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THE VOLUME OF TUBES IN

COMPLEX PROJECTIVE SPACEO)

BY

ROBERT A. WOLF

Abstract.   A formula for the volume of a tube about a compact complex sub-

manifold of complex projective space is derived.

1. Introduction. If M" is a compact /c-dimensional submanifold (without

boundary) of n-dimensional euclidean space Rn, Weyl's formula [5] for the volume

of the tube M(p) of radius p about M is

vol (Mí») = Om .   ^^+B,    ,   , ke,
osesTeevenm(m + 2)---(m + e)

where m = n-k, where, in general, for 7'^ 1, Oj = 2ttÍI2/T(j/2) is the volume of the

unit sphere 5,_1 in euclidean/space, and where ke is the integral over M of the

invariant

"e     4°>2(e/2)\¿   [ßf-ßj   ßl*2        ß°-iB*

Ryl being the curvature tensor of M. Here 8(?j:."?;) is +1 or — 1 according as

au...,ae are distinct and an even or odd permutation of ßu ..., ße, and otherwise

8(¡g;:.'f¿) is zero. The summation in He is taken over all a's and /S's running from 1

to k. If Mk is a compact fc-dimensional submanifold (without boundary) of the

unit sphere 5n, Weyl's formula for the volume of the tube M(p) of radius p about

Mis

where m = n — k and

/•tan 0 „e + m -1 pp

Je(p)  - Jo (1+r2)(n + l)/2 •* = Jq  (««» i)"""'^ *)*"* <&
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and where ke is the integral over M of the invariant

■c-^    (a, • ■ ■ a„\
>   SI     1 e\ WM2. . . Ife-lVe

4^(e/2)!2'   U•••&/     12 Pe'le'

Here again the a's and ß's run from 1 to k, while 77,/ is the excess curvature tensor

of M; i.e.,

ff aß   _    1>aB _ por/S

where /?££ is the curvature tensor of M and Ry$ is that of 5".

Now let us consider a compact complex analytic ¿-dimensional submanifold

Mk of «-dimensional complex projective space Fn(C) supplied with the Fubini-

Study metric. Let RaYl be the holomorphic curvature tensor of M and let R"l be

that of Pn(C). Also let

Ua$ _   naß      naß

be the excess holomorphic curvature tensor of M. Then on M we have real-valued

invariants

for O^f^k, where the a's, j3's, y's, and S's run from 1 to k. We shall show that

the volume of the tube M(p) of all points of Pn(C) within a distance p of

Mis

vol(Míp)) = oIkfl{f+m_lvk2íJf(P),

where m = n — k, where k2f is the integral of 772/ over M, and where Jf(p) is defined as

i»tan p   ~2m + 2/ -1

=  (" (sin s)2m + 2f-1(cos s)2k'2f + 1 ds.

I wish to thank S.-S. Chern for suggesting this problem.

2. Hermitian manifolds [1], [4]. Let M be a hermitian manifold of complex

dimension «. For any pointp e M, we will let TC(M)\P, (Tc(M))~\p, and TR(M)\P

denote, respectively, the tangent vectors of type (1,0), the tangent vectors of type

(0, 1), and the real tangent vectors at p. Let fr: U(M) -> M be the bundle of unitary

frames (of type (1, 0)) defined with respect to the hermitian inner product. On

U(M) we have canonical complexified real one-forms (i.e., elements of

(TR(U(M)) xRC)*) 9\...,9n defined as follows (see [2, p. 110]).
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Pick, in a coordinate neighborhood V of M,n complexified real C°° one-forms

cp1,..., <pn such that

n

ds2 = 2 ¥ ®(¥Y

(here (<p0~ is <p' followed by the complex conjugation on C), and then consider the

forms

■/= 2 («"W,       lájún,
k=l

defined on Vx U(n), where (uk) e U(n), the group of nxn unitary matrices. Now,

if ft, ■ ■ -,fn are the dual tangent vector fields to the <p's, we get a trivialization

4>i:TT~1(V)^VxU(n) sending the frame x(2 «{/)••• (2 uif) to (x, (uff), and

the pullbacks under <pf of the y's are forms on n-_1(F)ç U(M). One may check that

these forms are independent of the choice of <p's, and they are called the canonical

forms 0\ ..., 0n.

For any real manifold TV complex conjugation acts on Tr(N) ®r C and on its

dual space (and on their various tensor and exterior products) in a natural way by

acting on the "C" in TR(N) ®rC. This action commutes with tensor product,

exterior product, exterior differentiation, and pullbacks. If 0 is a form, 6 will be

the conjugate. Notice that if N is complex, if (z1,..., zn) is a local complex co-

ordinate system of A^, n being the complex dimension of N, and if x' and y' are the

real and imaginary parts of z', 1 íkjíkn, then

(dz1)- = (dxi + idyi)- = dxs-idy = dz>;

this notation (dz')~ conflicts with that used in ds2 = ^gjkdz' ®(dzk)~ for a

hermitian manifold N, but no confusion will result in our discussion.

For our hermitian manifold M, if a: V-*■ U(M) is any local C° cross section of

U(M) over an open subset V of M, then the absolute form

IO72VV01 A <j*0x A • • • A <j*0n A ct*0"|

is the absolute riemannian volume element on   V, where  for  láj'^n,  0' is

(0')~, the result of the conjugation operator of the previous paragraph acting

on 0K

There is a unique set of forms ojk e (Tr(U(M)) ®r C)*, 1 ¿j, k^n, satisfying

a>'k + wk = 0       (ojk means (oJ¡)~)

and

n n

de1 = - 2 < a 0k+\ 2 Tk'ek A °1'     l = J = n>
fc=i fc,¡=i
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where F¿. + F/fc = 0, 1 ¿j, k, l^n (see [2, p. 111]). These forms are called the con-

nection forms. The equation

n

d<4 = - 2 <M A 0& + QÍ,       1 új, k á n,

is a consequence, with the curvature form Q.k necessarily having the form

QÍ = 2 ^«s* A ôm'     ! = ¿  fc = "•
I,m=l

Here T?^, 1 a/ k, I, m^ n, is the complex curvature function on i/(M) and satis-

fies R'Mm = R'ikm = Rmkfi — Rkm- A kahler manifold is defined to be a hermitian

manifold whose F¿.'s all vanish identically.

3. The second fundamental form of a complex submanifold of a kahler manifold.

Let M be a complex /c-dimensional submanifold of an «-dimensional kahler

manifold N. Let U(N, M) be the bundle of (adapted) unitary frames xe-^ •••<?„

satisfying x e M, eu ..., ek tangent to M. So U(N, M) is a principal bundle over

M with structure group U(k) x U(n — k).

Let o: M—>A and o: U(N, M)-> U(N) be the inclusion mappings, and let

ir' : U(N, M) -*• U(M) be the bundle projection. We will use the following ranges

of indices in this section:

1 ^ i,j, l, m ^n;       1 á a,ß, y, S á k;       k+\ ^ r, s Ú n.

Proofs of the following facts are straightforward to supply.

1. The forms o*9" on U(N, M) can be regarded as forms on U(M), and in fact,

they are the canonical forms on U(M).

2. a*9r = 0 on U(N,M).

3. The forms o*œj on U(N, M) can be regarded as forms on U(M), and in fact,

they are the connection forms on U(M). Furthermore, on U(M) we have do*9"

= — 2a o*oiß a o*9e. (Hence, Mis also kahler with respect to the induced hermitian

metric.)

From the equation

der = -2-wü a 9a- 2«>; A 0s
a s

on (7(A), we get on U (N, M)

0 = ¿0*9* = -2 °*< A o*9".
a

Since the o*9a's are pointwise complex linearly independent complexified real

1-forms on U(N, M), we can conclude that there exist unique complex-valued Cœ

functions hraB on U(N, M) satisfying hraB = hrBa and

(3.1) o*oSa = ^h\Bo*e°.
e
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The hraB are called (the components of) the complex second fundamental form of

M in N. The hraB transform along the fibers of U(N, M) as tensors. Indices in

hraB should acquire or lose a bar when they are raised or lowered. A similar com-

ment holds for R'jtm.

One more fact we need is that if A'is a tangent vector to U(N, M), then a*0a(X)

and o*ojaB(X) depend only on n'^X. Again, we will omit the proof of this fact.

Hence, if 0'a and w'% temporarily denote o*0a and o*a>aB considered on U(M), then

a*e« = (7T')*e"' and o-*<ug=(0*a/g on U(N, M). On <7(M) we have

¿o/g + 2«»'? A oj'I = 0.% = JiRaBrs0'y A 0'\
y r.i

the RaBys being the curvature functions for M. Apply (it')* to this equation to get

¿/<7*ü»2+2 ct*< a **°>i = 2 ^v ° n'G*ey a a*Qô
y y,à

on U(N, M). But on U(N, M)

da*coaB + ^a*wa7 A a*oj} =  -^a*ojar  A Ai + ^Ä',,!»^*«' A o*06,

y r y,6

where the R'^ are the curvature functions for N. Hence, we get

R"ByS  ° ir'-R"ByS  O  <J   =     -2 hraôh'By,
r

or, as we prefer to write,

RaBy0 o n'-Jt'fyt o a =   -^¿hf0WBy.
r

Raising the index ß, and writing K$ for Ra^vs, we get

X$°«'-R$°o = -2h4h'ßr
r

Since RfB ° a and 2r hf¡hr^ do not depend on the last n — k vectors of an adapted

unitary frame, they can be considered as C°° functions on U(M), and we have the

fundamental equation

*$-&$= -2^rv
r

on U(M). The quantities ífjf = Rf0 — RaY¡ are called the components of the excess

holomorphic curvature tensor of M in N.

4. Comments on complex projective space. In this section indices will have the

following ranges :

1 ̂  i,j,k,l,m ^ n;       I £ A, B, C á »+1.
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If z = (z1,..., z" + 1) is an («+l)-tuple of complex numbers, not all zero, [z] will

be the equivalence class of all such (« + l)-tuples which are multiples of one another

by nonzero complex numbers. Complex projective «-space, Pn(C), is the complex

«-dimensional manifold of such equivalence classes. We let n: C" + 1 — {0} -»> Pn(C)

be the natural projection.

Distance in Pn(C) is defined by the Laguerre formula

cos dist ([a], [b]) = |<a,i>|/|fl|.|i|,

where <a, by is the inner product of a with b in C" + 1. Hence, the distance between

the points [a] and [b] is the acute angle between the complex lines in C" + 1 repre-

sented by [a] and [b]. The infinitesimal version of this distance is the Fubini-Study

metric, which is symbolically written

ds%, = «¿z, dzy(z, zy-idz, zy<z, dzy)/<z, z>2,

where <...,...> is the inner product in C" + 1.

The geodesic segment in Pn(C) from [a] to [b] is given as follows. Multiply a

by the appropriate complex number of modulus 1 to insure <«, by ^ 0. Then the

geodesic y in question is

, v      \a b-a(b,ay/\a\2    .    1
y(0 =  t-ícosí+ít—;,   (,   2| sinn»

L|a| \b-a(b,ay/\a\2\        J

for O^i^arc cos <Z>, ay/(\b\ ■ \a\). It lies in the complex line through [a] and [b].

Next, we will provide some details expanding the presentation of the canonical

and connection forms on Pn(C) given in [2]. Let eu ..., en + 1 be the standard basis

of C" + 1. We can identify the unitary group U(n+\) with the manifold of all

unitary frames Ofx- ■ -fn + 1 based at the origin O in C" + 1 by means of the mapping

which sends the matrix (ui)iSA.BSn + i to the frame O 2 uieA- ■  2 ui+iEA-

On U(n+1), considered as the space of frames, we have complexified real one-

forms 9'a defined by the equation

dfA = 2 n ®/B.
B

Here dfA means 2b de\ (g> eB, where e¿ is the function on the space of frames that

assigns to a frame Off ■ -fn + i the £Bth coordinate offA, where eu ..., en + 1 is the

standard basis of C" + 1.

It follows that

(4.1) 0'5 = 2&S(«S)-,    n+iny = o,
c

and

dff\. _T n a n
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We have principal fiber bundles p: U(n+l) -* 52n + 1 and n: S2n + 1 -*Pn(C)

with fibers U(n) and 51, respectively, where p(Ofi ■••/„ +i) =/„ +1 and tt is the

natural projection. Let /x be a C00 local cross section of -np: U(n+ 1) -> Pn(C) over

an open subset V of P"(C). Then we also have a map ¿i': Vx U(n)-^- U(n+l),

where

/(x, «) - ofe ̂ /i) • • • (2 <//)/»+i.

where O/- • •/n + i=/x(x), x e K Then

or#+i = /j/n+1>2"/kA^> = 2("~1)^*e+i.

Furthermore, the forms p*0'n+i on F satisfy

(4.2) <fc» - 2 M*<&!'è o*c+i)-
k = l

(see [2, pp. 116, 117]). Therefore, we know from §2 that if ex,..., en are the vector

fields on Kdual to p*0'1+1,. ..,p.*0'„n+1 and ifp": *-\V) -> Vx U(n) is the trivial-

ization of the bundle ñ: U(Pn(C)) -> Pn(C) given by

p"(x(2 «&) • • ■ (2 «&)) = (*> («*))>

then the canonical forms 01,..., 0n on £/(Pn(C)) over V are given by

(4.3) & = (p")*(p')*0'J+1.

Since the forms (p')*(0'k- <>k0'lti) satisfy the equations

d(p')*0'J+1 = -2(rO*(n-8í0'Síi) A (p')*0'k+1
k

on F x U(n), then the connection forms «4» 1 =/ k S n, on U(Pn(C)) over V are

given by

(4.4) 0>k  = (p")*(pT(n-Wnnll)

(see [2, pp. 116, 117]).

From the definition of the Fubini-Study metric it follows that U(n+1) is a prin-

cipal fiber bundle over U(Pn(C)) with fiber 51 and with projection sending

Off ■/.« to [/n + iK(/|;B+1)- ■ -^(/„kJ, where n: Cn + 1-{0}^Pn(C) is the

natural projection and/|/!i+1 is the tangent vector of type (1,0) at the point

/n + 1 e Cn + 1 which is the image of/ under the canonical isometry

W**1)!/.«.
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Lemma 4.1. Let p. be a C°° local cross section of U(n +1) over an open subset V

of Pn(C), and let // and p." be the maps discussed above that are associated to p..

Then p.' ° p." is a C00 local cross section of U(n+\) over the open subset tt~\V) of

(7(7» "(C)).

Proof. Let ex,..., en be the vector fields on Vdual to p.*9'l + 1,..., p.*9'l+1. For

x e V, write p.(x) = Of1- ■ •/„+».. Then we will prove first that 7r*(/|/„+ ,)=••?/. Le.,

we will show (j¿*9'ni+1)TT*(fj\ín+1) = &).

To show this, write/b = 2/b£4- Then by equation (4.1)

/x*ö;'+1K(/|,n+1)) = (2^+i(^)-)(^*(/y|/n+1))

= 2(/Áfn+M+iop.n))(ff)-.

We know/|/n+1 = 2/f(<?/3zB)|/„ + 1. Also, there is a complex-valued C°° function

■n on 7r-1(F)çC" + 1-{0} such that for (w\ ..., wn + 1) e w-\V),

«n+l ° ¡¿MW1, . ■ -, Wn + 1)  = 7]WA.

Therefore,

/l ¿,B V* /I

= I/fâL//+1(/r+i(/,ti)imr
-4,B ^    I B

= 0 + v(fn + l)°ii =   °U

since ij = l at/n+1. Thus we have proved that »*(/J|/)1+1)=t2¿.

Now we see that if it* also denotes the projection of U(n+l) onto U(Pn(C)),

then

*,(,*>'(> 2 «&• • -2 m"^)) = **(°Œ "í/0- ■ -(2 "n/)/n+i)

= x 2 «i^C/yl/^i)- • "2 Unw*(fi\fn+Ù

= x^u{er ••2«iei.

Thus jLi'|u'' is a local cross section of U(n+1).    Q.E.D.

So the canonical forms on U(Pn(C)) are obtained as the pullbacks of the 9'n'+ x

on (7(«+l) by means of the local cross sections p.'p.". From this fact and the

following lemma it follows that the canonical forms are obtained as the pullbacks

of the 9'n'+ 1 by means of any C °° local cross sections whatsoever.

Lemma 4.2. IfX1 and A2 are two C°° local cross sections of U(n+\) over the open

subset WofU(Pn(C)), then \*9'J+1 = X2*9'J+1 on W.
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Proof. Iff is a point of Cn + 1 — {0} and if p is a nonzero complex number, it is

easily checked that TTil.((d/dzA)\pf) = p~1TT%((8/8zA)\f). Therefore, there is a complex-

valued C°° function /»of modulus one on W'suchthatif X1(xe1- • ■en) = Of1- ■ •/„/„ + !,

then X2(xef • ■en) = Opf1- ■ ■pfnpfn + 1. Consequently, Xt0'rl+1 = {dfn + 1,fj) while

*Mi+l  =  <d(pfn + l), pfi>  =  <(dp)fn + l + pdfn + 1, pf¡)

= <dfn + i,fi> = W*i. Q.E.D.

Similarly, we have

Lemma 4.3. \f0"t = Xt0'j if i^j.

Finally we remark that a straightforward calculation shows that the curvature

form on U(Pn(C)) is given by

QJ = 6»' A  Ö' + 8j2öi A  0¡.
Í

Hence, the holomorphic curvature function on U(Pn(C)) is

Pljlm  =  SiAm + ^¡¡^m-

5. The bundle Z7 for a submanifold of Pn(C). Let M be a compact complex

submanifold of complex dimension k imbedded in Pn(C). Henceforth, we let

m = n — k. Also, for the remainder of this paper indices will have the following

ranges: 1 £a,ß, y, 8^k; k+l ^r, s^n; l^A,B, Cán+1; l£i,jén.

Let F he the bundle over U(Pn(C), M) induced by the bundle U(n +1) -» U(Pn(C))

of §4. So F consists of all Off ■-f„ + i in U(n+l) such that Tr(fn+1) e M and

7THt(/1|/n + 1),..., 7rH!(/|/n+1) are tangent to M. It is a bundle with fiber 51 over

U(Pn(C), M). Consisting of frames in Cn + 1, /"will serve as a convenient substitute

for U(Pn(C), M).

By means of the inclusion mapping r of/"into U(n+ 1) we pull back the forms

0'a from U(n+1) to F. We drop the prime sign and denote the forms on F by 0a-

Proposition 5.1. 0rn+1 = O on F.

Proof. Consider F as a fiber bundle over M. Let A: K^-FbeaC" local cross

section of F over an open subset V of M, and let X be a real tangent vector to M

at [w] e V. We claim

(5.1) 2 ^+i(KX)fA(X([w]))\fn + iaawm = (fn + 1)*\*X,

where/í is the map fA: F^- Cn + 1 which sends a frame into its ^th vector, and

where (fn +1)* is the map on tangent vectors to /"induced by the map/n + 1: F-> Cn + 1.

To see this, let e1,..., en + 1 be the dual basis of the standard basis of Cn+1, and

apply both sides of equation (5.1) to 2c(/b)~«c, the dual basis of fA\ín + l(Á(lwm,
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where we write /i=/i(A([w])) and A = 2/^es m terms of the standard basis eB of

C" + 1; in the verification, make use of equation (4.1) and the equation eB °/n + 1

= e%+1°r.

Apply TT* to equation (5.1) and get

2  ün + l(h*X)TT*fA\fn+l   =   7T+(/n + 1)#A*Ar  =   X.

Now, A' is tangent to M, 7r*/n + 1=0, the real and imaginary parts of the tt*/

constitute 2« linearly independent vectors, and the real and imaginary parts of the

TT^f are normal to M. Consequently, 9rn + 1(X*X) = 0.

Let us next consider a real tangent vector Y to the fiber of F over [w].

Suppose Y is tangent at the frame Of°- ■ -f°+i- Then F equals y(0) for some

curve y(t) in the fiber, and we have fn + 1(y(t)) = r)(t)f°+1, for a complex-valued

C00 function r¡ of modulus one, and y(0) = Of°- ■ -fn + i- Clearly, the tangent

vector

2ö-i(i0Ä+1 = (A+i)*F

has no component along the/j0!/^7s. Hence, 9'n + 1(Y) = 0. In particular, 9rn + 1(Y)

= 0.

Finally, since any real tangent vector to F is of the form A*A'+ F, for some

real tangent vector Xto M, C" local cross section A of F over M, and real tan-

gent vector Y to the fiber of F over M, we must have 9rn + 1 vanishing identically

on F.    Q.E.D.

Consequently, on F we have

(5.2) 0 = dPn + 1 = -2 Pa A 0a+1 = -2 V* A 0¡¡ + 1.
.4 a

Lemma 5.2. If y is a C° local cross section of F over an open subset W of

U(Pn(C), M), if 9* and oj) are the canonical and connection forms on U(Pn(C)), and

if o:U(Pn(C),M)^U(Pn(C)) is the inclusion, then y*9* + 1 = o*9'1 and y*9'a

= o*ojra.

Proof. As before, let t. F—> f7(«+1) be the inclusion. Shrinking W, if necessary,

we can extend roytoaC" local cross section A of ¿7(«+ 1) over an open subset of

U(Pn(C)). Then Toy = Aoa. By equations (4.3) and (4.4) and Lemmas 4.1, 4.2,

and 4.3, we get X*9'% + 1 = 9ß and X*9'ra = o/a. The desired result now follows.    Q.E.D.

Consequently, since the forms o*9ß are pointwise complex linearly independent

on U(Pn(C), M), the forms 6Bl + 1 must be pointwise complex linearly independent

on F. Therefore, it follows from equation (5.2) that there exist unique complex-

valued C°° functions braS on F such that braB = brBa and

(5.3) £ = 2>.fl0i! + i.
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Then

(5.4) 0?=-2^ + 1,

too. We will usually write bf$ for braB, and bf% for b\B.

Also we remark that from Lemma 5.2, equation (3.1), and equation (5.3) it

follows that if y is a C™ local cross section of F over an open subset W of

U(Pn(C), M), then

(5.5) b\B o y = h\B

on W.

Proposition 5.3. Let A be a C00 local cross section of F over an open subset U of

M. Let c: M^-Pn(C) be the inclusion. If ds2 is the Fubini-Study metric on Pn(C),

then on U the metric a*ds2 of M is given by

aW = 2A*0S + i®(A*0£ + 1)-.

Proof. Letting r: F^ U(n+l) he the inclusion and shrinking U if necessary,

we can extend t o A to a C°° local cross section p of U(n+1) over an open subset

of Pn(C). So locally t ° A = ^ ° a. The proposition now follows from equation (4.2)

and Proposition 5.1.    Q.E.D.

Finally we remark that since the riemannian metric induced by a*ds2 is positive

definite, it follows from Proposition 5.3 that the real and imaginary parts of all the

forms A*0£ + 1, l^aáA:, constitute a collection of 2k pointwise complex linearly

independent forms, and from this it follows that the collection

{X*0"n + 1,X*0«n + 1,l  è«g*}

consists of 2k pointwise complex linearly independent forms.

6. Tubes about M. Let N(M) he the manifold of all real tangent vectors to

P"(C) that are normal to M. For x e M let NX(M) he the real vector space of real

tangent vectors to Pn(C) at x normal to M. For p > 0 let Bx(p) he the open ball

about the origin in NX(M) consisting of vectors of length less than p. Since M is

compact, there is a positive number Z> Sir/2 such that for any positive p^b, the

exponential map exp maps \JxeM Bx(p)<^N(M) diffeomorphically onto an open

submanifold of Pn(C) such that dist (x, exp Z)= \\X\\, for all x e M and X e Bx(p),

where || • • • || is the norm on NX(M). So exp ({JxeM Bx(p)) is the tube about M

consisting of all points of Pn(C) at a distance less than p from M. We denote this

tube by M(p).

For any nonnegative integer p and for any c>0, define Bp(c)^Cp to be

{(z1,..., z") : 2 |zi|2<c2}. Given any C°° local cross section A of F over an open

subset U of M, we can consider the associated map

A' : Ux Bm(tan P) -> exp (j^ Bx(Pyj
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defined by

A'(x,(zfc + 1,...,z")) = [/n + 1 + 2^r/}

Here m — n — k and Off • •/„ + ». is \(x).

Proposition 6.1. A' is a diffeomorphism of UxBm(tan p) onto exp (\JxeU Bx(p))-

Proof. X'(UxBm(tan p))çexp ({JxeUBx(p)) = M(P) since, when 2 |zr|2<tan2 p,

cosdist([/n + 1], [fn + i + 2zrfr]) = (1+2 kT)"1'2 > cos p.

So

dist (X, X'(X, (Zk + 1, . . ., Z")))  =  dist ([/n + 1], [/„+i+2 ¿'fr])   <   P-

Next we show A' is one-to-one on UxBm(tan p). If

g = [/n+1(x)+2zr/W] = [fn+1(y)+Zwrfr(y)]

is the image under A' of both (x, (zr)) and (y, (wr)), then q lies on both the complex

line in Pn(C) joining x to o and on the complex line in Pn(C) joining y to o. Thus

there are two real geodesic segments of lengths less than p, one from x to q lying

in the complex line joining x and o, the other from y to o lying in the complex line

joining y and o. Since ^(2 z%(x)\fn + l(x)) and 7^(2 wr/(jO|/„ + l(!,)) are tangents of

type (1, 0) at x and y to these complex lines, respectively, and since these tangents

are normal to M, the two complex lines errfanate normally from M. Hence, the

real geodesic segments emanate normally from M. But exp is one-to-one on

UxeM Bx(p), so the two geodesies must coincide. Hence, x=y and zr = wr, and A'

is one-to-one.

Next we will show A' maps UxBm(tan p) onto exp ({JxeU Bx(p)). We will use the

fact that if AT is a compact submanifold of a riemannian manifold A, if p is a point

of N—K, and if y is a geodesic segment from K to p whose length is the distance

of p from K, then y emanates normally from K. Now let p be a point of

exp (\JxeU Bx(p)) — M. Let xp be the point in M nearest to p. If we let Off ■ -fn + i

= X(xp), then we can write

P=   [fn + l + 2Zaf« + ZZrfr]'

for some z's; we know that the coefficient of/n + 1 is indeed nonzero since, otherwise,

dist (p, [/„ + i]) = t/2, whereas in actuality all points of our tube are at a distance

less than 7r/2 from M. We next claim that all the za's vanish. For suppose not.

Then ^((2 za/a + 2 zr/r)l/„+i) 's a vector of type (1, 0) at xp to the complex line

joining xp to p, and is clearly not normal to M. Hence, if X is any nonzero real

tangent to this complex line at xp, X cannot be normal to M; for if it were, then so

would JX be normal to M, and then X—iJX would be a nonzero vector of type

(1, 0) tangent at xp to the complex line from. xp to p and yet normal to M. Finally,
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if yp is the real minimizing geodesic from xp to p, then yp lies in this complex line ;

but the tangent to yp at xp cannot be normal to M. This contradiction shows that

the za's are zero. Thus/» = [/„+i + 2 zrfr], and 0 < 2 |zr|2<tan2 p since/» e M(p) — M.

Hence, p = A'(xp) and A' is onto.

Since A' is clearly C", we have only to show (A')-1 is C°°. Let p be a point of

exP (Uxeu Bx(p)) and let xp he the point in M nearest to p. Let 0/ ■ ■ -fn + i = X(xp).

Then p= [fn + i + 2 zr/]> f°r some zr's, and since xp depends on p in a Cœ fashion

and since A is C°°, then the map /» ->/„+1+ 2 z'/r is C"", and in fact, the real and

imaginary parts of the zr's are C" functions of p. Hence (A')-1 is C°°.    Q.E.D.

7. The volume element of a tube. We will deal with multivectors having exterior

differential forms as coefficients (see [3]). hety: Cn + 1 -»■ Tc(Cn + 1)\0 he the natural

identification. So, at (z1,..., zn+1),

y = 2 z^lo).

where ex,..., en+1 is the canonical basis of Cn + 1. Also,

j = 2f^io)_-

It is important to observe that (eA\o)~ = d/8zA\Q, whereas (eA)~\0 = ^A\o = ^/s^A\o-

The form dy is the canonical vector-valued one-form in Cn + 1; i.e., at

(zV..,zn + 1),

dy = 2 <*** 8 («xlo)

in rc(Cn+1)|(*i.g»*i, ®c7;c(Cn + 1)|0. Also

(¿h,)-   =rfj»  =   2<^®(«A|o)-.

Now consider the map <p: FxBm(tan p) —> Cn + 1 given by

«PÍO/i- • ■/.+ !, 0*+1, • • -, 2")) = /n + l+2 Zr/r,

the map v: O + 1-{0}-> 52n + 1 which sends each e e Cn + 1-{0} into i;/|»|, and the

map/': 52n + 1 -> Cn + 1 which is the inclusion. Then <p*v*j* dy is an element of

(TR(FxBm(tan p)) ®Ä C)* ®c 7c(O + 1)|0.

In shorthand, d(y¡ \y\) stands for <p*v*j* dy where y =/n +1 + 2 z7r. which is identi-

fied with/n+1|0 + 2 zrfAo- Also, d(y/\y\) stands for <p*v*j* dy where

y - 2(oaVi)-+2*^)"X*J«>" = (A+iio)-+2fr(/rio)-.

In the calculations below we will use this shorthand, and we will write fA and

C/À)~ for/a |o and (fA\0)~, respectively. We will use the equations dfA = J, 0\fB and

d(fA)-=IÔBJB.
We now calculate that
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?(r) = ° ^""^ 'y\      \y\
= (1+2MT {? (e"+i-2/èAi)/°

+ 2 (^S + 2Zrör)/+ÖUi/n + l}

- (1+^1^2)3/2 2 (^' + f *Q(/» + 1 + 2 Z^) •

Thus, [<70>/|.y |)]"A [d(y/\y\)]nAy/\y\ i\y/\y\, which is shorthand for

<p*v*j*[(dyy A (o'v)" A y A j7],

is

^)2[2 (es+i-2^i^+iU * a [2 (^+2z^/jn

(2 (ö"+i-2 sW+i)/«) * a [(2 (&s+2 zrör)/s)"

+«o;îî/,+i a

A---A  (fig+1-2^^+l)/i

A--- A/fc(fi-fc-l)'2 (í/zfc + 1 + 2zrél!f + 1)

ífl-z5 + 2 *'#)    A • • • A   (<fe» + 2 *'«?)/*♦ iA ••• A

A • • • A / A • • • A /„

A(3[(?(ö"+i-2zr^+iWT
A[(2(^+2^)/)7"fc

+ (k)[l[tex-lfsaOLx)/** a [2(^+2^)/.

A [k\(ek + 1-2z'5f}9» + 1} A •••A (ft + f-2rffffi + i)fi

A • ■ ■ A fk(n-k-\)\ 2 (dzk + 1 + Z zr0? + 1)

ídzs + ^zr9sA

A • • • A   irfz" + 2 zrö?V/ + i A • • • A / A • • • A /„)

A n(9l%\fn + 1)

A ••• A
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This results from a straightforward calculation in which we use yAy = 0

and y~Ay = 0; in expanding [c/(j/|>;|)]n and [¿/(j/l-H)]", we use the binomial

theorem, the multiplication here being commutative. Notice that within the

pair of braces above only three summands appear. Indeed, the missing

summands vanish because they either have more than one 0^X\ in them, or

more than one &!¡í%\ in them, or more than k fàs, or more than k /a's, or

more than (n — k) /'s, or more than (n — k) /'s, or else they are of the form (or

its conjugate)

»0SÍÍ/» + i A

A

(/c-i)!2(^+i-2zr^+i)
a    \ r,ß I

A---A  (flS + i-2^f|iS + 1)
\ r,S I

A---A  fe+1-2zr5,I#ê+ij

A • • • A /„ A • • • A fn(n-k)\(dzk + 1 + 2 zr0k + 1^

A • • ■ A I c/zn + 2 zrö?]/fc + i A • • • A /„ A (other forms),

whose exterior product with the factor j=/.H + 2z'/r (resp., with the factor

y=fn + i + ^.zr(fr)~) is zero. Furthermore, at one point we also use 01X\ f\ 01X\

=0 since Ö»ii=-Ö»ii.

Also notice that

2 (ön + 1 - 2 Z'BfPn + l) A   "   A      (y 1% + t - 2 Z%%0í + i)/«)

= (kl)2D0l + 1 A---A  0k + 1 A  0i + 1

A • • • A 0£ + iZ A • • • A A A ft A • • • A/*,

where Z) is the (2&) x (2A:) determinant

det
\B   IJ

where /fc is the kxk identity matrix and B = ( — 2r zr¿>r¡s)i saisie- Since bff = bf^ on

.F, Z? is a symmetric matrix. Hence, D is the determinant of a hermitian matrix

and is consequently real.
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Hence,

[d(y/\y\)T A [d(y/\y\)f A y/\y\ A y/\y\

= J^á-2 WfDK + i A • • • A  0* + 1 A  öi + 1 A • • • A  0* + 1/i A • ■ • A fk

/, (2(*+|^)/.)'
A / A • • • A /

a{©2[2(^+2^)

+ n9V+lfn + i A («-^-Dl^i^^ + ̂ ^r1)

A • • • A i(7zs + 2 zrÖr)     A ■ • ■ A íí/z" + 2 z*9»\fk + 1 A • •• A /,

a •■■a/» a Q[(2(^s+2^)/)

+ n(9V+ifn + i)- A («-A:-l)!2^zk + 1 + 2zrÖif + 1)

a---a ni/zs+2zrön )

A • • • A  í¿z" + 2 zrö?)   (/fc + 1 A • • • A /, A • • • A /)-

*(»)[? (*+Z «)]■"'
Of course, [</0>/|.j>|)]nA [<i(j/|j'|)]"A j/|j| AJ7/1>-1 is a form on FxBm(tanp),

but let A be a C °° local cross section of F over an open subset U of M and consider

the map A x id : U x 7im(tan p)^Fx Bm(tan p). Then the form

(AxidrMWbl)]" A [d(y/\y\)f A J//M A y/\y\}

= (Axid)V>'*7*[W);)n A (if?)" r\ y A y]

is an element of

{A2n[(TR(UxTTitan p)) ®« C)*]} ® A2" + 2[FÄ(C" + 1)|0 ®* C].

It follows from the remark after Proposition 5.3 that X*9rs, X*9rs, X*9¡1%\, and

X*9lll all depend on the X*9%+1, A*f% + 1 at each point of U. Hence,

(Xxid)*{[d(y/\y\)r A [d(y/\y\)Y A >/|>|'A j*/b|}

J A J
f2(A:!)27)0(Axid)A*(OJ + 1 A---A 0* + 1 A 0*+1 A • • • A 0* + 1)/i

A • • • A fk A / A A©2(2^rA(2(^)-r
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Here y and / mean y ° <p ° (A x id) and / ° A, respectively. Now,

y A (2 dz°f)n     = (n-k)\(fn + 1 + % z'/t) A dzk + 1 A ■ ■ ■ A dz»fk + 1 A • • ■ A /„

= (-lf-k(n-k)\dzk + 1 A---A dznfk + 1 A---A/n + 1.

Hence,

(Axid)*{[^/b|)r A [d(y/\y\)]n A y/\y\ A y/\y\}
= (nl)2(-l)n-k(-l)k<n + 1~k)

(7.1) • ̂ TjS^ff A*(0i + 1 A • ■ • A  fl{[ + 1 A ôi + 1 A • • • A  0* + 1)

A ¿fe**1 A • • • A dzn A dzk + 1 A • ■ ■ A i/z")-/

A • • • A /n + 1   A / A ■ • ■ A fn + 1.

Roughly put, what we have just done is to calculate

[d(y/\y\)T A [d(y/\y\)f Ay/\y\ A y/\y\,

where y=fn+i + 1,zrfr, Off ■ -/n + 1 being unitary frames in Cn+1. Now we will

again calculate the same form, this time letting y/\y\ =en + 1, where <?„ + 1 is the last

vector of a unitary frame Oe%- ■ -en+1.

Shrinking U if we need to, we can find an open subset W of Bm(tan p) such that

C/(n+l) has a C°° local cross section a over an open subset of 52n + 1 containing

vcp(Xxid)(Ux W). For x e U and (zk + 1,..., zn) e W, and with

Oef-en + 1 = av<p(Xxid)(x, (z)),

the equation

Op(Axid))* dy = 2 K«»v(Axid))*fl'i+1K

is the precise version of the statement "d(y/\y\) = ~2 0'A+ieA, where Oet- ■ -en + 1

is a unitary frame having en + 1=y/\y\ with y =/n + x + 2 zrfr, where Off ■ -fn + 1

= A(x)." Letting ß = avcp(X x id), we have

O^Axid))*^)" A (dy)n A y A y]

(7.2) = (- l)"(n!)2i3*(0'i + 1 A • • • A n+x A 0'\ + 1 A • • • A 0'^K

A • • ■ A en + 1 A t?! A ■ ■ • A ën + 1.

But

O^Axid))*^)" A (i/y)" A y A y]

= (Xxid)*{[d(y/\y\)r A [d(y/\y\)f A y/\y\ A y/\y\}

and we have already calculated the right side of this equation in equation (7.1).

Our two calculations must agree.
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Setting the right-hand members of equations (7.1) and (7.2) equal to each other

and using the equation

/ A • • • A /B+i A / A • • ■ A fn + 1 = ex A • • • A en + 1 A ë1 A • ♦ • A ën + 1,

we get the equality between absolute forms

D\y\2n+f) A*(*ä + i A $Ui A • • • A 9kn + 1 A Ö*+1) Oz* + 1 A • • • A <fe»

(7.3) A rfz^1 A •■• A dzn

= |)3*(fl'i + 1 A  ö'i + 1 A •••A  .75 « A  «*+1)l

on Í7 x W^ M x Bm(tan p).

Notice that (i)*|A*(f}i + 1 A 0J + 1 A • • • A 9k + 1 A 0£ + i)| is the volume element of

M on U and that Q)""'c|o,z'c + 1 Adzk + 1 A • ■ • Aflz"Aa"z"| is the volume element

of Cm. Also recall from §6 that to A is associated the diffeomorphism A' =

7r9>(A x id) where -n : C" +1 - {0} -»• Pn(C). Then ß ° (A') "1 is a C °° local cross section

of (7(«+1) over the open subset A'(<7x W)^Pn(C) and so

(i)"|((ArTW'i + i A Ô'J + 1 A---A e'í + 1 A 9'1 + 1)\

is the volume element of Pn(C) on A'(C/x W)^M(p). By the way, we now see that

the right side of equation (7.3) never vanishes, hence that D never vanishes on

(A x id)((7x W), and hence that D never vanishes on Fx 7im(tan p) since for various

A's, (7's, and W's, the (Axid)(f7x W)'s cover Fx7im(tan />). Since D is real-valued

and equals 1 at any point of FxO, D must be everywhere positive.

Finally, if we write dv for the volume element of P "(C), dvM for that of M, and

dvc for that of Cm and if we let pi and p2 be the projections of M x 7im(tan p) onto

its first and second factors, respectively, then equation (7.3) can be rewritten as

(7.4) (A')* dv = |J>f(¡|(id)|a. + a PÎ dvM A p* dvc

on Ux W.

8. Calculation of the volume of a tube. For /=g 1 let 0¡ be the volume element

of the unit /-sphere 5'. Consider k2 indeterminate vectors

e? = (efc + i.?,..-,e»S),        1 S *, ß f¿ k,

and their conjugate vectors

(eg)- = «A + ijr, • • -, (O"),        1 = <*> i8 = k-

Imitating the definition of D, define D as the (2k) x (2k) determinant

det Í1-   E)>\E   ij
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where Ik is the kxk identity matrix and E=(—1,zrerB)laa.ßik- For 1 Sfúk and

l^yi, • •»,?/, 8i»...i §r = k, define

(8.1) DCT = £

Notice Z>$2".'K=0 if two y's or two S's coincide.

Lemma 8.1.

L.-* ̂̂ m-i = i <-iy      2      ¿>«,
Js2m -1 /ttj «i.<-<aJ7ii<-</l,

r/ie term for f=0 being understood to equal 1.

Proof. Consider any (2A:) x (2A:) matrix

«HE 3
where Ik is the A:xk identity matrix and where A and C axe kxk matrices

■A  = (dö)lgy,6Ski C = (Cj)i s ,>á s fc.

The determinant of (mP) is a sum of (2A:) ! terms + m^ ■ ■ ■ m2qkk. Any such term is

zero if it contains among its factors mlq¡ a number of l's from the upper left quarter

of (m%) that differs from the number of l's it contains from the lower right quarter.

The remaining terms are of the form sall(ai) • ■ ■ dwhtfCrktu ' ' ' cKr/)' where

«!<•••<a{, yt< ■ • ■ <Yf, where «(a,),..., a^) is a permutation of yu ..., y,,

where y(yi),..., y(yf) is a permutation of au ..., a,, and where s is ± 1. In such a

term let s-¡_ be the sign (i.e., ±1) of a(a^)- ■ -a.(a¡), and let s2 he the sign of

Kyi)' ' 'YÍYí)- In order to write the numbers k + «(ccj),..., k + a(af), y(yx),..., y(yf)

in increasing order, we have to perform a permutation of sign jj on the first /

numbers and a permutation of sign s2 on the last / numbers, and then we must

perform the permutation of sign (— 1/ which interchanges the new 1st and (/+ l)th

numbers, the new 2nd and (/+2)th numbers, etc. Hence, s = s±s2(— l)f. Therefore,

det(mï)= ¿(-ly 2 dct/^'^detff'f).

The lemma now follows.    Q.E.D.

The unitary group U(m) acts as isometries on 52m_1 and hence preserves the

volume element. It then follows from the definition of Dl^.Wfy that Dvd\::76'f is

invariant under the action of U(m) on the vectors e. Hence, by the first main theorem

on unitary invariants [2, p. 97], Dl\'.'.'.y/f is a polynomial in the inner products

Kt = 2 e'Uer® "•        lúa,b,c,d^f

det

■2zWöl----Iz'er%

-Izre/6[-2z%l>/

"2m-l-
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But since Dl^..?^ is a linear combination of monomials

p    fa<X> . . . p   Ve(f> (p V»<1> . . . p      YMf)) -
criííCi)        cr/i„a) V-^r/+iív(1)        cr2fôv(nJ    •

where o, p, p., and v are elements of S(f), the group of permutations on / letters,

then Dll'.'.'.ty must actually be a linear combination of terms

for a, p, p,,ve S(f). Also notice that the integrand in the right side of equation (8.1)

is the product of two determinants and that Dra\::?öff is skew-symmetric in the rows

and in the columns of each determinant. Therefore, Dyö\::.l'f must be a multiple of

2   sgn o sgn p sgn p. sgn v £%gjfcg> ■ ■ ■ E%$%s.
a.p.u.v

In particular, for a1 < ■ ■ ■ < a, and ft < • • • <ßf, Dgj:."^ is a multiple of

2   sgn o sgn p sgn p. sgn * F%fe • • • F^fe-

To evaluate this multiple, we specialize the indeterminate vectors e by the

equations

(8.2) eft = («S,0,...,0),        lúa,b^f.

Then

^SSfe = 1       if «<*) - *(*) and M¿>) = v(¿>),

= 0       otherwise.

Hence, with the above specialization we have

(8.3)        2 s8n a ssn p ssn /* s8n " £ssfe • - ■ EiïïÈ£ = (f]y-

On the other hand, with the specialization of equation (8.2),

(8.4) DiY'-'V, = f |z* + 1|a'02m-U

To evaluate this integral, let us define, for /^ 1, the subset H'+of Sl by

Hl+ = {(*i> • • -, **i + i) e 5' : all i's are positive};

let us define the subset 77 ' of 5! by

77' = {(tu ..., í¡ + i) e 5' : all i's are nonnegative};

and let us define the subset 52"1-1 of S2™-1 by

§2m-i = r(Zi>..., Zm) e S2™'1 : no z is 0}.

Write the elements of Cm as (zk + 1,..., z") and consider the natural diffeomor-

phism v: S2"1-1^ 77?_1 x 51 x • • • x 5\ with m factors 51, defined by

v(zk+1,..., z") = ((tk+1,..., i"), ei9*+i,..., ei9»)
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if zr = eie'tr, tr>0. Let S1 be the (r-A:)th factor 51 in H+'1 x 51 x • • • x 51, and let

d0r be the distance element on SJ. Consider the absolute form

0m_! A tk + 1d0k + 1 A---Atnd0n

onH+~1xS1x ■■■ xS1.

Lemma 8.2. »?*(0m_1 Atk+1 d0k+1A ■■■ Atnd0n)=®2m-1..

Proof. The idea of the proof is as follows : If Of • • -fm is an orthonormal frame

field in FT, then

®»-l = |(#«,/i)"-(#»,/m-i)|.

Let us write/_k = (/r'c_V,..., t?.k), k+l^r^n. If we define

ex = (-sin 0k + 1, cos 0k + 1, 0,..., 0),

e3 = (0, 0, -sin 0k+2, cos 0k + 2, 0,..., 0),

«2m-i = (0, • • -, 0, -sin 0n, cos 0„),

and, for k+l^r^n,

«2(r-fc) = (tk-k cos 0k+1, tkí¿ sin 0k + 1,..., t?.k cos 0n, t?.k sin 0n),

then

©2m-l  =   \(de2m, «i)" • -(^m. «2m-l)|-

With the use of the equations

(*2m>«2Cr-fc)-l) = V*(trd0r),

(de2m, e2(r_w) = r¡*(dfm,fr„k) + forms in the -n* d0\,

a computation of wedge products does it.   Q.E.D.

Returning to equation (8.4) and writing

(zk + 1,..., z") = (tk + 1eie^i,..., iVH

where tr>0, we have

I \-k + l\Zfpi
.     . I* ,J2m-l

=    í (ífc + 1)2/+l/fc + 2...ín[r ¿Í^A-Al/íJe,.,
Jh"J- L/Vx-xS1 J

= (2rr)m f (f»+l)Stf+l|*+9. . ./«©„_!.

To calculate this last integral we prove the following lemma.

Lemma 8.3.

L.«.-.*-**-=2(r«?/'+')))"v,nr(^)-
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Proof. On the one hand,

f " Í *" ■x',e'x2l"'"xf *»• " dx' = Ù f &*'*'> a** = Él ir(^) •

On the other hand, if we write x = rt for t e H1'1 and räO, then

/•OO /»OO

• • •      xji- ■ -xfi e~*i       *? oxj- ■ ox.
Jo       Jo

=  PVe-r2oV f       tfi. --if'©,.!,       whereS = 2Ä;P + /-1'
Jo Ja'-1

= F(i(2A:IJ + /))£i_iiï1...^0i_1.

The lemma now follows.    Q.E.D.

Consequently, for the specialization of equation (8.2)

(8-5) Dil:,°B< = 2^(7£-ïï].

From equations (8.3) and (8.5) it follows that we have the equation in indeter-

minates e

2-7Tm

(8.6)    D%XZ% = /!(/+m_1), ^ 2 v s8n CT s8n P sSn P- s8n " E%ñÚ%] ' ' ' ̂ '¿fe

where aj,< • • • <a/ and ft < • • • <ft, the a's and j8's being taken from the integers

I,..., k. Since both sides of equation (8.6) are unchanged when two a's or two fts

are interchanged, and since both sides vanish when two or more a's coincide or

when two or more fts coincide,

2      wx-v, =-rL      2      ¿w
a1<-:<af.Bl< — <Bf \J •/    lSaa,BbSk:léa,bSf

- (fiw+m-iy. 1,sgn CT sgn p sgn «sgn "

2 F»»<l)|«(ll.  .  . Faa<f&if)

lSaa,¿(,Sfc: lSa.bSf

y J9f ■  a,\   /ft- • ■M£,l|lii -£aj,

f\(f+m-\)

where in this last summation the a's, fts, y's, and S's run from 1 to k and where, in

general, ¡Kir"«/) is 1 if ex,..., er are distinct and an even permutation of p.u ■ ■ -, p-f,

is — 1 if eu ..., ef are distinct and an odd permutation of p.u ■ ■ -, p-f, and is 0

otherwise.

Now we specialize the indeterminate e's by letting

erl = bft       \ úy,o^k,k+\ úr S n.
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If y is a C°° local cross section of F over an open subset of U(Pn(C), M), then by

equation (5.5) bf% °y = hf% and

Egoy=2hM=   -Ht

where H^ is the excess holomorphic curvature tensor. The summation

if*,-    2   sC1'"?)8(s1"t/)^î---^/

on U(Pn(C), M) is constant on fibers over points of M (and hence is a function

H2f on M) since //¿f transforms along fibers like a tensor. We understand H0 to

equal 1 identically. Since the D^.'.'.^s are nonnegative, the H2f's are nonnegative

for even/ nonpositive for odd/ Taking note of Lemma 8.1, we see we have proved

the following proposition.

L

Proposition 8.4. If X is a C" local cross section of F over an open subset U of

M, then

k

D°X®2m-l  =    2   CtR*t
r = o

on U, where cf = 27rm//! (/+ m -1) !.

Now we can finish finding the volume of the tube M(p). Since M is compact, we

can take a finite open cover {C/J of M such that over each U(, F has a C° local

cross section X¡¡ and such that there exists a C °° partition of unity {/} on M sub-

ordinate to {¿7J. Let

X'( : U( x Bm(tan P) -> exp ( IJ BJj>)\
\xeU( I

be the diffeomorphism associated to A{ ; so

K(*,(zr))=   [fn + i + 2Zrfr]'

where Off • •/n + i = Ai(x). Let Pup2 he the projections of MxBm(tan p) onto the

first and second factors, respectively. The open cover {X'((Ut x Bm(tan p))} of M(p)

is also finite, and {/ °pl ° AJ-1} is a C°° partition of unity subordinate to this

cover. Let c7l5 q2 he the projections of s2"1'1 x(0, tan p) onto its first and second

factors, respectively. Let n be the diffeomorphism of Bm(tan p) — {0} onto

52m-1 x(0, tan p) which sends (zk + 1,..., zn) to

-fc + i

(g":::::5r'^".z,)|)-
In what follows, y o(X;x id)(x, (zr)) means <p o (X¡ x id)(x, (zr)) =/n +1 + 2 zrfr, where

Oft ■ ■ -fn + i = A{(x). As in §7, dv, dvM, and dvc will be the volume elements of Pn(C),

M, and Cm, respectively. All exterior forms in the following are to be considered

as absolute forms.
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The volume of the tube M(p) is then

f     dv = 2\ ifcp1o^)dv
J AÍÍ/J) (    J Ai( U, x Bm(tan p))

[June

where

r í i r       -,     D o (A* x id)       É , m -

= f Ja.--*^..(/? **> b^A.xid)!2"-^ *« A "* *c

= vf     Jf Z?°(A.xid)
f Jff/nJs-» xíO.tan.) b ° (A« Xid) o „-l|2n + 2

if ©a.-! A oKr2"1"1^)}*«

=? LAC (ttS^ LU * •(Ai x id) ° h~^Adr)dVM

= 2 cf\j HwfouWM,

/»tano _2m + 2/-l

=  r(sinj)2ra+2/-1(cosj)2 ds.

In the second equation in the above sequence of equations, equation (7.4) is used.

In the third equation from the end we have used the fact that if r > 0, then

is2"-1

det

-r2zs5gi(Aç).

02m-i = '-2'7^:::g;oAî.

This completes the derivation of our formula.

If we take for M a Pk(C) imbedded in Pn(C), k<n, the volume of the tube of

radius n/2 about Pk(C) should equal the volume of P "(C), which is 7r"/n!.

Lemma 8.5.

f°°     r2"1'1 k\(m-\)\
Jo   (l+r2)" + ldr_       2«!      '

w«ere m = n — k and where k and « are integers satisfying n>k~^0.

Proof. Let L(n, k) be the statement of the lemma for integers n, k. L(k+1, k) is

easily checked to hold. Moreover, integration by parts shows that L(«, k) implies

L(n+1, &). Hence, the lemma follows.    Q.E.D.
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Now, //°| vanishes identically on Pk(C)^Pn(C) since the holomorphic curva-

ture tensor of Pn(C), with all indices no greater than k, equals the holomorphic

curvature tensor of Pk(C). Hence, for Pk(C) all H2/s vanish except when/=0.

Thus, by our formula for the volume of a tube, the volume of P n(C) equals

Jm i»oo 2m -1

c0 vol (Pk(C))J0(TT/2) = ^—^ vol (Pk(C)) Jo   (1+/,2)n + 1 dr

2-TTm       TTkk\(m-l)\   _   77*

~ (m-\)\k\      2n\       ~ n\'

where we have used the fact that the volume of Pk(C) is nk/kl.

For a complex submanifold M of complex dimension k,

n2 = 2 [^-(s«A«+s«A,)] = R-k-k2,

where R, the holomorphic scalar curvature of M, equals half the riemannian scalar

curvature. When k=l, then J0(p) = (sin p)2n~2/(2n-2)-(sin p)2n/2n and f(p)

= (sin p)2n/2n, so the volume of the tube of radius p about a nonsingular complex

curve M is

and where d is the degree and g is the genus of the curve and where we have used

the Gauss-Bonnet formula and the formula vol M=2nd [2, p. 120].
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