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p-SOLVABLE LINEAR GROUPS OF FINITE ORDER

BY
DAVID L. WINTER

Abstract. The purpose of this paper is to prove the following result.

THEOREM. Let p be an odd prime and let G be a finite p-solvable group. Assume that
G has a faithful representation of degree n over a field of characteristic zero or over a
perfect field of characteristic p. Let P be a Sylow p-subgroup of G and let O,(G) be the
maximal normal p-subgroup of G. Then |P:0,(G)| =p*»™ where

@
A(n) = 'Zo [(p—+)p‘] if p is a Fermat prime,

@
= Z [ﬁ;] if p is not a Fermat prime.
i=1

1. Introduction. The above theorem is a generalization of some of the results
of J. D. Dixon [1]. Dixon proved the theorem under the stronger hypothesis that
G is solvable. Examples are given in [1] showing that the result is best possible for
each n and each odd prime p. The author thanks Professor Dixon for some helpful
suggestions.

2. Preliminaries. C(S) and C(x) will denote the centralizer in the group con-
cerned of, respectively, the set S and the element x. O,(G) and O,.(G) denote,
respectively, the maximal normal p-subgroup of G and the maximal normal sub-
group of G whose order is relatively prime to p. H# is the set of nonidentity elements
of the group H while 1y is the principal character of H. © denotes the field of
rational numbers and € the field of complex numbers.

In §4 frequent use is made of the following result of Schur [S].

(2.1) Let p be a prime and let P be a finite p-group which has a faithful representa-
tion X of degree n over the complex number field. If the character of X is rational-
valued, then |P|<p’»™ where

Son) = [n/(p—D]+[n/p(p— D]+ [n/p*(p— D]+ - - -.
If p is fixed in the discussion, we shall write f(n) for f,(n).
(2.2) [2, Theorem 2). Let { be an irreducible complex character of a finite group
N. Let A be a relatively prime operator group on N such that A fixes {. Then:
(a) There .exists a unique irreducible character n of AN such that 7|A=1{ and
(det p)()=1 for all « € A.
(b) Ifn satisfies (a), then O(n) = O(L), and 7(<) is a rational integer for every o € A.
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DerFINITION. The character 7 that satisfies part (a) of (2.2) is called the canonical
extension of { to AN.

(2.3) Let { be a faithful irreducible complex character of the group N and let A
be a cyclic relatively prime operator group on N which fixes {. Let T=C(A) N N and
assume T+# N. Also assume A has odd order and T=C(«) N\ N for all « € A*. Let x
be the canonical extension of { to AN. Then there exist characters A, y of AT[A with
A irreducible such that one of the following occurs:

(2.3)(a) x|AxT=pp+A

(2.3)(b) x|AxT=pp—A.

Here p is the character of the regular representation of AT|T.

Proof. By [2, Corollary 5(a)], there exist a sign e=+1 and an irreducible
character A of T such that x(at)=eA(¢) for all t € T and all « € 4# (since A has odd
order 6y(a)=1 for all « € 4 in the above reference). Let A also denote the character
of AT|A whose restriction to T is A. Then by the theory of characters of a direct
product, (x|AT)—e), as a generalized character of A4 x T, may be expressed as
o.u Co,,01 Where 6 and p range over the irreducible characters of AT/T and AT /A,
respectively, and ¢y, is an integer. But since this function vanishes outside T, it
is easily seen from the inner product formula for ¢, , that ¢, , is independent of
6. Hence (x|AT)— ex=py for some generalized character ¢ of AT/A. Since x|AT=
pYi+eA is a character of AT, it follows that ¢ is 0 or a character of AT/A. If =0,
then by [2, Corollary 5(b)] T=N. Hence $+#0 and (2.3) is proved.

3. Inmitial reductions. We shall describe some of Dixon’s results which we may
use directly because they do not require the solvability of G. By the proofs of
Corollaries 1 and 2 of [1], it suffices to prove the theorem assuming the complete
reducibility of the given representation. Further, we may assume that the underly-
ing field & is algebraically closed. This done, let G be a counterexample to the
theorem of minimal order. Let P denote a fixed Sylow p-subgroup of G with, say,
|P|=p°. Let n be the smallest positive integer such that G has a faithful completely
reducible representation of degree n over § and |P:0,(G)|>p*™. Let X denote
such a representation and let y be its character. As in [1, pp. 547-548] it may be
shown that

(3.1) X is irreducible and primitive.

If ¥ has characteristic p, X may be lifted to a representation over € [6, Theorem
6]. Hence we may assume that & =€ and shall do so from now on.

(3.2) G has a series of normal subgroups O,(G)<N,<G where N;/O,(G)
=0,(G/0,(G)) and G/N, is a p-group.

Proof. Let P,/N,=0,(G/N;) and suppose P, #G. Then PN, # G and by induc-
tion O,(G) < O,(PN,). Since P; £PN,, P, normalizes O,(PN;) N P, = 0,(G). Since
PG, 0,(P,)<G and this implies O,(G)=0,(PN,) N P,. Hence O,(PN,)P;/N;
=(0,(PN;)Ny/N;) x (P,/N,) which is contradictory to Lemma 1.2.3 of Hall-
Higman [3]. Hence P, =G as desired.
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(3.3) |P:0,(G)| =prm+1,

Proof. G contains a normal subgroup H of index p containing N;. Since
O, (H)G, O, H)Z0,G). By minimality of |G|, p*»™|P N H:0,(H)|
2 |P: 0,(G)|/p>p*™~1, which proves (3.3).

(3.4) N,=0,(G)x N where N is a normal p-complement of G.

Proof. By [4, Lemma 1] it suffices to show that O,(G) is contained in the Frattini
subgroup of G. Let M be a maximal subgroup of G not containing O,(G). Then
G=0,G)M. Now M and O,G) normalize 0,(G)O,(M). Hence O,(M)
=0,(G) N M. Let |[M|=p%¢’ and |G|=p°’, ptg’. By minimality of |G|,
|G| =|0,G)| |M|/|0(G) N M| £|0,(G)|p*»™g’. This contradicts (3.3) and (3.4) is
proved.

(3.5) G=PN, PN N=(1), x|N is irreducible, O, (G)={1) and A (n)=a—1.

Proof. Suppose that y|N is reducible. Since G/N is a p-group, there is a sequence
of normal subgroups of G, G=Py>P;>--->P,=N, such that |P;:P,,,|=p.
Choose i so that x|P; is irreducible and y|P;,, is reducible. Then it is well known
that x|P;,, is a sum of p distinct conjugate characters. This contradicts the primi-
tivity of X and so y|N is irreducible. Therefore pfx(1) and since O,(G)< C(N),
0,(G) £Z(G) by Schur’s lemma. Hence x|0,(G)=x(1)A where A is a linear charac-
ter of 0,(G). Since ptx(1), x|P contains a linear character u of P and u|0,(G)=A.
Regarding n as a character of G/N, we see that iy is a faithful character of G/0,(G)
of degree n. If 0,(G)#<1>, minimality of |G| yields a contradiction. Hence O,(G)
=<1} and the last statement of (3.5) follows from (3.3).

4. Completion of the proof. The canonical extension of y|N to G must be
faithful since its kernel is a p-group and 0,(G)=<{1). Hence we may assume that x
is the canonical extension of x| N to G and shall do so from now on. By (2.2)(b) x is
rational-valued on P and so by (2.1), we may assume p is not a Fermat prime. In
particular, p=7 and it is easily seen that f(¢)=A,((p/(p—1))t) for any positive
rational number ¢.

We now let w be an element of Z(P) of order p such that if v is any element of
Z(P) of order p (x|<vD, 1¢vy)wy = (X|<WD, 1¢wy)cuwy- Let A=<w) and let T=C(w) N N.
Then P normalizes T.

Let 1=0,,0,,..., 6, be the distinct linear characters of 4 x T whose kernels
contain 7. Since w € Z(PT), we may write y| PT=e, + - - - +«, Where ¢, is a character
of PT (or ;=0 is possible) such that «;|4 is a multiple of ;|4 for i=1,..., p. By
(2.2)(b), x is invariant under the Galois group & =Gal (D()/D(¢**)) where ¢ is a
primitive |G|th root of unity. It follows that e, . . ., «, is a full set of conjugates of
oy under this group and ey + - - - +«, as well as «, are rational valued on P. The
remainder of the proof is split into the two possible cases x|4xT=p$+A or
x|A X T=pyp— X as described in (2.3).

Assuming that the first case holds, we have «,|T=¢+X and «|T=4 for
i=2,...,p. Let U=ker (¢g+ - - - +a,) N P. We require the
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LEMMA. (¢, A);#0. In particular, $(1) = X(1).

Suppose (¥, A)r=0. Then (x, N)r=1. A|T is fixed by P because P fixes x|7T and A
is the only irreducible constituent of x|T whose multiplicity is not a multiple of p.
It follows from Clifford’s theorem that x|PT contains a unique irreducible con-
stituent 8 which is an extension of A|7. Because x|PT is invariant under & so is 8
and B is therefore rational on P.

Let S be such that ker BN P<S<P and S ker B/ker B=0,(PT ker B). Then
ST/ker B=S ker B/ker B x T ker B/ker B. Since B|T is irreducible, B|S=pB(1)u for
some linear character p of S. Since B is rational on S, we must have S <ker B and
therefore S=ker 8 N P. By our induction hypothesis, |P:S| < p*%®. Since A(1)
=8(1), we have shown |S|=p®~2*@),

On the other hand, by Schur’s theorem (2.1), |P:U]|<Sp/ (@~ DV = pA,(va)
=prs® =21 Therefore,
1S] |y - PO A AANpa - A - ALY

a > =
Ptz ISV [SNu| = [S Ny
S pza-Ap(A(1)+n-A(1)) _ pa+1
= NaX] NaX]

by (3.5). This shows that |[S N U|#1. Let u be an element of SN U N Z(P) of
order p. By our choice of w, AL)+4¥(1)=(x, leus)cuwy = A1)+ (p—1Dy(1). This
contradiction proves the lemma.

Now suppose U#{1>. Let ue U n Z(P) have order p. Then (1)+A(1)
= L) = (p—D(1) 2 (p—2)4(1)+ A(1) by the lemma. This is a contradiction
and so U =(1). Asin the proof of the lemma, |P|=|P: U| £ p*s® -2 L prs®=pe-1,
This is a contradiction and the proof in the first case is complete.

Assume now that (2.3)(b) holds for y and 4, i.e., x| A x T=pp— A. Write p=1+6
where 6 is the sum of the nonprincipal linear characters of AT/T. Because x|AT
is a character of AT, it must be a linear combination of irreducible characters of AT
with positive integral coefficients and so A must be a constituent of py. Let
r=(py, N)4r=1. Then y=rA+1, where ¢; =0 or ¢, is a character of AT/A which
does not contain A. Therefore y|AT=(1+0)(rA+¢;)—A=(r—1)A+roA+pp;. It
follows that a;|AT=(r— A+, and «|AT=r0+ 04, for i=2,..., p.

Assume first that ¢, #0. Because A|T is the only irreducible constituent of x|T
of multiplicity congruent to —1 mod p, A|T is invariant under P. Therefore by
Clifford’s theorem, we may write, for i> 1, o;=p; +v; where y; and v; are characters
of PT such that p,|T=rX and v;|T=4,. Since T is a p’-group, A|T is invariant under
&. It follows that p,,...,pu, is a full set of conjugates under & and that
w=po+ - +p, is rational valued on P. Since y, «; and p are rational on P,
Xx—0; —p=vy+ -+ +v,=v is rational on P. Let U=kerp NP, V=kerv N P and
S=ker a; NP, By (2.1)’ |U| gpa—f((z’—l)r)\(l))’ IVI gpa—f((p—l)wl(l)) and ls|
2 p®~ 7@ By our choice of w, we must have S N U=(1> and S N ¥V'=1). This
leads to two inequalities.
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First,
1= [|SNu| =|S||V]/|SU| 2 p2e-U@a»+s@-braam pe,
Hence,

0 2 a—{f(ex(1)) +/((p— DrAD)} Z a—f(eu(1)+(p—1)rX(1))
= a—2((p/(p — 1))es(1) +prA(1)).

Since A, (n)=a—1 by (3.5), this implies (p/(p —1))e;(1) +prA(1) >n. Because «,(1)
=(r—1A(1)+¢;(1) and n=_pr— 1)A(1) + py,(1), this inequality reduces to

M (pr—=1A1) > p(p—2)¢: (D).
Second,
1=|SnV|=|S||V|/|SV| 2 p*~/@tipe-rw=-1wan/ pa.
Hence

02 a—{flex(1)+/((p—Da(1))} 2 a—f(ea(1) +(p— Dihu(1))
= a—M((p/(p— 1))es(1) +pif, (1)).

This implies (p/(p — 1))y (1) + py,(1) > n which reduces to
() (1) > (pPr—2pr+1A(D).

Combining (1) and (2), we have (p2r—2pr+ DAXD(p—2)<p(p—2): (1)
<(pr—1)X(1) and hence (p*r—2pr+1)(p—2)<pr—1. This is equivalent to
(p®r—4p?r)+(p+3pr—1)<0 which is impossible both terms on the left being
positive.

Finally, take ¢, =0. Then o;|AxT=(r—1)A, |4 xT=r6;A for i>1 and x|T
=(pr—1)A. In particular, A is a faithful character of T. Therefore ker «; is a p-
group and setting R=0,(PT), we have |P: R| £ p*®® or |R| Z p®~ @),

We have (x|4, 1,)a=o;(1)<ay(1). By our choice of w, ker ey N P={1). It
follows that «y+ - - - +«, is the character of a faithful matrix representation Y of
PT over € with a5+ - - - +«, rational on P. By a suitable choice of basis of the
underlying vector space we may assume that Y(t)=A(¢) ® I,_,,. Here A(t) is an
irreducible matrix representation of T with character A and I, denotes the sxs
identity matrix. Since R centralizes 7, it is easily verified using Schur’s lemma that
Y(r)=1,u, ® B(r), r € R, where B(r) is a faithful representation of R with character
(ag+ - - - +op)/X(1). By (2.1), |R|Sp/@-VP=p**)  Combining this with our
previous inequality, we get a= A (e (1))+ A, (pr) S A ((r—1A(1)+pr). By (3.5),
(r—=DXD)+pr>n=(r—-DAX1)+(p—Drx(1) or pr>(p—1rA(1). This implies A(1)
<p/(p—1)<2 and so A(1)=1. But then y|T=x(1)A and T=Z(G). Since w acts
fixed-point-free on N/T, a well-known result of Thompson yields that N/T is nil-
potent. G is therefore solvable and the result of [1] completes the proof.
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