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MAPPINGS ONTO THE PLANE
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DIX H. PETTEY

Abstract. In this paper, we show that if X is a connected, locally connected,
locally compact topological space and fis a 1-1 mapping of X onto EZ2, then fis a
homeomorphism. Using this result, we obtain theorems concerning the compactness
of certain mappings onto EZ2.

1. Introduction. Consider a 1-1 mapping f of a topological space X onto E™
(Euclidean n-space).

In [11], V. V. Proizvolov claimed to have proved that if X is connected, locally
compact, and paracompact then f must be a homeomorphism. Later [12], he used
this result to show that if X is connected, locally connected, and locally compact
then fis a homeomorphism. There was, however, an error in the proof given in
[11], and examples have been given by Kenneth Whyburn [20] and L. C. Glaser
[71, [8], and [9] which show that neither of the above theorems is valid when n2 3.

It is known (see [11, p. 1194] and [17, p. 1428]) that if n=1 and X is either locally
connected or locally peripherally compact then f is a homeomorphism. (A topo-
logical space is said to be locally peripherally compact if for each point x of the
space and each open neighborhood U of x there is an open neighborhood V of x
with compact boundary such that V= U.)

The question as to whether either of Proizvolov’s claimed theorems is true if
n=2 has received considerable attention, and partial answers have been obtained
by Glaser [7], Edwin Duda [3], R. F. Dickman, Jr. [1] and [2], and this author [10].
In [2], Dickman showed that if n=2 and X is a locally connected generalized
continuum having no local separating point, then f is a homeomorphism (see §2
for definitions of local separating point and generalized continuum). In the present
paper (§4) we make use of Dickman’s result to show that the second of the above
stated theorems of Proizvolov is valid when n=2, i.e., if X is a connected, locally
connected, locally compact topological space and fis a 1-1 mapping of X onto
E? then fis a homeomorphism.

ReMARK 1. To prove the above mentioned result in [2], Dickman first showed
that if X is a locally connected generalized continuum with no local separating
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point and if there is a 1-1 mapping of X onto E2 then X must be a 2-manifold with
boundary. It then follows from Theorem 5.1 of [10] that every 1-1 mapping of X
onto E2is a homeomorphism. The first part of the proof may be shortened some-
what by using a theorem proved by Gail S. Young in [21]. If we observe that every
simple closed curve in X must separate X, then [21, Theorem 1.1, p. 979] implies
immediately that X is a 2-manifold with boundary.

REMARK 2. As the following example shows, it is not possible to obtain a
theorem for the 2-dimensional case as strong as either of the above mentioned
theorems which hold when n=1. Let X be the subset of the complex plane consisting
of all numbers with positive imaginary parts, all negative irrational real numbers,
and all nonnegative rational real numbers. Let f be defined as follows: for each
z€ X, f(z)=z2 Then X is a connected, locally connected, locally peripherally
compact metric space and f'is a 1-1 nontopological mapping of X onto the complex
plane.

2. Basic concepts and notation. By a mapping we will mean a continuous
function. A mapping f of a topological space X into a topological space Y is said
to be closed if for each closed set H in X, f(H) is closed in Y (or, equivalently, for
each y € Y and each open set U in X with f~!(y)< U, there is an open set Vin Y
such that y € ¥V and f~Y(V)< U). We say that f is monotone if each point of Y has
a compact connected inverse image in X. If each compact set in Y has a compact
inverse image in X, then f'is said to be compact.

Let £ be a mapping of a metric space X into itself, and let ¢ be a positive number.
We say that fis an e-mapping if for each x € X, p(x, f(x))<e.

By a disc, we will mean a closed 2-cell.

A subset of a topological space will be called conditionally compact if its closure
in the space is compact.

A generalized continuum is a connected, locally compact metric space. It follows
from [13, Corollary, p. 111] that such a space is always separable. If X is a locally
connected generalized continuum, then every connected open set in X is arcwise
connected [16, 5.3, p. 33].

A point x of a locally connected topological space X is called a local separating
point of X if for some connected open set U in X, x separates U.

For the definition of order of a point in a topological space, see [16, p. 48] or
[18, p. 35].

Let X be a locally connected generalized continuum. A collection € of ordered
triples (V, p, q) will be called a C-collection for X provided that (1) € is countable,
(2) for each (¥, p,q) € %, V is a connected open set in X and {p, g}< V, and (3) if
U is a connected open set in X and for some x € X, U’ and U” are distinct compo-
nents of U—x, then there is a member (V, p,q) of € such that V<U, pe U’,
andge U".

For definitions and general concepts pertaining to inverse systems (sometimes
called inverse spectrums), the reader is referred to [5, pp. 427-434] or [6, pp. 215-
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220]. In this paper we shall be concerned only with inverse systems of topological
spaces over the positive integers. If {(X,, u7> is such a system, X,, will denote the
inverse limit space and, for each n, u, will denote the projection mapping of X,
into X,. If <X,, u> and <{Y,, #7> are inverse systems of topological spaces over
the positive integers and {f,> is a mapping of {X,, u™> into Y, 7>, then f,, will
denote the mapping from X, into Y, induced by {f,>.

3. Preliminary theorems. The theorems of this section, many of which are
well-known results, will be used in proving the results of §4.

THEOREM 3.1. Let X and Y be topological spaces and f a mapping of X into Y.
If f is closed and has compact point inverses, then f is compact. (See [17, p. 1426] or
[19, Corollary 2, p. 690].)

THEOREM 3.2. If X is a topological space, Y is a metric space, and f is a compact
mapping of X into Y, then f is a closed mapping. (See [19, p. 690].)

THEOREM 3.3. If X is a topological space and Y a locally compact topological
space, and if there exists a compact mapping of X into Y, then X is locally compact.

Proof. Suppose x is a point of X. Let fbe a compact mapping of X onto ¥, and
let ¥ be a conditionally compact open set in Y with f(x) € V. Then f~%(¥) is a
closed and compact set in X. Since f~*(V)<f~Y(¥V), this implies that f~1(V) is
conditionally compact in X. Hence, for each point x of X there is a conditionally
compact open set containing x, i.e., X is locally compact.

THEOREM 3.4. If <{X,, uy> is an inverse system of Hausdorff spaces over the
positive integers and if for each n (n=1,2,3,...) ut** is a compact mapping, then
each p, is a compact mapping.

Proof. Let K be a compact set in X, and consider the inverse system <K, 6}>
where, for each i, Ki=(u;*)~*(K) and, for each i and j2i, 6]=pu21{|K,. We have
an inverse system of compact Hausdorff spaces, and therefore [6, Theorem 3.6,
p. 217], K, is compact. But K, is homeomorphic to (u,)~*(K), so we conclude
that (u,) ~(K) is a compact set.

THEOREM 3.5. Let X and Y be topological spaces and f a closed monotone mapping
of X onto Y. Then for each connected set H in Y, f~*(H) is connected in X. (For
proof, see [17, p. 1427].)

THEOREM 3.6. Suppose that {X,, um> is an inverse system of metric spaces over
the positive integers and that, for each n, p3*' is a closed monotone mapping of
X, .1 onto X,. Then, for each n and each connected set H in X,, (u,)"(H) is a
connected set in X .

Proof. By Theorem 3.1, each of the mappings ut** is compact. Hence, it follows
from Theorem 3.4 that each pu, is a compact mapping.
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Let x be a point of X, and assume that (u,) ~(x) is not connected. Then, since
pa is compact, (u,) ~1(x) is the union of two disjoint nonempty compact sets K and
K'. It follows from [6, Lemma 3.12, p. 218] that there exist finite open coverings
% and %' of K and K’, respectively, such that (1) no member of % intersects K’
and no member of %’ intersects K, and (2) for each U e % U %' there is a positive
integer i and an open set V in X; such that U=(w;)~%(V). Since % U %’ is finite,
it follows that for some m=n there exist finite collections ¥~ and #”’ of open sets
in X, such that #={(u,)"*(V) | Ve?} and %' ={(un)~*(V) | V€¥"}. Then ¥
covers p,(K) and ¥~ covers u,(K"). Now since no member of % intersects K’, no
member of ¥~ intersects u,(K'). Similarly, no member of ¥ intersects pn,(K).
Therefore, p,(K) U un(K’) is not connected. But u,, is a mapping of X, onto X,
(see [6, p. 216]), and therefore pn(K) U pn(K')=(u")~*(x). Since Theorem 3.5
implies that (u) ~(x) is connected, we have a contradiction.

Hence, for each »n and each x € X, (u,) " !(x) is compact and connected, i.e., uy
is a monotone mapping. Since p, is closed (Theorem 3.2), it now follows from
Theorem 3.5 that, for each connected set H in X,, (u,) ~*(H) is connected.

THEOREM 3.7. Suppose that {X,, u2> is an inverse system of metric spaces over
the positive integers, that each X, is locally connected, and that each pt** is a closed
monotone mapping of X, ., onto X,. Then X is locally connected. (This result
follows immediately from [6, Lemma 3.12, p. 218] and Theorem 3.6.)

THEOREM 3.8. Suppose that Y is a complete metric space and that ey, €, ¢, . . .
is a sequence of positive numbers such that >, e, <00. Suppose, furthermore, that
{Y,, $2> is an inverse system of metric spaces over the positive integers such that for
eachn (n=1,2,3,...)

(1) Y.=%,

(2) 421 is an e,-mapping, and

(3) for y, ze Y and for each positive integer i<n, p(¢7(y), $¥(2)) < 1/n whenever

P(y’ Z)<3 Z;o=n 5.
Then the inverse limit space Y, is homeomorphic to Y.

Proof. Since, for each n, ¢2*! is an e,-mapping of Y into Y, and since
&1, €3, €3, . . . 1S @ summable sequence, it follows that each element of Y, is a Cauchy
sequence in Y. For each {y,> € Y, let F({y,>) denote the point of ¥ to which
{yn> converges. We will now show that F is a homeomorphism of Y, onto Y.

(i) F is continuous.

Proof of (i). Let <y,> € Y, and let y denote the point F({y,>). Suppose that V'
is an open set in Y with y € V. Then we can choose a positive number § such that
N(y, 28)<V (where N(y,28)={z | p(y, z) <28}) and a positive integer m such that
Dieme;<0. Let V'=(¢,)"2(N(y, 8)). Then V' is an open set in Y. Since

©

P(ys ym) < z &g < 3,

j=m
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we have y,, € N(», 8) and, consequently, {y,> € V'. If {z,> is a point of V', then
(¥, z,) < 8; therefore, letting z= F({z,>), we have

p(3,2) S p(P, Zn) + plzms 2) < 8+ D &5 < 28,

j=m
which implies that z € V. We conclude, then, that F(¥’)< V. Thus, F is continuous
at {yn)-

(ii) Fis a 1-1 mapping.

Proof of (ii). Let {y,> and <z,> be distinct points of Y.,. Choose a positive
integer k such that y,#z,, and then choose a positive integer m such that m=k
and p(yy, zx)>1/m. Since y,=¢2(y,) and z,=¢7(z,), we have (using our hy-
pothesis), p(¥m,» Zn) = 3 D> m &;. For each positive integer i = m, then, we have

p(Vi 20+ p(Vis Y+ P20 Zm) Z (Vs Zm) Z 3 D 2y,
j=m

and since each of the distances p(y;, ¥,,) and p(z;, z,) is less than > 2 , ¢, this means
that p(;, z;))> > 2 n ;. Hence, the two sequences <{y,> and {z,> cannot converge
to the same point of Y, i.e., FKy))# F({z,)).

(iii) F takes Y, onto Y.

Proof of (iii). Let y be a point of Y. For each ordered pair (m, n) of positive
integers, let ym = pmaxim.ni(y)

We assert that, for each n, {y">>., is a Cauchy sequence. For suppose that
e>0. Let k be an integer such that k=n and 1/k<e. Then if m and r are
positive integers such that m=rz=k, we have

[ 0

PV, ¥) = p@Br(¥), ¥) < D & < 32, e

j=r

which implies (because of our hypothesis) that

p(¥7, ¥3) = p($n(¥7), $2(»)) < 1/r = 1/k < e.

Thus, {y™>2_, is a Cauchy sequence and must converge to some point of Y.

For each positive integer n, let y,=lim,,., . y7. Since yg=¢%*(ym, ;) whenever
m and n are positive integers and m>n, it follows from the continuity of the
¢n+Lg that each y, is the image, under ¢2+2, of y,.,. Therefore, {y,> € Y.

We now have left to show that <y,> converges to y in Y. Suppose that £>0.
Choose a positive integer k such that X2, ¢, <e/2. If n=k then, letting m be an
integer such that m>n and p(y3, y,) <¢/2, we have

p(Wns ¥) £ p(V7, yu)+ (7, ¥) = p(V7, yu)+p(@5(¥), ¥)

ef2+ i g =< &2+ i g < e
i=k

j=n

A

Hence, {y,)> converges to y.
(iv) F~1 is continuous.
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Proof of (iv).A Suppose that y € Y, and let (y,>=F ~(y). Let W be an open set
in Y, such that {y,> € W. It follows from [6, Lemma 3.12, p. 218] that there is a
positive integer m and an open set W,, in Y, such that

> € @) H(Wn) = W.
Choose an integer k= m such that N(y,, 1/k)= W, and let =32 ¢,.
Now suppose that z € N(y, 8). Letting {z,>=F ~(z), we have

P(Vks 21) = (Vi )+ (¥, 2) + p(2, 21)
< Zej+3+Ze,=3zej,
i=k i=k i=k
and this implies that

P(Pms> Zm) = p($5(e)s $(zi)) < 1/k.
Therefore, z,, € W,, and {z,> € W. Hence, for each point z of N(y, 8), F~(z) € W.
We conclude that F~! is continuous at y.

THEOREM 3.9 (V. V. ProizvoLov). If X is a locally connected, locally periph-
erally compact topological space and Y a metric space, and if there is a 1-1 mapping
of X onto Y, then X is metrizable. (See [12, Theorem 1, p. 1321].)

4. 1-1 mappings onto the plane. The main result of this paper is the last theorem
of this section (Theorem 4.4). We begin the section by proving two lemmas which,
in turn, will be used in the proof of Theorem 4.3. Theorem 4.4 is obtained as an
easy generalization of Theorem 4.3.

LeMMA 4.1. If X is a locally connected generalized continuum, then there is a
C-collection for X.

Proof. Let S; denote the set of all local separating points of X of order 2 in X.
Since X is separable, we can choose a countable collection ¥~ of connected open
sets in X such that

(1) if x € S; and U is an open set containing x, then there is a member of V of
¥ such that x € ¥V and V< U, and

(2) for each Ve ¥, bd V consists of exactly two points.

For each Ve ¥, let #° (V) denote the collection of all W e ¥ such that W<V,
and let Z(V) denote the collection of ordered triples of the form (V, p, q) where
{p, q}=bd Wfor some We# (V). Now let €, = Uvey £ (V). Since ¥ is countable,
each #°(V) is countable and, consequently, each (V) is countable. Hence, €, is
a countable collection.

We now assert that if U is a connected open set and, for some x € S;, U’ and U”
are distinct components of U— x, then there is a member (¥, p, q) of €, such that
VeU,peU’, and ge U". Let V be an element of ¥ such that x € V<= U. Next
choose an element W of #°(V) such that x € W and such that

diam W < min {diam U’, diam U"}.

Then neither U’ nor U” is a subset of W, and this implies that bd W intersects
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each of U’ and U". If pe U' n'bd Wand ge U" N bd W then bd W={p, q}; this
implies that (¥, p, q) is a member of _#(V) and, therefore, of €,. Thus, our asser-
tion is established.

Now let S, denote the set of all local separating points of X which are not in S;.
By [16, Theorem 9.2, p. 61], S, is countable. Let y;, ys, s, . . . denote the points of
S, and, foreachn (n=1,2,3,...),let V1, V2, Vy3, . . . be a sequence of connected
open neighbourhoods of y, such that lim,,, diam V,;=0. It follows from the
separability and local connectedness of X that, for each ordered pair (n, i) of
positive integers, V,;—y, has only countably many components; hence, we can
choose a countable collection &; of ordered pairs of points of V,; such that for
each ordered pair (V’, V") of components of V,;—y, there is a member of %,
having its first element in ¥’ and its second element in V. Let %, denote the
collection of all ordered triples (¥, p, q) such that for some (n, i), V=V, and
(p, @) € Z,. Since each £, is countable, %, is countable.

Now suppose that U is a connected open set and that for some y € S;, U’ and
U" are distinct components of U—y. For some n, y=y,, and for some i, V, < U.
There must exist components V' and V" of V,;— y, such that V'< U’ and V"< U'.
Therefore, there is a member (p, q) of £, such that pe V'<U” and ge V"< U".
But (V,, p, q) € %.. Thus, we have shown that there is a member of %, having as
its first element, a subset of U, as its second element a point of U’, and as its third
element a point of U”.

We now obtain a C-collection € for X by letting €=%, U %,.

LeMMA 4.2. Suppose that X is a locally connected generalized continuum and that
fis a 1-1 mapping of X onto E2. If A is an arc in X and ¢ is a positive number, then
there exist

(1) a locally connected generalized continuum X',

(2) a closed monotone mapping p. of X' onto X,

(3) a 1-1 mapping g of X' onto E2, and

(4) a compact, uniformly continuous e-mapping ¢ of EZ onto E?,
such that fu=d¢g and p~*(A) is a disc in X'.

Proof. Let B denote the straight line interval {(x, y) | —1=x=<1, y=0} in E?,
and let Q denote the square disc {(x, y) | —1=2x=1,0=<y=<2}. Since f'is 1-1 and
continuous, A4 is taken homeomorphically onto an arc in E2. We shall first consider
the special case in which f(4) =B and then proceed to the more general case.

Case 1. f(A)=B. Choose a positive number &, such that ¢ <min {1, e}. Let D,
denote the disc in E2 bounded by B and the curve y=¢o(1-x2%) (—-1<x=<1), and
let D, denote the disc bounded by B and y=2¢,(1 —x2). Now define the function
¢ of E2 onto E?2 as follows:

$(x,y) = (x,») if (x, ) ¢ D,,
= (x,0) if (x, y) € Dy,
= (%, 2(y—eo[1—x%])) if (x, y) € D;— D;.
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The function is clearly continuous and, since e,<e, it follows that ¢ is an e-
mapping. Since the restriction of ¢ to E2— D, is the identity mapping, ¢ is uni-
formly continuous; and since ¢ ~1(H) is bounded whenever H is a bounded set in
E?, ¢ is a compact mapping. The set E2— D, is taken homeomorphically onto
E?—B and ¢~(B) is the disc D;. For each (x, y) € E%, ¢~ (x, y) is either a point
or a vertical arc. Since £, <1, D, is a subset of Q; hence, $(Q)=Q and ¢|(E2— Q)
is the identity mapping.

Because of the local compactness and local connectedness of X, we can choose
a conditionally compact, connected open set U in X with 4<U. Then f|U is a
homeomorphic embedding of U into E2; and ¢~ f takes U~ 4 homeomorphically
onto ¢~ (U)— D,. The set ¢~*f(U) is connected, locally connected, and locally
compact. Now let T be a topological space homeomorphic to ¢~1(U) and such
that TN X=4¢. Let § be a homeomorphism of T onto ¢~ 1f(U). We now define X’
to be the topological space obtained from the topological sum of X— U and T by
identifying each point of bd U with its image under 6~1¢~1f. Then X' is connected,
locally connected, and locally compact.

We define the function p of X’ onto X as follows:

wp) = f~'¢0(p) ifpeT,
=p ifpé¢T.
Then p is continuous and u~(A4) is the disc 8-1(D,). For each g€ X, p=%(q) is
either a point or an arc; hence, p is monotone. For each point ¢ of X and each
open set ¥ in X’ with u~}(g)< V, there is an open set W in X such that g € W and
pw~ Y (W)< V. Thus, p is a closed mapping.
Now, define the function g of X’ onto E2 in the following manner:

g(p) = 0(p) ifpeT,
=¢"f(p) ifp¢T.
Then g is a 1-1 mapping of X’ onto E? such that fu=¢g.

By Theorem 3.9, X’ is metrizable and, therefore, may be regarded as being a
locally connected generalized continuum.

Case 2. f(A) is any arc in EZ. Let h be a homeomorphism of E2 onto E? such
that (4f)(4)=B. Then the restriction of 2~ to Q is a uniformly continuous map-
ping. Choose a positive number 8 such that, for z,, z; € Q, p(h~*(zy), h~(z5)) < e if
p(z;, z;) < 8. Now, using the same procedure as was used in Case 1, we can find

(1) a locally connected generalized continuum X,

(2) a closed monotone mapping p of X’ onto X,

(3) a 1-1 mapping g« of X’ onto E2, and

(4) a compact, uniformly continuous 8-mapping ¢4 of E2 onto EZ?,
such that (Af)u=csgx, p~1(A4) is a disc in X', ¢.(Q)=0Q, and ¢,|(E2— Q) is the
identity mapping. Let g=h"1g, and let =h"1¢,h. Clearly g is a 1-1 mapping of
X' onto E2 and ¢ is a mapping of E? onto E2. We also have

Ju=h7 B ) = h™ dugx = (7 buh)(h™"gx) = 2.
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It only remains to be shown that ¢ is a compact, uniformly continuous e-mapping.
The compactness of ¢ follows from the compactness of ¢, and the fact that A is a
homeomorphism. Since ¢, is the identity on E2— Q, ¢ must be the identity on
h~Y(E?—Q), i.e., on E2—h~}(Q); thus, ¢ is uniformly continuous. If p € A=1(Q)
then A(p) € Q, ¢.h(p) € Q, and (since ¢, is a 8-mapping) p(h(p), $,h(p)) < &; hence,

p(h=*h(p), h~*$xh(p)) <e,i.e., p(p, $(p)) <e.Since $(p)=pforeachp in E2—h~Y(Q),
we conclude that ¢ is an e-mapping.

THEOREM 4.3. If X is a locally connected generalized continuum and f is a 1-1
mapping of X onto E? then f is a homeomorphism.

Proof. To prove this theorem we will construct two inverse systems, <{X,, u">
and <Y,, ¢m>, of topological spaces over the positive integers and a mapping {f,>
of {X,, p™> into {Y,, > such that

(1) X;=X, Y,=E? and f,=f,

(2) the induced mapping f,, of X, into Y, is a homeomorphism of X,, onto Y,
and

(3) the projection mapping ¢, (of Y, into Y;) is compact, and the projection
mapping p, takes X, onto Xj.

We will then be able to conclude that f'is a compact mapping and, therefore, a
homeomorphism.

(i) Construction of {X,, ui>, {Y,, ¢u>, and {f,>. We will define the required
spaces and mappings inductively, beginning with X, u}, Y3, ¢1, and f;. Each Y,
will be E2, each ¢ will be uniformly continuous, and each X, will be a locally
connected generalized continuum. In order to continue at each stage, it will be
necessary that for each n we choose an infinite C-collection {(V,, Pnss 4ny) | j=
1,2,3,...} for X, immediately after defining X,. We proceed as follows.

Let Z* denote the set of positive integers, and let o be a 1-1 function from Z *
onto Z* xZ* such that ¢(1)=(1, 1) and such that, for each n€ Z*, n is not less
than the first element of o(n).

Now let X;=X, Y,=FE2% and f,=f Choose an infinite C-collection
{(Vip P15 415) | J=1,2,3,...} for X; (Lemma 4.1). Let u! and ¢! be, respectively,
the identity mapping on X; and the identity mapping on Y;.

Let A, be an arc from p;; to g;; in V;;. Choose a positive number &, < 1/6. By
Lemma 4.2 there exist

(1) a locally connected generalized continuum X,,

(2) a closed, monotone mapping u? of X, onto X,

(3) a 1-1 mapping f; of X, onto E2, and

(4) a compact, uniformly continuous ¢,-mapping ¢% of E2 onto E?,
such that fiu2=¢2f, and such that (u?)~(4,) is a disc in X,. Let

{(Vass Pas» q27) |j=1, 2,3,...}

be an infinite C-collection for X,. Let Y,=FE?, and let uZ be the identity mapping
on X, and ¢2 the identity mapping on Y.
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At each (n+ 1)th stage (n=2), we proceed as follows.
Let o(n)=(i, k). Then i <n, which implies that the collection

{(VU, Dis» QU) I] =1, 2,3,.. }

has been chosen. From Theorem 3.5, it follows that (u})~(V;.) is a connected
open set in X,. Let 4, be an arc in (u})~*(V;) having one endpoint in (uf) ~*(py)
and the other in (u}) ~*(gi,). Now choose a positive number &, <4e,_; such that,
for z, z’ € E2 and 1 £j<n, p(¢3(2),¢ }(z')) < 1/n whenever p(z, z') < 6e,,. (The uniform
continuity of each ¢7 makes the choosing of such an &, possible.) Then, by Lemma
4.2, there exist

(1) a locally connected generalized continuum X, ,

(2) a closed, monotone mapping pn*? of X, ., onto X,

(3) a 1-1 mapping f, .+, of X, onto EZ, and

(4) a compact, uniformly continuous e,-mapping ¢:*! of E? onto E?,
such that f,ur*1=¢2+1f, ., and such that (u2*1)~1(4,) is a disc in X,,;. Choose
an infinite C-collection {(Vms1yp P+ i dnsng) | J=1,2,3,...} for X,,,. Let
Y,.1=FE? and let u*1! be the identity mapping on X,,; and ¢2}1 the identity
mapping on Y, ,;. For 1<j<n let p}*1=plur*! and ¢} *1=¢7dp*1.

(ii) X, is a locally connected generalized continuum having no local separating
point.

Proof of (ii). The connectedness and local connectedness of X, follow, respec-
tively, from Theorems 3.6 and 3.7. By Theorem 3.1, each u2*! is a compact map-
ping, and therefore, by Theorem 3.4, u, is a compact mapping of X, into X;.
Since X is locally compact, then, X, is locally compact (Theorem 3.3).

Since X, is a subspace of the product of countably many metric spaces, X, is
metrizable (see [5, Corollary 7.3, p. 191]). Hence, X, may be regarded as being a
locally connected generalized continuum.

Now assume that some point <{x,> of X, is a local separating point of X,. Let
W be a connected open set in X, such that W —<{x,> is not connected. It follows
from [6, Lemma 3.12, p. 218] that there is a positive integer m and a connected
open set U, in X,, such that

X € (pm) " H(Un) = W.

Let U=(u,)(U,) and for each integer i>m let U;=(u!,)~*(U,). By Theorem 3.6,
U must be connected and, therefore, separated by {x,>. Let {x,> and {x;) be points
of U—<{x,> such that {x,> separates {x;> from <{x;> in U. Since {x,», {x3>, and
{xpy are distinct points of X, we can choose a positive integer r=m such that
x,, x;, and x} are distinct points of X,. Now U, is a connected open set (Theorem
3.5), and x, cannot be in the same component of U,—x, as is x; (for otherwise,
by Theorem 3.6, {x;> and {x;> would be in the same component of the subset
(1)~ ¥ (U, —x,) of U—<x,)). Hence, x, separates x, from x;j in U,. Similarly, for
each i>r, U, is a connected open set in X; and x; separates x| from xj in U;. Let
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U; and U; denote the components of U,—x, which contain, respectively, x; and
xy. Letting Uy =(u!)~*(U)) and U/ =(u!)~*(U;) for each i>r, we have (for each
i=r) that each of U/ and U/ is a connected set in X; (Theorem 3.5). Since
{(Ves Prss -9 | j=1, 2, 3, ...} is a C-collection for X,, there is a positive integer k
such that V,,.< U, p, € U;, and ¢, € U;. For some integer s2r, o(s)=(r, k) and
A is an arc in (uf) ~1(¥,,) with one endpoint in U and the other in U;. This means
that (u$*1)~1(4,) is a disc in U,,, which intersects each of the connected sets
U;., and Uy, . But, since no point separates a disc and since x;,; ¢ Us.q U Usy s,
this implies that x,,, does not separate Us,, from U;,, in U, ,. We have already
shown, however, that, for each i > r, x; separates x; from x{ in U,. Since x5, € Us4,
and x; ., € Uy, this gives us a contradiction. We conclude that X, has no local
separating point.

(iii) Y. is a topological plane.

Proof of (iii). We will show that the inverse system {Y,, 7> and the sequence
&1, €9, €3, . . . satisfy the hypothesis of Theorem 3.8.

Since for each n, e, <3}e,, we have >7_; ¢, <00. And for each n, ¥,=E? and
¢n+l s an e,-mapping.

Let n be a positive integer and let z and z’ be points of E? such that p(z, z")
<3 >~ ¢ Then

oz, 2) < 3§ @ = 30, 5 @ = e

Because of the way in which ¢, was chosen, this implies that p(¢7(z), $7(z")) < 1/n
for each positive integer i <n.

Hence, by Theorem 3.8, Y., is homeomorphic to EZ.

(iv) The induced mapping [ is a homeomorphism of X, onto Y.

Proof of (iv). Since, for each n, f, is a 1-1 mapping of X, onto Y,, it follows
from [6, Theorem 3.15, p. 219] that f,, is a 1-1 mapping of X, onto Y. But X,
is a locally connected generalized continuum having no local separating point, and
Y, is a topological plane. Hence, by Dickman’s theorem in [2], f,, is a homeo-
morphism.

(V) The induced mapping ¢, (of Y, into Y,) is compact and the induced mapping
u, takes X, onto X.

Proof of (v). For each n, ¢+ is a compact mapping of Y, ,; onto Y,. Therefore,
by Theorem 3.4, ¢, is a compact mapping.

For each n, pt*! is a mapping of X, ., onto X,. Hence, u, takes X,, onto X, (see
[6, Remark, p. 216]).

(vi) The mapping f is a homeomorphism.

Proof of (vi). By [6, Lemma 3.11, p. 218], we have fiu,; =¢, f.. Since ¢, is a com-
pact mapping and f,, is a homeomorphism of X, onto Y., ¢,f, is a compact
mapping, i.e., fipu, is a compact mapping.

Let K be a compact set in E2. Then (fiu,)~}(K) is compact and, since y, is
continuous, the image of (fix;)~(K) under p, is compact. But, since p, takes
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X, onto X, the image of (fiu,)~}(K) under p, is simply fi 1(K). Thus, K has a
compact inverse image with respect to f;. We conclude that f; is a compact
mapping.

Since f; is compact, it is also closed (Theorem 3.2). Hence, f (=f;) is a closed
1-1 mapping of X onto E?; i.e., fis a homeomorphism of X onto EZ.

THEOREM 4.4. If X is a connected, locally connected, locally compact topological
space and f is a 1-1 mapping of X onto E? then f is a homeomorphism.

Proof. By Theorem 3.9, X is metrizable and, therefore, may be considered to
be a locally connected generalized continuum. Hence, by Theorem 4.3, fis a homeo-
morphism.

5. Compactness of mappings onto the plane. In this section we shall be con-
cerned with mappings which generate upper-semicontinuous decompositions. For
the necessary definitions and further references the reader is referred to [4], [14]
and [16, pp. 122-136].

THEOREM 5.1. Suppose that X is a connected, locally connected, locally compact
topological space and that fis a mapping of X onto E2. If f has compact point inverses
and generates an upper-semicontinuous decomposition of X, then f is a compact
mapping.

Proof. By [14, Theorem 5, p. 71], f factors into the form A$, where ¢ is a closed
mapping and 4 is a 1-1 mapping. Since local connectedness is invariant under
closed mappings (see [5, 1.4, p. 121 and 3.5, p. 125] or [18, p. 91]), and since local
compactness is invariant under closed mappings with compact point inverses (see
[5, 6.6, p. 240]), it follows that #(X) is a connected, locally connected, locally
compact topological space. By Theorem 4.4, then, 4 is a homeomorphism. Since
¢ is compact (Theorem 3.1), we conclude that fis compact.

In [4], Duda defines a mapping f to be reflexive compact provided that, for each
compact set K in the domain space, f ~1f(K) is compact. He then shows [4, Theorem
3, p. 689] that a mapping with compact point inverses generates an upper-
semicontinuous decomposition if and only if it is reflexive compact. In light of this
result, then, Theorem 5.1 can be equivalently restated as follows.

THEOREM 5.2. If X is a connected, locally connected, locally compact topological
space and f is a reflexive compact mapping of X onto E? then f is a compact mapping.

G. T. Whyburn has shown [15, Theorem 5.1, p. 312] that every monotone
mapping of E2 onto itself is a compact mapping. Since every monotone mapping
generates an upper-semicontinuous decomposition (see [4, p. 688], [16, p. 127)]),
the following more general result is an immediate corollary to Theorem 5.1.

THEOREM 5.3. If X is a connected, locally connected, locally compact topological
space and f is a monotone mapping of X onto E? then f is a compact mapping.
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