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Abstract. The effect on a finite group G of imposing a condition 6 on its proper
subgroups has been studied by Schmidt, Iwasawa, Itd, Huppert, and others. In this
paper, the effect on G of imposing 8 on only the cofactor H/cor; H (or more generally,
the subcofactor Hjscorg H) of certain subgroups H of G is investigated, where
corg H (scorg H) is the largest G-normal (G-subnormal) subgroup of H. It is shown,
for example, that if (a) H/scor; H is p-nilpotent for all self-normalizing H <G, or if
(b) H/scorg H is p-nilpotent for all abnormal H<G and p is odd or the p-Sylows of
G are abelian, then in either case, G has a normal p-subgroup P for which G/P is
p-nilpotent. Results of this type are also derived for 8=nilpotent, nilpotent of class
=n, solvable of derived length =n, o-Sylow-towered, supersolvable. In some cases,
additional structure in G is obtained by imposing 6 not only on these ““worst” parts
of the “bad” subgroups of G (from the viewpoint of normality), but also on the
“good” subgroups, those which are normal in G or are close to being normal in that
their cofactors are small.

Finally, this approach is in a sense dualized by an investigation of the influence on
G of the outer cofactors of its subgroups. The consideration of nonnormal outer
cofactors is reduced to that of the usual cofactors. The study of normal outer co-
factors includes the notion of normal index of maximal subgroups, and it is proved,
for example, that G is p-solvable iff the normal index of each abnormal maximal
subgroup of G is a power of p or is prime to p.

There are a number of theorems which describe the effect on a finite group G of
a condition 8 imposed on its proper subgroups. For example, Schmidt [15] and
Iwasawa [12] have shown that if every proper subgroup of a finite group G is
nilpotent, then G is solvable, and among other things (see Theorem 2-A), if G
itself is nonnilpotent, then |G| =p°g® for distinct primes p and g, G has a normal
p-Sylow subgroup and cyclic g-Sylow subgroups. Huppert [10] and Doerk [5] have
obtained corresponding results for the case where the proper subgroups of G are
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supersolvable. Results are also known for the cases where the proper subgroups
are p-nilpotent, or abelian, or o-Sylow-towered.

Extensions of such results have been obtained by imposing 6 on only certain
subgroups of G. For example, Deskins [3] has shown that the finite group G is
solvable if it has a nilpotent maximal subgroup having Sylow subgroups of class
<2. Rose [14] has established: (1) If all the proper abnormal subgroups of G are
nilpotent, then G is solvable and has a normal Sylow subgroup P such that G/P
is nilpotent. (2) If all the proper self-normalizing subgroups of G are supersolvable,
then G is solvable.

As in these last two results, the chief concern here is with the effect on a finite
group G of a condition 6 imposed on the “bad” subgroups of G (from the view-
point of normality), namely, the self-normalizing, or the abnormal, subgroups.
However, we will not require that 6 be satisfied by these subgroups themselves,
but only by their “worst parts” (again from the viewpoint of normality or sub-
normality), that is, by their cofactors or subcofactors. In some cases, to obtain
more structure in G, we will impose 8 on the “good” subgroups of G also, those
which are normal in G, or are rather close to being normal in the sense that their
cofactors are quite small.

1. Preliminaries. For H a subgroup of a finite group G, the core of H in G,
corg H, is the largest G-normal subgroup of H; alternatively, corg H=(\yec¢ H*;
the subnormal core of H in G, scorg H, is the largest G-subnormal subgroup of H.
It is well known that for G finite, if L, and L, are subnormal in G, then so also is
{L,, Ly>; thus, scorg H is well defined for G finite.

LEMMA 1.1. For H a subgroup of the finite group G, scorg H is normal in H.

Proof. We have L=scor; H<<IG, say L<IN;<---<IN,=G. Let x be any element
of H; clearly, L*IN%<---<INf=G, hence L*<<]G. Thus, (L, L*) is subnormal
in G and is contained in H, hence is contained in scorg H=L so that L*=L.

For H a subgroup of the finite group G, the cofactor of H in G, denoted cof; H,
is defined as H/corg H; in view of Lemma 1.1, the subnormal cofactor of H in G,
scof; H, can be defined as H/scorg H.

All groups considered here are assumed to be finite. It might be mentioned,
however, that the definitions of corg H and cof; H are still legitimate in case G is
infinite. Also, it follows from Poincaré’s Lemma (see Theorems 1.1.10 and 3.3.5
in [16]) that if G has a proper subgroup K of finite index, then G/corg K is a finite
group. Using this allows one to apply the results given here to obtain information
about such infinite groups. For example, it follows from (i) of Lemma 1.3 (which
holds for all groups) and Theorem 2.6 that if G has a proper subgroup K of finite
index and if the proper normal subgroups of G as well as the cofactors of maximal
subgroups of G are nilpotent, then G is solvable and the conclusions of Theorem
2.6 hold for G/corg K.

It is obvious from the definitions for H<G, corg H<scorg H, so scofy H
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= H/scorg H is a homomorphic image of cof; H= H/corg H. It follows that any
result obtained from imposing a homomorphism-invariant condition 6 on the
subcofactors of subgroups of G will automatically hold if the cofactors of these
subgroups are 6-groups. Thus, wherever possible, we will impose conditions on
the subcofactors of subgroups as opposed to their cofactors.

In general, scorg H+#corg H; for example, if H is a subgroup of order 2 in
G = A,=the alternating group of degree 4, then cor; H=1 and scor; H=H. For
maximal subgroups, however, the core and subnormal core must coincide.

LemMA 1.2. If S is a maximal subgroup of the finite group G, then corg S=scorg S.

Proof. Let scorg SYN;$N;3---JN,=G. Since scorg S is the maximal G-
subnormal subgroup of S, N; ¢S since N,<\<IG. From Lemma 1.1, scorg S<S;
thus, since scorg S<IN,, we have scorg S<KN;, S>=G so that scorg S<corg S.
Since the reverse inclusion is obvious, the desired equality follows.

The next lemma is essential for induction arguments. It follows immediately
from the definitions and the isomorphism theorems.

LEMMA 1.3. Given G finite, K<|IG, and K< H<G. Then

(i) corgx (H/K)=cors H/K, and cofgx (H/K)~cof; H;

(ii) scorgx (H/K)=scorg H/K, and scofgx (H/K)~scof; H.

For 6 a group-theoretic property, Baer [1] defines the 6-commutator subgroup
of G, [G, 0], as N {K<G | G/K is a 6-group}. 0 is said to be strictly homomorphism-
invariant if (a) 6 is homomorphism-invariant; (b) 6 is subgroup-inherited; (c)
G/[G, 0] is a 6-group. In the presence of (a) and (b), condition (c) is equivalent to
(c") direct products of 6-groups are 6-groups. f=abelian, nilpotent, p-nilpotent,
supersolvable, solvable are obviously strictly homomorphism-invariant properties.

THEOREM 1-A. Let 8 be a strictly homomorphism-invariant property, and let G
be a finite group.

(i) (Baer) If 6-groups are nilpotent, then [G, 0] is nilpotent if and only if cofg S
is a 0-group for all maximal subgroups S of G.

(ii) (Baer) [G, 8] is nilpotent and G/[G, 0] is solvable if and only if cofg S is a
0-group for all maximal subgroups S of G and equicore maximal subgroups of G are
conjugate in G.

(iii) (Ore) For G solvable, equicore maximal subgroups of G are conjugate in G.

Using the Fitting subgroup of G, F(G)=the largest normal nilpotent subgroup
of G, we have the following immediate corollary.

COROLLARY 1.4. Let 0 be a strictly homomorphism-invariant property and let G
be a finite group.

(i) If 6-groups are nilpotent, then G/F(G) is a 6-group if and only if cof; S is a
O-group for all maximal subgroups S of G.

(ii) If G is solvable, then G|F(G) is a 6-group if and only if cof; S is a 0-group for
all maximal subgroups S of G.
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2. O=nilpotent. In this section we examine the influence on a group G of
nilpotent subcofactors of subgroups of G, and investigate what additional structure
is forced upon G if one then also requires that the proper normal subgroups be
nilpotent, and finally, that the nearly normal maximal subgroups be nilpotent.
The classic result in this direction is the following Schmidt-Iwasawa Theorem
([15], [12], Satz 5.2 of [9, p. 281)).

THEOREM 2-A. If all proper subgroups of the finite group G are nilpotent, but G
itself is nonnilpotent, then (i) |G| =p°q® for distinct primes p and q; (ii) G has a normal
p-Sylow subgroup P; (iii) ®(P)< Z(G), so P has class £2; (iv) exp P=p or exp P<4
according as p is odd or p=2; (v) each g-Sylow subgroup Q of G is cyclic and
(Q)<=Z(0).

In this same direction, Rose [14] has shown the following:

THEOREM 2-B. If all the proper abnormal subgroups of the finite group G are
nilpotent, then G has a normal Sylow subgroup P such that G/P is nilpotent.

Here a subgroup H is abnormal in G, denoted H ><G, if x € (H, H*) for each
x € G, or equivalently, if every subgroup K of G containing H is self-normalizing
in G (that is, No(K)=K) and H is not contained in two distinct conjugate subgroups
of G. For example,

(i) Ng(P)><G for every Sylow subgroup P of G.

(ii) If H><]G and H= K< G, then K><|G.

(iii) A maximal subgroup S of G is abnormal in G if and only if S is self-
normalizing in G if and only if S is nonnormal in G.

Since nilpotency is a strictly homomorphism-invariant property, we have the
following as an immediate consequence of Corollary 1.4.

THEOREM 2.1. For G a finite group, G/F(G) is nilpotent if and only if cof; S
= S/corg S is nilpotent for all maximal subgroups S of G. Alternatively, the Fitting
length of G, /(G), is at most 2 if and only if cof; S is nilpotent for all maximal sub-
groups S of G.

Here /(G) is the least integer n for which F,(G)=G, where 1 =Fy(G)<S F1(G)< - - -
is the ascending Fitting series of G defined by F, ,(G)/F(G)=F(G/F(G))=the
Fitting subgroup of G/F(G).

One would hope to obtain more structure in G by requiring that the cofactors
of maximal subgroups are all nilpotent of the same class. The following results
describe what can be said in this case.

LEMMA 2.2. Let T', denote the property “nilpotent of class <n”. Then

(i) For any group G, the T',-commutator subgroup [G, I',]=y,(G), where G=
yo(G) 2y1(G) 2 - - - is the descending central series of G.

(ii) T, is a strictly homomorphism-invariant property.
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Proof. (i)
[G, T,] = N{K<G | G/K is a T';-group}
= N{KLG | ya(G/K) = 1}
= N{KG | y-(G)K/K = 1}
= N{KG | yi(G)= K} = 7,(G).

(ii) I, is clearly homomorphism-invariant and subgroup-inherited. The fact that
G/[G, I';]) is a I';-group follows immediately from (i).

THEOREM 2.3. For G a finite group, the following are equivalent:
(i) G/F(G) is nilpotent of class <n.
(ii) cofs S=S/corg S is nilpotent of class <n for all maximal subgroups S of G.
(iii) y,.(G) is nilpotent.
(iv) v.(H)<IG for all subgroups H of G.
) yo(H)<IKG for all abnormal subgroups H of G.

Proof. The equivalence of (i) and (ii) is an immediate consequence of Lemma 2.2
and Corollary 1.4; (ii) — (iii) follows from Lemma 2.2 and Theorem 1-A.

(iii) — (iv). If H< G, then since y,(H)< y,(G) and y,(G) is nilpotent, y,(H)<I<
y(G)<G so that y,(H)<<G.

(iv) — (v) is trivial.

(v) — (ii). Let S be any maximal subgroup of G. Since cof; S=1 if SG, we
may assume S<ﬂG and thus S ><]G. Then since y,(S)<I<IG, we have, using Lemma
1.2, y.(S)<=scorg S=corg S. Thus cof; S=S/cor; S is a homomorphic image of
the I',-group S/y,(S) and hence is itself nilpotent of class <n.

In a similar way one can show that the property A,="solvable of derived length
<n” is a strictly homomorphism-invariant property and that [G, A,]=G™, where
G=GY2G"Y>- - is the derived series of G. This leads to the following:

THEOREM 2.4. For G a finite solvable group, the following are equivalent:
(i) G/F(G) has derived length <n.
(ii) cofg S=S/cor; S has derived length <n for all maximal subgroups S of G.
(iii) G™ is nilpotent.
(iv) H™KG for all subgroups H of G.
(v) H™G for all abnormal subgroups H of G.

Imposing the condition of nilpotence or nilpotence of class at most n on the
cofactors of the maximal subgroups of G is not sufficient to guarantee that G has
a normal Sylow subgroup; in particular, the conclusions of Theorems 2-A and 2-B
need not hold. In fact, it is not sufficient to require that the cofactors of all proper
subgroups be abelian. The following example shows this and can be verified in a
straightforward manner.

EXAMPLE 2.5. The group G=S;x A,, where S; is the symmetric group on 3 .
letters and A, is the alternating group of degree 4, has no normal Sylow subgroups,
but Hjcorg H is abelian for all proper subgroups H of G.
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If we now require that in addition to the cofactors of the maximal subgroups of
G being nilpotent, the proper normal subgroups of G also are nilpotent, we would
surely hope to find more structure in G. Although Example 2.8 shows that we
cannot recover all of the results of Schmidt, Iwasawa, and Rose, we do find the
structure of G is quite severely restricted. The following result spells out some of
this structure; here we will say that a subgroup H of G is nearly normal in G if
cof; H= Hjcorg H is trivial or of prime order, and that H is nearly subnormal in G
if scof; H= Hjscorg H is trivial or of prime order.

THEOREM 2.6. Let |G| =[1{-1 p¢', where the p; are distinct primes dividing |G|.
Suppose that cof S is nilpotent for all maximal subgroups S of G and that all proper
normal subgroups of G are nilpotent, but that G itself is nonnilpotent. Then G is
solvable and F(G) is the unique maximal normal subgroup of G. Moreover, for one of
the prime factors of |G|, say p,, the following hold:

(1) G is p,-nilpotent, that is, G has a normal p,-complement.

(2) G is non-p;-nilpotent for all i#r.

(3 [G:F(G)]=p:

(4) For all H<G, |scof; H|=1 or p,; in particular, all proper subgroups of G
are nearly subnormal in G, and all maximal subgroups are nearly normal in G.

(5) For each i#r, G has a normal pi-Sylow subgroup P;.

(6) For each i#r, P,=G’; thus G/G' is a p,-group.

(7) The prime p, divides d, =115L, (pi—1) for all i#r.

(8) Each p,-Sylow subgroup Q has G as its normal closure, that is, Q¢=G.

(9) For each i#r for which P; is abelian: (i) G has exactly p# distinct p;-comple-
ments; (1) Co(P;)=F(G), so G induces in P; a group of automorphisms of order p,;
(iii) the number of p,-Sylow subgroups of G is a multiple of p#.

(10) If P, is abelian for all i#r, then G has exactly |G|[p% distinct p,-Sylow
subgroups, each of which is abnormal in G, and which are the system normalizers
(= Carter subgroups) of G.

Proof. The solvability of G follows from Theorem 2.3; the fact that F(G) is the
unique maximal normal subgroup is trivial, since all proper normal subgroups of
G are nilpotent, hence are contained in F(G).

(3) is immediate, since maximal normal subgroups in a solvable group have
prime index; relabelling if necessary, we may take [G: F(G)]=p,.

(1) F(G) is nilpotent, hence p,-nilpotent. Its normal p,-complement T is charac-
teristic in F(G), thus is normal in G, and since [G:F(G)]=p,, T is a normal p,-
complement of G.

(4) Let H be any proper subgroup of G. If H< F(G), then by the nilpotence of
F(G), HJ<F(G)XG, and hence, scorgf H=H. So suppose H¢% F(G)=F. Then
HF=G, so |H N F|=|H| |F|/|HF|=(|H|/|G|)|G|/p)=|H|/p,. How H N FI
F<G which means that H N F<scorg H. Thus, since [H : H N Fl=p,, Hjscor¢ H
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has order 1 or p,. In particular, if S is a maximal subgroup of G, then since
scorg S=cor S, we have |S/cor; S| =1 or p, so that S is nearly normal in G.

(5) is immediate; for since [G:F(G)]=p,, the p-Sylow subgroups of F(G) for
i#r are p;-Sylow subgroups of G and are characteristic in F(G), hence are normal
in G.

(2) If for some i#r, G is p-nilpotent, say with normal p;-complement T;, then
T, being nilpotent, would have a characteristic p,-Sylow subgroup Q which would
then be a normal p,-Sylow subgroup of G. But this together with (5) would imply
that G is nilpotent.

(6) Letting G,,, be the smallest normal subgroup of G for which the factor group
is an abelian p;-group, we note first that G(,,=G for each i#r. If not, it would be
nilpotent by hypothesis, hence p;-nilpotent, and its characteristic p,-complement
would then be a normal p;-complement of G, in contradiction to (2). It now follows
from one of the basic transfer theorems (see [16, 13.5.2]) that 1 = G/G(,,~P,/P; N G’
so that P,= G’ for each i#r.

(7) Case 1. For some i#r, P; is not minimal normal in G.

Let M #1 be a normal subgroup of G properly contained in P,. Then G/M is not
pr-nilpotent; for if it were, say with normal p-complement 7/M, then T, being a
proper normal subgroup of G, would be nilpotent, hence p;-nilpotent, and its
characteristic p,-complement would then be a normal p,-complement of G in
contradiction to (2). Also, the other hypotheses hold for G/ M so that by induction,
for each i#r, p, divides d¥=[15, (pi—1), where |G/M|=[T1j-, p¥. Hence, p,
also divides d, =]'[3., (pi—1) for each i#r.

Case 2. a,>1.

Let Q be a p,-Sylow subgroup of G. From (4), |Q/cor; Q|=p,, so since a,> 1,
corg Q#1. Now, G/corg Q is non-p;-nilpotent for i#r; otherwise, if T/cor; Q were
a normal p;-complement, 7 would be a normal p;-complement of G in contradiction
to (2). Again, the other hypotheses hold for G/cor Q so that, by induction, since
all the p; divide |G/corg Q|, we have the result as in Case 1.

Case 3. a,=1 and, for all i#r, P; is minimal normal in G.

Then each P;, i#r, is elementary abelian so that |Aut (P)|= pit-d,,, where
e;=afa;—1)/2 and d,, is as in the theorem. Now from (9), which will be proved
independently, Cs(P;)=F(G) for i#r, so [G: C4(P;)]=p,. Thus, for i#r, p, divides
|Aut (P;)|, and hence divides d,,.

(8) is immediate, since if for some p,-Sylow subgroup Q, Q¢# G, then Q¢ would
be nilpotent by hypothesis, making Q<IG. But this together with (5) would
contradict the nonnilpotence of G.

(9) (i) is an immediate consequence of Theorem 3.4 to be proved later.

(i) If P is abelian for some i#r, then F(G) centralizes P; so that C¢(P;)= F(G)
or G, by the maximality of F(G). However, P;¢ Z(G); otherwise, P; would centralize
and hence normalize a p;-complement T; of G making T;</G, which contradicts (2).
Therefore, Cz(P;)= F(G).
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(iii) If Q is any p,-Sylow subgroup of G, then QW is a p-complement of G
containing Q, where W is the unique p;,-complement of F(G); thus,

(a) each p,-Sylow subgroup of G is contained in some p;-complement of G
for each i#r.

Also, if X and Y are two distinct p,-complements of G, then X N F(G)=W
=Y N FG), [X:W]=[Y:W]=p,, so XN Y=W; and since p* does not divide
|[W|=|X n Y|, it follows that

(b) no two distinct p,-complements of G have a p,-Sylow subgroup of G in
common.

Since G is solvable,

(c) any two p,-complements are conjugate in G and hence must contain the
same number, say u, of p,-Sylow subgroups of G.
Finally, from (i), we have that if P, is abelian,
(d) G has exactly p¢* distinct p;-complements.
Statements (a)-(d) imply that G has exactly up# distinct p,-Sylow subgroups, if
P; is abelian.

(10) If n=the number of p,-Sylow subgroups of G, then since P; is abelian for
all i#r, we have from (9(iii)) that p?|n for all i#r. Since n=1 (mod p,), it follows
that n=|G|/p%. Each p,-Sylow subgroup Q is abnormal in G since N¢(Q)><G,
and by what we have just shown, Ng(Q)= Q.

Since F(G) is nilpotent as is G/F(G), the Carter subgroups of G coincide with the
system normalizers. From (1) and (9(i)), it follows that G has |G|/p¥ distinct
Sylow systems, and hence has at most |G|/p# distinct system normalizers. But
from (9(iii)), each p,-Sylow subgroup is a Carter subgroup, hence a system normal-
izer; thus, since G has exactly |G|/p# p,-Sylow subgroups, these must be all the
system normalizers of G.

Statement (4) of the preceding theorem shows that if we extend the require-
ment of nilpotence to the nearly normal maximal subgroups of G, then all
maximal subgroups are nilpotent so that Theorem 2-A holds, giving the following
corollary.

COROLLARY 2.7. If the cofactors of all maximal subgroups of G are nilpotent as
are the nearly normal maximal subgroups of G, but G itself is nonnilpotent, then all
proper subgroups of G are nilpotent, and thus, the conclusions of Theorem 2-A hold
(as do those of Theorem 2.6).

The condition imposed in Theorem 2.6 that a nonnilpotent group have the
cofactors of its maximal subgroups and all its proper normal subgroups nilpotent
does not, in contrast to the Schmidt-Iwasawa Theorem, impose any bounds on
|m(G)|. Neither does it guarantee that G has a normal Sylow subgroup for which
the factor group is nilpotent, so Theorem 2-B cannot be recovered. In fact, it is
not even sufficient to require that the cofactors of all subgroups and the proper
normal subgroups be cyclic, as the following example shows.
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ExAMPLE 2.8. For all n= 3, there exists a nonnilpotent group G such that
(i) The cofactors of all subgroups of G and the proper normal subgroups of G
are cyclic.

(i) |G| is divisible by » distinct primes.

(iii) G has no normal Sylow subgroup P for which G/P is nilpotent.

Proof. Take any collection X={p,, ..., p,_,} of n—1 distinct odd primes, and
for each 7, let P,={x;> be cyclic of order p; and «, an automorphism of P; of order 2.
Let K=P, x - - - x P, _; and G the extension of K by the automorphism a=«, X - - -
X a,_3. Then G is not nilpotent; for otherwise, {«> would be normal in G, hence
would centralize K in contradiction to the fact that « has order 2. This group G
clearly satisfies (ii), so only (i) and (iii) require proof.

(i) Let H be any proper subgroup of G. If 21 |H|, then clearly H is cyclic.
Thus we may assume that 2| |H|. Then H is not normal in G. For suppose it is.
Since H#G, some p, does not divide |[H|, so P, N H=1. Also, the 2-Sylow sub-
groups of G are contained in H, in particular, « € H. Then [x;, o] =x; *ax,e is in H.
But since P,={x,) is characteristic in G, [x,, «] € P,. Thus [x,, @] € P, " H=1, which
implies that x{=x,, contradicting the fact that «,=«|p, has order 2. Therefore
H<i]G; and it is clear that corg H is the product of the P, for those p; dividing |H|.
Consequently, H/corg H is cyclic of order 2.

(iii) The P; are the normal Sylow subgroups of G. If for some i, G/P; were
nilpotent, then for a 2-Sylow subgroup T of G, we have TP,/P,<IG/P,, hence
TP<G, which contradicts the proof in (i) that if 2| |[H|, then H#]G.

3. 6=p-nilpotent. We now examine those finite groups G for which the cofactors
or subcofactors of certain subgroups are p-nilpotent, that is, they possess a normal
p-complement. As in the preceding section, we will later require that the proper
normal subgroups of G also be p-nilpotent to further delimit the structure of G,
and finally, that the somewhat normal subgroups be p-nilpotent. One of the major
results in this direction is the following, due to It6 [11] (also proved in [9, p. 434,
Satz 5.4]).

THEOREM 3-A. If all the proper subgroups of the finite group G are p-nilpotent,
but G itself is not, then all proper subgroups of G are nilpotent, and thus the conclusions
of Theorem 2-A hold.

Rose [14] has also established results in this direction:

THEOREM 3-B. (i) If every proper self-normalizing subgroup of G is p-nilpotent,
then G has a normal p-subgroup P, (which may be trivial) such that G/P, is p-nilpotent.

(ii) If every proper abnormal subgroup of G is p-nilpotent and either p is odd or
the p-Sylow subgroups of G are abelian, then the conclusion of (i) holds.

That the added conditions on p in (ii) cannot be omitted is shown by the following
example given by Rose in [14]:
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ExaMpPLE 3-C. Let H be the simple group of order 128 (H=PGL (3, 2)), and G
the split extension of H by the automorphism o of H defined by o: x — (x 1),
where y* denotes the transpose of the matrix y. Then every proper abnormal sub-
group of G is supersolvable, hence 2-nilpotent, but G is not solvable, hence not
2-solvable.

The results of Rose in Theorem 3-B can be extended by requiring that only the
subcofactors of the self-normalizing or abnormal subgroups be p-nilpotent. To
establish this, the following well-known results of Burnside (see [9, pp. 434, 419,
Hilfssatz 5.3, Hauptsatz 2.6]) and the lemma which follows are used.

THEOREM 3-D. (i) If the finite group G is not p-nilpotent, then G has a nontrivial
p-subgroup P, and an element x of order a power of q for some prime q+#p such that
x € Ng(P,) but x ¢ Co(Py).

(i) If G is a finite group with p-Sylow subgroup P< Z(Ny(P)), then G is p-nilpotent.

LemMa 3.1. Let 6 be a group-theoretic property such that products of normal
6-subgroups of a group are again 6-groups. If the finite group G has a nontrivial
subnormal 6-subgroup, then G has a nontrivial normal 0-subgroup.

Proof. Let K be a nontrivial 8-subgroup of G which is subnormal in G, say
K=Ky2K\3---3K,_13K,=G, where n is the minimal length of subnormal
chains from K to G. We use induction on n. The result is trivially true if n=1;
thus, suppose n> 1. By induction, K,_; has a nontrivial normal 6-subgroup; let
K* be the product of all such. Then K* is a nontrivial 8-group, is clearly character-
istic in K,,_,, and hence is normal in G.

For H a subgroup of a finite group G, the hypernormalizer of H in G, N (H),
is the subgroup in which the ascending chain H=H,JH,<|H,<- -, defined by
H;= Ny(H;_,), terminates.

THEOREM 3.2. If the subcofactor scof; H= H/scorg H of each proper self-normal-
izing subgroup H of G is p-nilpotent, then there exists a normal p-subgroup P, (which
may be trivial) such that G|P, is p-nilpotent. In particular, G is p-solvable of p-length
<2.

Proof. We use induction on |G|. We may assume that G is not p-nilpotent, since
the result is trivially true otherwise. It suffices to show that G has a nontrivial
normal p-subgroup P,. For then, using Lemma 1.3, we see that the hypotheses
hold for G= G/P,; hence, by induction, G has a normal p-subgroup P, =P, /P, such
that G/P, is p-nilpotent so that P, is a normal p-subgroup of G and G/P;~G/P,
is p-nilpotent.

If G is non-p-nilpotent, then by Theorem 3-D, G has a nontrivial p-subgroup P
and a p’-element x in Ng(P) which does not centralize P. Let N=Ng(P) be the
hypernormalizer of P in G. If N=G, then P<I<G so that from Lemma 3.1, G has
a nontrivial normal p-subgroup and the result follows.
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Thus suppose N#G. Then, by hypothesis, since N is self-normalizing in G,
N=N/scorg N is p-nilpotent. Let P=P(scorg N)/scorg N and %= x(scorg N). Since
x normalizes P, P<I(P, X>; and since (P, X> is p-nilpotent as a subgroup of N,
(X><KKP, %). Since x is a p’-element, it follows that (P, ¥)=P x (X, hence that
X centralizes P.

Since x ¢ Cy(P), there exists u € P such that [u, x]=u"'x"'ux#1. And since ¥
centralizes P, [u, x] € scorg N; also, [u, x] € P since x normalizes P. Thus 1+ [u, x]
€ P N scorg N; and since P<J<{N, we have P N scorg; N<<scors N<I<IG. Hence,
P N scorg N is a nontrivial subnormal p-subgroup of G so that from Lemma 3.1,
G has a nontrivial normal p-subgroup, as we wished to show.

That G is p-solvable of p-length <2 is immediate.

The Thompson subgroup J(P) of a p-group P is defined as in [7] by J(P)=
(A | AeH(P)), where /(P) is the collection of all abelian subgroups of P of
maximal order. We will use the fact that Z(P)< Z(J(P)) and the Glaubermann-
Thompson Theorem (see [7, p. 280, Theorem 3.1]):

THEOREM 3-E. Let P be a p-Sylow subgroup of the finite group G with p odd.
If No(Z(J(P))) is p-nilpotent, then so also is G.

THEOREM 3.3. If the subcofactor scof; H= H/scorg H of each proper abnormal
subgroup H of the finite group G is p-nilpotent and either p is odd or the p-Sylow
subgroups of G are abelian, then the conclusion of Theorem 3.2 holds.

Proof. As in the proof of Theorem 3.2, if G has a nontrivial normal p-subgroup,
the result follows by induction. So suppose G has no such subgroup, and thus by
Lemma 3.1, no nontrivial subnormal p-subgroup; we must show that G is p-
nilpotent.

Let P be a p-Sylow subgroup of G and consider first the case that P is abelian.
Then N=N(P) is a proper abnormal subgroup of G, since PG, so that by
hypothesis, N/scors N has a normal p-complement T/scorg N. Since P<|N, P N
scorg N<Jscorg N<I<IG. And since G has no nontrivial subnormal p-subgroup, this
means that P N scorg N=1, hence that scorg N is a p’-group, so T is a normal p-
complement of N. It follows that N=P x T, so T< Cg(P). Since P is abelian, we have
N=PxT< Cq(P), thatis, P< Z(N). Therefore, by Theorem 3-D, G is p-nilpotent.

Now consider the case that p is odd and let N=N(Z(J(P))), where J(P) is the
Thompson subgroup of P. Since Z(J(P)) is characteristic in P, Z(J(P))<INg(P) so
that Ng(P)< N. Now N ><|G since N4(P)><IG, and N+ G since G has no nontrivial
subnormal p-subgroups. Thus, N/scor, N is p-nilpotent by hypothesis.

Suppose P;=P N scorg N#1. Then P;<IP since scor; N<N, hence P, N Z(P)
#1. Since Z(P)=Z(J(P)), P,=P; N Z(J(P))#1. Now P,=Z(J(P)) N scorg N
<scorg N<IIG, since Z(J(P))<IN, so that P, is a nontrivial subnormal p-subgroup
of G, a contradiction. Consequently, P N scorg N=1, that is, scorg N is a p’-group.
From the p-nilpotence of N/scorg N, it follows as in the preceding case that N is
p-nilpotent, and thus, by the Glaubermann-Thompson Theorem, G is p-nilpotent.
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We have the following special cases of Theorems 3.2 and 3.3:

COROLLARY 3.4. If (a) H/scorg H is 2-nilpotent for each self-normalizing H< G,
or (b) Hjscorg H is 2-nilpotent for each abnormal H <G and the 2-Sylow subgroups
of G are abelian, then in either case, G is solvable and there exist normal subgroups
H, K of G such that H/K is isomorphic to a 2-complement of G.

Proof. From the theorems, there exists a normal 2-subgroup K of G such that
G/K has a normal 2-complement H/K, which is then isomorphic to a 2-complement
of G since K is a 2-group. Since H/K has odd order, it is solvable by the Feit-
Thompson Theorem; hence, G is solvable since K and G/H are 2-groups.

Example 2.5 shows that a non-p-nilpotent group having the cofactors of all its
subgroups p-nilpotent need not have a normal p-Sylow subgroup. This is no longer
the case, however, if we require that the proper normal subgroups also be p-
nilpotent. Before establishing this, we first prove the following result (already used
in the proof of Theorem 2.6).

THEOREM 3.5. Let G be a solvable non-p-nilpotent group having all proper normal
p-subgroups p-nilpotent, and let |G| =p°m with (p, m)=1. If G has an abelian normal
p-Sylow subgroup P, then G has exactly p* distinct p-complements.

Proof. Extend G=P>1 to a chief series G=Gy>---2G,=P>G, 122
Gn.n=1, and set P,=G,,,; for 0<i<n. Then for each i= 1, G/P; is not p-nilpotent.
For if K/P; were a normal p-complement of G/P, for some i 2 1, then since p| |G/Py|,
K is a proper normal subgroup of G, hence has a characteristic p-complement
T which is then easily seen to be a normal p-complement of G, making
G p-nilpotent.

Also, if (G/Py), is the smallest normal subgroup of G/P; for which the factor
group is an abelian p-group, then for each i 2 1, (G/P))(,,= G/P;. For if (G/P)(»,=L/P;
were properly contained in G/P;, then L, being a proper normal subgroup of G,
would be p-nilpotent. But then L/P; would also be p-nilpotent and its characteristic
p-complement would then be a normal p-complement of G/P,, contradicting what
we have just shown."

Now for each i= 1, let 7; be the transfer of G/P; into its abelian normal p-Sylow
subgroup P/P;. Then ker (7)=(G/P;),,, and 7(G/P))=(P/P;) N Z(G/P,). It follows
from what we have just shown that (P/P;) N Z(G/P;)=1 for all iz 1.

For each i2 1, therefore, since P;_, <P, we have (P;_,/P;) N Z(G/P;))=1, which
means that each of P/P,, P,/P,,...,P,_,/P, is an eccentric chief factor of G.
A result of P. Hall [8] states that, for a solvable group G, the number of p-com-
plements of G is equal to the product of the orders of the eccentric p-chief factors
of G. Thus the number of p-complements of G is [ 7=, | P;_1/P;|=|P|=p"

Although Example 2.8 shows that adding to the hypotheses of Theorems 3.2 or
3.3 the condition that the proper normal subgroups be p-nilpotent is not enough to
give Itd’s result, we do find some additional structure in G.
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THEOREM 3.5. Let G be a non-p-nilpotent group having all its proper normal sub-
groups p-nilpotent, and let |G| =p°m with (p, m)=1. Suppose also that the hypothesis
of Theorem 3.2 or of Theorem 3.3 holds. Then

(1) G has a normal p-Sylow subgroup P.

(2) PcG'.

(3) F,(G)=the largest normal p-nilpotent subgroup of G is the unique maximal
normal subgroup of G and G/F,(G) is a p’-group.

(4) For all proper normal subgroups K of G, ([G:K], d,)#1 where

4=T1w-D.

(5) If P is abelian, then Cy(P)=F,(G), and thus G induces a p'-group of auto-
morphisms in P.

(6) If G is solvable, then [G:F,(G)]=q for some prime q € n(G) dividing d,; if
also P is abelian, then G has exactly p® distinct p-complements.

Proof. Most of the conclusions are immediate. For (2), the proof of (6) of
Theorem 2.6 carries over with p;=p. (3) is trivial, since every. proper normal sub-
group of G must be contained in F,(G); in particular, P< F,(G). (6) will follow
from the fact that, in a solvable group, maximal normal subgroups have prime
index, together with (4) and Theorem 3.4.

(1) From Theorems 3.2 and 3.3, G has a normal p-subgroup P, such that G/P,
has a normal p-complement K/P,. If P, is not a p-Sylow subgroup of G, then K
would be a proper normal subgroup of G, hence p-nilpotent. But it is easily seen
that its characteristic p-complement would be a normal p-complement of G,
contradicting the non-p-nilpotence of G. Thus, G has a normal p-Sylow subgroup.

(4) Let G be a minimal counterexample. Then there exists LG with ([G:L], d,)
=1. Let F=F,(G). Then LCF from (3) so that [G:F]=n also is prime to d, as
well as to p. Suppose now that P is not minimal normal in G, and let the normal
subgroup M # 1 of G be properly contained in P. If G/M were p-nilpotent, say with
normal p-complement U/M, then U would be a proper normal subgroup of G,
hence p-nilpotent, and its characteristic p-complement would be a normal p-
complement of G. Thus, G/M is not p-nilpotent; and using Lemma 1.3, we see that
the other hypotheses hold for G/M. But F/M is a proper normal subgroup of G/M
and [G/M:F/M]=[G:F]=n is prime to d,, hence is prime to d¥=[1_, (p'—1),
where p° is the p-part of |G/M |. This means that G/M is a counterexample of order
less than |G|, contradicting the minimality of G. Therefore, P is minimal normal
n G, hence is elementary abelian so that |Aut (P)|=p®-d,, where e=a(a—1)/2.

Now, since P is abelian and P< F which is p-nilpotent, both P and the normal
p-complement T of F centralize P; thus F=P x T< C¢(P), from which it follows
that |G/Cy(P)| divides [G:F]=n, and so is prime to both p and d,. However,
|G/Ce(P)| must divide |Aut (P)|=p°-d,. Thus we have a contradiction, so no such
minimal counterexample can exist.
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(5) From the proof of (4), F,(G)< Cs(P); and from Theorem 3-D, P& Z(N(P))
=Z(G). Thus, by the maximality of F,(G), we have F,(G)= C¢(P).

If we call a subgroup H of G somewhat normal in G if cof; H=H/corg H is
cyclic of prime-power order, and extend the requirement of p-nilpotence from the
proper normal subgroups of G to the proper somewhat normal subgroups, then
we recover all of It6’s result.

THEOREM 3.6. Let G be a finite non-p-nilpotent group having all its proper somewhat
normal subgroups p-nilpotent. Suppose also that the hypothesis of Theorems 3.2 or 3.3
holds. Then

(i) |G|=p°q® for some prime q+p; in particular, G is solvable.
(ii) All proper subgroups of G are nilpotent.
(iii) The conclusions of Theorems 3-A and 3.5 hold.

Proof. (i) From Theorem 3.5, G has a normal p-Sylow subgroup P, and from
Theorem 3-D, G has an element x of order ¢° for some prime g #p, where x ¢ C(P).
Now P<corg (P{x)), so P{x)[corg (P{x)) is a homomorphic image of P{x)>/P
~{x), hence is cyclic of prime-power order. Thus P{x) is a somewhat normal
subgroup of G. If P{x)# G, then by hypothesis, P{x) is p-nilpotent, from which it
follows that P{x)=P x<{x>. But this implies that x centralizes P, a contradiction.
Therefore, G=P{x), so |G|=p°q®. The solvability of G now follows from the
well-known theorem of Burnside.

(i) Since P<JG and |G|=p%p®, G is g-nilpotent, and thus so also are all its
subgroups. In particular, the unique maximal normal subgroup F=F,(G) is both
p- and g-nilpotent, hence is nilpotent. Now let S be any maximal subgroup of G,
so S is g-nilpotent. Either S=F, in which case S is nilpotent, or SF=G. In this
last case, since F is nilpotent, S N FJIJFG so that S N F=scorg S=corg S;
also, |S N F|=|S| |F|/|G|=]|S|/g. Hence, S/cor S has order 1 or g, so S is some-
what normal (in fact, nearly normal) in G. By hypothesis, therefore, S is p-nilpotent,
and thus is nilpotent. This means that all maximal subgroups (and hence all
proper subgroups) of G are nilpotent.

(iii) now follows immediately from (ii).

We conclude this section with one result in which we again strengthen the
conditions imposed in Theorem 3.4. Since the p-nilpotence of a subgroup or of the
subcofactor of a subgroup provides no useful information in case it has order prime
to p, we might hope to obtain more structure in G if we impose some additional
condition on these. Although Example 2.8 shows that the conditions of the fol-
lowing theorem are not sufficient to give Itd’s result, we do obtain some additional
information about G.

We will call a finite group G (p:q)-nilpotent if (i) G is p-nilpotent; (i) g| |G| and
G is g-nilpotent in case p { |G| and |G| > 1.

THEOREM 3.7. Let G be a finite group and p a prime factor of |G| for which every
proper normal subgroup K is (p:qx)-nilpotent for some prime qx depending on K.
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Suppose also that the cofactor H/corg H of each proper subgroup H of G is (p:qy)-
nilpotent for some prime qy depending on H. Then
(i) G is solvable.
(ii) G has a normal Sylow subgroup.
(iii) If G is not p-nilpotent, then the conclusions of Theorem 3.4 hold; in particular,
G has a normal p-Sylow subgroup, and if P is abelian, then G has exactly p® distinct
p-complements where p® is the p-part of |G|.

Proof. Case 1. G is p-nilpotent.

Let |G|=TT;-, p#, where p, =p and the p; are distinct primes dividing |G|. We
may assume r> 1, since the result is trivially true otherwise. Then there exists
T,<G with [G:T,]=p%$, since G is p,-nilpotent. Since T; is a proper nontrivial
normal pj-subgroup, it is p;-nilpotent for some i=2, say for i=2. Thus there
exists T, characteristic in T3, hence normal in G, with [T;:7T,]=p%:. Continuing
gives a normal series of G, G=T,>T,>T,>--->T,=1, where for each i=1,
|T;_1/T;| =p?. It follows that G is solvable with a normal p,-Sylow subgroup T, _,.

Case 2. G is not p-nilpotent.

Then, by Theorem 3.4, G has a normal p-Sylow subgroup P so that (ii) holds.
We consider two subcases.

(a) Suppose P is not minimal normal in G. Let M#1 be a normal subgroup
of G properly contained in P. We show that the hypotheses hold for G/M. If
H/M < G/M, then cof; H= H/corg H is (p:qy)-nilpotent for some prime ¢y, and
thus cofg,, (H/M)~cof; H also is (p:qy)-nilpotent relative to this same prime gy,.
Clearly all proper normal subgroups of G/M are p-nilpotent. Now suppose K/M
is a proper nontrivial normal p’-subgroup of G/M. Then K is p-nilpotent by hypoth-
esis, say with characteristic p-complement 7. Then T is normal in G, and since M
is the p-Sylow subgroup of K, K=M xT. Since T#1 is a p’-subgroup, it is g-
nilpotent for some prime ¢ dividing |T|. Hence, since K/M~T, q divides |K/M |
and K/M is g-nilpotent.

The hypotheses thus hold for G/M, so by induction, G/M is solvable. Since M
is a p-group, G also is solvable.

(b) Suppose P is minimal normal in G. Then either there is a minimal normal
subgroup L of G distinct from P, or P is the unique minimal normal subgroup of G.

In the first case, L N P=1 so that L is a proper normal p’-subgroup of G, hence
is g-nilpotent for some prime ¢ dividing |L|; and since the normal g-complement
is characteristic in L, it follows from the minimality of L that L is a g-group. As
in (a), the conditions on the cofactors of subgroups of G/L are satisfied, and all
proper normal subgroups of G/L are p-nilpotent. Now let K/L be a nontrivial
proper normal p’-subgroup of G/L. Then by hypothesis, K is ¢;-nilpotent for some
prime ¢, dividing |K|, say with normal g;-complement U. Now, if g;| |K/L|, we
have exhibited a prime ¢, dividing |K/L| for which K/L is g,-nilpotent. So suppose
that g, does not divide |K/L|. This means that g, =q so that K=Ux L. Now Uis a
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nontrivial proper normal p’-subgroup of G, so it is g,-nilpotent for some prime ¢,
dividing |U|. Since K/L~ U, we have that g,| |K/L| and that K/L is g,-nilpotent.
We have thus shown that the hypotheses hold for G/L; by induction, therefore,
G/L is solvable, and hence, so is G.

There remains to consider only the possibility that P is the unique minimal
normal subgroup of G. By the Schur-Zassenhaus Theorem, P has a complement T
in G. Then if H is any subgroup of T (not necessarily proper), H is a proper p’-
subgroup of G; and by the uniqueness of P, we have cor; H=1 so that H=cof; H.
By hypothesis, therefore, each nontrivial subgroup H of 7, including T itself, is
gx-nilpotent for some prime g;; dividing | H| (where g5 depends on H). Arguing as
in Case 1 with G replaced by T, we find that T is solvable. Thus G/P~T is solvable,
from which it follows that G is solvable.

(iii) is immediate.

4. 6=supersolvable or o-Sylow-towered. In this section we examine the influence
on a group G of supersolvable subcofactors of certain subgroups of G, and more
generally, of o-Sylow-towered subcofactors. A finite group G is said to have a
o-Sylow-tower, where o=(p,, ..., p,) is some ordering of a set X={p,,..., pn}
of primes containing =(G), if there is a normal series of G, 1=K, =K, <--- <K,
=@, such that for each i=1, ..., m, Kj/K;_; is isomorphic to a p;-Sylow subgroup
of G (which may be trivial in case p 1 |G|). For example, if o is the natural descending
order of Z, then it is well known (see [7, p. 716, Satz 9.1]) that if G is supersolvable,
then G has a o-Sylow-tower.

The classic result in this direction is the following well-known theorem of
Huppert [9]:

THEOREM 4-A. If all the proper subgroups of the finite group G are supersolvable,
then G is solvable.

Doerk in [5] has extended this result by describing much of the structure of G.
Several of his results parallel those of the Schmidt-Iwasawa Theorem given in §3.
The following are extensions due to Rose [13], [14]:

THEOREM 4-B. Let G be a finite group and o a fixed ordering of a set  of primes
containing =(G).

(i) If (a) every proper self-normalizing subgroup H of G has a o-Sylow-tower, or
if (b) every proper abnormal subgroup H of G has a o-Sylow-tower and the 2-Sylow
subgroups of G are abelian, then in either case, G is solvable.

(ii) If every proper abnormal subgroup H of G is supersolvable and the abnormal
maximal subgroups of G have prime-power index, then G is solvable.

[Example 3-C shows the need for the additional condition in (ii) and in (i(b)).]

We will now show that it is sufficient to impose the conditions in these results
of Rose on only the subcofactors H/scors H. First, however, we establish a pre-
liminary lemma and theorem.
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LEMMA 4.1. For G a group, Fi(G")=G’ (that is, G’ has Fitting length <2) if and
only if G/Fy(G) is abelian.

Proof. Using the equality F(G')=F(G) N G’ and the normality of G’ and F(G),
we have the following chain of equivalences: F,(G')=G’' <> G'/F(G’) is nilpotent
> G'[F(G) N G’ is nilpotent <> G'F(G)/F(G) is nilpotent «» G'F(G)/F(G) is con-
tained in F(G/F(G))=Fy(G)/F(G) «> G’ < Fy(G) <> G/F,(G) is abelian.

THEOREM 4.2. Let G be a finite solvable group for which the cofactors of the
maximal subgroups are supersolvable. Then
(i) G/F(G) is supersolvable.
(ii) AG’)<2, that is, Fy(G')=G', or equivalently, G|Fy(G) is abelian.
(iii) A(G)<3, that is, F5(G)=G.

Proof. (i) follows immediately from Corollary 1.4(ii). For (ii), since G/F(G) is
supersolvable, its derived subgroup (G/F(G))' = G'F(G)/F(G) is nilpotent, hence so
is the isomorphic group G'/G’ N F(G), which is in turn equal to G’/F(G’). There-
fore, G'/F(G’) is nilpotent so that F,(G")=G". (iii) follows from (ii).

That m=2 and n=3 are the best possible integers for which G'=F,(G’) and
G=F,(G) in the preceding theorem is seen by taking G=S,. S, is solvable, the
cofactors of all proper subgroups of S, are supersolvable, the Fitting length of
Si=A, is 2, and the Fitting length of S, is 3.

Example 3-C shows that the solvability of G is needed in Theorem 4.2, that the
supersolvability of the cofactors of the maximal subgroups of G is not sufficient
to guarantee that G is solvable. The following extension of (a(i)) of Theorem 4-B
shows, however, that if we enlarge the class of subgroups which are to have super-
solvable cofactors (and more generally, o-Sylow-towered subcofactors) to the
collection of all self-normalizing subgroups of G, then G is solvable.

THEOREM 4.3. Let o be a fixed ordering of a set  of primes containing =(G). If
the subcofactor H|scor; H of each proper self-normalizing subgroup H of G has a
o-Sylow-tower, then G is solvable. Moreover, G/F(G) has a o-Sylow-tower.

Proof. We first show that G is solvable, using induction on |G|. If G is simple,
the solvability follows from Theorem 4-B, since in this case, every proper subgroup
has subnormal core=1 so that each proper self-normalizing subgroup is o-Sylow-
towered. Thus suppose G is not simple, and let M be a minimal normal subgroup
of G. Since n(G/M)<==(G)< X and the subcofactors of self-normalizing subgroups
of G/M are o-Sylow-towered by Lemma 1.3, G/M is solvable by induction.

We show now that the hypotheses hold for M. If H is any self-normalizing (in
M) subgroup of M, then N=NZ(H)=the hypernormalizer of H in G is a self-
normalizing subgroup of G. ME N, for otherwise HI<IM since H<<IN. Thus
N+ G so that N/scorg N is o-Sylow-towered by hypothesis, and hence so also is its
subgroup H(scorg N)/scorg N. Since H<I<IN, H N scorg N<scorg NG, so
H N scorg N is contained in scorg H, which in turn is easily seen to be contained
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in scor,, H. Theréfore, H/scor,, H, being a homomorphic image of H/H N scorg N
~ H(scorg N)/scorg N is o-Sylow-towered. Since n(M)<=w(G)< X, the hypotheses
hold for M so that by induction, M is solvable; and the solvability of G now
follows.

The fact that G/F(G) has a o-Sylow-tower is an immediate consequence of
Corollary 1.4(ii), since the property of being o-Sylow-towered is easily seen to be a
strictly homomorphism-invariant property.

We also have the following extension of (i(b)) of Theorem 4-B:

THEOREM 4.4. Let o=(p4,..., p,) be a fixed ordering of the set {p,,...,p,} of
primes containing 7(G). If the subcofactor H/scorg H of each proper abnormal sub-
group H of G has a a-Sylow-tower and the 2-Sylow subgroups of G are abelian,
then G is solvable, and G|F(G) has a o-Sylow-tower.

Proof. The last part follows as in the proof of Theorem 4.3, so only the solv-
ability of G requires proof. For this, suppose G is a minimal counterexample. If G
has a nontrivial solvable normal subgroup K, then by the minimality of G, G/K
would be solvable and the solvability of G would follow. Thus, G has no nontrivial
normal solvable subgroup, and so, from Lemma 3.1, no nontrivial subnormal
solvable subgroup.

Now consider a maximal segment of a o-Sylow-tower for G, that is, a normal
chain K,= K,,,;<---<K,=G such that there is no G-normal subgroup H of K,
for which K,/H is isomorphic to a p,-Sylow subgroup of G, and in case r<n.
Ki/K;_, is isomorphic to a p-Sylow subgroup of G for each i=r+1,..., n.
The first condition is clearly equivalent to saying that K is not p,-nilpotent. Since
G is not solvable, hence not o-Sylow-towered, we have r>0 so that K, #1.

Case 1. p,=2.

Let P be a 2-Sylow subgroup of K=K,, and thus a 2-Sylow subgroup of G
since 21 [G:K]. Then N=Ng(P)><IG and N+#G since G has no nontrivial normal
solvable subgroups. By hypothesis, therefore, N/scor; N has a o-Sylow-tower.
Since P<IN, P N scorg N<lscorg N<I<|G so that P N scorg N=1 since G has no
nontrivial subnormal solvable subgroups. This means that scors N has odd order,
hence is solvable by the Feit-Thompson Theorem, and thus scor; N=1 since G
has no subnormal solvable subgroups # 1. Consequently, N=N/scorz N has a
o-Sylow-tower, and thus so also does its subgroup Ng(P)=N N K.

Since p,,1,. .., p, do not divide |K]|, it follows that Ng(P) has a (py, ..., pr)-
Sylow-tower, in particular, Nx(P) has a normal p,-complement 7. And since P
and T are normal in Ng(P), Nx(P)=Px T so that T centralizes P. But P is abelian
by hypothesis, so P< Cy(P) also. It follows that P=Z(Nk(P)), and hence from
Theorem 3-E, that K=K, is p,-nilpotent, a contradiction.

Case 2. p, is odd.

As before, let P be a p,-Sylow subgroup of K=K, and thus a p,-Sylow subgroup
of G. Let J(P)=the Thompson subgroup of P, and N= N¢(Z(J(P))). Now Z(J(P))
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<INg(P) so Ng(P)<N, and since No(P)><IG, N is also abnormal in G. N#G
since G has no nontrivial normal solvable subgroups. By hypothesis, therefore,
Njscorg N is o-Sylow-towered, so its subgroup (Ng)(scorg N)/scorg N also is,
where Ny=Ny(Z(J(P))=Nn K. It follows that (Ny)(scorg N)/scors N is
p,-nilpotent, as in Case 1, hence so is Nx/Nx N scorg N.

Arguing as in the proof of Theorem 3.3, we find that if P, =P N scorg N is
nontrivial, then P,=P; N Z(J(P)) is a nontrivial subnormal subgroup of G, which
contradicts G having no subnormal solvable subgroups #1. Thus P N scorg N=1
so that scorg N is a pj-group, and hence so also is Ny N scorg N. Since
Ny/N¢ N scorg N is p,-nilpotent, this implies that N, = N (Z(J(P))) also is p,-nil-
potent. But then by the Glaubermann-Thompson result, we again have K=K,
is p,-nilpotent, a contradiction.

Each case, therefore, leads to a contradiction so that no such minimal counter-
example can exist.

The preceding two results give the following corollary.

COROLLARY 4.5. If (a) the subcofactor H/scorg H of each proper self-normalizing
subgroup H of G is supersolvable, or if (b) the subcofactor H/scor; H of each proper
abnormal subgroup H of G is supersolvable and the 2-Sylow subgroups of G are
abelian, then in either case, G is solvable. Moreover, G/F(G) is supersolvable and
G/Fy(G) is abelian; thus, /(G') <2 and /(G)<3.

Proof. The solvability of G follows from Theorems 4.3 and 4.4 and the comments
in the opening paragraph of this section. The last part follows by Theorem 4.2.

We can similarly extend Theorem 4-B(ii). For this we need the following lemma
given by Rose in [14].

LemMA 4-C. Suppose G is simple and that G=HK where H and K are proper
subgroups of G. Then cory (H N K)=corgy (HN K)=1.

Proof. One shows that for C=cory (H N K) (and similarly for cory (H N K)),
the normal closure of C=C¢<K, so by the simplicity of G, C¢=1, hence C=1.

THEOREM 4.6. If the subcofactor H/scorg H of each proper abnormal subgroup H
of G is supersolvable and the abnormal maximal subgroups of G have prime-power
index, then G is solvable. Moreover, G/F(G) is supersolvable and G|F(G) is abelian;
thus /(G')<2 and /(G) < 3.

Proof. The last statement follows as before, and only the solvability of G
requires proof. For this, we use induction on |G|. If G is simple, then all maximal
subgroups of G are abnormal in G and have subnormal core=1, so G is solvable
by Huppert’s theorem or by Theorem 4-B(ii). So suppose G is not simple, and let M
be a minimal normal subgroup. By induction, G/M is solvable; and if G has another
minimal normal subgroup M*# M, the solvability of G=G/M N M* follows.
We may assume, therefore, that M is the unique minimal normal subgroup of G,
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and we need only show that M is solvable. We suppose it is not, and work toward
a contradiction.

If M is not solvable, then M =M, x --- x M,, where the M, are isomorphic
simple nonabelian groups. M & ®(G) since M is not solvable, so there exist maximal
subgroups of G not containing M. By the uniqueness of M, we see that G has
maximal subgroups of core 1.

Suppose there is only one conjugacy class ¥ of such maximal subgroups of
core 1. By hypothesis, for some power p® of a prime p, [G:S]=p® for all Se&.
Since M¢ S for S €%, we see that p| |M|. Let P be a p-Sylow subgroup of M;
then 1#P, and P# M since M is not solvable. By the Frattini argument, G=
MNg(P); and by the minimality of M, Ng(P)#G so that Ng(P)<T for some
maximal subgroup T of G. Since G=MNy(P)=MT, we have MET, so corg T=1
by the uniqueness of M. It follows that Te€ % so that p*=[G:T]=[MT:T]=
[M:M N T], which contradicts the fact that P= M N Ng(P)< M N T. Therefore,
G has at least two distinct conjugacy classes of maximal subgroups of core 1.

Now let S be a maximal subgroup with corg S=scor; S=1, and let P be a p-
Sylow subgroup of S where p=max (7(S)). Then S>G so that S=.S/scor; S is
supersolvable by hypothesis; in particular, P<lS, hence S< Ng(P). Since G has no
nontrivial solvable normal subgroups, it follows that S=Ng(P); also, it is now
clear that P is a p-Sylow subgroup of G.

Thus, if S and T are maximal subgroups of G with core 1 and p=max ((S))
=max (m(T)), then S= Ng4(P) and T= Ny (P*) for some p-Sylow subgroups P and
P* of G. Since P and P* are conjugate in G, so are S and T. Therefore, if S is any
maximal subgroup of G with core 1 and p=max (=(S)), then the conjugacy class
of S is €(p)={Ns(P) | P a p-Sylow subgroup of G}.

If ¥(p,) and ¥(p,) are two such conjugacy classes with p, >p,, then p,=p
=max (7(G)). For if T e ¥€(p,), then p,=max (=(T)); and since p=p; > p,, this
implies that both p and p, divide [G:T], a contradiction unless p=p;.

Now let S € €(p,)=%(p) and T € €(p.). Then [G:T] is a power of pand p t |T|
so that T is a p-complement of G. Let ¢ | [G:S] and let U be a g-complement of S,
hence of G. (U exists since S=S/scorg S is supersolvable, hence solvable.) Then,
as Rose shows in [14], A=TN U N M is an abelian Hall {p, q}'-subgroup of G.
We include the argument here.

First, since M<\G, T N M and U N M are p- and g-complements respectively of
M, so for each i=1,..., k, T M, and U N M, are p- and g-complements of M;.
It follows that M;=(T N M)(U N M,); and since T N M; and U N M, are super-
solvable while M is not, these are proper subgroups of M;. Hence, by Lemma 4-C,
A;=T N U N M, contains no nontrivial normal subgroup of either T'N M; or
Un M,

Now, by straightforward computation, we see that 4, is a Hall {p, g}'-subgroup
of M, for each i; in particular, 4, is a g-complement of T N M; and a p-complement
of U N M,. Also, each A, is abelian. To see this, let P be a p-Sylow subgroup of
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U N M,. Since p=max (m«(U N M;)) and U N M, is supersolvable, P<U N M, so
that P< F(U N M,)=the Fitting subgroup of U N M,. If P#F(U N M,), then the
nontrivial characteristic p-complement of F(U N M) would be normal in U N M,
hence contained in the p-complement 4; of U N M,, which contradicts the fact
that 4; contains no nontrivial normal subgroup of U N M;. Thus P=F(U N M));
and since U N M, is supersolvable, (U N M;)' < F(U N M)=P, so (U N M,)/P~ A,
is abelian.

From this it follows that A=T N U N M is an abelian Hall {p, ¢}'-subgroup of
M. Now, g=max (m(T N M,)). For let ¢’ =max (=(T N M,)); since T N M, is super-
solvable, it has a normal ¢'-Sylow subgroup Q. Since the g-complement A4; of
T N M, contains no nontrivial normal subgroup of T N M;, Q& A;, from which it
follows that ¢'=q. Thus, g=max (#«(T N M,)); in particular, g5 min (=(M)), for
otherwise, T N M; would be a g-group making M, a {p, g}-group so that each M,
and hence M would be solvable.

We thus have that A4 is an abelian Hall {p, q}'-subgroup of M, and p>q>r
=min (7(M)). Let R be an r-Sylow subgroup of 4, hence of M; R is abelian. One
sees easily that since R=R* N M for some r-Sylow subgroup R* of G, Ng(R*)
S N4(R) so that Ng(R) is abnormal in G; and Ng(R)#G by the minimality of M.
By hypothesis, therefore, for N=N(R), N/scor N is supersolvable, hence so also
is its subgroup (Ny)(scorg N)/scorg N, where Ny=Nyu,(R)=M N N. Since r=
min (m(M)), we see that N, /N, N scorg N~ (Ny)(scorg N)/scorg N, being super-
solvable, has a normal r-complement L/N,, N scorg N.

Since R<IN=Ng(R), we have R N scorg N<lscor; N<<IG; and because G has
no normal solvable subgroups #1, and thus no nontrivial subnormal solvable
subgroups by Lemma 3.1, R N scorg N=1. This means that scorg N is an r’-group,
so Ny N scorg N also is, making L a normal r-complement of N, =Ny(R). It
follows that N,(R)= R x L so that L centralizes R; and since R is abelian, we have
RS Z(Ny(R)). However, by Theorem 3-E, this implies that M is r-nilpotent and
thus has a proper characteristic subgroup, which contradicts the minimality of M.

Consequently, M is solvable; and the result now follows.

An attempt to find more structure in a nonsupersolvable group G, structure of
the kind given by Doerk in [5], by requiring that the proper normal (or nearly
normal, etc.) subgroups also be supersolvable does not seem to be as successful as
for nilpotence and p-nilpotence in §§2 and 3. There are some things one can say,
among which is the following:

THEOREM 4.7. Let G be a finite nonsupersolvable group having all proper normal
subgroups supersolvable. Suppose also that the hypotheses of Corollary 4.5 or of
Theorem 4.6 hold. Then, in addition to the conclusions of these results, G has a normal
p-Sylow subgroup for p the least or the largest prime factor of |G|.

Proof. Let p=min (7(G)). Then the proper normal subgroups and subcofactors
of the self-normalizing (or abnormal) subgroups of G, being supersolvable, are
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p-nilpotent. If G is not p-nilpotent, then by the results in §3, G has a normal p-
Sylow subgroup. On the other hand, if G is p-nilpotent, say with normal p-comple-
ment 7T, then T is supersolvable by hypothesis. Thus, if g=max (7(G))=max (=(T)),
then T has a characteristic g-Sylow subgroup which is then a normal g-Sylow
subgroup of G.

S. A dual approach. For H a proper subgroup of a finite group G, cors H was
defined as the maximal G-normal subgroup of H. We have been considering the
effect on G of conditions imposed on H/corg H (or H/scorg H), where H ranges
over a class of proper subgroups of G. Now, one might hope to “dualize” this
approach by considering for H< G, those subgroups which are outside H, or at
least not contained in H, and which are in some sense minimal with respect to the
normal structure of G. This is the thrust of the remaining three sections.

Following basically the ideas suggested by Deskins in [4], we define for H a
proper subgroup of the finite group G, the collection Ox(H) to be the family of
subgroups C of G which satisfy the following two conditions: (i) C£ H; (ii) each
proper G-normal subgroup of C is contained in H. Note that if C e Oz(H) and
C<G, then C is minimal with respect to being normal in G and not contained in H;
thus, in a sense, we have dualized the notion of the core of H.

In this “outer family” 0s(H), we single out the following subcollections:

(1) Oao(H)={C e O(H) | C<IG};

(2) O45(H)={C € Os(H) | CG};

(3) Onmyc(H)={C € O44(H) | C is self-normalizing in G};

4) 0 4¢(H)={C € 04c(H) | C is abnormal in G}.

LeMMA 5.1. Let H be a proper subgroup of the finite group G, C € O,(H), and D

the maximal G-normal proper subgroup of C. Then
(i) D=cor; (C N H).

(ii) If C<G, then D=cors (C N H)=C N corg H.

(i) If C4G, then D=cor (C N H)=cor; C.

Proof. (i) Since D is normal in G and is properly contained in C, we have DS H,
so D= C N H, and hence D<corg (C N H). On the other hand, corg (C N H) is
properly contained in C since C N H#C, so that by the maximality of D,
corg (Cn H)< D.

(ii) For C@, since C N corg H is a normal subgroup of G contained in C N H,
we have C N corg H=corg (C N H). But corg (CN H)Y=CnN H=C; and since
corg (C N H)is normal in G and is contained in C N HS H, we have corg (C N H)
Scorg H, from which it follows that corg (C N H)< C N corg H.

(iii) Since C N H= C, the inclusion corg (C N H)<corg C is immediate. And
since C<1]G, corg C is properly contained in C so that corg C< H, hence corg C
<= C N H so that corg C<corg (C N H).

For H a proper subgroup of the finite group G, we define the following outer
cofactors of H. If C e Oy(H), we call C/corg (C N H) an outer cofactor of H in G.
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More specifically, for Ce Oqe(H), we call C/corg (CN H)=C/CncorgH a
normal outer cofactor of H. If C e Oqq(H), we will say that C/corg (C N H)=
C/cor¢ C is a nonnormal outer cofactor of H; in particular, if C € O,,,c(H), C/corg C
is a self-normalizing outer cofactor of H, and if C € 0-«s(H), C/corg C is an
abnormal outer cofactor of H.

6. Influence on G of the nonnormal outer cofactors of subgroups. In this section
we investigate the properties of a finite group G which arise from conditions
imposed on the self-normalizing (or the abnormal) outer cofactors of maximal
subgroups of G. One such result is given by Deskins in [4]; with the terminology
and notation of the preceding section, it can be stated as follows:

THEOREM 6-A. If the finite group G contains a maximal subgroup S which is
supersolvable, and if for each C €04(S) with C<tIG or CN S=1, Clcors (CNS)
is supersolvable, then G is solvable.

We now establish two general theorems from which results parallel to those in
§§2, 3, and 4 are immediate corollaries. In these two theorems, we assume that the
trivial group is always a 6-group, and hence, in particular, that 6-groups do exist.

THEOREM 6.1. Let 8 be a subgroup-inherited homomorphism-invariant property.
If the finite group G has a maximal subgroup S such that S and its (1) nonnormal
[or (2) self-normalizing, or (3) abnormal] outer cofactors are 0-groups, then cof; H=
Hcorg H is a 0-group for all (1) nonnormal [or (2) self-normalizing, or (3) abnormal)
proper subgroups H of G.

Proof. Let H be any proper (k)-subgroup of G, where k=1, 2, or 3 [that is,
(k) denotes any one of the three properties (1) nonnormal, (2) self-normalizing, or
(3) abnormal]. If H< S, then trivially H/corg H is a 6-group. So suppose HE S.
If corg HE S, then H is an element of 044(S), Orya(S), or € «(S) according as
k=1, 2, or 3 so that, by hypothesis, H/cor; H is a 6-group. If corg HE S, then
S(corg H)=G, G/corg H=S(corg H)/corg; H~S/S N corg H is a 6-group, hence
so also is its subgroup H/corg H.

Note. The proof shows that if S and its (k)-outer cofactors C/cor; C with C a
maximal subgroup of G are f-groups, then H/corg H is a 6-group for all (k)-
maximal subgroups of G.

The following results are now immediate consequences of this theorem (or the
above note), Lemma 5.1, and the corresponding results of §§2, 3, and 4. Part
(b(vi)) strengthens Theorem 6-A by removing the condition “or C N S#1” and
requiring supersolvability of C/cor; (C N S) for only the self-normalizing C in
04(S), and by giving information about the Fitting lengths of G’ and G. These
results also show that there is nothing especially significant about the condition of
supersolvability imposed in Theorem 6-A, but that it can be replaced by a variety
of other conditions.
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COROLLARY 6.2. Suppose the finite group G has a maximal subgroup S for which
one of the following nine conditions holds:
(a) S and all its abnormal outer cofactors T/corg T (with T a maximal subgroup of
G) are
(i) nilpotent.
(ii) nilpotent of class <n.
(iii) solvable of derived length <n.
(b) S and all its self-normalizing outer cofactors are
(iv) p-nilpotent.
(v) o-Sylow-towered for o some fixed ordering of a set T of primes containing
=(G).
(vi) supersolvable.
(c) S and all its abnormal outer cofactors are
(vii) p-nilpotent, and either p is odd or the p-Sylow subgroups of G are abelian.
(viii) o-Sylow-towered as in (b(v)), and the 2-Sylow subgroups of G are abelian.
(ix) supersolvable, and either the 2-Sylow subgroups of G are abelian or the
abnormal maximal subgroups of G all have prime-power index.
Then, in the respective cases, the following hold:
(a) (i) G is solvable with G/F(G) nilpotent.
(ii) G is solvable with G|F(G) nilpotent of class <n (and the other results of
Theorem 2.3 hold).
(iii) If G is solvable, then G|F(G) has derived length <n (and the other results
of Theorem 2.4 hold).
(b) (iv) G has a normal p-subgroup G/P, (which may be trivial) such that G/P, is
p-nilpotent; in particular, G is p-solvable of p-length <2.
(v) G is solvable with G/F(G) o-Sylow-towered.
(vi) G is solvable with G| F(G) supersolvable and G|Fx(G) abelian; thus /(G') <2
and /(G)<3.
(c) (vii) Same as (b(iv)).
(viii) Same as (b(v)).
(ix) Same as (b(vi)).

THEOREM 6.3. Let 0 be a subgroup-inherited homomorphism-invariant property.
Then, the following are equivalent:
(a) For all abnormal maximal subgroups S of G, the (1) self-normalizing [or
(2) abnormal] outer cofactors of S are 6-groups.
(b) H/corg H is a 0-group for all (1) self-normalizing [or (2) abnormal] proper
subgroups H of G.

Proof. (b) — (a) is immediate. For (a) — (b), suppose this to be false, and let G
be a minimal counterexample. Then there is some proper (k)-subgroup H#1 of G
such that Hjcorg H is not a 8-group, where k=1 or 2.

Suppose first that corg H=1. Then H¢ I'(G)=the intersection of all abnormal
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maximal subgroups of G; for by a result of Gaschiitz in [6], I'(G) is a normal nil-
potent subgroup of G, so if H=I'(G), then HIII'(G)G, contradicting the fact
that H is a (k)-subgroup of G. Thus H¢I'(G), and there exists an abnormal
maximal subgroup S of G not containing H. Since corg H=1< S, H belongs to
Oinya(S) or Osqe(S) according as k=1 or 2, so that H/corg H is a 6-group by
hypothesis. This, however, contradicts the choice of H.

Suppose now that corg H# 1, and consider G=G/corg H. We show that (a)
holds for G. For this, let S=.S/cors H be any abnormal maximal subgroup of G,
and let C= C/corg H be any element of 0,,,5(S) or O~«4(5), according as k=1 or 2.
Then S is an abnormal maximal subgroup of G, and C is a (k)-subgroup of G;
also, C¢ S since C¢ S. By Lemma 1.3, corg (C)=corg C/corg H; and corg (C)=S
by the definition of an outer cofactor of S. It follows that corg C< S so that C
belongs to Oy ,,,¢(S) or 0-«4(S). By hypothesis, therefore, C/cor; C is a 6-group,
and hence so also is C/corg (C)~C/corg G (by Lemma 1.3).

Since (a) thus holds for G and |G| <|G|, it follows from the minimality of G
that (b) holds for G. In particular, H= H/corg H is a proper (k)-subgroup of G
and corg (H)=1 so that H= H/cor; (H) is a f-group. This, however, again contra-
dicts the choice of H.

We conclude, therefore, that no such group G can exist, and the result follows.

Note. An obvious modification of this proof shows that the following also are
equivalent: (a") For all abnormal maximal subgroups S of G, the (k)-outer cofactors
T/core T of S with T a maximal subgroup of G are 6-groups. (b’) H/corg H is a
6-group for all (k)-maximal subgroups H of G.

Corresponding to Corollary 6.2, we have the following results as direct con-
sequences of the preceding theorem (or the above note), Lemma 5.1, and the
corresponding results in §§2, 3, and 4.

COROLLARY 6.4. Suppose that for each abnormal maximal subgroup S of the
finite group G, one of the following nine conditions holds:
(a) The abnormal outer cofactors T/corg T of S (with T a maximal subgroup of G) are
(i) nilpotent.
(ii) nilpotent of class =n.
(iii) solvable of derived length < n.
(b) The self-normalizing outer cofactors of S are
(iv) p-nilpotent.
(V) o-Sylow-toweredfor o some fixed ordering of a set Z of primes containing m(G).
(vi) supersolvable.
(c) The abnormal outer cofactors of S are
(vii) p-nilpotent, and either p is odd or the p-Sylow subgroups of G are abelian.
(viii) o-Sylow-towered as in (b(v)), and the 2-Sylow subgroups of G are abelian.
(ix) supersolvable, and either the 2-Sylow subgroups of G are abelian or the
abnormal maximal subgroups of G all have prime-power index.
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Then, in the respective cases, the conclusions (a(i)) through (c(ix)) of Corollary 6.2
hold.

7. Influence on G of the normal outer cofactors of subgroups. We consider now
the normal outer cofactors of the maximal subgroups of a finite group G and
investigate what effect properties imposed on these will have on G. Suchan approach
is suggested by Deskins in [4]. As mentioned there, while every maximal subgroup
of a finite solvable group has prime-power index, the converse is not true, as the
simple group of order 168 shows. Deskins then defines the normal index of a
maximal subgroup; it is precisely this that must be of prime-power for the group
to be solvable.

For a maximal subgroup S of G, 0«4(S) consists of all those subgroups H<G
which satisfy: (1) HS=G, (2) HG, and (3) LS=S for all proper G-normal sub-
groups L of H. The normal outer cofactors of S are the groups H/corg (H N S)
=H/H N corg S with H € O44(S). Using this terminology and notation, we can
state the theorem of Deskins, the first part of which makes possible the definition
of normal index, as follows:

THEOREM 7-A. Let S be a maximal subgroup of the finite group G. Then
(i) All the normal outer cofactors of S have the same order.
(ii) If [G:S]=a power of a prime, then there exists a unique H in Ogq(S).

The normal index of a maximal subgroup S, n(G:S), can then be defined as the
order of any normal outer cofactor of S.

The following theorem extends (i) of Theorem 7-A and also shows that if we
impose a condition on one of the normal outer cofactors of a maximal subgroup
S, then, in fact, we are imposing it on all of them.

THEOREM 7.1. Let S be a maximal subgroup of the finite group G. Then all the
normal outer cofactors of S are isomorphic.

Proof. Suppose H and X are distinct elements of 0«4(S); we are to show that
H/H N corg S~ K/K N corg S.

Case 1. corg S=1.

In this case, H and K are minimal normal in G. For if L<G with Lg H, then
since H € 044(S), we have L= S, and hence, LScorg S=1. Similarly, K properly
contains no nontrivial normal subgroup of G. It follows that A and K centralize
each other.

Also, HN S=K N S=1. For since HG, HN SIS so that SSNy(H N S).
Now, K centralizes H N S since it centralizes H, so KS N (H N S) also. Conse-
sequently, G=KS<NyH N S), that is, HN S<IG. But since corg S=1, this
means that A N S=1. In the same way, KN S=1.

Now from Dedekind’s law, H(HK N S)=HKN HS=HK N G=HK, and
K(HK N S)=HK also. It follows that H=H/H N K~ HK/K=K(KH N S)/K
~ HK N S, and similarly, K~ HK N S. Thus, H/H N corg S= H~K=K/K N corg S.
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Case 2. corg S#1.

Consider G=GJcorg S, and let S, H, and K be the images of S, H, and K respec-
tively in G. Then H and K belong to O«4(S). For suppose L=L/cor S is a normal
subgroup of G properly contained in H; then H N L is a proper G-normal subgroup
of H e 044(S), so that H N L=< S, hence H N LS H N corg S. But obviously, the
reverse inclusion holds, so H N L=H ncor;S. It follows that |H||L|/|HL|
=|H N L|=|H N corg S|=|H]| |corg S|/|H cors S|; and since HL=H(L corg S)
=(H corg S)L=H corg S, we have |L|=|corg S|, thus L=1. This shows that
H e 044(5); similarly, K € 044(S).

Now, since corz (S) =1, it follows from Case 1 that H~ K. Therefore, H/H N corg S
~H~K~K/K N corg S.

THEOREM 7.2. Let S be a maximal subgroup of the finite group G. Then

(i) The normal outer cofactors of S are p-solvable if and only if n(G:S) is a power
of p or is prime to p.

(i) The normal outer cofactors of S are solvable if and only if n(G:S) is a power
of a prime. In this case, n(G:S)=[G:S].

Proof. (i) Suppose first that the normal outer cofactors of S are p-solvable, and
let H € Oq¢(S). As in the proof of the preceding theorem, H= H(corg S)/corg S
belongs to Oqy(S), where G=G/corg S and S=S/cor; S; and since corg (S)=1,
H is minimal normal in G. By hypothesis, H/H N corg S is p-solvable, hence so
also is H~ H/H N corg S. Thus n(G:S)=|H/H N corg S|=|H| is either a power
of p or is prime to p. The converse is an immediate consequence of the definition
of n(G:S).

(ii) The equivalence of the two statements follows from (i) and the fact that a
finite group is solvable if and only if it is p-solvable for all primes p dividing its
order. For the second part, let H € Oqg(S) with H/H N corg S solvable. For G,
S, and H as above, H is minimal normal in G and is isomorphic to H/H N corg S
which is solvable, hence H is elementary abelian. Now H N §<§ since H<G,
and H N S<H since H is abelian; thus, H N S<HS=G. But corg (5)=1 so that
H N §=1. Therefore, [G:S]=[G:S]=[HS:S]=|H|=|H/H N cor; S|=n(G:S).

The following lemma will prove useful in induction arguments.

LemMMA 7.3. Let M be a normal subgroup of the finite group G, and let S/M be a
maximal subgroup of G/M. Then each normal outer cofactor of S|M is isomorphic
to every normal outer cofactor of S.

Proof. Let G=G/M, S=S/M, and let K/K N corg (S) be a normal outer cofactor
of S, where K=K/M. Then S is a maximal subgroup of G, K<|G, and K¢ S. It
follows that L< K for some L € Oq¢(S).

Now, ML=K. For ML<K so that Aﬁ=ML/M§K/M= ; also ML<G and
ML § since L¢ S. Thus, since K € 0q(S), we have ML=K, hence, ML=K.
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Since M<corg S, it follows that

L/L N corg S ~ L(corg S)/corg S = LM(corg S)/corg S = K(corg S)/corg S
~ K/KNcorg S;

and from Lemmas 5.1 and 1.3, we have

K/K N corg S = K/corg (KN S)
~ (K/M)/(corg (KN S)/M) = K/corg (KN S) = K/K N corg (S).

Therefore, the normal outer cofactor K/K N corg (S) of S§=S/M is isomorphic to
the normal outer cofactor L/L N corg S of S, and hence, by Theorem 7.1, to
every normal outer cofactor of S.

In [4], Deskins states the following equivalences:

THEOREM 7-B. For G a finite group, the following are equivalent:
(i) G is solvable.
(ii) Each maximal subgroup of G has prime-power normal index.
(iii) The index and normal index are equal for each maximal subgroup of G.

Beidleman and Spencer in [2] extend the equivalence of (i) and (iii), and also
establish some additional results as given in the following theorem:

THEOREM 7-C. (a) The finite group G is p-solvable if and only if (n(G:S)),=
[G: S, for each maximal subgroup S of G, where k,, denotes the p-part of the integer k.
(b) If G has a solvable maximal subgroup with prime-power normal index, then G

is solvable.
(©) If G has a solvable maximal subgroup S with n(G:S)=[G: S, then G is solvable.

The following theorem gives some additional equivalences to the p-solvability
of G and provides extensions of (i) «<» (ii) in Theorem 7-B and of (b) of Theorem
7-C, plus a slight extension of (a) of Theorem 7-C.

THEOREM 7.4. For G a finite group, the following are equivalent .
(i) G is p-solvable.

(ii) G has a maximal subgroup S such that S and its normal outer cofactors are
p-solvable.

(iii) G has a p-solvable maximal subgroup S with n(G:S) a power of p or prime
to p.

(iv) For each abnormal maximal subgroup S of G, the normal outer cofactors of S
are p-solvable.

(v) For each abnormal maximal subgroup S of G, n(G:S) is a power of p or is
prime to p.

(vi) For each abnormal maximal subgroup S of G, (n(G:S)),=[G:S],.

[Note. As the proof will show, the word ““abnormal” can be omitted in any of
(iv) through (vi).]
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Proof. The equivalence of (ii) and (iii) as well as that of (iv) and (v) is immediate
from Theorem 7.2.

(i) <> (ii). Since (i) — (ii) is obvious, only the converse requires proof. For this,
let S be a p-solvable maximal subgroup of G with p-solvable normal outer cofactor
K/K N corg S. We use induction on |G|, and consider two cases.

Case 1. KN corg S=1.

In this case, K is minimal normal in G; for if the normal subgroup L of G is
properly contained in K, then since K€ 0q¢(S), it follows that LK N S, and
thus Lccorg (KN S)=K N corg S=1. Now, K=K/K N corg S is p-solvable; and
since KS=G, we have G/K= KS/K~ S/S N K is p-solvable by the p-solvability of S,
so the p-solvability of G follows.

Case 2. KN corg S#1.

Let M be a minimal normal subgroup of G contained in K N corg S. From the
solvability of S, M is p-solvable. Now, S/M is a p-solvable maximal subgroup of
G/M, and by Lemma 7.3, the normal outer cofactors of S/M are p-solvable. By
induction, therefore, G/M is p-solvable, and the p-solvability of G follows.

(i) &> (iv). Only (iv) — (i) requires proof, since the converse is obvious. For this,
if G is simple, then every maximal subgroup of G is abnormal in G. Let S be any
such, and let H € 0q4(S). Then H£ S, HG, and G simple imply that H=G,
50 Oq(S)={G}. Therefore, since corg S=1, G=G/G N corg S is p-solvable.

So suppose that G is not simple, and let M be a minimal normal subgroup. Then
M is p-solvable. For if M<I'(G)=the intersection of all abnormal maximal sub-
groups of G, then since I'(G) is nilpotent (Gaschiitz [6]), M is nilpotent, hence
p-solvable. If MET(G), then there is some abnormal maximal subgroup S not
containing M; then M € 0qy(S) so that M=M/M N corg S is p-solvable by
hypothesis.

Now consider G/M. If S/M is any abnormal maximal subgroup of G/M, then S
is an abnormal maximal subgroup of G, hence has p-solvable normal outer co-
factors. By Lemma 7.3, the normal outer cofactors of S/M are also p-solvable.
Thus, the hypotheses hold for G/M so that, by induction, G/M is p-solvable. The
p-solvability of G now follows.

(i) <> (vi). The implication (i) — (vi) is a consequence of the Beidleman-Spencer
theorem (Theorem 7-C). For the converse, if G is simple, then each maximal sub-
group of G is abnormal, so the p-solvability of G follows from this same result.
So suppose G is not simple, and let M be a minimal normal subgroup. Using
Lemma 7.3, we have by induction that G/M is p-solvable. If G has a minimal
normal subgroup M*# M, then G/M* also is p-solvable, and the p-solvability of
G=G/M N M* follows.

So assume that M is the unique minimal normal subgroup of G; we need only
show that M is p-solvable. If M < ®(G), this is immediate; so suppose there exist
maximal subgroups not containing M. Let S be any such; by the uniqueness of M,
S is abnormal in G. We may assume that p| |M|. Now, n(G:S)=|M]|, so, by
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hypothesis, [G:S],=(n(G:S)),=|M|, so that p|[G:S]. Thus M < ¢,(G)=the inter-
section of all maximal subgroups of G with [G:S] prime to p. By a result of Deskins
in [4], ¢,(G) is solvable, so M is solvable.

In the following theorem, most of the equivalences are immediate corollaries of
Theorem 7.4; the equivalence of (i) and (iv) is part (c) of Theorem 7-C, and is
included here for completeness.

THEOREM 7.5. For G a finite group, the following are equivalent:
(i) G is solvable.
(ii) G has a maximal subgroup S such that S and its normal outer cofactors are
solvable.
(iii) G has a solvable maximal subgroup S with n(G:S) a power of a prime.
(iv) G has a solvable maximal subgroup S with n(G:S)=[G:S].
(v) For each abnormal maximal subgroup S of G, the normal outer cofactors of
S are solvable.
(vi) For each abnormal maximal subgroup S of G, n(G:S) is a power of a prime.
(vii) For each abnormal maximal subgroup S of G, n(G:S)=[G:S].
(viii) For each abnormal maximal subgroup S of G, K N S is normal in G for all
K€ 044(S).
(ix) For each abnormal maximal subgroup S of G, K N S is subnormal in G for
all K e 044(S).

[Note. As in Theorem 7.4, the word “abnormal” can be omitted in any of
(v)-(ix).]

Proof. The equivalence of (i), (ii), (iii), (v), (vi), and (vii) is immediate from
Theorem 7.4 and the fact that a finite group is solvable if and only if it is p-solvable
for all primes p dividing its order. The equivalence of (i) and (iv) is the result of
Beidleman and Spencer (part (c) of Theorem 7-C).

(vii) <> (viii). Let S be a maximal subgroup of G and K € O044(S). If K N SG,
then K N corg S=corg (KN S)=K N S, thus

n(G:S) = |K/KNncorg S| =[K: KN S] = [KS:S] = [G:S].
For the converse, this argument is reversible. For if n(G:S)=[G:S], then
|K/K N corg S| = [G:S] = [KS:S]=[K: KN S];
thus since K N corg SS K N S, we have, using Lemma 5.1, that

KNS =KncorgS = corg (KN S),
so K n S<G.

(viii) «» (ix). We show first that if T is any subgroup of G and H € Oqy(T),
then scorg (H N T)=H N scorg T. For this, since H<G and scorg 7<<G, we
have H N scorg T<I<IG, hence H N scorg T<scorg (H N T). On the other hand,
since scorg (H N T) is contained in T and is subnormal in G, it must be contained
in scorg T'; consequently, scorg (H N T)< H N scorg T.
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Now let S be a maximal subgroup of G and let K € O4¢(S). From the above and
Lemma 1.2, scorg (KN S)=K N scorg S=K N corg S=corg (KN S). Thus, since
KN SIKG if and only if scorg (KN S)=KN S, it follows that K N SIIG if
and only if K N S=cor; (K N S) which is equivalent to K N S being normal in G.

Our last two results extend the following theorem of Deskins in [4]:

THEOREM 7-D. The intersection of those maximal subgroups S of the finite group
G with n(G:S) divisible by two distinct primes is the largest normal solvable subgroup
of G (the intersection of an empty collection of subgroups being understood, as usual,
to be all of G).

THEOREM 7.6. Let p be a prime dividing |G|, R,(G)=the largest normal p-solvable
subgroup of G, and let M, (G)=the collection of maximal subgroups S of G with
n(G:S) divisible by both p and some prime distinct from p, or equivalently, those
maximal subgroups S with non-p-solvable normal outer cofactors. Then

R,(G) = N{S| Se (G} = N{SeM(G)| S <G}

Proof. Letting T,(G)= {S | S € #,(G)}, and T}(G)= " {S € #,(G) | $><IG},
we show (i) R,(G)=T,(G), and then (ii) R,(G)=TXG).

(i) We note first that every p-solvable minimal normal subgroup M of G (which
is thus either a p-group or a p’-group) is contained in T,(G). For suppose M & T,(G)
for such an M; then there exists S e .#,(G) with ME S, so M&Ecorg S. Now,
M e 044(S), so n(G:S)=|M/M N corg S|=|M]|; hence, |M| is divisible by both
p and some prime #p, which contradicts M being p-solvable and minimal normal
in G.

It follows then that if T,,(G)=1, then R,(G)=1 also. We may assume, therefore,
that T,(G)#1. Now, T,(G)<G. For from the definition 0qg(S) for S a maximal
subgroup of G, if x € G then H € 044(S) if and only if H € 044(S*); thus, n(G:S)
=n(G:S5%) so that S € 4,(G) if and only if S* € #,(G).

Let M be a minimal normal subgroup of G contained in T,(G). We show first
that M is p-solvable, hence is either a p-group or a p’-group and is contained in
R,(G). For suppose M is not p-solvable. Then M & I'(G), so there exists an abnormal
maximal subgroup S of G not containing M. Then M € O4¢(S) and n(G:S)=|M|.
Since M is not p-solvable, there exists a prime g+ p such that both p and g divide
[M|. Then both p and ¢ divide n(G:S)=|M]|, so S e #,(G); and since MES,
this means that M'¢& T,(G), a contradiction.

Now, R,(G/M)=R,(G)/M. For clearly, R,(G)/M<R,(G/M); and if R(G)/M
=K/M, then K<G and K is p-solvable from the p-solvability of K/M and M, so
K< R,(G), hence, R,(G/M)=K/M< R,(G)/M.

Also, we have T,(G/M)=T,(G)/M. For by Lemma 7.3, if S/M is a maximal
subgroup of G/M, then n(G/M:S/M)=n(G:S); and since M= T,(G), M< S for all
S € M(G). It follows that S € #,(G) if and only if S/M € M, (G/M). Thus #,(G/M)
={S/M | S € M(G)}, s0 TH(G/M)= N\ {SIM | Se M(G)}=[N{S| S € #,G)})IM
=T,(G)/M.
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Now, by induction, R,(G/M)=T,(G/M); therefore, by what we have just shown,
R,(G)=T,(G).

(if) Obviously, T,(G)=TX¥(G); thus, if THG)=1, then T,(G)=1, so from (i),
we have TH(G)= R,(G)=1. So suppose TF(G)# 1. T}(G) is normal in G; for from
the proof of (i), if x € G, then S € 4,(G) if and only if S* € #,(G), and clearly,
S™G if and only if $*><IG.

Let M be a minimal normal subgroup of G contained in T}(G). From (i),
R,(G/M)=R,(G)/M. Also, we have THG/M)=T}(G)/M. For letting #F(G) be
the collection {S € #,(G) | S-<IG}, we have from the proof of (i) that .#Z3(G/M)
is the collection {S/M | S/M <IG/M and S € #,(G)}; and since S/M is an abnormal
maximal subgroup of G/M if and only if S is an abnormal maximal subgroup of G
containing M, we have #/}(G/M)={S/M | S € #}¥(G) and M= S}. But M= T}(G),
hence M< S for all S'e £}G), so M¥G/M)={S/M | S € A¥G)}. It now follows
that TX(G/M)=T}G)/M.

By induction, R,(G/M)=T}#(G/M); thus, by what we have just shown, R,(G)
=TXG).

COROLLARY 7.7. Let R(G) be the largest normal solvable subgroup of G, and
M(G)=the collection of all maximal subgroups S of G with n(G:S) divisible by two
distinct primes, or equivalently, those maximal subgroups with nonsolvable normal
outer cofactors. Then R(G)=\{S | S€ A (G)}=N {Se A(G) | $><G}.

Proof. Let m(G)={p,, ..., pn}. From the fact that a finite group is solvable if
and only if it is p-solvable for all primes p dividing its order, it follows that R(G)
=1 R, (G), where R, (G) is the largest normal p;-solvable subgroup of G. Now,
for each i=1,..., m, if #,(G)={S;|j=1,...,n} is the collection of maximal
subgroups with normal index divisible by poth p; and some prime #p;, then from
Theorem 7.6 we obtain R(G)=N; R, (D=1 N1 Sy=N1{S | S e A(G)}.
In a similar manner, R(G)= {S € #(G) | S ><IG}.
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