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THE VOLUME OF TUBES IN
COMPLEX PROIJECTIVE SPACE(Y)

BY
ROBERT A. WOLF

Abstract. A formula for the volume of a tube about a compact complex sub-
manifold of complex projective space is derived.

1. Introduction. If M* is a compact k-dimensional submanifold (without
boundary) of n-dimensional euclidean space R", Weyl’s formula [5] for the volume
of the tube M(p) of radius p about M is

m+e

_ P
VOl (M(P)) = Om oégé;e wven m(m+2) X (m+e) kes

where m=n—k, where, in general, for j= 1, 0;=2#%2/T'(j/2) is the volume of the
unit sphere S/~ in euclidean j-space, and where k. is the integral over M of the
invariant

1 a ) .
e~ gy 2 (5. e

R3f being the curvature tensor of M. Here 8(§1::52) is +1 or —1 according as
ay, ..., o, are distinct and an even or odd permutation of 8, . . ., B., and otherwise
8(1::5¢) is zero. The summation in H, is taken over all «’s and f’s running from 1
to k. If M* is a compact k-dimensional submanifold (without boundary) of the
unit sphere S™, Weyl’s formula for the volume of the tube M(p) of radius p about
M is

vol (M(p)) = On

ke
> T2 mie=2) P>

0sesk; eeven

where m=n—k and

tan p re+m—1 L I ke
J(p) = fo (_l—-l-—r-fjmdr = fo (sin §) (cos s)¥~¢ ds
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and where k, is the integral over M of the invariant

1 o -
2 s, s A
Here again the «’s and 8’s run from 1 to k, while HZf is the excess curvature tensor
of M;i.e.,
it = 5t B

where R% is the curvature tensor of M and R% is that of S™.

Now let us consider a compact complex analytic k-dimensional submanifold
M?¥ of n-dimensional complex projective space P*(C) supplied with the Fubini-

Study metric. Let R% be the holomorphic curvature tensor of M and let R% be
that of P*(C). Also let

Hf = R - R}

be the excess holomorphic curvature tensor of M. Then on M we have real-valued
invariants

g Bi---B
Hzf—Zb‘( ' )(Si ’)H:‘:f: Hify

for 0= f<k, where the «’s, B’s, ¥’s, and &’s run from 1 to k. We shall show that
the volume of the tube M(p) of all points of P*(C) within a distance p of
Mis
VL (ME) = 5 s ka0,
o5t 1 (f+m—1)!
where m=n—k, where k,; is the integral of H,, over M, and where J,(p) is defined as

tan o r2m+2f—1

10 = |,
- Jﬁ (sin s)2m*+2/ ~1(cos §)2k~2/+1 g,
0o

I wish to thank S.-S. Chern for suggesting this problem.

2. Hermitian manifolds [1], [4]. Let M be a hermitian manifold of complex
dimension n. For any point p € M, we will let Tc(M)|,, (Tc(M))~|,, and Tr(M)|,
denote, respectively, the tangent vectors of type (1, 0), the tangent vectors of type
(0, 1), and the real tangent vectors at p. Let #: U(M) — M be the bundle of unitary
frames (of type (1, 0)) defined with respect to the hermitian inner product. On
U(M) we have canonical complexified real one-forms (i.e., elements of
(Tr(U(M)) x g C)*) 6%, ..., 0" defined as follows (see [2, p. 110]).
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Pick, in a coordinate neighborhood ¥V of M, n complexified real C* one-forms
@', ..., ¢" such that

ds® = > ¢ ® (¢)"
i=1

(here (¢’) ~ is ¢’ followed by the complex conjugation on C), and then consider the
forms

n
Y= ek, 1=jsn,
k=1

defined on V' x U(n), where (ui) € U(n), the group of n x n unitary matrices. Now,
if f,...,f, are the dual tangent vector fields to the ¢’s, we get a trivialization
Y1 7" Y(V)— Vx U(n) sending the frame x(Q uif}) - -G ulf;) to (x, (ul)), and
the pullbacks under ¥ of the y’s are forms on #~ (V)< U(M). One may check that
these forms are independent of the choice of ¢’s, and they are called the canonical
forms 6%,..., 6™

For any real manifold N complex conjugation acts on Tg(N) ®g C and on its
dual space (and on their various tensor and exterior products) in a natural way by
acting on the “C” in Tr(N) ®g C. This action commutes with tensor product,
exterior product, exterior differentiation, and pullbacks. If 6 is a form, 8 will be
the conjugate. Notice that if N is complex, if (z%,..., z") is a local complex co-
ordinate system of N, n being the complex dimension of N, and if x’ and )’ are the
real and imaginary parts of z/, 1 <j<n, then

)™ = @ +idy))~ = dx—idy = dz’,;

this notation (dz’)~ conflicts with that used in ds?=3 g;; dz’ ® (dzF)~ for a
hermitian manifold N, but no confusion will result in our discussion.

For our hermitian manifold M, if o: V' — U(M) is any local C*® cross section of
U(M) over an open subset V' of M, then the absolute form

|(i/2)"0*6* A o*01 A --- A o*" A o*0"|

is the absolute riemannian volume element on ¥V, where for 1<j<n, 6 is
(6")~, the result of the conjugation operator of the previous paragraph acting
on 6.

There is a unique set of forms w} € (TR(U(M)) Qr C)*, 1 £j, k <n, satisfying

wl+af =0  (&f means (wf)")

and

40 = — > o A O +3 D THOFA G, 1=<j<n,
. k=1 =

1

k
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where T}, + T}, =0, 1<j, k, I<n (see [2, p. 111]). These forms are called the con-
nection forms. The equation

n
dof, = — > o] A k+Q}, 15j,k<n,
=1

is a consequence, with the curvature form Qf necessarily having the form

Q= > Ruaf A b, 15j, k<n
l,m=1
Here R\, 1 <j, k, I, m<n, is the complex curvature function on U(M) and satis-
fies R'ym=Riyq=R™3=R¥;;i. A kihler manifold is defined to be a hermitian
manifold whose T},’s all vanish identically.

3. The second fundamental form of a complex submanifold of a kihler manifold.
Let M be a complex k-dimensional submanifold of an s-dimensional kéhler
manifold N. Let U(N, M) be the bundle of (adapted) unitary frames xe,- - -e,
satisfying x € M, ey, .. ., e, tangent to M. So U(X, M) is a principal bundle over
M with structure group U(k) x U(n—k).

Let o: M —> N and o: UV, M) — U(N) be the inclusion mappings, and let
«': U(N, M) — U(M) be the bundle projection. We will use the following ranges
of indices in this section:

l=ijlmsn; 1=2¢By,8=5k; k+tl=rs=n

Proofs of the following facts are straightforward to supply.

1. The forms o*6* on U(N, M) can be regarded as forms on U(M), and in fact,
they are the canonical forms on U(M).

2. ¢*60"=0 on U(N, M).

3. The forms o*w§ on U(N, M) can be regarded as forms on U(M), and in fact,
they are the connection forms on U(M). Furthermore, on U(M) we have do*6%
= —>; 0c*w§ A o*0. (Hence, M is also kéhler with respect to the induced hermitian
metric.)

From the equation

4o = = wlh A 05— Dwi A 6
on U(N), we get on U(N, M)
0 = do*0" = = o*wy A o*6°

Since the ¢*6%’s are pointwise complex linearly independent complexified real
1-forms on U(N, M), we can conclude that there exist unique complex-valued C*
functions 4", on U(N, M) satisfying A",z =h"p, and

3.0) o*wl = > Hogo*6P.
B
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The A", are called (the components of) the complex second fundamental form of
M in N. The A",z transform along the fibers of U(N, M) as tensors. Indices in
h" 45 should acquire or lose a bar when they are raised or lowered. A similar com-
ment holds for RY;.

One more fact we need is that if X is a tangent vector to U(N, M), then o*6%(X)
and ¢*w§(X) depend only on m, X. Again, we will omit the proof of this fact.
Hence, if 6’ and »'§ temporarily denote o*6* and o*w§ considered on U(M), then
o*0*=(7")*0"* and o*w§=(n")*w'§ on U(N, M). On U(M) we have

dw'§+D o' A o'} = QF = > Reu0 A 67,
k4 7,0
the R%;,s being the curvature functions for M. Apply (=')* to this equation to get
do-*wﬁ+z ot A o*w) = Z R%,5 0 w'0*0" A o*6°
Y 720

on U(N, M). But on U(N, M)
da*w"g‘—l-z ¥ A o*w} = —Z a*wf A o*w2+z (Rog,5 © a)a*6” A o*9,
14 T V50
where the R, are the curvature functions for N. Hence, we get
Rgpom’ —Regpo0 = —Z F ooh"s,,
v
or, as we prefer to write,

Réson —Res00 = —Z hih' s,
T
Raising the index B8, and writing R;? for R%8.5, we get
R% o w'—ﬁgg oo = —Z h}g’h’f.
r

Since Re§ o o and 3, A58 do not depend on the last n—k vectors of an adapted
unitary frame, they can be considered as C® functions on U(M), and we have the
fundamental equation

K3 RS = — 3 ht
r
on U(M). The quantities H%=R% — R are called the components of the excess
holomorphic curvature tensor of M in N.

4. Comments on complex projective space. In this section indices will have the
following ranges:

1=24ij,k1,m=n; 1<4,B,C=<n+l.
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If z=(z%, ..., z"*Y) is an (n+ 1)-tuple of complex numbers, not all zero, [z] will
be the equivalence class of all such (n+ 1)-tuples which are multiples of one another
by nonzero complex numbers. Complex projective n-space, P*(C), is the complex
n-dimensional manifold of such equivalence classes. We let =: C***—{0} — P"(C)
be the natural projection.

Distance in P*(C) is defined by the Laguerre formula

cos dist ([al, [b]) = |<a, b)|/|a|-|b],

where <a, b) is the inner product of @ with b in C"**, Hence, the distance between
the points [a] and [b] is the acute angle between the complex lines in C"*? repre-
sented by [a] and [b]. The infinitesimal version of this distance is the Fubini-Study
metric, which is symbolically written

ds2|[2] = (<dZ, dZ><Zs Z>—<dZ, Z><Z, dZ>)/<Z, Z>2,

where <{...,...> is the inner product in C**?1,

The geodesic segment in P"(C) from [a] to [b] is given as follows. Multiply a
by the appropriate complex number of modulus 1 to insure <{a, b>=0. Then the
geodesic y in question is

_[e b—alb, ay/|a)?* .
o) = [|a| ©0S 1+ 508, ayflaf] |

for 0 <t <arc cos <b, a>/(|b|-|al). It lies in the complex line through [a] and [b].

Next, we will provide some details expanding the presentation of the canonical
and connection forms on P*(C) given in [2]. Let e, .. ., &, ., be the standard basis
of C"*1, We can identify the unitary group U(n+1) with the manifold of all
unitary frames Of; - - -f, .1 based at the origin O in C™*! by means of the mapping
which sends the matrix (uf); <4, p<n+1 tO the frame O X ufes- - - > uf, 124

On U(n+1), considered as the space of frames, we have complexified real one-
forms 6’5 defined by the equation

de = Z 0'5 ®fB-
B

Here df, means >y def ® 5, where €5 is the function on the space of frames that
assigns to a frame Of;- - -f, .+, the egth coordinate of f,, where ¢y, . . ., &, is the
standard basis of C™*1,

It follows that

(4.1) 08 = > de§(e§)~,  OE+(0'8 =0,
C

and

do'B = _Z 0!3 A 0/3.
c
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We have principal fiber bundles p: U(n+1) - $2**! and =: S2"+! — P*C)
with fibers U(n) and S?, respectively, where p(Ofi- - -fo+1)=fa+1 and = is the
natural projection. Let u be a C* local cross section of wp: U(n+1) — P*(C) over
an open subset ¥ of P*C). Then we also have a map u': Vx U(n) - U(n+1),
where

Wi = 03 ;) (> Iy

where Of; - - -fus1=p(x), x € V. Then

0ot = (s Sy = 3 it

Furthermore, the forms p*6;%, , on V satisfy

4.2) 2 pr0k @ (u*6% 1)~

(see [2, pp. 116, 117]). Therefore, we know from §2 that if e, . . ., e, are the vector
fields on V dual to u*6;%, , ..., u*6;% , and if u": #= 3 (V) — Vx U(n) is the trivial-
ization of the bundle #: U(P"(C)) — P(C) given by

o (5[ er) -+ (3 k) ) = . by,

i J

then the canonical forms 6%, .. ., 6* on U(P*(C)) over V are given by
4.3) 0 = (u")*(')*07s 1.

Since the forms (u)*(6'] — 846’7 11) satisfy the equations
d(p)*0i,, = —Z (W)*(0L— 807D A (W)*07%4a

on Vx U(n), then the connection forms wj, 1<j, k<n, on U(P™(C)) over V are
given by

4.4 wf = (W) (W)*(0%— 80711

(see [2, pp. 116, 117)).

From the definition of the Fubini-Study metric it follows that U(n+1) is a prin-
cipal fiber bundle over U(P™(C)) with fiber S*' and with projection sending
Ofi- - furs 10 Unsslma(filns) - ma(falsy ), Where m: C*+2—{0} — P*(C) is the
natural projection and fi|,,,, is the tangent vector of type (1,0) at the point
fn+1 € C**1 which is the image of f; under the canonical isometry

Cn+1 > TC(Cn+1)'fy.+1'
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LEMMA 4.1. Let p be a C local cross section of U(n+1) over an open subset V
of P*(C), and let p' and n" be the maps discussed above that are associated to .
Then p’ o p" is a C* local cross section of U(n+1) over the open subset #~*(V) of
u@PC)).

Proof. Lete,, .. ., e, be the vector fields on V dual to p*6'%,,,..., p*6'" .. For
x €V, write p(x)=0f; - -fo+1. Then we will prove first that 7,(fj|,,,)=e; Le.,
we will show (*8f, Jma(fl s, ) =8

To show this, write fz=2 f#e,. Then by equation (4.1)

'u'* 0:“+ l(ﬂ*(ﬁlf" ”)) = (z d3:+ 1(814) _)(I"*‘”*(f! Ifn +1))
= 2, Uil a(etex o wm)A)

We know fl;, ., =2 f7(0/2z%)|,, ,,. Also, there is a complex-valued C*® function
7 on 7~ Y(¥V)= C*+*1—{0} such that for (W, ..., w** ) ex~"}(V),

A 1 1y
enrropmr(wh .., Wt = "IWA-

Therefore,

S sy enletes 2 wmID™ = 3 1750 s 008 o (1)

= 31 | s Fs D 1) S ARG

= 0+")(fn+1)3u = 8y

since n=1 at f,,,. Thus we have proved that 7,(f}|;,,,)=€;
Now we see that if =, also denotes the projection of U(n+1) onto U(P"(C)),
then

s 3 ey -3, ) = o OCS )+ +( o)
=X z u{"*(ﬁlln +1)' : z u{t"*(f;lfn +1)
=x Z uje;- - Z ule;.

Thus p'p” is a local cross section of U(n+1). Q.E.D.

So the canonical forms on U(P™(C)) are obtained as the pullbacks of the 6,7, ;
on U(n+1) by means of the local cross sections u'w”. From this fact and the
following lemma it follows that the canonical forms are obtained as the pullbacks
of the 677, , by means of any C* local cross sections whatsoever.

LeMMA 4.2. If A, and ), are two C™ local cross sections of U(n+ 1) over the open
subset W of U(P™(C)), then A\ *0;7,,=2*07,, on W.
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Proof. If fis a point of C**1—{0} and if p is a nonzero complex number, it is
easily checked that 7,((6/0z4)|,;) = p~'m4((8/0z%)|,). Therefore, there is a complex-
valued C* function p of modulus one on W such thatif A;(xe;- - -€,)=0f1- - -fofa+1»
then Ay(xe; - - -€,)=Opf1- - - pfupfn+1. Consequently, AF0, 1 =<dfs 1, f;> while

A0,y = Ld(pfus)s pf> = @p)frs+1+pdfusss pfD
= Ldfusr, fp = MOsa. Q.E.D.
Similarly, we have
LEMMA 4.3. AF0' =M30'} if i#].

Finally we remark that a straightforward calculation shows that the curvature
form on U(PY(C)) is given by

Q=6 A6+8> 6 A B
l

Hence, the holomorphic curvature function on U(P"(C)) is
Ry = 8,81m+ 8:8;m.

5. The bundle F for a submanifold of P*(C). Let M be a compact complex
submanifold of complex dimension k imbedded in P*(C). Henceforth, we let
m=n—k. Also, for the remainder of this paper indices will have the following
ranges: 1=5a,8,y, 6Zk; k+1=r,s<n; 1=4,B,C<n+1; 15i,j=n.

Let Fbe the bundle over U(P™(C), M) induced by the bundle U(n+ 1)— U(PY(C))
of §4. So F consists of all Of;---f,+1 in U(r+1) such that =(f,,,) € M and
me(filrnsr)s - - > m(fils, ,,) are tangent to M. It is a bundle with fiber S over
U(PY(C), M). Consisting of frames in C™**, F will serve as a convenient substitute
for U(P™(C), M).

By means of the inclusion mapping = of F into U(n+ 1) we pull back the forms
6’4 from U(n+1) to F. We drop the prime sign and denote the forms on F by 6%.

ProrosITION 5.1. 6%,,=00n F.

Proof. Consider F as a fiber bundle over M. Let A: V— F be a C* local cross
section of F over an open subset ¥ of M, and let X be a real tangent vector to M
at [w] € V. We claim

(5.1) 2 B WXL st = os Dada X,

where f, is the map f,: F— C™*! which sends a frame into its Ath vector, and
where (f;, . 1)« is the map on tangent vectors to Finduced by themap f,, ,,: F— C"+1.

To see this, let &%, .. ., e*** be the dual basis of the standard basis of C"*?, and
apply both sides of equation (5.1) to J¢ ()~ the dual basis of f4|;, , ,aqwm
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where we write f,=f4(A([w])) and f,=> f5ez in terms of the standard basis ez of

Cm*1; in the verification, make use of equation (4.1) and the equation 8o f, .,
B

=&p41°T.

Apply 74 to equation (5.1) and get

Z 01'3+1()‘*X)""*f,4|f..+1 = my(for DM X = X.

Now, X is tangent to M, m,f,,,=0, the real and imaginary parts of the =, f;
constitute 2n linearly independent vectors, and the real and imaginary parts of the
s f, are normal to M. Consequently, 6} ,,(A.X)=0.

Let us next consider a real tangent vector Y to the fiber of F over [w].
Suppose Y is tangent at the frame OfY---f% ;. Then Y equals y(0) for some
curve y(¢) in the fiber, and we have f, . ,(v(t))=2(¢)f2 1, for a complex-valued
C= function n of modulus one, and y(0)=0f?---f2 ;. Clearly, the tangent
vector

D 0S8,y = (Fsdx Y

has no component along the f?|,0, ’s. Hence, 6%,,(Y)=0. In particular, 6;,,(Y)
=0.

Finally, since any real tangent vector to F is of the form A, X+ Y, for some
real tangent vector X to M, C* local cross section A of F over M, and real tan-
gent vector Y to the fiber of F over M, we must have 6, ., vanishing identically
on F. Q.E.D.

Consequently, on F we have

(52 0= dffyy = —2 0 A Ofey = =2 00 A 6
A @

LeMMA 5.2. If y is a C* local cross section of F over an open subset W of
U(PY(C), M), if ¢ and ! are the canonical and connection forms on U(PY(C)), and
if o: UPYC), M) — U(PYC)) is the inclusion, then y*65, ,=c*0® and y*0}
=c*w},. '

Proof. As before, let 7: F— U(n+1) be the inclusion. Shrinking W, if necessary,
we can extend 7 o y to a C* local cross section A of U(n+ 1) over an open subset of
U(P™(C)). Then 7oy=2o00. By equations (4.3) and (4.4) and Lemmas 4.1, 4.2,
and 4.3, we get A*6’8 | = 6% and A*6'T, = w’,. The desired result now follows. Q.E.D.

Consequently, since the forms o*6% are pointwise complex linearly independent
on U(P™(C), M), the forms 65, , must be pointwise complex linearly independent
on F. Therefore, it follows from equation (5.2) that there exist unique complex-
valued C® functions &",4 on F such that b",;=5b";, and

(5.3) O = 2 bagbhsn.
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Then
(5.4 08 = —> b8,y

too. We will usually write b;§ for 47,4, and b;§ for b4p.

Also we remark that from Lemma 5.2, equation (3.1), and equation (5.3) it
follows that if y is a C* local cross section of F over an open subset W of
U(PY(C), M), then

(5.5) braB oy = hraB
on W.

PROPOSITION 5.3. Let A be a C* local cross section of F over an open subset U of
M. Let o: M — P™(C) be the inclusion. If ds® is the Fubini-Study metric on P*(C),
then on U the metric o*ds® of M is given by

o*ds® = > 0%, @ (\*0%,,)".

Proof. Letting 7: F— U(n+1) be the inclusion and shrinking U if necessary,
we can extend 7o A to a C* local cross section g of U(rn+1) over an open subset
of PY(C). So locally 7 o A=p o 0. The proposition now follows from equation (4.2)
and Proposition 5.1. Q.E.D.

Finally we remark that since the riemannian metric induced by o*ds? is positive
definite, it follows from Proposition 5.3 that the real and imaginary parts of all the
forms A*6%,,, 1 Sa=<k, constitute a collection of 2k pointwise complex linearly
independent forms, and from this it follows that the collection

{A*G:n, )‘*nga l=as=s k}
consists of 2k pointwise complex linearly independent forms.

6. Tubes about M. Let N(M) be the manifold of all real tangent vectors to
P*(C) that are normal to M. For x € M let N,(M) be the real vector space of real
tangent vectors to P*(C) at x normal to M. For p>0 let B,(p) be the open ball
about the origin in N,(M) consisting of vectors of length less than p. Since M is
compact, there is a positive number b =<w/2 such that for any positive p=<b, the
exponential map exp maps |J,ey Bx(p)S N(M) diffeomorphically onto an open
submanifold of P"(C) such that dist (x, exp X)=| X |, for all x € M and X € B.(p),
where || - | is the norm on N,(M). So exp ((Uxenm Bx(p)) is the tube about M
consisting of all points of P*(C) at a distance less than p from M. We denote this
tube by M(p).

For any nonnegative integer p and for any c¢>0, define B?(c)=C? to be
{(#, ..., 2°) : 3 |Z/|2<c?}. Given any C* local cross section A of F over an open
subset U of M, we can consider the associated map

X': Ux B™(tan p) — exp (xLeJU Bx(p))
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defined by
N(x, (ZF*L, ..., z2M) = [fn+1+2 sz,]-
Here m==n—k and Of;- - -f, 11 is A(x).
PROPOSITION 6.1. X' is a diffeomorphism of U x B™(tan p) onto exp (Uxev Bx(p)).

Proof. X'(U x B™(tan p))<exp ((Uxev Bx(p)) =M (p) since, when 3 |z"|2<tan? p,

cos dist ([fus1), [frs1 2, 2A]) = (1+2 |Z]2) 7 > cos p.
So

dist (x, X(x, (z*1, ..., ) = dist (fps1) [fosr+ 2, 2f]) < p-

Next we show A’ is one-to-one on U x B™(tan p). If

g = [frs1®+2 2] = [frsa(D)+ D wHO)]

is the image under A’ of both (x, (z")) and (y, (w")), then g lies on both the complex
line in P*(C) joining x to g and on the complex line in P*(C) joining y to gq. Thus
there are two real geodesic segments of lengths less than p, one from x to ¢ lying
in the complex line joining x and g, the other from y to ¢ lying in the complex line
joining y and g. Since m4(3, Zf(X)|, . 10) and (2 WS(P);, ., @) are tangents of
type (1, 0) at x and y to these complex lines, respectively, and since these tangents
are normal to M, the two complex lines enfanate normally from M. Hence, the
real geodesic segments emanate normally from M. But exp is one-to-one on
Uxen Bx(p), so the two geodesics must coincide. Hence, x=y and z"=w", and X’
is one-to-one.

Next we will show X’ maps U x B™(tan p) onto exp ((Uxev Bx(p)). We will use the
fact that if K is a compact submanifold of a riemannian manifold N, if p is a point
of N—K, and if y is a geodesic segment from K to p whose length is the distance
of p from K, then y emanates normally from K. Now let p be a point of
exp (Uxev Bx(p))— M. Let x, be the point in M nearest to p. If we let Of;- - -f1+1
= A(x,), then we can write

p = [fos1+ 2 2%+ D Zf)

for some z’s; we know that the coefficient of £, . ; is indeed nonzero since, otherwise,
dist (p, [f»+1]) =m/2, whereas in actuality all points of our tube are at a distance
less than =/2 from M. We next claim that all the z%’s vanish. For suppose not.
Then 7 ((Z 2°f.+ 2 2'f)|;,.,) is a vector of type (1, 0) at x, to the complex line
joining x, to p, and is clearly not normal to M. Hence, if X is any nonzero real
tangent to this complex line at x,, X cannot be normal to M for if it were, then so
would JX be normal to M, and then X—iJX would be a nonzero vector of type
(1, 0) tangent at x,, to the complex line from x, to p and yet normal to M. Finally,
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if y, is the real minimizing geodesic from x, to p, then y, lies in this complex line;
but the tangent to y, at x, cannot be normal to M. This contradiction shows that
the z%’s are zero. Thus p=[f, ., +> z’f;], and 0< 3 |z"|2<tan? p since p € M (p)— M.
Hence, p=X'(x,) and A’ is onto.

Since X’ is clearly C®, we have only to show (A')~1is C*. Let p be a point of
exp (Uxev Bx(p)) and let x, be the point in M nearest to p. Let Of; - - - f +1=A(xp).
Then p=[f,+1+> z'f,], for some z"s, and since x, depends on p in a C*® fashion
and since A is C®, then the map p — f, .1+, z’f, is C®, and in fact, the real and
imaginary parts of the z”’s are C* functions of p. Hence (A')~'is C*. Q.E.D.

7. The volume element of a tube. We will deal with multivectors having exterior
differential forms as coefficients (see [3]). Let y: C"** — T¢c(C™*1)|, be the natural
identification. So, at (z%,..., z"*1),

y = Z 24(ealo),
where ey, . . ., &, is the canonical basis of C"**. Also,
y= z.fA(€A|o)_-

It is important to observe that (e4|o) ™ =0/024|o, whereas (e4) ™ |o=24|0=09/02%|,.
The form dy is the canonical vector-valued one-form in C**!; ie., at
(..., 2",

dy = 23, dz* @ (ealo)
21 ®c Te(C**Y)|o. Also
(dy)” =dF = D dz* @ (edlo) ™
Now consider the map ¢: Fx B™(tan p) — C"*?! given by
HOf Fasrs Gy, ) = fasat D, 21

the map v: C***—{0} — §2"*! which sends each v € C"***—{0} into v/|v|, and the
map j: §%*+!1 — C™*! which is the inclusion. Then ¢*v*j* dy is an element of

(Tr(Fx B™(tan p)) @ C)* ®c Tc(C™*Y),.

in Te(C™+Y)|%2

In shorthand, d(y/|y|) stands for ¢*v*j* dy where y=f,.,+2 z'f,, which is identi-
fied with f, ,1|o+ 2 2'f;|o- Also, d(F/|y|) stands for g*v*j* dj where

7= ((fA4 )™ +2 7D Yeal)™ = (forslo)™+2, Z(filo) ™.

In the calculations below we will use this shorthand, and we will write f, and
(fa)~ for f4]o and (f4|o) =, respectively. We will use the equations df, =2, 05z and
d(f)~ =3 05fs.

We now calculate that
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1 y
d(l.) = —dy—2
1) = YR
= 6., — > z'b;568 )f
(1+2|z|2)”2{§( =2 75l ) e
+3 (a4 3 200 for 2310}
s r

12

0TS 7 Z dz’z"+z2" di’)(ﬁ,“-}-z zsjg).
Thus, [d(y/|yDI*A[d(F/|yDI"Ay[|y| AF/|y|, which is shorthand for
P**(Ay)" A (@) Ay AT,

Afz{(,: [ ( R z'5f50n+1)ﬂ,] A [sz (dz‘+Zz'0$)f;]n-k- _
(3 (g ) T o[z

+n6rii e /\[k'( n+1— ZZbi‘B n+1)

Aeee A ( ,.u—rEz'bmé,‘;u)fl
Ao A fln—k— 1)'2( zk+1+erek+1)
AceeA (dz’-’rZz’Gf) A-eeA (dz"+§r:z'0;‘)fk+1
,\...,\;,A...,\fn]
Ol (g ) T

A (Z (a'zs+Zz,03) ) ]n—k
Q3 63 33
A - ( 225,}305“) . (“1 2 5, 9n+1)f

A fdn—k=1)1 3, (dz"“+z z’0’°+1)
A (dz8+zz'0s)
A (dzﬂ+2z'e;=)(f,,+1 Aoonf /\-'-Af,,)]_
A GRS
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This results from a straightforward calculation in which we use yAy=0
and yA 7=0; in expanding [d(y/|y|)]* and [d(7/|y])]", we use the binomial
theorem, the multiplication here being commutative. Notice that within the
pair of braces above only three summands appear. Indeed, the missing
summands vanish because they either have more than one 61} in them, or
more than one 671} in them, or more than k f,’s, or more than k f,’s, or
more than (n—k) f,’s, or more than (n—k) f,’s, or else they are of the form (or
its conjugate)

VS (VDN CRES EL L
z .
Ao A (Giu—rzﬂ Z'5f§95+1)A
neoe n (0603 B400) |
Ao Ay A -~-/\f,,(n—k)!(dz"“+z z'0’,"'+1)
A+ A (dz"+z z’0;‘)fk+1 A--- A fu A (other forms),

whose exterior product with the factor y=f, ., +2 z'f, (resp., with the factor
P=fos1+2 2'(f))") is zero. Furthermore, at one point we also use 2t1 A r+l1
=0 since f2+1= g+l

Also notice that

3 (re-gesst o] (3 v 5o s) T
= (KD*DO.y Ao A ORyy A Gryy
Ao NGELAANAN[AFLAN - Afi
where D is the (2k) x (2k) determinant

I, B
det (E Ik)a

where I, is the k x k identity matrix and B=(—2, z'b;8); <a.s < Since b;f=>b:£ on
F, B is a symmetric matrix. Hence, D is the determinant of a hermitian matrix
and is consequently real.
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Hence,
[E/NyDI* A [dGFIyDI A y]y] A Py

A
Iylznfz (K1PDOL,y Ae oA Oy A By Ave A BEfi Ao A S

A];. ve /\fk
N

+n03tifaes A (—k—1)! > (dzk+1+2zro':+1)
s r

Ao A (dz3+2z'0$) Ao A (dz"+22’0;‘)j}c+1 Ao A Sy

A Afa A (Z)[(Z (dzs+Z zfei)ﬂ)-]n—k

+n(@11 00 A k= )! S (dra 3 20
Ao A ((dzs+Zz’0$)—)
AceeA (dz"+zz'9?)—(fk+1 Ao NS A A ST

A D[ (e Z )]}

Of course, [d(y/|yDI"A[d(F/|yDI*Ay/|y| AF]|y| is a form on Fx B™(tan p),
but let A be a C* local cross section of F over an open subset U of M and consider
the map Axid: Ux B™(tan p) — Fx B™(tan p). Then the form

Axid){[dy/lyDI* A [dF/lyDI* A y/ly| A §lly[}
= (Axid)*e**%*[(dy)" A (dF)" Ay A Y]

is an element of
{A®"[(Tr(U x B"(tan p)) Qr C)*]} @ A*"*3[Tr(C"*)|o ®r CI.

It follows from the remark after Proposition 5.3 that A*67, A*@I, A*6r+l, and
A*@2*1 all depend on the A*6% . ,, A*0%., . at each point of U. Hence,

Axid*{[ /|y DI* A WG/yDI* A ¥ily| A 51y
= |y IQ,.& (KD2D o AXId)N* (B2 4y A -~ A 65,0 A B2uy Aeo- A 85,0 o

A Nfe Ao Aeo-AFe (2)2(2 dz’f,)n—k A (Z (dz“f,)')

n-k
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Here y and f; mean y o ¢ o (Axid) and f; o A, respectively. Now,

yA (Zdz‘f,)n-k = (n—k)!(f,.+1+Zz’f,) AdZHY A AdE four A A S
=(=D""*¥n—k)!dz*** A---ANd"fiu1 Ao A fran
Hence,
Axid¥{[d/|lyDI* A @y DI A y/Iy] A FIy]}
= ()= Dr-H(—1)kmrr-R

Do Ade
(.1) DO Ak Ghan e A B A B A LD

ANdZE*E Ao NdZh A dEEYY NN dEY)fy
Ao A farr A Fi Aoe A frn

Roughly put, what we have just done is to calculate

E/lyDI* A [EF/yDI* A yIIyl A Iy,

where y=f, .1+ z'f;, Of;---f»+1 being unitary frames in C**!. Now we will
again calculate the same form, this time letting y/|y|=e, ., where e, is the last
vector of a unitary frame Oe; - - -€, ;.

Shrinking U if we need to, we can find an open subset W of B™(tan p) such that
U(n+1) has a C* local cross section « over an open subset of S2"*! containing
vp(Axid)(Ux W). For x € U and (z**1, ..., z") € W, and with

Oe, - - e, = avp(Axid)(x, (2)),
the equation

GrpAxid))* dy = > [(avp(Ax id))*0'4, 1]y

is the precise version of the statement “d(y/|y|)=>. 0'a.1e4, Where Oe;-- -,
is a unitary frame having e,.,=y/|y| with y=f,,1+3 z'f,, where Ofi- - fy 11
= X(x).” Letting B=avep(A x id), we have

(rp(Axid))*[(dy)" A (dF)" A y A F]
7.2) =(=D"DBHOF A AN OB A O A A B De

Ao ANepey N€ Aevc N @y

But
(pp(Axid))*[(dy)" A (dP)" A y A J]
= Axid)*{[dy/|yDI* A EF/lyDI* A ¥/1¥1 A FlI21}

and we have already calculated the right side of this equation in equation (7.1).
Our two calculations must agree.
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Setting the right-hand members of equations (7.1) and (7.2) equal to each other
and using the equation

HAAfasx ANAANAfosi=er Ao Aepsr A& Av A &y,
we get the equality between absolute forms

D o (Axid)
[y

(7.3) A dZFE*Y Ao A dET

A¥(Ohsr A Oroy Ao A B5gy A Bk y)dZE*t A-oo A d2

= IB*(O'}E+1 ANOL G AN A 9’:+1)|

on Ux W< M x B™(tan p).

Notice that (3)*¥|A*(63, 1A 02 A--- AOE, L ABE, )| is the volume element of
M on U and that (3)"~*|dzF* 1 AdZ¥** A - - AdZz" AdZ"| is the volume element
of C™ Also recall from §6 that to A is associated the diffeomorphism A'=
wp(A x id) where 7: C**1—{0} — P™(C). Then 8 o (X')~1isa C* local cross section
of U(n+1) over the open subset A'(Ux W)< P™(C) and so

@A) )*B*(O 701 A Frps Ao A 0700 A 0740
is the volume element of P"(C) on X' (U x W)< M (p). By the way, we now see that
the right side of equation (7.3) never vanishes, hence that D never vanishes on
(Axid)(U x W), and hence that D never vanishes on F x B™(tan p) since for various
XNs, U’s, and W’s, the (A xid)(U x W)’s cover Fx B™(tan p). Since D is real-valued
and equals 1 at any point of Fx0, D must be everywhere positive.

Finally, if we write dv for the volume element of P*(C), dv,, for that of M, and

dvc for that of C™ and if we let p; and p, be the projections of M x B™(tan p) onto
its first and second factors, respectively, then equation (7.3) can be rewritten as

Do (Axid)

(7.4) (X)* dv = ly—o'W ¥4

¥ dvy A p¥ duc

on Ux W.

8. Calculation of the volume of a tube. For /=1 let ®, be the volume element
of the unit /-sphere S'. Consider k2% indeterminate vectors

eg = (ek+1,g, e ey eng)a 1 é O(,B é k9

and their conjugate vectors

(eg)— = ((ek+1,g)—9 RIS (eng)_)a l .S. a,B é k-

Imitating the definition of D, define D as the (2k) x (2k) determinant

I E)
det (E I, ’
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where I, is the k x k identity matrix and E=(—2, z'¢,§)1 <a,s<x- For 1<f<k and
léyl, e e es V5> 81, ooy ngk, deﬁne

_z Z'er.’si e —Z Z'er%} 2
y .ee —_ :

@ oy [, |det| Ogm1-
~3 ey —3 e
Notice D323 =0 if two y’s or two &’s coincide.

LemmA 8.1.

k
fori PO = 2 - 5 b

Qy<e<ap By < <B,
the term for f=0 being understood to equal 1.
Proof. Consider any (2k) x (2k) matrix

(2 )

where I is the k x k identity matrix and where A4 and C are k x k matrices

A = (@)1sy,550 C=(HDisyssk

The determinant of (m3) is a sum of (2k)! terms +myg, - - -mZ%. Any such term is
zero if it contains among its factors m}, a number of 1’s from the upper left quarter
of (m3) that differs from the number of 1’s it contains from the lower right quarter.
The remaining terms are of the form saglh,y: - -azlayCrlyy- < - Crlyy Where
<. <oy yp<---<y;, Where afay), ..., ao(e) is a permutation of yy,..., ¥,
where y(yy), . . ., Y(y,) is a permutation of «,, . . ., o, and where sis + 1. In such a
term let s, be the sign (i.e., +1) of a(ey)---a(ey), and let s, be the sign of
y(y1)- - - ¥(y;). In order to write the numbers k + o(ey), . . ., K+ a(ey), Y(y1)s - - - ¥(¥y)
in increasing order, we have to perform a permutation of sign s, on the first f
numbers and a permutation of sign s, on the last f numbers, and then we must
perform the permutation of sign (— 1)’ which interchanges the new 1st and (f+ 1)th
numbers, the new 2nd and (f+2)th numbers, etc. Hence, s=s,5,(— 1)’. Therefore,

det(mp) = > (1Y S det (“’ " a,,) det (c’ ’ "'?)
f=0 @y < <apy<e<yy . . H H
The lemma now follows. Q.E.D.
The unitary group U(m) acts as isometries on S2"~! and hence preserves the
volume element. It then follows from the definition of DjLl} that DJiiy is
invariant under the action of U(m) on the vectors e. Hence, by the first main theorem

on unitary invariants [2, p. 97], D}t is a polynomial in the inner products

7e8p

E%ee = z ee(ed) ", 1<ab,c,d<f
T
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But since Dj:.}/ is a linear combination of monomials

< SRR/ ¥ o e ¥ -
eno:g; erfo%i (e'f +10‘;g; e’zl"‘v‘g;) ’
where o, p, u, and v are elements of S(f), the group of permutations on f letters,
then D} must actually be a linear combination of terms

Etebuq). . . EYotnfumn

Yv(1)80(1) Mv(1)8o(1)?

for a, p, pu, v € S(f). Also notice that the integrand in the right side of equation (8.1)
is the product of two determinants and that D}:.} is skew-symmetric in the rows
and in the columns of each determinant. Therefore, Dj}:.:}’ must be a multiple of

2 $gn o sgn p sgn u sgn v Eteuy. . . EYon8un)

Yv(1)80(1) TGLGN
OsDslhsV
In particular, for «; <--- <e, and B, < - -+ <B;, D§L 1§/ is a multiple of

B B
2, sgnosgn psgnusgnv EEphin. - Eggpbin.
GsDslhsV

To evaluate this multiple, we specialize the indeterminate vectors e by the
equations
8.2 e5e = (83,0,...,0), 1
Then

IIA

a,b=<f

Egphor = 1 if o(b) = p(b) and p(b) = w(b),
=0 otherwise.

Hence, with the above specialization we have

(8.3) 2 Sgn o sgn p sgn p sgn v E“a(l)ﬂu(l). < E%0bun = (f')z.

@y(1)Bo(1) @v(HBo(n
CsDslh»V

On the other hand, with the specialization of equation (8.2),

8.9 Dgrgt = f( . |25+ Ogpp -y
2

1. Mesin-1
To evaluate this integral, let us define, for /=1, the subset H! of S* by
H. ={(ts,..., ti+1) €S*: all £’s are positive};
let us define the subset H! of S by
H!'={(ty,..., ti4+;) € S': all t’s are nonnegative};
and let us define the subset $27-1 of §2m~1 by

S2m-1 = {(zy,...,2,) €S2™"1 : no zis O}.

Write the elements of C™ as (z¥*%,..., z") and consider the natural diffeomor-
phism n: §2m-1 > H?-1x §1x ... x 1, with m factors S?, defined by

(@ ) = (., 7)€%, L )
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if z7=e"t", t">0. Let S} be the (r—k)th factor S*in H?~1xS*x --- x S, and let
do, be the distance element on S!. Consider the absolute form
Op_y A t¥*1dly A--- A t"d0,
on H? 1xS'x ... xS,
LEMMA 8.2. 9*(On_1At**1dO A --- At"dO,)= 0Oy, _,..
Proof. The idea of the proof is as follows: If Of; - - -f,, is an orthonormal frame
field in R™, then
On-1 = |dfm, f1) (s - DI
Let us write f;_, =@k, ..., tP_y), k+1=r=n. If we define
e; = (—sin 6,,4,c08 6,,,,0,...,0),

es = (0,0, —sin ;4 5, COS 045, 0,...,0),

eom-1=(0,...,0, —sin 6, cos 0,),
and, for k+1=r=<n,
ear—iy = (1¥2% COS Oy, tF2E 8IN Oy in, . .., 87y COS Opy 17—y sin 6,),
then
Ogp_1 = |(dezm, ey - -(degm, ezm-1)|-
With the use of the equations
(dezm, €ar—1y-1) = 7*(t" d6,),
(dezms €ar—1y) = 7*(dfm, fr-1)+forms in the n* d6’s,

a computation of wedge products does it. Q.E.D.
Returning to equation (8.4) and writing

25+, ..., 2% = (tF+1ee, . . ., t"e'%n),

where t">0, we have

k+1j2f
z O
f(z"‘*1....,3")65"“'1 | | am-d

= L,m-l (tk+1)2f+1tk+2. . 't”“‘s: - d0k+1 Ao A don] @m_1

= (2")mf l(tk+1)2f+1tk+2,,_tn@m_l.

H™™
To calculate this last integral we prove the following lemma.

LEmMA 8.3.

Joese 008 =203 ko)) o T ()

..... p=1

p=1
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Proof. On the one hand,

© @© 1l © 1
[ [ et o, = TT [ e s, = [ Tar(2)-
0 0 1]

r=1 p=1

On the other hand, if we write x=rt for t€ H'~*! and r20, then
@ L 2 2

f ...f x’fl...xfge'xl"""‘( dxl...dx‘
0 ]

= f ree-"* er~ - . 0,_,, where £ = Zk"+l—1,
-

0

~ G Ch+)) [ e,

The lemma now follows. Q.E.D.
Consequently, for the specialization of equation (8.2)

@.5) Dagr = 2am S

bty (f+m=1)!
From equations (8.3) and (8.5) it follows that we have the equation in indeter-
minates e
8.6) Doier = 2a" E%wbuy. . . E%nbBur
(8.6) Dgiigr = FTFm=D1, ,,z ) sgn o sgn p sgn p sgn v Eo@gs). . . EGomiun,

2Dsls

where o; < - - - <a; and B; < - - - <By, the «’s and B’s being taken from the integers
1,..., k. Since both sides of equation (8.6) are unchanged when two «’s or two B’s
are interchanged, and since both sides vanish when two or more «’s coincide or
when two or more B’s coincide,

1

ayay ayay
B1+Bf (_f')2 B1-+-B1
@y <+ <ag By < <By */ 1S50aq4.8psSk;ilsa,bsf
2" z Sgn o sgn p sgn w sgn
= o p ® v
(f!)s(f'i'm_ 1)! G101ty

ao)Bucty. . . E2wBucn
E @v(1)Bo(1) E &v(f)Bo(f)
1saq.8psSk;l1sa,bsf

m “ e . e e
= e 2 o y)olon. o) Bt B
where in this last summation the «’s, 8’s, ¥’s, and &8s run from 1 to k and where, in
general, 8(51.i) is 1if ey, . . ., &, are distinct and an even permutation of py, . . ., py,
is —1if &,..., ¢ are distinct and an odd permutation of u,,..., u,, and is 0
otherwise.
Now we specialize the indeterminate e’s by letting

e = b3, 12y,8<kk+1<rsn
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If y is a C= local cross section of F over an open subset of U(P™(C), M), then by
equation (5.5) b;§ o y=h;§ and

Efoy = hihf = —HE,
where Hg is the excess holomorphic curvature tensor. The summation

[y 2RI ¢ 4 ..
S L A L

Hzf = 8(
1sa,B,v,6sk \Y1° " Yr

on U(P™(C), M) is constant on fibers over points of M (and hence is a function
H,; on M) since Hgg transforms along fibers like a tensor. We understand H, to
equal 1 identically. Since the D§!:§’s are nonnegative, the H,,’s are nonnegative
for even f, nonpositive for odd f. Taking note of Lemma 8.1, we see we have proved
the following proposition.

PROPOSITION 8.4. If X is a C* local cross section of F over an open subset U of
M, then

k
Lzm-l Do A®2m-1 = jzo Cszf
on U, where ¢, =2a"/f1(f+m—1)!.

Now we can finish finding the volume of the tube M (p). Since M is compact, we
can take a finite open cover {U,} of M such that over each U,, F has a C*® local
cross section A, and such that there exists a C*® partition of unity {f;} on M sub-
ordinate to {U,}. Let

Xs: Uy x B™(tan p) — exp ( U Bx(p))

xeUg

be the diffeomorphism associated to A;; so

(x, @) = [forr+ D 27]

where Of; - - -f,+1=2A«x). Let p;, p, be the projections of M x B™(tan p) onto the
first and second factors, respectively. The open cover {A(U; x B™(tan p))} of M(p)
is also finite, and {f; o p, o A;~} is a C* partition of unity subordinate to this
cover. Let ¢,, g5 be the projections of S2"~1x (0, tan p) onto its first and second
factors, respectively. Let A be the diffecomorphism of B™(tan p)—{0} onto
S2m-1x (0, tan p) which sends (z¥*1,.. ., z") to

( (Zk+1, Ceey z") y I(Zk+1, s Zn)l)'

(", 2|

In what follows, y o (A; xid)(x, (z")) means @ o (A; X id)(x, (z))=f, +1+ 2, 2'f,, Where
Of1- - for1=2A(x). Asin§7, dv, dvy, and dvc will be the volume elements of P*(C),
M, and C™, respectively. All exterior forms in the following are to be considered
as absolute forms.
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The volume of the tube M (p) is then
dv=2f (fs 0 pr o Xe=1) dv
AUz x B™tan p))

U, x B™(tan p)

=zf f{f D o (A;xid)
= Ju, 7 Usm-140,tanm |V © Qe xid) o =T[20+2

q¥Ogm_1 A gF(r*"~ ld’)} dvoy

tanp  ,2m-1 )

zf {f (1+r2)n+1 [fs“""l Do (A xid) °h-1®2m—1] dr} dvy
tan p 2m—1 k

ZJ. {f (lirz)n+1 [Zo c!rszzf] d’} dvy

K

-2 o[, Hor dou] 36,

=6 M

M)

Do (A:xid
(ft °P1) |y (A(x{ld)lz?..mpl doy A P2 dvc

where

tan p r2m+2f—1

Ip) = fo Trryp
= f ’ (sin 5)2™+2/~(cos 5)2k~2/ +1 gy,
0

In the second equation in the above sequence of equations, equation (7.4) is used.
In the third equation from the end we have used the fact that if >0, then

~r 2,753,009\
J.sm_l det Oum—1 = r¥DjLiiigro Ay
_'zzsb-fél()‘t)' ..
This completes the derivation of our formula.

If we take for M a P*(C) imbedded in P*(C), k <n, the volume of the tube of
radius #/2 about P*(C) should equal the volume of P"(C), which is ="/n!.

LEmMmA 8.5.

= et kim=1)
o Arryp i = T o

where m=n—k and where k and n are integers satisfying n>k =0.

Proof. Let L(n, k) be the statement of the lemma for integers n, k. L(k+1, k) is
easily checked to hold. Moreover, integration by parts shows that L(n, k) implies
L(n+1, k). Hence, the lemma follows. Q.E.D.
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Now, HZ vanishes identically on P*(C)< P™(C) since the holomorphic curva-
ture tensor of P™*(C), with all indices no greater than k, equals the holomorphic
curvature tensor of P*(C). Hence, for P*(C) all H,,’s vanish except when f=0.
Thus, by our formula for the volume of a tube, the volume of P"(C) equals

2 r2m 1

Ty Vol PO [ g dr

27" 7k kl(m—1)! _m
(m—l)'k' 2n! T al ‘

¢o Vol (PH(C))Jo(m/2) =

where we have used the fact that the volume of P*(C) is =*/k!.
For a complex submanifold M of complex dimension k,

= > [R%—(Basdus+ 8uabsp)] = R—Kk—K2,

where R, the holomorphic scalar curvature of M, equals half the riemannian scalar
curvature. When k=1, then Jo(p)=(sin p)2"~2/(2n—2)—(sin p)?*/2n and J,(p)
=(sin p)3"/2n, so the volume of the tube of radius p about a nonsingular complex
curve M is

(n 1)|(sin ;:)2"‘2[(1——-:;lsm2 )d+sm p(l g)]

and where d is the degree and g is the genus of the curve and where we have used
the Gauss-Bonnet formula and the formula vol M =2nd [2, p. 120].
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