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ON THE STABILITY OF THE COHOMOLOGY OF
COMPLEX STRUCTURES
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TAPIO KLEMOLA

Abstract. Let ¥" *, M be a differentiable family of compact complex manifolds

=n"Yt) on M={te R™ | |[t| <1}, & — ¥ a differentiable family of holomorphic
vector bundles B; — V;, t € M. In this paper we study conditions for the cohomology
groups H‘%':(B,) to be constant in a neighborhood of 0 € M.

1. Introduction. In the paper [4] the question of the constancy of the dimension
of the groups Hj°(B,) of bundles B,— V,, te M, of a differentiable family
B — ¥~ — M was studied. The notion of transportable forms was introduced, and
those of extendible and co-extendible forms (see Definition 2.1 below). It was
shown in [4] that dim Hj;°(B,) is locally constant at a point #, € M if and only if all
harmonic forms y € H"%(B, ) are transportable. This was shown to be equivalent
with the hypothesis that all harmonic forms of the given type at t=¢, are extend-
ible and co-extendible (Theorem 2.1 below).

The purpose of this paper is to deduce conditions for all harmonic forms of a
given bidegree at r=t, to be extendible in the given family. This will automatically
give conditions for co-extendibility, and thus for the constancy of dim Hz;*(B,) in
a neighborhood of #, € M. Applications and a further analysis of the condmons
(which can be considered as a statement of the vanishing of certain obstructions)
are planned to be given in a subsequent paper.

In §2 some notations are introduced and the basic result of [4] is recalled. For
further details see [4] and, for a general background, [5] and [6]. The trivial exten-
sion of the harmonic theory of forms with values in the holomorphic tangent
bundle T, of ¥V, to one for forms with values in J,=T; @ T, is discussed in §3.
The structural forms ¢, and ¢, which determine (each) the complex structure on V;,
are discussed in §4. §5 gives a development of the form &, and in §6 the differential
equations satisfied by an extension (resp. a co-extension) of a harmonic form are
considered. The differential equation for an extension is seen to be equivalent with
an “integral equation” with an “initial value” which is a closed form, and an
integrability condition. A solution for the integral equation in the form of a con-
verging series is obtained in §7, and the integrability condition is discussed in §8.
Sufficient conditions for dim H3*(B,) to be locally constant are derived in §9, and
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in the last section conditions which are necessary in the differentiable case but also
sufficient in the analytic case are obtained.

In [2], Ph. Griffiths presents an abstract theory of extendible forms. The idea of
solving the corresponding differential equation through an integral equation
obtained from the harmonic theory is used there, as well as in the paper [7] of
M. Kuranishi, but there the equation is one for the structural form ¢ and nonlinear.

2. Preliminaries. Let ¥" %, M be a differentiable family of compact complex
manifolds over M={te R" | |t|<e} where e is a positive real number, and
# . ¥ *, M a differentiable family of holomorphic vector bundles (see Defini-
tions 1,2 in [6, p. 58]). Let L™ be the vector space of differentiable sections of
scalar forms of type (r, s) on V,=n"1(¢). Let T, @ T} be the decomposition of the
complexified tangent bundle of V; into the direct sum of the holomorphic tangent
bundle 7} and its conjugate bundle T}, and % the dual bundle of 7T;. Then the
vector space L}® is the space of sections of the bundle

F(r,s) = (N"Z) N (N Z)).

Denote by L™5(B,) the vector space of differentiable sections of B, ® H(r, s), where
B ,=x~1(V,). Defining the operator

d,: L"5(B,) — L**1(B,)
as in [6, p. 61], and denoting by Z3*° the respective kernel we set
H3%(B,) = Zbr;s(Bt)/étLr's_ Y(By).

The case of scalar forms is obtained by setting B,=Cx V,. For B,=T, we set
9,=D,. As ¥" =V, x M for the differentiable structure, we can identify ¥, and V, as
differentiable manifolds, hence also their complexified tangent bundles Z; and
To=J.

Let P, and Q, be the projections corresponding to the direct sum I =T, @ Ty,
and let iy, ¥, ¥, ¥k, 75, and 7 denote the sections of the bundle
T ® Zr+s=k§("’ S), T ® ﬂ-(r, S), T(,) ® Zr+s=k'gr(r, S), T(;, ® zr+s=ky(r’ S),
Ty Q@ F(r,s), and Ty ® F(r, s), respectively.

Suppose there is given a hermitian metric on V; and on B,, each depending
differentiably on ¢z. We can then introduce the inner product (e, B), for «, 8 € L™3(B,)
with the norm |«|,=(e, 2)}'? (see §2 in [4]). Letting &, be the adjoint of 8, with
respect to this inner product, we get the family {1}, of strongly elliptic formally
selfadjoint linear differential operators [1,=9; 9,4+ 3,9, acting on the spaces
L™3(B,). If H™(B,) denotes the space of harmonic forms of type (r, s) with values
in B,, or the kernel of [J;, we have a canonical isomorphism

H"™%(B,) = H}*(B,)

induced by the inclusion H™*(B,)<Z"(B,).
In the spaces L™%(B;) we will also use the Sobolev norms | [, (see §2, [4]).
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We shall utilize the bracket operation [L, M ] for 7 -valued forms L, M as defined
in [1, p. 35].

In view of Lemma 1 of [6, p. 49] we may assume that, for the differentiable
structure, #=Bx M where B=B, is a bundle over V,. Hence, for instance,
L3(B,) can be considered as a subspace of

L'+5(B) = L'+5(B,) = z L*9(B,).
pta=r+s

DEFINITION 2.1. A 8,-closed form y € L™%(B,) is extendible at 0 € M if there is a
neighborhood U of 0 and a family {n};cy of forms =, € L"5(B;) depending differ-
entiably on ¢ and such that &m,,=0 and 7n,=y. The form 7, depending on the
parameter # is called an extension of y. Similarly a #,-closed form y € L™%(B,) is
co-extendible at 0 € M if there is a neighborhood U of 0 and a family {o.},cy of
forms o, € L-%(B,) depending differentiably on ¢ such that #,0,=0 and that o,=1y.
The form o, depending on the parameter ¢ is called a co-extension of y.

THEOREM 2.1. (See Theorem 5.2 of [4).) If all harmonic forms y € H"(B,) are
extendible and co-extendible, then dim Hg;s(Bt) is constant in a neighborhood of 0 € M.

3. Harmonic theory. Let us consider the theory of harmonic forms for the
holomorphic vector bundle Ty, with respect to the chosen hermitian metric on V.
For a form M €; ; we have the orthogonal decomposition with respect to the
inner product ( , )o

3.1 M=%DGCM+D¥GCM+H'M

where D' is given by D'’M=[Qo, M1, &: ;.1 — ;. is the adjoint of D’ with

respect to the product (, )o, G’ is the Green’s operator G': i, — ¢, and

H': 4y, . — Hj ; the harmonic projector. The conjugation operator
S:TQF(r,s)—>T R F(s,r)

associates to a form a ® « its conjugate @ ® @ and satisfies S2=1; it is an antilinear
bijection. Extending S linearly to elements of ¢ and setting SL=L we get for
L ey, ,, using the identities =P+ Q and [/, I]=0,

where D" is defined by D"M=[Q, M] for M € y; ;. Therefore
(3.3) SD' = —D"S

and S induces an antilinear bijection of the cohomology groups
(3.4) S: H™*(, D') -~ H*>'(J", D").

In particular dimg H™*(y’, D")=dim; H*"($", D").
For L, M €/, we have

&L, M) = (L, DM) = —(L, D'M).
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For N €4, we can write
9N = —%N

where 3" is the adjoint of D" with respect to the product ( , ). If we define the
Green’s operator G” and the harmonic projector H” for N € §” by

G'N = G'N, H'N = H'N
we get for N € y” the orthogonal decomposition
3.5 N = D"3"G'"N+8"D"G"N+H"N.

Define now the complex linear operations D, G, and H on i by their restrictions
on ¢’ and ¥": D|y'=D’, D|J"=D" etc. Note that DL=[Q, L] for L € . We get
the orthogonal decomposition for N € :

3.6) N = DOGN+SDGN+HN.
4. The form ¢,. Define a form &, € ¢, for each t € M by
(4.1) & = Qo— O
PROPOSITION 4.1. The form &, satisfies the equation
(4.2) D¢, = 3§, &)
forallte M.

Proof. The fact that the almost-complex structure associated with the projection
0, is integrable is expressed by the equation

“3) [ 2] =0

(see [1, p. 132]). Hence 0=[Qo— &;, Qo— &i]= —2[Qo, &1+ [&:, £:] Which gives (4.2)
as by definition D&,=[Q,, &].

Let now for each ¢ € M the projection E, in the complexified tangent bundle of
V, be defined by

4.4 ImE, = T, KerE, = T/,
where T{ =Im P,=Ker Q,, T; =Ker P,=Im Q,. Define for each ¢t € M a form ¢, by
(4'5) P = Eg K Qo.

Obviously ¢; is of type (0, 1)’ and ¢, and ¢; depend differentiably on . Further-
more @ = §0=0.
From the definition of ¢, we get

(4.6) Ker (Qo—¢) = To,  Im(Qo—9)=T¢.

Therefore

4.7 0(Qo—9) = Qo—os Q(Po—¢) = 0,
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where ¢, denotes the conjugate of ;. By adding up we get
(4.8) Q(I—p:—@) = Qo—or.

As @(x) — 0 when ¢ — 0, uniformly on V,, I—¢,—@, has an inverse for small ¢.
Suppose & is small enough so that this is true for all t€ M={t € R™ | |¢] <&} Then
we can write

4.9) 0: = (Qo—p)I—p:— @)~
Writing simply ¢ for ¢, we get from this

@10) 0= (Qo=0) > @+8F = Qot > (GHIU+D)— > GwiTI+)

Set w=22_; (pp)*. From the definition (4.1) of &, we get (writing ¢ for &)
7,0 = o, a6 = —a,
70,16 = o+od, 7l = —f—fu,
¢ =nt-7E
5. A development for the form £, The decomposition formula (3.6) together
with (4.2) gives
(5.1) § = 9GH[§, €E1+h

where h=h,= D3G¢,+ H¢, € Z($;)=Ker D|,. As there are (see [7, p. 146 and
p- 150] and [9, p. 25]), for any nonnegative integer k, constants cj, and cy such that
for any «, B in ¢

(5.2 e, Bl = crllellics1lBlle+1s
(5.3 [9Gelk+r < chllellss

we get for o, By,

(5-4) [9GLe, Bl < cllellillBllx
with ¢, =13c;ck. Hence the quadratic function Q defined by
(5:5) B&E = Q(8) = 9Gil¢, €]

is continuous in the norm | |, from #,; into itself. Thus it admits a continuous
extension O to the completion i, of ¢, for the | ||,-norm. Setting

(5.6) F=1-0

we can write the extension of (5.1) in the form
(5.7 F(¢)=h
where F: i, — , is holomorphic in a neighborhood of 0 € §, and F'(0)=1I. By
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the inverse function theorem F 1! exists in a neighborhood of 0 € ¢, and is holo-
morphic at the origin. Hence we have the unique development

(5.8) §=Fh=Y Ak, hey,
i=1

valid in a || |,-neighborhood of 0 € 4;, where A4; for i1 is an i-linear continuous
map 7, — 3, and 4, =1. Writing the formula (5.6) in the form

(5.9) £ = h+Bet

we get by successive substitutions the recursive formula

(5.10) Am = D> BAKAN

i+j=n
for the coefficients of the development (5.8).
By the equation (4.2) [¢, €] € Dy, or

(5.11) > > A, A€ Dy,

n>2i+j=n

for small A.

6. The differential equations. By the definition of the form &, the equation
dm =0, for n € L"*%(B,), is equivalent to

6.1) don = [£s 7]

and the equation $,0,=0, for o € L"%(B,), is equivalent to
(6.2) 9o #eo = [& #ol,

where #, is the anti-isomorphism,

6.3) #i: B, @ Z(r, s) > B¥ @ F(n—r,n—s),

defined by the hermitian metrics on B, and V; (see [3, p. 120]) and the bracket
operation for B-valued forms is given by

6.4) [N,y] = Dy A N+(=1)"D(y A N), Ney, ye L(B),

where n=deg N. Then it follows that 3,y =[Q,, y] for y € L(B).
To investigate the space of solutions 5 of the linear equation (6.1) we write

6.5) n = 09Gn+93Gn+ Hy

where 2 stands for J, etc. Substitution from (6.1) gives

(6.6) n = 3G[&;, n]+b,

where the “initial value” b € Z"(B,) corresponding to 7 is given by

6.7 b = 09Gn+ Hn.

In fact, if =0 the equation (6.6) gives 5=b.
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It is clear that a solution of the “integral equation” (6.6) for a fixed ¢ is a solution
of the differential equation (6.1) if and only if the integrability condition

(6.8) (€, m]edL
is satisfied.

7. Solution of the integral equation (6.6). There are positive constants (see
[9, p. 25)) a;, and qj, such that
(7.1 189Gyl = @illyle-1,  VyeL*(B),

(72) "[N, 'Y]"k—l é al’;”N“k"')’"k’ VNe‘/’la VY eLr+s(B).
For the linear map f: L"*%(B) — L"*%(B) defined by

(7.3) fr = y—9G[é, 7]
we get, setting a, =a;ay,
(7.9 (l—aklllelk)llnllk = "f’?”k = (1+ak|[§z||k)l|nllk-

Hence, for a fixed ¢, fis continuous in the norm | ||, and thus admits a continuous
extension f to the completion L'+5(B) of L"*%(B) with respect to the k-norm. By
continuity the inequalities (7.4) hold for 5 € L'*5(B), and by the first of them f is
injective for | &, < 1/a,; we assume & is small enough for this inequality to hold for
allte M={tc R" | |t| <e}. If we set

(7.5) T, = 9Glé,nl, f=1-T,
then |||, <1 for t € M, and thus £ has a continuous inverse given by
(7.6) Nt =f:‘1b = b+Tgb+Tt2b+ sy b ELH'S(B).

Substituting for T, from (7.5) and for ¢, from (5.9) and (5.10), we get for the
solution 7, of the integral equation (6.6) with the initial value b, € H"%(B,) the -
expression

(7.7) 7 = bt 2 OGP, b)
nz1
where
(7.8) P (h}, b) = > [Ayhh, 9GAH, . ., 9G4k, b . 1.

1=ksSn i1+ +ig=n

For b, € H*(B,) we have 5, € L"*3(B,), and if b, depends differentiably on ¢ so
does 7, (see [7, p. 150]). Using the development (5.8) for & we get

(7.9) (& ml = D Pu(h™, by).

n=1

The function h — P,(h", b) is n-homogeneous and continuous in the norm | |,
from ¢, into L"*s*1(B).
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8. The integrability condition. Consider now the integrability condition (6.8).
By (7.9) it can be written in the form

8.1 D Pk, b)edL,  beZ"(L(By)).

nz1

To analyse this condition we need the following result.

LeEMMA 8.1. Let Y be a closed vector subspace of a Banach space X, Z another
Banach space. For each positive integer k, let L, be a k-linear continuous function

Lk: Zk e d X
such that
Sth) = > Lih*
k=1

converges for |h| <e. Then, for a fixed h € Z with |h|<e, S(th)e Y for —1ZtZ1 if
and only if L,h* € Y for all k= 1.

Proof. The sufficiency of the condition is evident. Suppose then that S(th)e Y
for a fixed A, |[h|<e and for —1=¢<1. Then if f(t)=S(th), f:[-1,1]—> Y is
differentiable, indeed analytic at O € R, as the composition of two analytic functions.
Differentiating term by term the development f(¢)=>,5, t*L,h* we get

F0 = S ko).t DL

from which
f0) =0, f™0) = n!Lh"

But, as Y is closed in X, f(¢) € Y for V¢ implies f™(0) € Y for Vn. Therefore
L.h* e Y for k=1, as was to be shown.
As OL(B) is a closed subspace of L(B) for the norm | |, the condition

(8.2) Pk}, b)e3L(B), Vnz= 1,

is sufficient for b € H™*(B,) to be integrable at ¢ (for f~1(b) to be a solution of
6.1)).

Therefore we have the following:

THEOREM 8.1. Let b € H"%(By). In order that f;"(b)=n, is a solution of (6.1) for
each t € M, it is sufficient that

(8.2) P,(h,b)cBL(B), VteM, nzl.

The solution », is a d,-closed B-form of type (r, s), and it depends differentiably on t.

Let now A, be the balanced hull of {h, | [t|<e} in Z(,), i.e. A;={sh, | |t|<e
and —1=5s=1}.
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THEOREM 8.2. The condition
8.3) P,(h, b) € L(B), Vhe A, Vn =1,

implies (8.2). In case {h, | |t| <e}=A,, the condition (8.3) is necessary and sufficient
Jor f7X(b)=m, to be a solution of (6.1) for each t € M.

The last statement of the theorem follows from the Lemma 8.1.

9. Conditions for dim Hj*(B,) to be locally constant. A form y € 8L™*~(B,) is
trivially extendible; it is sufficient to take n,=m, (t)0,c as an extension, if y=do.
Therefore it is no restriction to limit oneself to harmonic initial values & in the
following theorem which follows from Theorem 8.2.

THEOREM 9.1. In order that all d-closed forms y € L™*(B,) are extendible with any
initial value b, € Z™%(L(B,)) at t=0, it is sufficient that (8.3) holds for Yh € A; and
Vb € H%(B,).

By Theorem 2.1 dim H3*(B,) is constant in a neighborhood of =0 if all har-
monic forms y € H(B,) are extendible and co-extendible. Therefore we get the
following result. Let 2(2) stand for &(L(B,)) or &(L(B¥)) depending on the case.

THEOREM 9.2. In order that dim Hj*(B,) is constant in a neighborhood of t=0, it
is sufficient that there exists ¢ >0 such that, for all he A, and all n2 1,

P,(h, b) € A(B)

whenever b € H™$(B,) or b € H*~""~5(Bf). The condition is also necessary if h(M)
is a cone centered at 0 € Z(y,).

To obtain necessary conditions in the general case, suppose that all forms
y € H%(B,) are extendible. Suppose ¢ — b, is the initial value function of an
extension y, of y. Then
9.3) ve= D Pu(h, b)eBL(By).

nz1l

As t — h, is differentiable as a function from M< R™ into the Banach space i,
and the series (9.3) and the series of the derivatives are uniformly convergent for
|t] £ 8 <& with & sufficiently small, we can differentiate term by term. This gives for
AeR™
04 Yih = > {nPo(hp HA, b))+ Po(h}, biA)} € BL(B,),

nz1

where h; and b; are derivatives of 4, and b,, as functions from M into #, and
L5(B,), respectively.

For t=0 we have, as #,=0,

©.5) Ri(Ay, bo) = Py(hyA,, bo) € 8L(By), VA, e R",
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with

9.6) Ri(Ay, bo) = [hoA,, bo).

Differentiating the expression (9.4) gives

YidoAy = > {n(n—D)Py(hp~2hiAshiA,, b))

nzl
9.7 +nPo(hE = h Ay A, by) +nPo(h} = hiAy, biA,)
+nPy(hE T hiAg, biAL)+ Po(hE, by AyA,)} € OL(Bo)-
This is permitted as once more the series of derivatives converges uniformly with
the series (9.4). Setting £=0 one obtains
2P;(hoAshoAy, bo)+ Pi(hgAzly, bo)+Py(hod,, byAs)

(9.8) _
+Pi(hoAg, boA,) € OL(By).

By (9.5) the last two terms can be written in the form R;(A;, boAz)— Ry(Ag, byA,)
and are thus in 3L(B,). Setting

9.9 Ry(A2A, bo) = 2Py(hoAghoy, bo)+ Pi(hg A2y, bo)
we get therefore from (9.8)
9.10) Ry(AzA,, by) € L(B,), A, A, € R™,

Generally one obtains

k
Ri(AxAg-1- -+ Ay, bo) = [(Dt)k Z P(H, bo)] Age -y
i=1 t=0
9.11) = k!Py(holy- - -holAy, bo)
+ -+ Py(APA - - Ay, bo) € OL,
the other terms in [(D,)*y,);=oAx- - - A; being expressible in terms of R, _4, ..., Ry,
and hence in dL(B,). Hence we have the

THEOREM 9.3. The conditions
9.12) Ri(Ai- - - Ay, b) € #(9)

for VA, € R™ and Vb € H™%(B,), Vb € H"~""~%(B¥) are necessary for dim H3(By)
to be constant in a neighborhood of t=0. If the family is real analytic, then the
conditions are also sufficient.

For the last statement, let us note that if the family is real analytic, then we can
write b=, 51 (1/k)hEt* where the series converges in a neighborhood of ¢=0.
This implies the convergence of

1
(9.13) 7= 2. 77 Rlt*, bo)+bo,

k=1
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for small ¢. Furthermore, y,=3,5, P.(h?, bo) is analytic in ¢ in a neighborhood of
t=0 and, by the definition (9.11) of R¥, we have y, =, for small z. Therefore 7, is a
solution of the integral equation (6.6) with a constant initial value function by, and
the conditions (9.12) imply that the integrability condition (6.8) is satisfied. As
no=>bo € H™(B,) is arbitrary, it follows that all forms in H™%(B,) are extendible
(analogously for co-extendibility). The local constancy of dim H°(B,) follows then
by the Theorem 2.1.
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