TRANSACTIONS OF TH
AMERICAN MATHEMATICAL SOCIETY
Volume 157, June 1971

A PAIRING OF A CLASS OF EVOLUTION SYSTEMS
WITH A CLASS OF GENERATORS

BY
J. V. HEROD(})

Abstract. Suppose that S is a Banach space and that 4 and M are functions such
that if x and y are numbers, x=y, and P is in S then each of M(x, y)P and A(y, P)
is in S. This paper studies the relation

M(x, )P = P+ f:’ A(t, M(t, )P) dt.

Classes OM and OA will be described and a correspondence will be established which
pairs members of the two classes which are connected as M and A are by the relation
indicated above.

Suppose that S is a Banach space, A is a function such that, if # is a number, then
A(t, -) has domain all of S and values in S, and M is a function such that, if x2 z,
then M(x, z) is a function from S to S satisfying

)] M(x, y)M(y, )P = M(x, 2)P

for all y between x and z and all P in S. This paper is a study of the relation
v

€)) M(x, y)P = P+f A(t, M(t, y)P) dt
x

between 4 and M.

In [9] and [10], J. S. Mac Nerney defines classe OM and OA and a one-to-one
correspondence & from OA4 onto OM. Members M of OM have the evolution
property (E) and members V of OA have the property that

V(x, y)P+V(y, 2)P = V(x, z)P

for all y between x and z and all Pin S. The function & associates members M and V'
of OM and OA which are related by an equation similar to (1). Important in those
papers, but not to be considered here, is the possibility of discontinuities of the
solutions M(-, y)P. The author’s study in [4] and [5] of these discontinuities leads
into the analysis in this paper.
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The development of Mac Nerney’s (see also [13]) includes the case that, for a> b,
the function M(a, b) is ““generated” by a Lipschitz function A(¢, -) from S to S
and lim,.,, |[M(a, b)—1]P—[M(a, b)—1]1Q| =0. In case A(z, -) is (not necessarily
Lipschitz) continuous and lim,., |M(a, b)P—P|=0 and, especially in case M
arises from a one-parameter semigroup of nonlinear functions, many investigations
have been made. Some of these are [1], [2], [3], [6], [8], [11], [12], [14], [15], [16],
[17], [18], and [19]. However, in none of these more recent papers has the complete
pairing of the solutions with their generators been made as provided by & in [9]
and [10]. This paper will provide an extension of the function & to a nonlinear
analogue of the linear, strong case (see [7, §11.5]).

1. The main result. The class OA4 will consist of all functions V having the
property that if a=b then V(a, b) is a function from S to S and

1A. there is a continuous function p which is of bounded variation on each
finite interval such that if a=b and p(a) — p(b) < 1 then 1 — V(a, b) has range all of
S and, if P and Q are in S, then

{1-[p@—p®}IP-Q| = |[1-¥(a, B)IP-[1-V(a, b)]Q],

2A. if x=y=zand Pis in S then V(x, y)P+ V(y, z)P=V(x, 2)P,

3A. if a>b and B is a bounded subset of S then there is a nondecreasing, con-
tinuous function o such that if a=x2y2b and P is in B then |V(x, y)P|
<o(x)—a(y), and

4A. if a> b then there is a nondecreasing function 8 such that if e>0 and P is in
S then there is a positive number & having the property that if Q is in S such that
|0—P| <8 and azx2y2b then |V (x, )P— V(x, ») Q| < [B(x)—B(»)]e.

The class OM will consist of all functions M having the property that if a>5b
then M(a, b) is a function from S to S and

IM. there is a continuous function p which is of bounded variation on each
finite interval such that if a=b and P and Q are in S then

| M(a, b)P—M(a, b)Q| = exp (p(a)—p(b))|P—- Q)

2M. if x=y=zand Pis in S then M(x, y)M(y, z)P=M(x, z)P,

3M. if a>b and B is a bounded subset of S then there is a nondecreasing, con-
tinuous function « such that if a=Zx=y2b and P is in B then |M(x, y)P—P|
Sa(x)—a(y), and

4M. if a> b then there is a nondecreasing function B such that if e>0 and P is
in S then there is a positive number 8 and a positive number d having the property
that if Q is in S such that |Q —P| <38 and a=x2y=b such that x—y<d then

[ [M(x, y)—11P=[M(x, y) - 1]1Q| = [B(x)—B(»)]e.

The main result of this paper is the following:

THEOREM. There is a reversible function & from OA onto OM such that if V is
OA and M is in OM then these are equivalent :
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(@) M=6&(V),

(b) ifa=b and P is in S then M(a, b)P=,] [° [1- V]~ 1P,

(¢) ifazb and P is in S then V(a, b)P=,>° [M—1]P, and
(d) ifa=b and P is in S then M(a, b)P=P+ [, V[M(-, b)P].

REMARK. If a>b then a subdivision {s,}§ of {a, b} is a decreasing sequence such
that s(0)=a and s(n)=b. Also, ¢ is a refinement of the subdivision s provided that
t is a subdivision of {a, b} and s is a subsequence of 7. The continuously continued
product and sum in (b) and (c) above are defined in [9] and [10]; the integral in (d)
is the Riemann-Stieltjes integral.

2. From OA to OM. In this section, suppose that V is in OA4 and p is as in
condition 1A.

LEMMA 2.0. Suppose that a>b, P is in S, {s,}5 is a subdivision of {a, b} such that

if p is an integer in [1, n] then [t ¥ |dp| <4, and j is an integer in [1, n). Then

H[I—V(s,, 18] P = P+Z V(sp-1, s,,)ﬂ[l—V(s, 1 8)]71P

p=j

and

< e (2] 1dl) 3 VG550 59P 1

p=J

[T1=V(sy-1, s)]2P—P

p=J

Indication of proof. With the supposition of the lemma,

H[l—V(s, » 8PP = Z{[I—V@p b8 =1} H [1=V(s-1, $)]7 1P

p=J i=p+1

Z V(o5 | 1 11— V(o1 $017P.

i=p

Also,

l—nl [1-V(sp-1, s,,)]"‘P—P{

=

Z{j (1= V(si-1, 5)]-1P— H[I—V(s, b8 IP}

<> 1‘1 {1=Tp(si-1) — p(s)T |V (Sp-1, $5)P|

p=ji=4
a n
s exp (2 [ ldpl) 3 1VGsy-s, 5P
ﬂ=

This last inequality follows since if 0<z<% then [1—z] " 1<1+2z=Zexp (22).

LeEMMA 2.1. Suppose that a>b, B is as in condition 4A, {R,};-, is a Cauchy
sequence with values in S, and ¢> 0. There is a positive number 8 having the property
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that if n is a positive integer, P is in S such that |P— R,| <8, and azZxZyZb then
[V (x, y)P—V(x, y)Ra| = [B(x) —B(¥)]e.

Indication of proof. A proof may be constructed similar to the usual proofs that
continuous functions on closed and (sequentially) compact sets are uniformly
continuous.

ReMARK. The construction in the proof of the next lemma is similar to that of
[6, Lemma 3].

LEMMA 2.2. Suppose that a>b, B is as in condition 4A, >0, and P is in S. There
is a subdivision {s,}3 of {a, b} such that if k is an integer in [1, m}, {t,}% is a subdivision
of {Sk_1, S}, j is an integer in [1, n], and azx2y 2 b then [V |dp| <% and

vz, y) H [ = V(tp_1, )] 1‘[ [ = V(se-1, 5]~ *P

- V(x’ y) 1:11 [1 - V(sq—l, sq)]-IP
= [Bx)—B()le.

Indication of proof. With the supposition of the lemma, let A be a function from
S to the positive real numbers such that if Q is in S then A(Q) is the largest number
8 not exceeding 1 and having the property thatif Risin S, |[R— Q| <8,anda=zx2y
2b then |V(x,y)Q—V(x, y)R| £[B(x)—B(»)]e. Let D be a function such that if
a>zzb and Q is in S then D(z, Q) is the largest number x not exceeding @ and
having the property that if x=y=z and ¢ is a subdivision of {y,z} then
> | VOI = A(Q)/exp (2 [5 |dp|) and [%|dp|<4%. Let u be a sequence defined by
u(0)=> and, if n is a nonnegative integer, then
ut+1) = (). | T 1=V, -0 2P

q=1

Suppose that u is infinite. The sequence u is increasing and the sequence R defined
by R()=TTi=1 [1 =V (W-qs1, 491" *P, j=1,2,3,..., converges. To see this
latter: by Lemma 2.0, there is a bounded set B which contains P and the values of
R. Let o be a nondecreasing, continuous function such that if a=x=y=b and Q
is in B then |V(x, y)Q| £ «(x) —«(y). Let m and n be positive integers.

n

{ﬁ [1—V(tpmyp15 thm-)] " — 1} H [1=V(tn-ps15 tn-p)]" P

j=1
< exp (2 fb * Idp[) :'21
< exp (2 [ ol ) et — )

The convergence of R now follows from the continuity of «. By Lemma 2.1, there
is a positive number 8 such that if » is a positive integer then A(R,)= 3. By the

IRm"'Rn| =

p=1

n
Vit 515 Un-2) | 1= V(ttnzps1, tha-p)] P
p=1
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uniform continuity of « on [b, a], there is a number d such that if a2 x=y=b and
x—y<d then a(x)—«(y)<8/exp (2 [;|dp]) and so, if n is an integer, then
D(y, R,)>x. This contradicts the assumption that u is infinite. Let m be the least
integer such that w(m)=a and define s(p) to be u(m—p) for p=0,1,2,...,m. If
k is an integer in [1, m], {z,}5 is a subdivision of {s;_;, s}, and j is an integer in
[1, n] then [T i1 [1—V(sq-1, $)] " 'P=Rp_, and

1—[ [1 - V(tp-la tp)]-lRm—k—Rm-k

p=j

< exp (2 [ 1dpl) 2 1V (tpss t)Rocid S AR
p=j

Hence the conclusion of the lemma.

REeMARK. The proof of the following theorem is similar to the proof of Theorem
1 of [19].

THEOREM 2.1. If a>b, P is in S, B is as in condition 4A and >0 then there is a
subdivision {s,}§ of {a, b} such that if p is an integer in [1, m] then [0 |dp| <% and
if t is a refinement of s then

[Tu-v1p-TT0u-v1"7| s exp (2 ]| 145l Bl -2

Indication of proof. Suppose that {s,}§ is a subdivision of {a, b} as indicated in
Lemma 2.2. If k is an integer in [1, m], {¢,}3 is a subdivision of {s;_1, S}, j is an
integer in [1, n], and a=x=y=b, then

m

Vy) T1 H=V(tpon ) T 1= V(sar, s)l-1P

p=j+1 q=k+1

-V, y)HII—V(tp ) 1—[ (1= V(sq-1, $)17*P| = 2[B(x)—B(¥)]e.

q=k+1

Let {t,}5 be a refinement of s, u be an increasing sequence such that #(0)=0 and
t(u(p))=s(p), and define K to be the sequence given by

u(p)

K, = H [1=V(tg-1, 217

l+u(p-1)

Then

V(tg-1, 117 *P— H[l—V(s, v 85)]7P

p=1

K,P—] [ 1= V(sy-1, 5,)]-*P

p=

{ Tk 0= Viseors 51 P-T [ KT 1= Vseor, sq)]‘lP}I

i= p+1
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KT U= V(aors s17P=] [ [ = V(sae, 5P

p+1

IIA

m u(p-1)
2. [T A=lelti-n)=p@)h 1= lolsp-) ol

p=1 i

. [l - V(sp-l’ sp)]Kp ﬁ [1 - V(Sq—l: sq)]_lP_ﬁ [1 - V(Sa—la sq)]-lP

p+1 p+1
a m m m

< exp (2 f Idpl) S UK T LU= Viseos 5917 P=] [ 1= V(Se-1, 51" *P
b p=1|  pul p+1

- V(sp-ls sp)Kp ﬁ [1 - V(sq—l, sq)] _IP’

w(p)

u(p)
D Vlte-ntd [ [ 0=V, )]
1+u(p-1) i=q

m

: 1—_[ [1=V(sj-1, )17 *P

< exp (2 f: Idpl) Ié

1

q=

j=p+1
u(p)
—V(tg-1, 1) n 1=V, )]
i=1l+u(p—-1)
m
T =V(sy-1, s17*P
i=p¥1

< exp (2 [ 1apl) (8@ - B2

THEOREM 2.2. If M(x, y)P=,]]* [1—V]"'P for all x=y and P in S then M is
in OM.

Indication of proof. For property 1M, suppose that a>b, P and Q are in S, and
{s,}5 is a subdivision of {a, b} such that p is an integer in [1, m] and p(s, - 1) — p(s,) < 1.
Then

< TTu+dnl-YP-0.

s

|1_[ [-v1-tP-[J1-¥1"'Q

Finally, ,J T [1 +dp]~=exp (p(a) — p(b)). For property 2M, suppose that x=y=z
and P is in S. Let u be a subdivision of {x, z} for which there is an integer j such
that u(j)=y and such that if v refines u then |M(x, z)P—] ], [1— V] *P|<e. Let
{t,}8 be a subdivision of {y, z} such that if v(p)=u(p) for 0<p =<jand v(p)=t(p—j)
for jSp<j+n then v is a refinement of u and |M(y,z)P—T];[1—-V] 'P|
<efexp (p(x)— p(»)). Let {s,}& be a subdivision of {x, y} such that if v(p)=s(p) for
0=p=m and v(p)=t(p—j) for m=p=m+n then v is a refinement of u and

IM(x, ¥) ]j (-v-*P-[J1-¥]* 1?[ [1- V]-_lpl <e
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Then
IM(X, y)M(y’ Z)P_M(x, Z)PI

< |M(x, MG, P~ M) [T11-V1-P

+‘M(x, ») lt"[ n-vi-tp-[J11-¥]1? I:I [1-V]-tP

+ < 3e.

[Tu-vI'T]1-V]"'P—M(x, 2)P

For property 3M, if a>b, B is a bounded subset of S, « is as indicated in con-
dition 3A, and {s,}§ is a subdivision of {x,y} such that [%>~" |dp|<} then
ITT: [1—V1-*P—P| <exp (2 [} |dp|)e(x) — a()].

For property 4M, suppose that a> b, B is as in condition 4A, ¢>0, and Pis in S.
Corresponding to P and ¢, let 8 be as in 4A. Corresponding to the bounded set
containing only the point P let « be as in condition 3A. Let d be a positive number
such that if aZx2y2b and x—y <d then a(x)—a(y)<8/2exp (2 [} |dp|). Let Q
be in S such that |P— Q| <8/2 exp (2 [; |dp|) and a2 x2y=b such that x—y<d.
It follows that if ¢ is a subdivision of {x,y} then |[[[1-V]"1Q-
[T.(1-V]"*P|<8/2, [[T.[1-V]"*P—P|<8/2, and |[[,[1-V]"'Q—P|<8.
Thus

[F1e-r10—r]-[[T0-1170-]

> { Vitposs 1) | T 1= V(tiors ) "P— V(ty_r, 1,) H = V(t1, ti)l-lg}‘

< [B) —B()]2e.

3. From OM to OA. In this section, suppose that M is in OM and p is as in
condition 1M.

LemMA 3.1. Suppose that a>b, B is as in condition 4M, {R,}7_, is a Cauchy
sequence with values in S, and ¢>0. There is a positive number 8 and a positive
number d having the property that if n is a positive integer, P is in S such that |P— R,|
<8,and azxzy=b such that x—y<d then

[ [M(x, y)—11P=[M(x, ) —1]R,| = [B(x)—B(¥)]e.

Indication of proof. Techniques applicable in the proof of Lemma 2.1 are also
applicable here.

LEMMA 3.2. Suppose that a> b, B is as in condition 4M, £>0, and P is in S. There
is a positive number e such that if azZuzv2z=b and u—z=e, then

| [M (u, v) - 11M (v, 2)P — [M (u, v) — 1]P| = [B(w) —B(v)]e.
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Indication of proof. With the supposition of the lemma, let 8 and d be as indicated
in condition 4M. Corresponding to the bounded set containing only the point P,
let o be as indicated in 3M. Let ¢ be a positive number such that ifa=x=y=b and
x—y=c then «(x)—«(y) <3 and e be the minimum of ¢ and d. If z is in [b, a] and
z+ezuzv=z then |[M(u, v)— 1]M (v, 2)P—[M (u, v)—1]1P| £ [B(w) — B(v)]e.

THEOREM 3.1. Suppose that a>b, P is in S, and ¢>0. There is a subdivision s of
{a, b} such that if t refines s then |3 [M—11P— 3, [M —1]P| = [B(a) — B(b)]e.

Indication of proof. With the supposition of the theorem, let e be as in the
previous lemma and {s,}% be a subdivision of {a, b} such that s(0)=a and, if p is
a positive integer and s(p — 1) > b, then s(p) is the maximum of b and s(p—1)—e.
Let ¢ be a refinement of s and u be an increasing sequence such that s(p)=t(u(p))
for each integer p in [0, m]. Then

D IM—11P-3 [M—1]P

i{ S M )~ 1M P~ (Mt tp)—llP}‘

i=1 \p=1+u@i-1)
= [B(@)—B(®)]e.
THEOREM 3.2. If V(x, y)P=,>Y [M—1]P for all x=yand Pin S then V is in OA.

Indication of proof. That V' has properties 2A, 3A, and 4A is established with
nearly the same techniques as used in the corresponding parts of Theorem 2.2. To
prove that V has property 1A, consider the following propositions:

PROPOSITION 1. If a>b, {t,}} is a subdivision of {a, b}, ¢c>0, and P and Q are in
S then

‘{1 —c tz (M- 1]}p—{1 —c Z (M- 1]}Q > {1 —c tz [exp (—dp)—l]}lP— Q.

To see this, let 4 be {1—c >, [M—1]}P and B be {1—c >, [M—1]}Q. Then

(1+cn)P = A+c§n: M(t,_,,t, )P and (1+cn)Q = B+czn:M(t,,_1, t,)0.
p=1 p=1
Hence
(1+em)|P—Q| < |A=Bl+e 3, exp (pltp-1) = p(t;)|P= Q]
or

{l—c 3 lexp (p(t,,-l)—p(t,»—u}lP— 0 < |4-B|.

p=1

PROPOSITION 2. If a>b, ¢>0, and P and Q are in S then

[[1—cV(a, B)IP—[1—-c¥(a, b)IQ| 2 {1 -clp(a)—p(B)]}|P—Q|.
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PROPOSITION 3. If a>b and p(a)—p(b) <1 then 1—V(a, b) has range all of S.

To see this, let R bein S and A4 and B be functions from S to S defined as follows:
A(P)=V(a, b)P+ R—P and B(P)=V(a, b)P—P for each P in S. Then

i [P= Q]+h[AP;AQ] |—1P—Q|

~ lim L= QL+ HEP—BOI| -|P- ]
~ i = QLMY (@ P Ve HOI-IP-0Ql |,

IA

{lp(@)—p(B)] - 1}|P— Q.
As in [12] each of these limits exists and by [12, Theorem 1], for each P in E, there

is a function U(-)P from [0, o0) into S such that if P and Q are in S and x and y
are nonnegative numbers, then

U@pr =Pp, Ux)P = P—f: A(U(-)P) dlI, Ux)U(y) = U(x+y),

and
|Ux)P—U(x)Q| = exp ({[p(a)—p(B)]—1}x)|P—Q|.

Hence, if x>0 then U(x) is a contraction mapping and there is only one point Z,
such that U(x)Z,=Z,. However, if x and y are positive then Z,=Z, for U(y)Z,
=U()Ux)Z,=Ux)U(y)Z,; so that Z,=U(y)Z, or Z,=Z,. Hence, there is
only one member Z of S such that U(x)Z=2Z for all nonnegative numbers x. Thus
Z=Z+xA(Z) for all x=20, or Z=Z+V(a,b)Z+R—-Z, or [1 —V(a, b)]Z=R.

4. The one-to-one correspondence. In §2, a mapping is defined from O4 to OM
and, in §3, a mapping is defined from OM to OA. This section will show that the
composite of these mappings is the identity mapping.

LEMMA 4.1. Suppose that V is in OA, M is in OM, V and M are related as in
Theorem 2.2, a>b, B is as in condition 4A, P is in S, and ¢>0. There is a positive
number d such that if a=zx2y=b and x—y<d then

|V(x, y)P—M(x, p))P+P| = [B(x)—B(»)]e.

Indication of proof. With the supposition of the lemma, let 8 be as indicated in
condition 4A. Corresponding to the bounded set containing only P, let « be as in
condition 3A. Let d be a positive number such that if a=x2y2=b and x—y<d
then a(x)—a(y) < 8/exp (2 [; |dp|). Let x and y be such that x—y<d and {1,}§ be a
subdivision of {x, y}. If p is an integer in [1, n] then

< exp (2 fa |dp|) Z |VP| < 8.
b D

n

H [1=V(t-1, )] PP

i=p
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Thus

’1‘[ [1-V]"'P—P—V(x, y)P\

3 Vs ) [ TVl 0PVt t,,)P}’

= [B()—B()le-

THEOREM 4.1. If V is in OA, M(x,y)P=,[Y[1-V]"'P, and U(x, y)P
=,V [M—1]P for all x=Zy and P in S, then U=V.

Indication of proof. Suppose thata>b, Pisin S, ¢>0, and d is as in the previous
lemma. Let {¢,}§ be a subdivision of {a, b} such that if p is an integer in [1, n] then
t,_1—t,<d. Then |3, [M—1]P—V(a, b)P| < [B(a)—B(b)]e.

LEMMA 4.2. Suppose that M is in OM, V is in OA, M and V are related as in
Theorem 3.2, a>b, P is in S, B is as in condition 4M, and > 0. There is a subdivision
{sp}& of {a, b} such that if k is an integer in [1, m] then

[ M (Sic— 1, 5i) — 1IM (81, DYP =V (Sic— 1, S)M (i, D)P| < [B(sic-1) —B(si)]e-

Indication of proof. With the supposition of the lemma, let x be an increasing
sequence defined inductively as follows: x(0)=b and, if » is a positive integer such
that a> x(n—1)= b then x(n) is the largest number ¢ not exceeding a such that if
czuzvzx(n—1) then

| [M (4, ©) = 11M (v, Xn- )M (X521, D)P—[M (u, V) = 1]M (x,_1, DP| < [Bw)—B(®)]e.

The existence of such a number ¢ follows from Lemma 3.2. Lemma 3.1 can be
used to show that the supposition that x is an infinite sequence leads to a contra-
diction. Hence, there is an integer m such that x(m)=a. Let s(p) be x(m—p) for p
an integer in [0, m]. Let k be an integer in [1, m]. If ¢ is a subdivision of {s;_,, s}
then

[M(sc-1, 5:) = 11M (s, )P =D [M—11M (s, b)P

=13 (Mty-1, 1)~ 1Mty BP—[M(ty -1, 1)~ 11M(ss, BP

r=1

< [B(si-1) —B(si)]e.

LeMMA 4.3. Suppose that V is in OA, M is in OM, a>b, P is in S, B is as in
condition 4A, and £ > 0. There is a positive number d such that ifa=x2y=b, x—y<d,
and aZu=v2b then |V (u, v)M(x, b)P—V(u, v)M(y, b)P| < [B(1) — B(v)]e.

Indication of proof. A proof may be constructed using the fact M(-, b)P is
continuous on [b, a] and so M([b, a], b)P is closed and compact.
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THEOREM 4.2. If M is in OM, V(x,y)P=,>Y[M—1]P, and W(x,y)P=
A 1Y [1=V]1"P for all xzy and P in S, then W= M.

Indication of proof. Suppose that a>b, P is in S, >0, d is as in the previous
lemma, and {s,}7 is a subdivision of {a, b} having the property indicated in Lemma
4.2 and the property that if k is an integer in [1, m] then s, _; — s, <d. Then

ﬁ (1= V(s,-1, 5,)]"P— M(a, b)P‘

p—1

L= V(si-1, )]~ M5y 1, P ] [1 = V(5i-1r )]~ 2M(s,, B)P

p=1i=1

exp (2 L |dp|) 2, M1, P —M(sp, BP=V(5p-1, s5)M(5-3, P
p=

IIA

IIA

exp (2 [ 1dpl) (8@ - AeOI2-.

5. The integral equation. With the usual arguments, it can be shown that if
a>b, fis a continuous function from [b, a] to S, and V'is in OA then the Riemann-
Stieltjes integral | ® Vf exists. In this section it will be shown that the member M
in OM related to the member ¥ in OA as in Theorems 2.2 and 3.2 is the only
member M of OM satisfying M(x, y)P=P+ [% VM(-, y)P for all x2yand all P
in S.

THEOREM 5.1. Suppose that M is in OM, V is in OA, M and V are related as in
Theorem 3.2, a>b, and P is in S. Then M(a, ))P=P+ [ VM(-, b)P.

Indication of proof. With the supposition of the theorem, suppose that g8 is as
in condition 4M and £>0. By Lemma 4.2, if ¢ is a subdivision of {a, b} then there
is a refinement {s,}3 of ¢ such that if k is an integer in [1, m] then

| [M (-1, 8i) — 1IM ($ic, D)YP =V (81— 1, $i)M (5, DYP| < [B(8ic-1) — B(si)]e-
Then

M(a,))P—P— VM(-, b)P’

D, M(s,-1, )P~ M(s, )PV (5,1, $,)M (s, B)P
p=1

= [B@)—B®)le.

LEMMA 5.1. Suppose that a>b, V is in OA, B is as in condition 4A, M is in OM,
Pisin S, and ¢>0. There is a positive number d such that ifazx2y2band x—y<d

then |[* VM(-, y)P—V (x, y)P| < [B(x) —B(»)]e.

Indication of proof. With the supposition of the lemma, let B be the bounded
set consisting of only the point P and « be as in condition 3M. Corresponding to
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{a, b}, P, and ¢, let & be as in 4A. There is a positive number d such that if
azx2yzband x—y<dthen |M(x, y)P—P| = «(x)—a(y) <8 and, hence,

\ [ VM. 5P=Vexp| < Bo-AO

THEOREM 5.2. If V is in OA, M is in OM, and M(x, y)P=P+ [ VM(-, )P for
x>y and P in S then V and M are related as in Theorem 3.2.

Indication of proof. Suppose that P is in S, each of U and V is in 04, M is in
OM, and, for x2y, both the following hold: M(x, y)P=P+ [ VM(-, y)P and
U(x, y)P=,>Y [M—1]P. If a>b and ¢ is a subdivision of {a, b} then

> [M—11P-V(a, b)P| =

n t(p)
> [ VM PV (,os )P
Hp-1)

p=1

The previous lemma gives that U=V.

6. Examples. In view of the proof for Proposition 3 to Theorem 3.2, an alter-
nate characterization of O4 may be obtained by changing 1A to (see also [12,
Example 2])

1A’. There is a continuous function p which is of bounded variation on each
finite interval such that if a>b and ¢>0 then

{1—clp(@)—p®)}IP—-Q| < |[1-cV(a, B)IP—[1-cV(a, B)IQ|.

ExampLE 1. The class OA described in this paper contains the continuous
members of the class OA described in [10]. That is, a sufficient condition that U
be in OA is that if a=b then U(a, b) is a function from S to S and

1. there is a nondecreasing, continuous function p such that if a=b and P and Q
are in S, then |U(a, b)P— U(a, b)Q| £ [p(a)— p(b)]|P— O,

2. if x2y=zand Pisin S then U(x, y)P+ U(y, z)P=U(x, z)P, and

3. if xZy then U(x, y)0=0.

ExaMmpLE 2. Suppose that 4 is a function with values in S and that 4 has the
following properties: (compare [18, Theorem 3])

(a) if ¢ is a number then A(¢, -) has domain all of S,

(b) if Pis in S then A(-, P) is continuous,

(c) if a>b and B is a bounded subset of S then 4 is bounded on [b, a] x B,

(d) if a>b, P is in S, and >0 then there is a positive number 8 having the
property that if a2u=b and Q is in S such that |Q — P| < 8 then |A(u, Q) — A(u, P)|
<e, and

(e) there is a continuous function p such that if ¢ is a number, P and Q are in S,
and ¢>0 then |[P—cA(t, P)]—[Q—cA(t, Q)1| Z[1 —cp()]|P— Q|

THEOREM 6.1. If a>b and Q is in S then [, A(-, Q) dI exists and, if V(x, y)P
is defined to be [ A(-, P) dl for xZy and P in S, then V is in OA.
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By the usual arguments, it can be shown that if a>b and P is in S then the
Riemann-Stieltjes integral f » A(-, P) dI exists. That this integral generates a
member of OA4 will be proved in the next sequence of lemmas.

Let S* be the dual space of S and |-| denote the norm on S*. As in [8] if x is
in S, denote by Fx the set of all functions fin S* such that f(x)=|x|2=|f|% As
in [11], if x is in S, denote by Gx the set of all functions g in S* such that g(x)=|x|
and |g|=1. Note that g is in Gx only in case |x|-g is in Fx.

LEMMA 6.1. If x and y are in S and k is a number then these are equivalent:
(i) if ¢>0 then (1—ck)|x| < |x+cy|, and
(ii) there is a member f of Fx such that Re f(y)= —k|x|%

Indication of proof. The proof of [8, Lemma 1.1] may be used with only minor
modifications.

LEMMA 6.2 (MARTIN, [12, REMARK 4]). Suppose that k is a number and L is a
Sfunction which is continuous from S to S. These are equivalent: for all P and Q

(1) if ¢>0 then |[P—cL(P)]—[Q—cL(Q)]| = [1—ck]|P— Q|, and

() if g is in G(P— Q) then Re g(L(P)—L(Q))<k|P—Q)|.

Indication of proof. With the supposition of the lemma, consider the following
statements, for all P and Q is S:
(i) if ¢>0 then

| [P— Q] —c[L(P)-L(Q)]| 2 [1—ck]|P—Q|,

@ tim [P OHLO-LONI-P=0l Ly g
G i [P OHHLOLONI=IP=0] Ly g

(iv) if g is in G(P— Q) then
Re g(L(P)—-L(Q)) < k|P—-Q|.

That (i) implies (ii) can be seen by rearranging the inequality in (i). That (ii) implies
(iii) follows from [12, Remark 4]. That (iii) and (iv) are equivalent follows from
[12, Example 1] and [11, Corollary 2.2]. That (iv) implies (i) follows from Lemma
6.1 and the preceding remarks and definitions.

Indication of proof for Theorem 6.1. Let 4 have the properties (a)-(¢) and V
be as defined in the theorem. It is not difficult to show that V" has properties 2A-4A.

Suppose that a>b and {£,}2" is a nondecreasing sequence such that #(0)=5b and
t(2n)=a. Let P and Q be in S and g be a member of G(P— Q). Then

Re g(i A(tzp—la P)'(t2p—t2p—2)_ 21 A(th—la Q)'(t2p_tzp-2))

p=1

n

2 z (t2p—tap-2)p(t2p-1)|P— Q.

p=1
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Hence, if ¢>0 then

[P—cf: A, P) dl]—[Q—cfA(-, 0) dI]I > [l—cJ:de]]P—Ql

or

Il —c¥(a, B)IP—[1 —c¥(a, Q| 2 [1—cf: pdl]|P— 0l.
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