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THE CONVERGENCE WITH VANISHING VISCOSITY OF
NONSTATIONARY NAVIER-STOKES
FLOW TO IDEAL FLOW IN R,

BY
H. S. G. SWANN

Abstract. It is shown here that a unique solution to the Navier-Stokes equations
exists in R3 for a small time interval independent of the viscosity and that the solu-
tions for varying viscosities converge uniformly to a function that is a solution to the
equations for ideal flow in R3. The existence of the solutions is shown by transforming
the Navier-Stokes equations to an equivalent system solvable by applying fixed point
methods with estimates derived from using semigroup theory.

Introduction. We wish to find a solution, local in time, to the Cauchy problem
for the Navier-Stokes equations for viscous incompressible flow in Rz and show
that the solutions of the Navier-Stokes equations for various viscosities converge,
as the viscosity goes to zero, to a function that is a solution to the Euler equations
for an ideal (inviscid) fluid.

The Navier-Stokes equations are

(E) ovfot+ (v-grad) v—vAv = —grad P+ B, V.o =0,
with constraints

|l|im v(x,t) =0 and uv(x,0) = C(x),
x| — o
where x=(x;, X,, X3) is a point in R3; ¢ is in some time interval [0, T']; the velociy
v(x, t)=(vi(x, 1), vo(x, 1), v3(x, t)); the pressure is P(x, t); the force is B(x, t)
=(By(x, t), By(x, t), Bs(x, t)); and the constant »> 0 is the viscosity (the coefficient
of kinematic viscosity).
The Euler equations for ideal flow differ from the Navier-Stokes equations (E’)
only in that the viscosity term vAv does not occur in the Euler equations.
Uniqueness and existence of a solution to the Navier-Stokes equations in R® has
been shown for both bounded and unbounded domains: in both cases existence
has been shown only for a sufficiently small time interval. The first results are those
of C. W. Oseen [11] and Jean Leray [8]. The time interval where the solution is
shown to exist must be small enough to satisfy a condition of form T =< Kv, where K
is an appropriate constant and v is the viscosity. Thus the length of the time interval
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goes to zero (see [8, p. 223]) and will not allow us to consider the convergence of
these solutions to the solution for ideal flow as the viscosity v goes to zero. Later
techniques of solution share this problem (see [1, pp. 142, 173]). Existence and
uniqueness of a solution to the Euler equations for ideal flow, again for a
sufficiently small time interval, was shown in R® by Leon Lichtenstein [9, p. 422]
and on compact manifolds with boundary by Ebin and Marsden [15]. The
existence, global in time, of “weak solutions” to the Navier-Stokes system was
shown by Hopf [6], but satisfactory uniqueness results have not been found as
yet. O. A. LadyZenskaja’s recent book [1] provides an excellent survey of the various
methods used for the solution of the Navier-Stokes equations and calls attention
to the problem we consider in this paper [1, p. 6].

Convergence of viscous planar flow to ideal planar flow as the viscosity goes to
zero was shown independently by McGrath [10] and Golovkin [5] with no restric-
tion on the time interval of solution. Marsden has recently shown the existence for
a short time (independent of viscosity) of viscous flow and its convergence to ideal
flow on compact Riemannian manifolds without boundary using a technique
suggested by V. Arnol’d [16]. We use an approach similar to that of McGrath and
use techniques developed by Kato and Fujita [3], [4]. The result in this paper for
R3 differs from that of McGrath (for planar flow) in that we can demonstrate the
existence of a unique classical solution to the Euler equations for ideal flow in R®
by showing that the limit of solutions of the Navier-Stokes equations for various
viscosities exists as the viscosity goes to zero, for a small but nontrivial time interval,
and the limit function is a solution to the Euler equations for ideal flow. We call
attention to the paper of Judovi¢ [7] where he shows that the solution to the Euler
equations for any domain in the plane is the limit of certain functions that are
solutions of equations similar to the Navier-Stokes equations, but with a different
form of boundary condition.

In §I, I1, and III we solve equations (E) derived by formally computing the curl
of the Navier-Stokes equations (E’):

(a) ow/ot+(v-grad) w—(w-grad) v—vAw = Vx B = b.
(E) (b) w(x, 0) = Vx C(x) = a(x).

© Vxv=w; V.0 =0.

(d) |1|im«> v(x,t) = 0.

In solving the auxiliary problem (E) we use the following version of the Schauder
fixed point theorem: Let S be a closed convex subset of a Banach space X and let
F be a continuous operator on S such that F(S) is contained in S and F(S) is a
relatively compact subset of X. Then there is a “fixed point” y in S, i.e. F(y)=y.

In §I we show that for any w in an appropriate class of functions there is a func-
tion v = F;(w) that solves (E)(c) and (d).

In §I1, for v= F;(w), we show that there is a solution, denoted F,(v), to equations
(E)(a) and (b) for any time interval.
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In §IIT it is shown that the function F,(Fy(-)) maps a closed convex set of func-
tions in a Banach space continuously into itself and satisfies the conditions of the
Schauder fixed point theorem, provided we restrict ourselves to a sufficiently small
time interval which is, however, independent of the viscosity. The fixed point w is
then shown to give a classical solution to (E) and then (E’).

In §IV we show that the solution (w, v) to (E) converges, with shrinking viscosity,
to functions that give rise to a function that is a solution to the Euler equations for
ideal flow.

The author is indebted to Professor Tosio Kato for his many helpful suggestions
and comments during the preparation of this paper.

0. Preliminary results and definitions. The following notational conventions
will be used:

f, g and h are scalar-valued functions over R® or Q;=R3x [0, T].

B,C,a,b,p,q,u,v,ware vector-valued functions over R® or Q. For such func-
tions, say w, we define |w(x)|2=22_; |wi(x)|2.

Constants are denoted K; and do not depend on the viscosity ». The symbol K
denotes a constant used during a proof and K may take different values during the
same proof.

For f€ L,(R®), the Fourier transform of f'is

FNE) = @ny2? [ eof(z) dz
R
with the inverse Fourier transform of f denoted F~'(f). By taking the limit-in-
mean, we can define the Fourier transform on Ly(R®), and, if ( , )., denotes the
inner product in Hilbert space L,(R3), we have

"f' %2 = (f;f)Lz = (F(f)3 F(f))Lz

and
(f1 f2)r, = (F(fD), F(f2))L,-

For n=0, the space H"is the completion of Cg° functions (infinitely differentiable
functions with compact support in R3) in the metric derived from norm

If e = IF@A+ |22,

which, for n an integer, is equivalent to the norm whose square is |f|%=
Dlei=n | Def||3, where e=(ey, e,, €5); e; are integers 20; |e|=e,+e,+e; and
D% f=(0/0x1,)°1(8/0x5)°2(8/0x3)°Sf.

H} is the subspace of H™ of all vector functions u with V.-u=0.

All explicit D% fare in L, and are understood as distribution derivatives. We note
that F(Df)(x)=(ix)°F(f)(x), where (ix)° = (ix;)°1(ix3)°2(ix5)°s.

The following spaces will be used; # may be a vector-valued or scalar-valued
function.
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(i) Cr={h(x,t) | h is continuous and bounded in Qr} with norm |A|c,
=SUP(x,near [A(X, 1)

(i) C2={h(x, t) | Dih(x, t) € C; for all e satisfying |e| <8 and D¢h is Holder-
continuous in x with exponent 8 — [8], uniformly for (x, #) € Qy if |e| =[8]} where [8]
is the largest integral part of 6=0.

We use the norm whose square is

Iz, = Z | Dshl2,+ > H{(Dsh)

le|=[é Iel =[d)
where

SCx, ) —f(x, 1)
Hy(f) =x,x1ezszgl;[o.ﬂ | [x—xi[0-™ |

(i) C(T, H)={h(x,t) | h( , t) € H; the mapping h: [0, T] - H is continuous}
with norm |A|ccr, my=5UPicro,m||A|lx Where H is a Hilbert space, usually H" or
H?. For notational convenience, we drop the o when subscripting the norm.

(iv) C§={h € C? | h has compact support in R3, uniformly in ¢ € [0, T]}.

Cg is dense in C(T, H™). Where we consider ¢ only in an interval [¢, T] with e> 0,
we use analogous classes of functions Ci, 1), C5.ry and C([e, T], H). Where ¢ is
omitted or fixed, we use similarly defined classes of functions C, C? and C§.

( , )y denotes the inner product in a Hilbert space H. In any equation involving
an inner product, the subscript H will be used: subsequent inner products are
assumed to be of the same kind unless the notation is changed.

LemMA 0.1. If fe C(T, H™) where n is an integer, we can assume f € CE=2+9 for
any & with 0= 8 <% and there is a constant K, , depending only on n and & such that

[flcg-2+s < Ka sl fllcer,zm-

Proof. See [14, p. 221] for a proof for bounded domains. The proof for R® by
use of Fourier transforms is somewhat easier.

LeMMA 0.2. Let f; and f, be scalar functions over R®.
() If fLe Cand f, € L,, then f f, € L, and

Ififelze = I Ailelfellzo
(ii) If fye H* and f, € H*, then f,f; € L, and
i fallze S WLl faln
(iii) If f1 € C; D%f1 € Ly, le| =1; lim - f1(x) =0, then f1 € Le, | f1]| s = | VA1 s
where |Vfi||2,=2Ze1=1 | Dif1l2,, and if f; € H, then ffy € L, and
1fifele < 1Vl falle

(iv) If feLs and Vfe H', then f can be taken as a locally Hélder-continuous
Sfunction with exponent 8 <%. There is a constant K,(N, 8), depending on & and N,
such that, in any ball B(0, N),

[flcteo,mn = Ka(, O)(|fle+ | VS | 2)
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where | f|cowo.ny is defined as in space C° over B(0, N) instead of R®; B(x,L)
={ye R®| |x—y|<L}

Proof. (i) is immediate.

(ii) We can improve an inequality from [I, p. 12] to obtain, for all fe Cy,
£z, £ 1 £l 2. The result follows from a density argument applied to

([rereax) s [sax [ax < 1nas1slie

(iii) From [1, p. 12] we get, with some improvements, | f., < | Vf||., if f€ C3.
Working in space L, x L, x L, of vector-valued functions whose components are in
L, (denoted L, here), we let D be the closure of {Vg | g € C¢’} in this space. Since
0f1/0x, € L,, i=1, 2, 3, we can find unique w e D, u € L, © D such that Vfi=u+w.
Since w € D, there is a sequence {g;}< C¢ such that Vg, — w in L, as i — co. The
inequality above holds for g;, so there is some g € Lg such that g,—g and we D
is the distribution gradient of g. Thus, for fe C¢,

0= (u, V.f)Lg = (Vﬁ—w’ Vf) = m_g9 Af)'

So f; —g must be harmonic in R3; but f; € C; lim,,., » f1(x)=0 and g € Lq, which
can only occur if f; — g =0, by standard results concerning harmonic functions. Thus

11l = l&lze = V8 s = [Wles = [Valza

Now, using Hoélder’s inequality, we compute

(j‘fls dx) 1/3 (f(fzz’)alz dx) 2/3
IVAIEILIENAIEE < [VAIZIL]E

using the inequality || f2], = || /2] st
(iv) This result can easily be obtained by multiplying f by a function g € C¢° that
equals 1 on B(0, N), using Lemma 0.1 on fg, and the result

I£f2l2,

IA

IA

f?dx £ K|f|}, (K depends on N).
)

B(O,N

LeMMA 0.3. If a set of functions S<L, has a uniform Hélder constant M and
exponent & and if, for any £>0, there is an N, such that

f |f|2dx < & forall feS,
R®—B(0,N5)

then for any &', there is an N such that |x| > N implies that | f(x)| < for all f€ S.

Proof. Suppose that S has the properties postulated in the lemma and there is
some f; € S and x; € R®— B(0, N+1) with

|fi(x)] 2 L = (62(3+8)(3 +28)(88%) =1 M30)%@0+ D,
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Then |fi(x)| 2L— M |x—x,|° and

f 122 dx gf (L— M|x—2x,|° dx
R®-B(O,N) B(xy1,(LIM))

(LIM)LI0
= 4n f (L2—=2LMr®+ M2y dr = 2e,
0

which contradicts the assumption that f; € S. Hence | f(x)| L, all f€ S, all x € R®
—B(0, N+1) and the conclusion is immediate from this.

I. In §I we show that if w e HZ2 then there is a unique v € C**® N Lg such that
Vxv=w and lim, . » |v(x)| =0. We use potential theory to construct v.

LeEMMA 1.1. For any scalar function f€ C® N L, we can define a linear operator

6 = [, (51-57)70) @

G(f) is twice continuously differentiable, AG(f)= —4nf and |VG(f)|c=
da([fllc+11f12o)-

Proof. For any x € R3, we can choose z € R® such that |z—x| <1. Then

6N = [ (x=y17=1y19/0) dy

- j Y j
B(z,2) JBO,1) JR®-B(2,2)-B(0,1)

= 11 +12+13.

By potential theory arguments (see [2, p. 249]) I, and I, exist and are twice
continuously differentiable;

oI o 1
= La_x', T=37/0) v for both Iy and &,

By Schwarz inequality and | |y|—|x—y]| | =]|x],

2
I 2§ 2 f (Iyl_lx_yl) d
5| "f"Lz ®-Be2-so,n \[Y]  [x=y] 7

= llfll%zlxl""fa Iyl=2lx—y|~2dy = K|f|2|x]*
R*-B-B

This is sufficient for /5 to exist; showing that it is sufficiently differentiable uses an
argument similar to the following reasoning concerning the desired inequality:

VGG < [, 19x=31-91 17| dy

= [ =y 1-21s0)1 dy

< [ O dy et [
s 4l |+ 1110
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Finally, from potential theory (see [2, p. 249]), AG(f)= —4nf.

LeEMMA 1.2. Let we C° N HY. Then if G(w)=(G(w,), G(wy), G(wg)) (see Lemma

1.1),
(i) limy,.. »|0G(w)/ox,| =0, and
(ii) V-G(w)=0.

Proof. (i) The absolute value of a component of 9G(w)(x)/ox; is

s [, b=y 2w .

[ @=mlx=y1-mi5) ay
Hence it suffices to show that fe C® N L, implies

Jim [ = ylzf(y) dy = 0.

Using Lemma 0.3 with S={f}, for any ¢>0 we can find N such that
Jre-o.m |f]? dx<e? and | f(x)| <e if x € R®— B(0, N). Suppose |x| >N+ 1. Write

[e=svod =, +[ =n+n
R R -B(0,N) B(O,N)

AR f + f
RS—B(O,N)—B(x,l) B(x,1)

1/2 1/2
([, lx=sa) ([, ) 4k swp 150 < Ke,
R® - B(x,1) R®-B(0,N) veB(x,1)

IA

||

IA

171 ], -yl
B(O,N)

IIA

G -0 [ =yl

R®-B(x,1)

K(|x|=N)~*2| f|2, >0 as |x| > co.

IA

These suffice to establish (i). ,
(ii) The result V-G(w)=0 follows from a conventional procedure involving

approximating |x—y|~! in B(x, 2N)—B(x, 8/2) by a Cg function fy .(|x—y|)
equal to |x—y|~! in B(x, N)— B(x, 8). Then, for fy ;, V-w=0 implies

0
Z o, JfN.o(|X—Y|)W£(y) dy = —(Vfy,s(|x—y|), W), = 0.
THEOREM 1.1. If w e H? (n22) we can define a linear map F;:

Fy(w)(x) = (4m)~* Ls |x=y|73(x=y)xw(y) dy = (4m)~*V x G(w)

with the following properties:
(@) F;(w)e C**° N Lg for any 8<% and oF,(w)[ox e H™,
() VxF,(w)=w,




380 H. S. G. SWANN [June
(¢) V-F,(w)=0,
(d) lim (oo Fa(w)(x)=0.
Fy(w) is the unique vector with properties (a) through (d).
For a vector-valued function u=(u, u,, us), let u; ,,= ou;/0x,, and u . be the array
(u,x,) and

sl = 2 sl

i,7=1,2,3

The following inequalities hold:
() ||F1(W)||Ls S K| wl L,
(i) |FiW)c=Ks|wlm2
(iil) "(Fl(w)) .x"H’"é "w"Hma m=0, 19 29 ceey R

Proof. Since we H™, where n=2, Lemma 0.1 shows that w e C* for any §<1{.
Hence Lemmas 1.1 and 1.2 are valid and F;(w) exists. Using these lemmas,

Vx Fi(w) = Vx((4n)~1V x G(w)) = (4m)~ (= AG(w)+ V(V-G(w))) = w,

where AG(w) =(AG(wy), AG(wz), AG(wg)). lim |, o« F1(w)=0 by Lemma 1.2(i).

To establish uniqueness: If v; and v, both have properties (a) through (d), then
Vx(v,—v2)=0 and V-(v; —v,)=0, so there is a potential function f with v, —v,
=Vfand 0=V-(v; —v,;)=Af, i.e. fis harmonic. But v, and v, are small near oo, so
/, harmonic, can only be constant; hence v, =v,.

F; is clearly linear; inequality (ii) follows easily from the inequality of Lemma 1.1
and Lemma 0.1.

To establish the remaining results, we first show that, if v=F,;(w), then

Ve = —F7(z]"z(z x F(W)(2))),

where F is the Fourier transform. Let u= —(47)~'G(w). Then Au=w and Vxu
= —v. Denote

—F (2| ~22((z x F(w)(2)))
by p;; note that p;e H™. Then if g€ Cy,
(P> Ag)r, = (—|z| 22z x F(w)(2)), |2|*F(9)(2))
—(F(W)(2), z(z x F(9)(2))) = (F(Aw), F((V %) ,x))

= (Au, (Vxq) ») = (1, A(Vxq) ) = —((Vxu) », Ag)
=(v X0 Aq)-

Hence v ,,—p; is harmonic; v ,, and p; are both continuous and bounded by
Lemmas 1.1 and 0.1. So v ., =p;+constant. Now p; € H2, so Lemma 0.1 implies
that p,e C° N L, and Lemma 0.3 implies that p, is uniformly small outside a
sufficiently large ball in R®. Since v is also small uniformly for x large, the mean-
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value theorem implies that for at least some large x,, v ,(x,) is also small; hence
the “constant” must be 0 and v ,,=p;. Thus (iii) follows:

lo <3 = Z IF@ )@+ |22,

= | lz]=2(lz] |z x Fw)@DA +2[?)"2]2,

= |Fw)(A+|zD"2|E, = [l
Inequality (i) now can easily be derived using Lemma 0.2(iii); v=F;(w) e C1*¢
since v , € H? and Lemma 0.1 holds.

I1. In 811, for fixed v, we wish to find a solution to

E (a) ow/ot+ (v-grad) w—(w-grad) v—vAw = b,
® (®)  w(x,0) = a(x).

Equations (E)(a) and (b) provide an example of more general parabolic equations
of form

(a) dw/dt+(P(@)+Aw = b,

@ ® w0 =a,

where 4 is selfadjoint and independent of time and P(¢) is a time dependent linear
“perturbation of lower order.” The following theorem provides a solution to
equations of form (Q). (D(-) denotes the domain of operator.)

THEOREM 2.1. Let A be a selfadjoint operator in a Hilbert space H and suppose
that A=d>0. Let P(t) be a time-dependent linear operator with D(P(t))> D(A°) for

some 820 and all t € [0, T]. Suppose that if w e D(A%), then P(t)w € C(T, H) and
|PW|cr,my £ K| A°W|a (K is some constant).

(I) If ae D(A°) and b € C(T, H), then there is a generalized solution w(t) € C(T, H)
to (Q) which satisfies

t
(@) w(t) = e-*a+ f e=€=94 (_ P(s)w(s)+b(s)) ds
V]
where e~ is the semigroup generated by — A; and

(b) w(t) € D(4?), te [0, T], A°w(t) € C(T, H) and
lim || 4°(w(r) =) = 0.

Q)

(1) If ae D(A°**) for some u>0, b is Holder continuous in t as a C(T, H)
function, and P(t) also satisfies

[P(t)u—P(t)ully < K'|ty—ta]*| AU

Sor some constants, K', u>0, and all u € D(A%), then w(t) is also a solution of (Q) in
the sense that dw/dt exists in C([e, T], H) for any £¢>0; w(t) € D(A) for t>0 and
(Q) is satisfied in H for all t>0.
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The following lemma is needed for the proof of Theorem 2.1; the dependence
of estimates on the positive constant » is crucial for later results.

LemMMA 2.1. If A is a positive selfadjoint operator in Hilbert space H, A=d>0,

then — A is the generator of a contraction semigroup e** and
(i) e""e's“=e'(‘+s“, t, S>0; Ae"-‘De"“‘A; "e—tA" < 1.

(i) e~ — I strongly as t — 0.

(iii) e~* maps H into D(A) (t>0).

(iv) d(e~*4)/dt= — Ae~*4 exists (t>0).

v) e""we C(T, H) for all we H.

(vi) If a € H and b(s) is Holder-continuous as a C(T, H) function, then

t
wie) = e~a+ [ e=e=ap(s) ds
[}

solves
(a) dw/dt+ Aw=b,
(b) w(0)=a,
in the sense that w(t) € D(A), t>0 and dw|dt and Aw(t) exist and (a) is true in
C([e, T, H) for ¢>0 and lim,,, |w(t)—al|z=0.
(vii) If 0= 8<1, || A%| x=d°|u|y for all ue D(A°).
(vii) || A% ~t4| =t7%(8/e).
(ix) (e~ 4~ 1A= k(1 ~8)/e) %51,
(x) For any ue C(T, H),

¢
”J Abe~¢=9v4y(s) ds
0

" S 17 70(8/e)°(1 - 8) " Mu| cer, my-
(xi) If w(t)=[s e~*~"4u(s) ds, where u(s) € C(T, H), then, for any 0<8<1
and O<p<1-38, A°w(t) e C(T, H) and
[4°w(t+h)—w(@)|u £ By (@) =P+ (1 =)~ h =+ D) lu| e+ n, -

Proof. The results (i) through (viii) are well known; for example, see [12, p.
231 ff.] and [13].

(ix) (e *4—1)=(P (d/dt)e** dt=(!— Ae 4 dt so
0 V]
h
(e~*4—1)4"% = f — Al-%e-ta gy
0

and the result follows from integrating inequality (viii).
(x) can be easily shown by integrating (viii) directly.
(xi) w(t+h)—w(t)=(e""™4—1) [} e~ 4u(s) ds+ [;*"e~¢+n-9v4y(s) ds so

[ 4°0w(t +h)—w(t) |
= e 4-14*|

ft A““e’“")"“u(s)ds“ +
V]

t+h
f Ade—(t+h—s)vAu(s) ds ”,
t

The result follows easily from the previous estimates.
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Proof of Theorem 2.1.
Part I. We solve the integral equation (Q')(a) by an approximation technique,
with

t
uy(t) = e""a+I e~ ¢=94p(s) ds
0
and
t
ut) = — f e=¢=94P(s)u, _(s) ds.
0

Now u,(t) exists in C(T, H) by Lemma 2.1(xi) (for §=0) which also allows us to
assert that

t
Aluy(t) = e““A"a-i—f Abe=¢=94p(s) ds
1]
exists in C(T, H) and so, by the assumptions of the theorem, uy(t) € D(P(t)).

Assume that u,_,(¢) and A%, _,(¢) exist in C(T, H) so that u,_,(¢) € D(P(t)). We
note that for any w(¢) € D(A4°), t € [0, T],

@1 |PEw(t)—P(Ewt)la = [{P(t1)—P(t)Iw(t) | a+ K | A°(w(2:) — w(t2) |

from the properties assumed of P. Hence P(t)u,_,(t) € C(T, H). Then, by Lemma
2.1(xi), u,(¢) and A°,(t) exist in C(T, H). The inequalities

| 4%0llce.en = [ A%l g+ (1= 8) "B ce, 1y

IN

and
4% o S 62721 =8) | Putp 1|l ce,my
< 11741—8) K| A%n 1 lce.

follow from Lemma 2.1(x) and the restrictions on P. Thus
> MAulcem < (|4%] a+12=%1 =) bllce,m) D, (11 —8) 1K)
i=0 i=0

which converges if ¢ satisfies 7171 —8) 1K < 1. Note that this restriction on ¢ is
independent of the initial data and b(¢). If T, satisfies this restriction, then the
series (A°w),=>7-o A%; converges in C(T,, H) and since d°|w| =< | A%:|x, W
=>7_o u; will converge also to some function we C(T,, H). Since A° is closed,
lim,_, , (4°w),=A°%w and hence w € D(P(t)), and

w(t) = uo(t)+ li{n i u(t)
= uo(t)— lim J.t e~ ¢=94p(s) zn: u(s) ds
n=>o Jo i=0

= uy(t)— J: e~ ¢=94P(s)w(s) ds.

Now w(Ty) € D(A%); hence this process can be continued to another t-interval
[To, 2T,] of the same length etc. since the requirement for convergence of the
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approximation is independent of the initial data. So w(z) satisfying the integral
equation exists for any interval [0, T'] where b(¢) and P(t) are defined. We note that

t
Adw(t)— A%a = (e~*A—1)d%a+ f Ale~C-94(_ Py 4+ b) ds
0

and the proper convergence to the initial value follows from Lemma 2.1(ii) and (x).

Part II. To show the second part of the result, we need only show that P(s)w(s)
is Holder-continuous in s by Lemma 2.1(vi). Inequality (2.1) and the additional
assumptions on P reduce this to showing that A°w(s) is Holder-continuous. First

e—(s+h)AA6a_e—8AA6a = ((e—hA_ l)A-u)(e—sAA6+Ma)

and inequalities (viii) and (ix) of Lemma 2.1 show that A% ~$4q is Holder-continuous
if ae D(A°**), as is assumed.
Then Lemma 2.1(xi) establishes that

A"( f: e~ t=94(_ P(s)w(s) +b(s)) ds)

is Holder-continuous in ¢ also.

Let A’ be the closure of (1 — A) on Hilbert space H?; then D(4’)=H*. Now it is
clear that for sufficiently smooth ¢, V-(4'q)=A'(V-q) where A’ is regarded as an
operator on both scalar- and vector-valued functions. Hence 4 =(A' restricted to
H2) is an operator in this subspace with domain HZ, and vA4 is the selfadjoint
operator in Hilbert space HZ for use with Theorem 2.1 to show the existence of
solutions of equations (E).

Formally define

P, (t)w = (v-grad)w— (w-grad)v —vw.
Recalling that V-»=0, for smooth u with V-u=0,
V.-P,,u=V-((v-grad)u)—V-((u-grad)v)—vV-u

_ oy 0

i — = t_/_ . . =
= 7x, ox, ul+(v-grad)(V-u) u X, (u-grad)(V-0)+0 = 0.

Thus we can define P, (¢) in HZ. For use in Theorem 2.1 we need the following
estimates.
Note that, from Lemma 0.1, there is a constant K, such that, for suitable g,

19 .xllc < Kallq <[ x> and |gc < Kq|lq|| 2.

LEMMA 2.2. If ve Cp, V-v=0, lim .« v(x, )=0 uniformly in te[0, T] and
v x € C(T, H?), then, for suitable constants K,, Ks and Kg, if w e D(A*'?)=H¢,
(@) [(v-grad)w|cer,u% < Ka(|0 ,xllcer,m%+ [ole) | AY2w] 2,
(i) [|(w-grad)o|ca,ut = Ks|v <l car, 2wl a2
(iii) [(v-grad)w|cer,uty < Ke([|v <]l cer,u+ [0llc) W] 2.
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Proof. For appropriate p and g,

I(p-grad)qla, = |(1—A)(p-grad)g)| .,

= [(p-grad)g| L, + | A((p-grad)q)| .,
and

A((p-grad)g) = (Ap-grad)g+2 > (p »,grad)q ., +(p-grad)Ag.
i
Proof of (i).

I(p- grad)gllz, = [Plclg <llzss
1ap-grad)g)llz, = K| xlu2lq <l 2+ K|P xlclg .l +1Plcl AG x]os

lg <t = 2, la: . 1% S f (1+z|?°|F(q)|* dz = | 4"%g| 2.
i,

Lemma 0.2 gives |p xlc S Kallp «la2; |9 <. = 19 xla2 and [A(g )] = g ]2
these inequalities combine to give (i).
Proof of (ii).

I(p-grad)ql., < 1PlLallg .xlc S KalplLallg <l 52
1A((p-grad)g)llz, < Kal|ApllL,lq <2+ K| Pllazlq <l v2+ K| Pl #2]q ] 2.

These combine to give (ii). Note that 2K, < K.
Proof of (iii).

[(p-grad)g||F: = ((p-grad)g, (1—A)((p-grad)q)).,
< plElg <12+ I Plclg (K1 AP a2 g <l w2+ 1|2 xllcllglx2)
+((p-grad)g, (p-grad)Aq),,.
Now, since V-v=0 and p has the role of » here, V-p=0 and
((p-grad)g, (p-grad)Aq)., = (psq: ,x;» (PLAG) %)

= —((p: ,x,.) Jx0 PeAGY)
< K| pl@lglz=+ Kl p <lclg .« Plclgll sz

The inequalities combine using Lemmas 0.1 and 0.2 to give (iii).

THEOREM 2.2. For any [0, T] where b and v are defined, if ac HZ, be C(T, H?)
and v € Cr, lim .,  0(x, t)=0 uniformly int € [0, T}, v ,, € C(T, H?), V-v=0 then

t
22  w(t) = e-a+ f e~t=9vA(_ (- grad) w+(w-grad) o+ vw+b) ds
0

has a solution w(t) € C(T, HZ) with A*?*w(t) € C(T, H?) also and

lim | A*?w(t) — A*2a| g2 = 0.
tio

Proof. The inequalities for P,, and the continuity required by Theorem 2.1
follow from Lemma 2.2, the linearity of expressions like (v-grad) w in both » and
w, and the properties assumed of v. Clearly D(4*2)< D(P, ,). Hence Theorem 2.1(I)
gives the existence of solutions w € C(T, H2) of (2.2) with the proper requirements.
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III. For ue C(T, H?), we can form F,;(u)=v satisfying the requirements of
Theorem 1.1 and construct w(z), the solution of Theorem 2.2 to

t
22 w) = e‘”"a+j e~ ¢~"A(—(y.grad)w+ (w-grad)r+vw+b) ds
0

which we call Fy(v)=F,(Fi(u)). We wish to establish that the mapping
F,(Fy( )): u—w maps a closed convex set S of a Banach space continuously into a
relatively compact subset of S and use Schauder’s fixed point theorem to find
a solution to (E)(a), (b), (¢) and (d). The most important estimate giving -
independence of the viscosity v comes from the following lemma.

LeMMA 3.1. In any Hilbert space H, if A is a positive selfadjoint operator,
q(t) e C(T, H),ac H and

t
w(t) = e "a+ f e~-Vag(s) ds
0
then
t
W)l < lalg+2 [ (@(s), w)n ds

Proof. Suppose that g(s) is Holder-continuous in s. Then, from Lemma 2.1(vi),
dw/dt exists in C([e, T), H), ¢>0; we D(A4) (t>0) and dw/dt+vAw=q(t) in H,
w(t) — a strongly in H as t — 0. So

(aw/dt, W)y +v(Aw, w)g = (g(2), W(1))x.

Now v(Aw, w)y=v| A*?w| =0, so integrating the inequality gives

3Ol —lal®) = 3 [ % vl ds = [ @), v ds.

By approximating strongly continuous g(s) by Holder-continuous functions, we
can easily obtain the result for g(s) € C(T, H).

LemMA 3.2. If we C(T, H®), then there is a constant Kg such that
((v- grad)w, w)zz| = Kev | 2| w2
Proof. If we Cg°, then, since V-v=0,
((v-grad)w, w)yz = (1 — A)(v-grad)w, (1—A)yw),,
= ((v-grad)w, w)—((v- grad)w, Aw) —(A(v- grad)w, (1 — A)w)

= % fV.(IW|2v) dx— (aix, (v;wy), AW,) —((Av-gradyw, (1— A)w)

1 0
+3 J‘V-(|Aw|2v) dx— (a; (v,Aw)), W;)

o

(1= )w)-

Oxy Ox;0xg
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Now

%fv-ﬂwlzv) dx =0= %fV-(|Aw|2v) dx

and

(6%, (vw)), AW;) = - (_6_ (v,Aw)), w,),

0x,

so four terms of the expression drop out, and we have
|((v-grad)w, w)sz| < [[(Av-grad)w]|, (1 — A)w],,

ov; 0w
a_xK axj oxx Lz. "(l —A)w"Lz

= Ko <lzzlwlaz+ Ko <lclwla)w] e

The result follows from a density argument for w e C(T, H®) and the inequality
o xlc=Kellv ]l s

LEMMA 3.3. Let Ky=K;+ Ks. Suppose that a€ H? and b e C(T, H?). Choose T
such that

+K

4T+ Ko(2l|alf2+ Kg M |b]l oz, u%) ') < 1
and with T so restricted, let
M? = 2||a|fz+ K5 *||b cer, w3
Define S={we C(T, HY) | |Wlca.nny S M}. Then Fy(F\(S))<S.

Proof. By Theorem 1.1, if u € S, then F;(u) exists. Since u € C(T, H?), Fy(u) € C;
and (Fy(u)) ,. € C(T, H?) by inequalities (ii) and (iii) of Theorem 1.1. Lemma 0.3
and a study of Lemma 1.2 shows that lim,|. » F;(#)=0 uniformly in ¢; hence we
can apply Theorem 2.2 to obtain w(t) = F,(F,(u)) satisfying (2.2) with w e C(T, H?).
By Lemmas 2.2, 3.1 and 3.2

t
[w(@®) |32 < |lalfz+2 f (—(v-grad)w+(w-grad)v+vw+b, w)y2 ds
0
< lallfz+2t |w| e, x2((Ks + Ke) vl ca.uz +v) +2¢ | b ce, un | Wl o, 12)-
Now t=T and [[v .| cen=Fi®) «llce xS |4l ce,n2) < M; hence
2t((Ks+Ko)||v xllca,ury+v) £ 2T (KoM +v) < %
and we can rearrange the inequality to

3wle.m = lallfz+2t]bllce.anwlce,n%
< |lalfz+ QKo M) =B e, 5| Wl e, %

This quadratic expression in ||| c¢,u2 can hold only if

" W"cma’) = ‘l‘("b" ca,u»(KoM)~ L+ ((KoM)2 "b“g(T,H’) +8 "0"?{2)“2)
= M which establishes that Fy(Fy(S)) < S.
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Lemma 3.4. S={we C(T, H?) | |w|cr,u = M} is a closed convex set in C(T, Ly).

Proof. Convexity is immediate. Suppose w, — w in C(T, L;) as n— oo with
w, € S. Then w e C(T, L,), F(w) exists and

1/2
([ a+lpFmiE ) s a4 NI = Foli+ [For)le < o M
B(O,N)
for n sufficiently large. This is true for any N; so we C(T, H?) and |w|cq x% <M.
Also (w, Vf),=lim,_ , (w,, Vf)=0 for smooth fsince w, € S. Hence w € S.

LeMMA 3.5. Fy(Fi( )): S — S is continuous in the C(T, Ly) topology.

Proof. Suppose u, € S; and u, —u, € S in C(T, Ly). Let v;=F,(u;), w;=Fy(vy)
=F,(F,(w)), i=0, 1, 2,.... We wish to use Lemma 3.1 with Hilbert space L,; thus
formally we must deal with the closure 4* of 1 — A regarded as an operator on L,.
However, if g € H2C L,, then Alq=Aq, e~ *4'g=e~!4q etc., so we can use our pre-
vious notation without difficulty. Now '

t
wi(t) = e~ a+ f e~ = A(—(p;- grad)w; + (w;- grad)v; +vw; +b) ds
0

so by using Lemma 3.1 on the representation of w;—w, and the fact that
((vs- grad)(w; — wy), w; —wo), =0, we obtain

Iwi(8) —wo(2)||3,= 2 J: (— ((v;— o) - grad)wo + ((w; — wo) - grad)y;
+(wo- grad)(v;— vo), Wy — wo)r, +v|wi— wo| 2,) ds.
The following inequalities hold by Lemmas 0.2, 2.2 and Theorem 1.1:
[((vi—vo)- grad)wollcer,Lpy S K01, =0, xllccr, 1o Wo, xllccr,ntrs
[((w;—wo)-grad)oilleer, i < [0i,xlcr [Wi—wollear, L
l(wo- grad)(@i—vo) lcer,zr = [Woller 01,2 —vo.xllccz.zar
o1, —vo,xllcer, iy S |ti—ttollccr,Lars
lowxler £ Kallvnallea,n® £ Killloa,ns < KxM < KoM.
Hence using Schwarz’ inequality
[Wi—woll2cr,Loy < 2T (KoM +v)|Wi—wol &, L)

+ [ wi—=wolleer, 1p2T(K [|Wo, x| ccr, 1ty + [ Woll o) | s — 140 locr, Lo

Since 4T (KoM +v) <1, we easily obtain |w;—wq| car,p < K || i — 4o ccr,1,) and the
mapping is therefore continuous.

To show that Fy(F,(S)) is relatively compact in C(T, L) we first show that it is
an equicontinuous set of functions and then, with a somewhat intricate argument,
show that the functions are uniformly small near infinity and thus we can use the
Arzela-Ascoli theorem for compactness.
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LEMMA 3.6. For any w € Fy(Fy(S)),
@) [wt+B)—w(t)] 52 < By Ko,
Qi) [w(t-+h)—w(t)| S H2Kys,
where Ky, and K,, are independent of v and depend only on M.

Proof. If w € F,(F,(S)), then, for some u € S, w= Fy(F,(v)) = Fy(v) and
t t

w(t) = e‘"“a+f e~ ¢ 94(—(v-grad)w) ds+J e~ ¢=4((w-grad)v+vw+b) ds
0 0

= wi(t) + wi(2) + wi(2).
wi(t+h)—wi(t)=(e "4 —1)A~2e~t4412q, 50
[w'@+h)—w (@) = [W(t+h)—w'(@)||n2 £ K(hv)'?]| 4'%a| p2
by Lemma 2.1(ix). Lemma 2.1(xi) applied to w?(¢) (with §=0) gives
W2+ —w2 O] < |Wi(E+h)—w(0)] e
s Kn%(|6] o, u +v|Wlow,m3 + [Wlea,mn v <l or)
< KR2(||b] cor, 5 +vM + KM ?).
Now A~ 12w2(t)= — [} e~¢~9v44~12(y. grad)w ds, so by Lemma 2.1(xi) with §=4,
pn=1%, we get
" w2(t+h) — W2(t)"H2 = “AIIZ(A -1/2w2(t+h) —A- 1l2w2(t)) “H2
é hll4v_ 1/2K "A - 1/2(0 . grad)w“ H2
= h%y=12K. ||(v- grad)w| m
< hY%-12K. KgM%(1+ K3) by Lemma 2.2(lii).
This establishes (i).
Lemma 2.1 will hold for 1 —A as an operator on H?, and the result (ii) for

|w2(2+h)— w?(t)| 2 independent of v follows immediately from Lemma 2.1(xi)
applied with 6=0 to H*.

LeMMA 3.7. Fy(Fy(S)) is an equicontinuous set of functions for fixed v> 0.

Proof. S is uniformly Holder-continuous in x with exponent 8, 8 <4 by Lemma
0.1. Fy(Fy(S)) is uniformly Holder-continuous in # with exponent 3 by Lemmas 0.1
and 3.6.

LemMA 3.8. For any >0, there is an N, such that if w € F,(F1(S)) then

sup. | Iw(t)]? dx < &2
te(0,T) JR® - B(O,No)

N, is independent of v>0.

Proof. To obtain the result independent of v, we wish to use Lemma 3.1. To this
end, we note that if w(t)=e ""4a+ [ e~¢~9"44(s) ds with g € C(T, H?) then, for
any C* scalar function f(x) bounded through its 4th derivatives,

3.1 w(t)f = e "af+ f: e~ - VA(g f—ywAf—2v(Vf- grad)w) ds.
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To establish this: if g is Holder-continuous, then dw/dt+vAw=gq; hence, since
A=1-A, dwf)/dt+vAwf)=gf—vwAf—2v(Vf-grad)w and the integral repre-
sentation of wf follows from semigroup theory. If ¢ is only in C(T, H?), we can
approximate g with Holder-continuous functions and still obtain the integral
equation representation for wf. Then let f(r) e C*(0,0); 0=f(r)<1; f(r)=0,
0=r=1; f(r)=1, 2=r<w; and use fy(x)=f(|x|/N) in the representation (3.1)
with g=(—(v-grad)w+(w-grad)v+vw+b) together with Lemma 3.1 applied
H=L,. Inequalities. in Lemmas 0.2, 2.2, and Theorem 1.1, together with the
restriction 4T (KoM +v) <1 eventually yield an inequality of the form

Ifawlow,i = K| fval,+ Kl fwblloa,cn+ KIN
where the third constant depends on M. Now
sup | I dx < | fiw i < sup WD) dx
tel0,T) J R - B(0,2N) te0,T1 J g% - B(0,N)
and similar inequalities for | fyal|,, and | fyb||c(r,L, establish the result.

LEMMA 3.9. F,(Fy(S)) is relatively compact in the topology C(T, L,) for fixed
v>0.

Proof. Since, by Lemma 3.7, Fy(Fy(S)) is equicontinuous, for any sequence {w;}
by the Arzela-Ascoli theorem we can choose a subsequence that converges uni-
formly in [0, T]x B(0, 1), a further subsequence that converges in [0, T] x B(0, 2)
and so forth; thus we can find a “diagonal” sequence {w,} that converges pointwise
in [0, T] x R®= Q; and uniformly in any [0, T]x B(0, N) to some continuous w.
Then

WO a0, = (W) =Wl | Lawio.in + WAL, S e+ M
if j is large, for any N, gives w(t) € L,. Similar reasoning with Lemma 3.6 shows that
w(t) € C(T, L,). Finally

[wi@)—w(@)|Z, < [wit) —w(®)||Z,c00,m0 + 20 W(D) 12,22 - B0, wn + W) 1,82 - B0, wp)
&

A NIA

for N large and i=i, also large, uniformly in ¢ € [0, T'], by Lemma 3.8, and this
gives convergence in C(T, L,).

THEOREM 3.1. If Ce C; lim |4 Lo C(x)=0; V-C=0; a=VxCe H3*%; Bis a
continuous functionon Qr; B . € C(T, H?); b=V x Bis continuous in t as a C(T, H?)
Sfunction and T satisfies

4T(v+ Ko(2| a2+ K5 bl cr,u2)'®) < 1,

then there exist unique functions w, v, and P (P is unique up to an arbitrary function
of t) such that

(a) ow/ot+ (v-grad)w—(w-grad)v—vAw = b,
() w(x,0) = a(x),

(E) () Vxv=w; V.o =0,
(d) leli_{l;lo v(x,t) = 0 uniformly in t [0, T),
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and
(EY (a) ovjot+(v-grad)v—vAv = —grad P+ B,
(b) v(x, 0) = C(x),
with we C(T, H3) N C?*#([e, T]x R®) N C}**; ow/ot € C¥*([e, T1x R®) and
veC¥*¥([e, TIXR) N CE**;v e C([e, T), HY) N C(T, H®);0v/0t € C***([¢, Tx R®)
and P . € C**¥([e, T]x R®) for any ¢>0 and 0<p<3.
(E)(a) and (E)(a) are satisfied in the classical sense;

lo@@)=Cllcz+»;  [w(t)—alct+s and |w(t)—alus
all >0ast—0.

Proof. First we prove the results for equations (E).

By the preceding lemmas of §III, Schauder’s fixed point theorem can be applied
to find some w such that w= Fy(F;(w)). Let v=F;(w). Theorem 2.2 gives w € C(T, H?)
and lim,_,, |w(t)—a| x3=0. (E)(c) and (d) are satisfied by Theorem 1.1. To show
that (a) is satisfied (Theorem 2.2 gives only the integral equation (2.2)) we must
establish the necessary inequality for P, , to use part (II) of Theorem 2.1. For this
we must show that if u € H2 = D(4?) and v= F;(w), then there are some constants
K and p>0 such that

[(((2,) - grad)u — (u- grad)v(,)) — ((v(t2) - grad)u — (u- grad)v(t,)) | 2
S K|ty —t5|*]| 4%ul| 2.
First

[((@(t)) —v(t2)) - grad)u| g2 < Ko(|v ,o(t:) =0 (t2) | 52 + [[0(t1) — 0(t2) | )| 4220 | 2
and
(- grad)((t,) —v(t2)) w2 < Kslv (1) —v 2(t2)]| w2 ]|l
by Lemma 2.2. Theorem 1.1 gives

lo(t) —v(t)lc = [|Fr(w(t) —w(t))lc S Ks|w(t)) —w(ts)| n2
and

[v,(t)—v Lt 2 = [(Fr(w(t) —w(t2))) ,xllmz £ | wW(t) —w(t)| w2

But w is Holder-continuous in ¢ by Lemma 3.6. Hence (a) is satisfied as in Theorem
2.1(IT) and the smoothness of v and w is given by Lemma 0.1 applied with Theorems
1.1 and 2.1; thus the solution is classical.

For equations (E?), we need to establish the differentiability of v with respect to
t. We have established that ow/ét e C([e, T]; H%). Hence we can form v'(¢)
= Fy(ow/ot) for any t>0. Then, using the linearity of F; and Theorem 1.1, v*(¢)
=0ov/ot and vX(t) ,=(v/ot) . € C([e, T], H?) by the following reasoning:

I(@(z+ At)—o(2))/At—v (1) |
= [[(1/At)Fy(w(t+ At)—w(t)) — Fy(dw/ot)|
< K| (1/A)w(t+ At) — w(t)) — ow/ot | g2 — 0 as At — 0.
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Similarly v(¢) ,,=(dv/ot) . The smoothness of v then follows from results for (E).
Thus if ov/ot+(v-grad)v—vAv—B=u, (E)(a) gives Vxu=0 for >0 and
u . € C([e, T]; H?), which, by Lemma 0.1 gives u € C***([e, T] x R®). Thus there
is a function P, unique to a function of ¢, such that u=V(—P) and

P e C'*[e, T]x R®).
Now C=F(a), so

o) = Clc = |Fiw(t)—a)|c = Ks|w(t)—all sz
and

v, «(t)=a clcr+x = K3 ,[|w(t)—alus

implies by the result for (E) that ||vo(¢)— C|c2+s — 0 as t — 0.
We must establish uniqueness. Suppose that (w?, v') and (w2, v?) are both solu-
tions of (E). Then

t
wi(t) = e ™a +f e~ ¢=vA(— (vt grad)w' + (wi- grad)v' +vw' + b) ds.
0

Applying Lemma 3.1 with H=L, to the integral representation of w(z) —w?(¢) and
recalling that ((v*- grad)(w* — w?), w* —w?),,=0, we obtain the inequality

Iw' (@) —w ()2, = 2 J: Iwi(s) = w ()|, | ((0'(s) — v*(s)) - grad)w?(s)| ., ds

t
42 [ = w0 grad) 0t~ o7,
IO =92 grad)e? o v = w2l s

The uniqueness statement of Theorem 1.1 gives v'=F,(w'). Hence Lemma 0.2(iii)
provides

(@ —v%)-grad)w?| 1, < K[ohu= %], [W2 ]2 = K[wh—w2| L, | W?] 2.

Similar inequalities concerning the remaining terms yield an inequality of form
[w()—wa(®) |3, = K [% |[w'(s)—w*(s)|? ds which can only hold if w'=w?; hence
vt=F(w')=F(W?)=01? also.

(E*) will have a unique solution also, since if (v, P) solves (E') then (V x v, v)
solves (E).

IV. In §IIT we established the existence, for any viscosity v>0, of a solution
(v*, P") to the Navier-Stokes equations. In §IV we show that »” converges, as the
viscosity v goes to zero, to a function v that gives the solution to the Euler equations
for the flow of an ideal fluid in R3.

The Euler equations are

ov/ot+(v-grad)v = —grad P+ B,
4.1 V.v = 0 with constraints

lim v(x,?) =0 and v(x,0) = C(x).

x| =
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By formally computing the curl of equation (4.1), we obtain the system
(i) ov/ot+(v-grad)w—(w-grad)p = VxB = b,
(i) w(x,0) = VxC(x) = a(x),
(iii) Vxvo=w;V.0 =0,
@iv) Jﬁ% v(x, t) = 0.

4.2)

Assume for this section that 0 <v=v,, T satisfies
(4.3) 4T(V0 + K9(2"a“?{3 + Kg_ 1 "b" c(T’Hz))llz) <1
and M?=2|a| %2+ K *||b| ccr,u? Where a=V x C and b=V x B. Use these restric-

tions and functions to obtain the results of §III for various viscosities ».

LemMA 4.1. If (w", v") is the solution of (E) with viscosity v<v, of Theorem 3.1,
then there is a function w € C(T, H2); ||w|cr,u2 S M such that if v=F,(w), then
@ [w~— w"C(T,Lz) S8TMy,

(i) [[v"—v|cer,ie < 8TMKyp,

(i) 10"e= lccr, i S 8TMv.

Proof. Let (#*, v') be solutions of (E) with viscosities v; of Theorem 3.1. Using
the notation A=1—A, Theorem 3.1 gives

dw'—w)ldt+v, AW —w’) = p
4.9 = (vy—v) (AW —w') +v (W — w)) + (W — w?) - grad)v*
+(w!- grad)(v* — v*) + ((v* — v*) - grad)w* + (v’ - grad)(w’ — wh).
The initial value of w'—w’=a—a=0, so we can use Lemma 3.1 with Hilbert space
L, and the result ((v’- grad)(w’ —w'), w/ —w'),,=0 to obtain
W =wllea,io = 2t [v;—wi|(| AW [l og,10 + [ Wl cw,L0) + 2005+ [0 <) [ W = W]l e,
+2t(|W]lc,- 10! =0 sl oe, 100 + (@7 — ) - grad)w|| e 1,5)-
Now (see proof of Lemma 3.2)
(@' —v")- grad)w'(lce,cp) S Ksllt?,x— 0" xllce, oW 2l cerrty

and

" U',x— U’,x" Ct,Ly) = ||F1(W' —w) x" ctLy = " wt— Wj"ca,z.z)-
So

IW =W oz S 4EM vy —wi] + 26y + 2K+ Ke) M)W =W 100
since both w' and w’ are bounded in C(¢, H?) by M. Then
4.5) [ W =W cer,e S 8TM |vi—v,]
follows from 2¢t(v;+ (2K; + Kg)M) <2T(vo+ KoM) < . Both w! and w’ € S where
S={weCT H)| |Wlca,u» = M}
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which is closed in C(T, L,) by Lemma 3.4; hence w € S and v=F;(w) exist and the
inequalities follow from Theorem 1.1 and (4.5).

THEOREM 4.1. If Ce C, lim|j. C(x)=0, V-C=0,a=VxCe H**%and Bis a
continuous function such that B , € C(T, H?) and b=V x B is Holder-continuous in
t as a C(T, H?) function, T satisfies

4T (vo+ Ko(2|V x C|Z2+ K5 2|V X Bl oer, m3)"?) < 1

then there are unique functions w, v and P (P is unique up to an arbitrary function of t)
in [0, T'] such that
(i) ow/ot+(v-gradyw—(w-grad)v = b

i) w(x, 0) = a(x),

4.2)
(iii) Vxv=w;V.0 =0,
(iv) Il{m v(x,t) =0 wuniformlyinte[0,T],
X| = o0
and
i) ov/ot+(v-grad)v = —grad P+ B,
@1 () ov/or+(v-grad) g

(i) o(x,0) = C(x),

with we C(T, H?); owfote C(T, HY); veC}**; v ,eC(T,H?); ovfoteC*
(locally in x € R® uniformly in te|[0, T]); ovjote C(T, Lg); 0v /ot C(T, HY);
o(grad P)/ot € C(T, HY) for u<43.

Iw®)—ala; |o(@)—Clle; [o(0)—Cllz, and |[v, ()= C i|u2 all go to zero as
t—0.

If (v, P") is the solution to the Navier-Stokes flow of Theorem 3.1 with v <v,, then
lim, ¢ [|0"—0|c,=0; 0" — | cr, e S8TMKw and 0¥, —v x| car,1y < 8TMv.

Proof. We first show that (w, v) of Lemma 4.1 is a “weak solution” of (4.2)(i).
Now
| (w”- grad)o” — (w- grad)o||cer, 1y
= [((w*—w)-grad)e’ | cer, 1+ | (W- grad)(®” —v) [ cer, 1y
S W —wlea.nlv” slor+ [Wler 0", x =0 xll e,

-0 asv—0

(4.6)

by Lemma 4.1 and the uniform (in ») boundedness of |v" .|c, (W’ €S for all
v>0). For p(x) € Cy°,

((v"-grad)w’ —(v- grad)w, p)r, = (((v" —v)- grad)w”, p)., +((v- grad)(w* — w), p)y,.
1@ —v)-grad)w’|, = K0 x=0 ]z, W a2 >0 asv—0

uniformly in ¢ by Lemmas 0.2(iii) and 4.1.
|((v-grad)(w* —w), P)ra| = [(@(0A(W"—W))/0x;, P),]

= |(vAw"—w), dp/ox;).,]
< K|v]lcy- [w=wl,llp %z, =0 uniformly in ¢ € [0, T].
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Hence

@.7 ((v*-grad)w”, p);, = ((v-grad)w, p);, asv—0.

From Theorem 3.1, ow*/ot=b+ (w’-grad)v’ —(v"- grad)w® +vAw" so, for p € C{,

t t
f (b+(w’-grad)v’ — (v*- grad)w”®, p)., ds+v f (Aw®, p), ds

0 1]

td
= [ 0" Prads = w0 =a, P
Inequalities (4.6), (4.7), |(Aw®, p),| £ |w’||u2] pllc, and Lemma 4.1 then give
¢

4.9 w(t)—a, p), = L (b+(w-grad)v—(v-grad)w, p)., ds.

Let g(t)=b+(w-grad)v—(v-grad)w € C(T, H?). If u(t)=a+ff) q(s) ds, then u(t)
and du/dt=q(t) € C(T, H*) and |u(t)—a| z* — 0. Hence

)= Pia = [ @ Piads = W)= Pl

which can only occur if u=w, which establishes (4.2)(i) and (ii). (4.2)(iii) is true
since v=F;(w). lim, . o v(x, )=0 uniformly in ¢ € [0, T'] follows from Lemmas
0.3, 3.8 and a study of the proof of Lemma 1.2(i).

To show differentiability in ¢ of v, let ¢,(¢) =(q(¢+h) —q(¢))/h for any function q.
Then by the results of Theorem 1.1 and the linearity of Fi,

"(U ,x)hl(t) - (l) ,x)hz(t) “ H! = " wh].(t) - th(t) " H!.

Since dw/ét exists in C(T, H*), &(v ,)/ot will exist in H* for any ¢ € [0, T}: strong
continuity in ¢ follows from a similar inequality and the strong continuity of
ow/ot. Parallel reasoning and inequality (i) of Theorem 1.1 shows that dv/dt exists
in C(T, Lg). Lemma 0.2(iv) then gives dv/dt € CN([0, T’} x B(0, N)), A< 4, for any N.
Thus we can write (4.2)(i) as Vxg=0, where g=0v/ot+(v-grad)v—Be C*
(locally). Define P(x, t)= — [ q(x, t) do where T' is any smooth path from 0 to x.
If g is sufficiently smooth, the condition V x g=0 guarantees that P(x, t) is defined
independent of choice of path I'; by use of mollifier theory we can construct smooth
approximations to g € C* (locally) preserving the property Vxg=0 and easily
obtain this result for g only in C* (locally). Then

(4.8)

ov/ot+(v-grad)v = —grad P+ B

and the statements concerning the smoothness of v follow from the results for
system (4.2).
The properties postulated for C give C=F;(V x C), so

lo()) = Clzq = |FxW)(®) = Fi(V X C) g = Ko w(1) =V x C|l, >0 ast—0.

Similar reasoning and Theorem 1.1 gives

lo x@)—C ilar £ |WE)—VXC|gr—0 ast—0.
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Lemma 0.7(iv) then gives ||v(2)— C|cpo.ny —> 0 as ¢t — 0; v(¢) is uniformly (in ¢)
small near co; C is small near co; hence |v(t)— C|c— 0 as t — 0.

To show uniqueness: If (w!, v') and (w?, v?) are both solutions of (4.2), then
v'=F(w') by the uniqueness statement of Theorem 1.1. Also
dwr—wd/dt, w* —w?),,

= (((w'—w?)-grad)v?, w'—w?), +((w? grad)(v* —v®) + ((v* —v?) - grad)w!

+ (2 grad)(w? —w), w' —w?)L,.

Since w'(0)—w*(0)=a—a=0 and (v*-grad (W2—w?), w'—w?),,=0 we can use

estimates similar to those of the uniqueness proof of Theorem 3.1 to obtain an

inequality of form |w*(£) —w2(¢)||2< K [} |w'(s)—w?(s)|? ds, which can only occur

if wt=w?2; hence v'=F;(w')=F;(w?)=0v? also. (v, P) is a unique solution of (4.1)
since (V x v, v) is a unique solution of (4.2).

Lemma 4.1 gives the convergence of v” to v except for the result |v*—v|c, — 0
as v— 0. We prove this by contradiction. Suppose, for some >0, there is a
sequence of v; with associated v;=v" such that |v;—v|c,>e. Let wi=Fy(v;);
wy € F5(F,(S)), hence Lemma 3.8, Lemma 0.3 and Lemma 1.2 show that v; is small
near oo uniformly in ¢ and independent of v. Hence |v;—v| ¢, > ¢ occurs only within
some ball B(0,N); ie., |vi—0|co.mxpo.ny>e Lemma 0.1Gv), [villcer,Le
S Ks|Wiloa,1p < KoM and |[(v) x| cr,u?y S B show that {v;} are equicontinuous in
x € B(0, N). The same inequality can be used with Lemma 3.6(ii) to establish that
{v;} are equicontinuous in ¢ (independent of v). Hence there exists, by the Arzela-
Ascoli theorem, a subsequence {v,;} and o' e C([0, T]x B(0, N)) such that
lv,=v"llco,r1x 5o,y —> 0 as j—o0; hence [v;—v"|cqo,m, om0, mm —> 0 as j— 0
also. But v, — v in C(T, Lg), which implies that v=2" and contradicts the assump-
tion that ||v; — | cqo,11x B0, Ny > &- Thus |[o¥—v| ¢, — 0 as v — 0.
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