f(X)xIx and g(Y) are

homeomorphic.    □

Finally we sharpen Theorem 8.2.

Corollary 10.4. Let X be a a (or T,)-manifold. Then there is a locally-finite

simplicial complex K such that X is homeomorphic to \K\ x a (or \K\ x2).

Proof. This is an immediate application of Theorem 10.2.    □

We now use Theorem 10.2 to establish open embedding theorems for a and 2-

manifolds.

Theorem 10.3. Let X be a a (or ~L)-manifold. Then X can be embedded as an open

subset of a (or 2).

Proof. Using Theorem 10.2 there is an embedding A: X^- Y, where y is an F-

manifold and h(X) is an f-d cap (or cap)-set for Y. Using Henderson's open

embedding theorem there is an open embedding g: Y->s. Then g°h(X) is an

f-d cap (or cap)-set for g(Y), which is an open subset of s. Also g(Y) n a (or

g( Y) n 2) is an open subset of a (or 2) and has the f-d cap (or cap) in g( Y). By

Theorem 6.1 we have g ° h(X) and g(Y) n a (or g(Y) n 2) homeomorphic, which

is what we wished to prove.    □
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11. Extending homeomorphisms in a and 2-manifolds. The main result of this

section is Theorem 11.1 in which we establish a homeomorphism extension

theorem for a and 2-manifolds. Our strategy is to use techniques similar to those

used in §10 to transfer the problem to an F-manifold and then apply Theorem 2.24.

We will need a number of preliminary results. The first two of these follow

routinely from a close examination of Lavrent'ev's theorem on p. 335 of [16].

Lemma 11.1 Let X be a topological space, let Y be a topologically complete

metric space, and letf: A-> Y be a continuous function, where A <= X. Then there is a

G6-subset B of X such that A^B^A and an extension off to a continuous function

g:B^Y.

Lemma 11.2. Let X and Y be topologically complete metric spaces, let A be a

subset of X, andlet /: A -> Y be an embedding. IfB is a G ¿-subset ofXand g: B -> Y

is a continuous extension off, then there is a G ¿-subset B' of X such that A<=B'<=A

and g\B' is an embedding.

The proof of our next lemma is elementary.

Lemma 11.3. Let X be a metric space and let Y be a compact metric space. Then

the projection ttx is a closed map.

We now combine these results to show that we can extend homotopies.

Lemma 11.4. Let X be a topologically complete metric space and let A be a subset

of X. Let h: AxI-> Y, where Y is a topologically complete metric space, be a

homotopy such that A|^4x{0} and A|y4x{l} are embeddings. Then there is a G¿-

subset B of X such that A^B^A and an extension of h to a homotopy 77: 7? x 7 ->- Y

such that 77[7?x{0} and H\Bx{l} are embeddings.

Proof. Using Lemma 11.1 there is a Gô-subset C oí Xxl such that AxI<^C

cCl (A x I) (closure taken in Xx 7) and an extension of A to a continuous function

f-.C^Y. Using Lemma 11.3 we find that 7rx((Xx7)\C) = T> is an F0-subset of X.

Then Bx = X\D is a Gd-subset of X such that Bx x 7<= C, which means that

g=f\By x 7 is an extension of A.

Applying Lemma 11.2 to glByxlO} and g|7?!x{l} we find that there are G6-

subsets B2 and B3 of Xsuch that A <= 7?2c Bu A c Bs<= By, g\B2 x {0} is an embedding,

and g|7?3 x {0} is an embedding. Then put B = B2n B3 and H=g\B x 7 to fulfill the

conditions of the lemma.    □

If we examine the proof of Lemma 11.4 we can easily sharpen it.

Corollary 11.1. Using the notation of Lemma 11.4 let °U be an open cover of Y

such that for each x e A, h({x} x I) is contained in some member of<%. Then we can

construct H so that for each xs B, H({x] x I) is contained in some member of St (<%).

We are now ready to prove our main result.
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Theorem 11.1. Let X be al, (or a) -manifold, let % be an open cover ofX, let A be

a separable metric space, andlet f: Axl^ X be a homotopy such that f\A x {0} and

f\Ax{\) are embeddings, f(Ax{0}) and f(Ax {1}) are Z-set s in X and for each

x e A,f({x} x I) is contained in some member of°U. Then the induced homeomorphism

off (A x {0}) onto f (A x {1}) can be extended to a homeomorphism of X onto itself which

is limited by St28 (<¥).

Proof. Without loss of generality assume that X<=- Y, where Y is an F-manifold

and X is an (f-d) cap-set for Y. Moreover we can assume that for each U e^i, there

is an open subset Vv of Y such that Vvn X=U and Y=\J {Vv | t/ef}.

Let Z be a topologically complete metric space containing A and use Lemma

11.4 to get a Ga-subset B of Z such that A<=B^A and an extension of/to a homo-

topy /:5x7^ Y such that /|5x{0} and /|5x{l} are embeddings. Using

Corollary 11.1 we can additionally assume that for each xe B, /({x} x 7) is con-

tained in some member of St (f), where ir = {Vu\ Ue aU).

Now put F! = C1 (f(A x{0})) and F2 = C1 (f(Ax{l})), where the closure is taken

in Y, and note that Lemma 5.10 implies that F1 and F2 are Z-sets in Y.

Since YxB(Im) is a cap-set for Yxlm, there is a homeomorphism

Aa: Y^ Yx 7™ such that h¿X) = Yx 5(7°°). Using Theorem 7.2 there is a homeo-

morphism A2: Yxl™ ^ 7x7™ such that tt,« oh2°h1(F1 u F2) has infinite deficiency

and A2(Tx5(7c0))= Tx5(7°°). It is obvious that by adjusting one of the co-

ordinates in which n,« o h2 ° A^Fj u F2) is deficient we can get a homeomorphism

A3: Yxlx -> Yxlx such that A3 o h2 ° A^Fj u F2) n A2 ° A^Fj. u F2)= 0,

A3(7x5(7œ))= 7x5(7"), and A3 is limited by A2 o h^). Then A = (A2°A1)"1

° A3 o h2 o hx is a homeomorphism of y onto itself such that A(À') = X, h(F2) nFx= 0,

and A is limited by "V.

Using the construction of A2 we can easily get a homotopy F: Yxl-+ Y such

that for each xe Y, F(x, 0)=x, F(x, l) = h(x), and F({x}xl) is contained in some

member of "f". We can clearly use F to modify/ to a homotopy/2: 5x7^ F such

that/2|5x{0}=/1|5x{0},/2|5x{l} = Ao/1|5x{l}, and for each x e B, f2({x} x 7)

is contained in some member of St2 (ir).

Now let g1 be a homeomorphism of Tonto Yxlx such that it;»« gi(F¡_ u h(F2))

has infinite deficiency. Without loss of generality we may assume that

Ti o 7^«, og^Fi u A(F2))={0}. Now apply Theorem 2.24 to obtain a homeo-

morphism   g2   of   7x7"   onto   itself  such   that   t1o n,^ a g2o g1(F1u h(F2))

Using this fact we can easily get a homotopy G: Yxl^* Y such that for x e Y

and t e (0, 1), G(x, 0) = G(x, l)=x, G(x, t) $ Fx u A(F2), and G({x}xl) is contained

in some member of "f~. We can obviously use G to modify /2 to a homotopy

/3:5x7->Tsuchthat/3|5x{0}=/1|5x{0},/3|5x{l} = Ao/1|5x{l},/3(5x(0,l))

n (Fj u A(F2)) = 0, and for each xe B, /3({x} x I) is contained in some member

of St3 on.
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Put Ct =f3(B x {0}), which is a G¿-subset of F1; and C2=/3(7?x{l}), which is a

G,-subset of A(F2). Let F1\C1 = U"=i An and A(F2)\C2 = U"=i Bn, where each An

and each Bn is a closed subset of Y. It is then clear that (U"= i An) n (IJ"= i Bn) = 0

and for each n > 0, .<4„, 7?n are Z-sets in Y.

Let 1"= F\U"=i (An u 7?n), which is homeomorphic to Y by Theorem I of [4],

and let iT'={Fn Y' \ Ve-T}. We note that Cy and C2 are Z-sets in Y' and

f3(B x 7)<= y. If we let <p be the homeomorphism of Cy onto C2 induced by/3, then

there is a homotopy <î>: Cyxl-^ Y such that for each x e C1; <I>(x, 0) = x, <I>(x, 1)

=<p(x), and ^({x} x 7) is contained in some member of St3 (ir>).

Define q>y: Cy u C2-> Cy \J C2 by <py\Cy = <p and <pi|C2 = <p-1. Clearly there is a

homotopy Ot: (Ci u C2)x7^ 7 such that for each «Qu C2, «^(x, 0) = x,

í>i(x, l) = ip1(x), and <£1({x}x7) is contained in some member of St3 (ir>). More-

over, we note that «Pi((C! u C2) n X) = (Cy u C2) n X.

Since X\Ci u C2 is an (f-d) cap-set for Y', there is a homeomorphism tfiy of F'

onto itself such that 'p1(X\(C1 u C2)) = Xand 0! is limited by "V. Using Theorem

2.24 there is a homeomorphism </i2 of y onto itself which extends the homeo-

morphism <f)y°cpy° >¡'y1:>¡¡y(Cy u C2) -> >py(Cy u C2) and is limited by St24 (^')-

Using Theorem 6.1 there is a homeomorphism >¡>3 of y onto itself such that

</>3(<A2(X)) = X, «AsliAiiCj u C2) = id, and i/>3 is limited by "V. Then </-= ¡/-r1 o ̂

o </i2 o i/rj is a homeomorphism of y onto itself such that ¡/>(X) = X, if< extends <p,

and 0 is limited by St27 ("^')-

We note now that g=(A_1|X) o (</>|X) is a homeomorphism of X onto itself

which fulfills our requirements.    □

By examining the proof of Theorem 11.1 we can state a stronger result.

Corollary 11.2. Let the hypotheses be as in Theorem 11.1. Then there is an F-

manifold Z containing X and an open cover i^ofZ such that {V n X \ Kef"} = t

and for which the induced homeomorphism off(Ax{0}) onto f(Ax {I}) can be

extended to a homeomorphism ofZ onto itself which takes X onto itself and is limited

by St28 (IT).

If we apply Theorem 11.1 to a or 2 we can easily obtain the following homeo-

morphism extension theorem, where the homotopy takes place along straight line

segments joining each point to its image.

Corollary 11.3. Let X=a or 2, let Ky and K2 be Z-sets in X, let e>0 be given,

and let h be a homeomorphism of Ky onto K2 such that d(h, id) < e. Then A can be

extended to a homeomorphism H of X onto itself such that d(H, id) < 29e.

We remark that by exercising a bit more care the estimate St28 (<%) in Theorem

11.1 can be improved upon, however it does not seem worth the effort. In regard

to Corollary 11.3 it is possible to give a proof independent of Theorem 11.1 and

obtain the estimate 2e, where Theorem 11.1 would be replaced by the homeo-

morphism extension theorem announced by Barit [11].
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