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NONCOMMUTATIVE JORDAN ALGEBRAS
OF CAPACITY TWO()
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KIRBY C. SMITH

Abstract. Let J be a noncommutative Jordan algebra with 1. If J has two orthog-
onal idempotents e and f such that 1 =e+fand such that the Peirce 1-spaces of each
are Jordan division rings, then J is said to have capacity two. We prove that a simple
noncommutative Jordan algebra of capacity two is either a Jordan matrix algebra, a
quasi-associative algebra, or a type of quadratic algebra whose plus algebra is a
Jordan algebra determined by a nondegenerate symmetric bilinear form.

We refer the reader to [1] for all the basic concepts used in this paper as well as
for all definitions of terms with the exception of quasi-associative algebra which
may be found in [3].

Introduction. Recently much work has been done on the structure of simple
noncommutative Jordan algebras J over a field ® of characteristic not 2 which
satisfy the following axioms:

(i) J has an identity element 1.

(i) 1=e,+e,+ - - - +e,, where the e;’s are mutually orthogonal idempotents.

(iif) The Peirce 1-space with respect to e;, Ji(e;), is a Jordan division ring for
i=1,2,...,n.

An algebra satisfying axioms (i)-(iii) is said to have capacity n.

N. Jacobson [2] proved that those simple commutative Jordan algebras of
capacity n, where n=3, are Jordan matrix algebras. K. McCrimmon and R. D.
Schafer in [5] proved that the simple, not commutative Jordan algebras of capacity
n (n = 3) are all quasi-associative. In [6] J. M. Osborn found that a simple Jordan
algebra of capacity two is either a 2 x 2 Jordan matrix algebra or a Jordan algebra
determined by a nondegenerate symmetric bilinear form. It is the goal of this paper
to characterize the simple noncommutative Jordan algebras of capacity two.

For any idempotent e in a noncommutative Jordan algebra J we have the
Peirce decomposition of J with respect to e; namely J=Jy(e) +J,,2(e) +J:(e) where
Ji={x; | 3(ex;+ x,;e)=ix;}. Throughout this work J will denote a noncommutative
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Jordan algebra of capacity two and e and f will be the two orthogonal idempotents
in J such that 1=e+f and J, (with respect to e) and J, are Jordan division rings.
If J1,,#{0}, which will be the case if J is simple, then it is not hard to show that any
Jordan ring of capacity two may be considered an algebra of capacity two over an
appropriate field.

1. Osborn’s results. [If J=J,+J;,;+J, is simple then J*=JF +J},+J5 will
be a simple Jordan algebra of capacity two [5, p. 2]. From Osborn’s work [6] we
know that if J* is not a Jordan algebra determined by a symmetric bilinear form,
then J* is a Jordan matrix algebra H(E,, y), the set of symmetric 2 x 2 matrices
under the canonical involution determined by the invertible diagonal matrix y and
where E is the associative algebra with involution * generated by

S = {2R;1 l xl EJ1+ and R;l € H0m¢ (J1/2’ J1/2)
defined by R;l(yl,z) = (X1 Y12+ Y12x0)}-

The nonzero generators of E are symmetric and invertible and moreover every
symmetric element of E is a generator. E is one of the following two types:

(a) An associative division algebra with involution which is not commutative
and which is not a quaternion algebra over its center with the standard involution.

(b) A direct sum of a division algebra (which is not commutative) with its anti-
isomorphic copy and the involution switches components.

Finally y=(3* 9,) where each y; is a symmetric, invertible element of E.

If v, #1 we change the involution in E to be &=y 'a*y, where * is the old
involution on E and at the same time we change y to be (§ 9;1,,). Under the new
involution, yi ly, is symmetric and invertible. An easy calculation shows that using
the new involution on E and the new involution on E, determined by the new v,
the set H(E,, y) remains the same as before. So we may assume that y is of the
form (§ 9,) in H(E,, v) and this we will do for the remainder of this work. We note
that if (E, *) is of type (a) or (b) then (E, ~) will be also.

Products in J as well as those in E will be denoted by juxtaposition.

2. Preliminary results. We define R,, € Homg (Jy/2, J1/2) by

Rxl(.}’uz) = [yueXilye
ie. R, (y12) is the component of yypx; in Jy. (Likewise we define L, (py)
=[X1)1/2)1/2-) Then 2R} =R, +L,, and E is generated by {(R,,+L.,) | x; € J;}.
Note that the identity 1 of Eis 2R} =R, +L,.
Ji2 1s a left E-module by

(R, +Zx1)a1/2 = Qyj9X1+ X142
where ay;5 € Jyj5. J1;2 as an E-module is isomorphic to E as an E-module. Since
Homg (E, E) is anti-isomorphic to E, so is Homg (Jys, J1;2). We know that
E.F,=F,E, if xeJy+J, and E, F=R, L [4, p. 188] and so R, and L, are in the
center of Homg (Jy, J1;2) and can be regarded as elements in the center of E.
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K. McCrimmon [4, p. 189] has shown that

W L(L,, R ) =
R(L,, + =
(2) l_’xwl = l_’x1l_’1u +LV1R-’¢1’

quu = R’qflu +Ry1Rx1’

The equations of (1) show that L, and R, are in E for every y, € J;.
Define v: J; — S by »(x,)=R,,+L,,. v is onto and one-to-one. Using (1) and
(2) we have

Lo+ Ro((x1) = LR, +Lo) (R, + L)+ RuRyy + L) (R, + L)
= (Rxl +Ex1)l_'e(Ry1 +Em) + (Rm +Ey1)Re(Rx1 +Ex1)
= Ry, +L.) Ly, +(Ry, +L, )R,
= zxwl + Rxlzu = (X1 1)-
Thus,
3 W(x191) = Ly(x)v(y1) + Rov(y)v(x:).

We are now assuming that J * is isomorphic to H(E,, ‘y) and so we can consider
Jos J1j2, J1 as sets of matrices of the form (§ 9), §;1, §), (§ 9), respectively, where
o, § € E with « having the property that y5 'a*y, =« and where

BeS={BeE|p* =B} = {(R:,+Ls) | x: €J3}.

We are ready to describe the multiplication in J;. For notation we will let «e
denote the element (§ 3) in J,. If x,=ce and y;=Pe, then (3) implies («e)(Be)
=(L.,ef+ R.Bx)e where L,of+ R.Bo € S. We have therefore proved

LEMMA 1. If ae, Be € Jy, then (ae)(Be) =(L.B+ R.Bx)e.

LEMMA 2. The involution * on E has the property that L¥ =R, for every x, € J;.

Proof. From Lemma 1 we know that
“ (Loop+ Rpe)* = L.af+ R Be.
Since L.+ R.=1, (4) implies
af—Bo = (L +Lc)(«B—Ba)

or
[1—(L¥+L)Nep—Ba) = O,

for every «, B € S. Since E is not commutative there exists «, 8 € S such that ¢ — S«
#0 and since 1 —(L¥+L,) € S it is either 0 or invertible. So from the above equa-
tion we conclude that 1—(L*¥+L,)=0 and this means L*+L,=1 and hence
L¥=R,. Using the equations of (1) we get L¥ =R, for every x; € J.
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Let “-” be the Jordan product in J*. We define a new multiplication “x  on
the set J by axb=a-b—ab where ab is the multiplication in J. Then a-b
=1(ab+ ba) implies

%) axb = —bxa

and using the fact that J satisfies the flexible law we obtain

6) (axb)-a+(a-b)xa = 0.
Linearization of (6) gives ‘
©) (cxb)-a+(axb)-c+(c-b)xa+(a-b)xc = 0.

By Lemma 1 («e)(Be)=(L.,of+ R.Be)e, so, from the definition of the x-
multiplication, ae x Be=m(of—Pa)e where m=34—L,.

LEMMA 3. If ae € J; and Bf € J,, then (ce)(Bf)=0.

Proof. In (6) with a=oce, b=Bf we get (cexpf) -ae+(ce-Bf)xae=0. So
(«e x Bf)-«e=0 and if ce x Bf= e+ 8,5+ ¢f where 8;,=(3;1, §), then

0 = (cex Bb)-ce = (fe+81p+ef) e
= Yot + to)e+H(ad)ss.

So af+£x=0 and «8=0. But « € S and every nonzero element of S is invertible
so 8=0 and «e x 8f has zero component in Jy;,. Letting «=1 shows e x 8f has zero
component in J;.

Linearization of (eexpf)-«e=0 gives (cexfBf)-ne+(nexpf)-«e=0. Letting
n=1 we get

® (cexff)-e+(exff)-ae =0

and since the second term of (8) has zero component in J; (e x 8f has zero com-
ponent in J;) we conclude that «e x 8f does also.

With a=8f and b=ce in (6) we get (Bfx «e)-Bf=0. We recall that B has the
property that ys !8*y,=p8. Hence B*y,=y,8=(B*y.)* and so y,8 € S. This means
ysB is invertible if B#0 and we conclude that B is invertible also. So now we can
repeat the argument used in the first part of the proof of this lemma to get that the
Jo and J;;; components of Bfxae= —aexpf are zero. Hence aexpBf=0. But
ae x Bf=ae-Bf— (ce)(Bf), so (xe)(Bf) =0 and the proof of the lemma is complete.

For notation let A=L, and let §,5=(3;15 §). So A*=R, and elements of Jy5
now have the form 8,, where é € E.

LEMMA 4. For «e EJl and 812 EJ1/2’ (ae)812=()\a3)12.

Proof. Since L,,, R, € E we have that J,J,,SJy and Jy,5J;SJy)0, SO ae x 85
€ Jypforeverya € S, 8 € E. In particulare x 1,5 € Jy ;280 e X 1,5=n,, for somen € E.
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Substitution in (7) of «e, Be, 8,5 for a, b, c respectively gives

©)  we-(Bex d15)+H(m(Be—af)d)12+ 3 (xe) X (B8)1z = (B +Ba)e) x 8,,.

Letting «=1 in (9) gives
1(Be x 8,5)+3e x (Bd),, = Be x 85, Be S, 8€E,
or
(10) Bex 8, = ex (B8, PBES, S€E.
With 8=1 in (9) we get
ae-(ex 8;5)+3aex 815 = ae X 8y, «€S,8€E,
or
(11 2ee-(ex 8;5) = aex 8,5, «€S, SeE.
So for 8=1, (10) and (11) imply

ae X 112 =eXuyjg = 2ae-(e>< 112)

a2y
= 2de'n12 = (an)129 a€S.
Using (10), (11), and (12) we have for «, B€ S
13) cexfio = eX(af)1z = 2ae-(exPg) = 20e-(Bn)1z = (¢fn)y2.
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Now we assume that for any k elements o, «,, . . ., o, € S the following is valid:

(14 e X (-1 0 )12 = (ap_1-*1M)1a.

Then for oy, q, o, ..., @ €S we have

0418 X (0401 - 01)19 = @X (010 + 1 0) 19 = 2044187 (€ X (0" - - 01)12)

(15)

= 20y 416 (& - roqn)1z = (@1 - - qM)1a.
So since S generates E, (15) implies that
(16) e x 85 = (adn)yz, e S,8€E.

Finally, using (16) in (9) and remembering that E is not commutative will show

that m=n=4—L,=%—A.
The x-multiplication relating J, with J,,, is now known so
(«€)(813) = (ae)-(815) — () X (312)
= H@8)12—(«8(3— )12
= $(d)12—H(@8)12+(ad)12 = (Aad)y,.

LEMMA 5. If 8,5, 112 € J12, then the Jy-component of 81574 is

(Ayz 18%n+ A*yz In*d)f.
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Proof. In (7) let a=e, b=7,, and ¢=8§,, to get
a7 (812X m12)-e+(eXn12) 815+ (812 M12) X €+ (€-712) X 812 = 0.

Since 8,574 €J; +J, the third term of (17) is zero using Lemmas 1 and 3. Also,
exXng=e-na—ena=%n15— M15=03— Ay, using Lemma 4. So (17) reduces to

(18) (312X 712) e+ ((3— N1z 812+ 312X 815 = 0.
(812 X m13)- e has zero component in J, so (18) says
[8:2%M12lo = [Mi2° 812]o— [(2A7) 12 812]o-
But
[812m12]0 = [812°M12]o— [812 X M12lo = [(2An)12- 8120
= (2 '8 X +yz *(A)*d)f = (hyz '8*n+A*yz 'n*d)f.
LEMMA 6. If 8,5, m12 € Jy2, then the Jy5-component of 6;4m;4 is 0.

Proof. In (7) let a=ce, b=7,,, c=38,,, and comparing components in J;,, will
give

(19) 2[(812 X M12) - @elyje = [812 X (2n)12]1/25 «€ S, 8, nekE.
Again in (7) let ¢= 8,5, b=ce, a=7,, and get
(20 (28)12 X M1 = 812 X (7)1, a€ S, 8, nekE.

For «€S we have from (19) that [l;5%o5]10=2[(112% 1;2)-e]ly;2=0. For
o, €S, (20) and (19) say [Bizx o12]yz=[l12 X (Be)12)12=2[(112 X @12)-Be]12=0.
Using an inductive process as in Lemma 4 and recalling that S generates E will
give [812 X 7712]1/2=0 fOI‘ every 8, VIS E. Thls implies [8127]12]1/2=0.

3. The first structure theorem. With the aid of the lemmas it is now quite easy
to prove our first theorem.

THEOREM 1. Let J be a simple noncommutative Jordan algebra of capacity two
such that J* is not a Jordan algebra determined by a symmetric bilinear form. Then
J is either commutative Jordan or quasi-associative.

Proof. Let “o” denote ordinary associative matrix multiplication in E,. If
X1, y1 €Jy, Lemma 1 says x;y;=Aox; 0o y3+(1—A) o y; 0o x3. If x; €J}, Y172 € J1)2,
Lemma 4 says x; y12=2A o Xy © yya+(1—=24) 0 yyy5 0 x;.

Since f8,,=(1 —€)8,,=258,,—e8,3=28,5—(A8);5=((1 —A)8);,=38,,e we have that
L,=(1—2)=X*=R,. Symmetry of the arguments used in the lemmas with respect
to f will give corresponding multiplications with J, and the analogue of Lemma 5
together with Lemma 6 will show that 8,5m:2=2A0 8,50 913+ (1—A) 0 m15 0 8;5. If
A= A* Jis commutative Jordan and if A+# A*, J is quasi-associative.

If E=A @ A, a direct sum of a division ring A with its anti-isomorphic copy A,
then J is an algebra over ®={(«, &) | « € center of A}. Any skew element A in
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A @ Ais of the form A= (B, —B). Hence if A is skew and central then A2=(8, —B)?
=(B2, B?) which has a square root in ®. So by a theorem of McCrimmon [3, p.
1458], J is split quasi-associative.

If E is a division ring with a central skew element A then A% does not have a
square root in @, the basefield of E. Hence by McCrimmon’s theorem; J is nonsplit
quasi-associative.

4. The second structure theorem. For the rest of this work we will assume J
is a noncommutative Jordan algebra such that J* is a Jordan algebra determined
by a symmetric bilinear form. Then J*=®+ ¥V where @ is a field, V is a vector
space over @, and f: V'x V' — ® is a symmetric bilinear form on V. If we denote
the elements of J* by (e, v) where « € @, v € V then the multiplication in J* is
given by (e, v)(B, w)=(eBf+f(v, w), aw+Bv). It can easily be shown that if f is
nondegenerate, then J* is simple. The elements of J will also be denoted by
ordered pairs of elements from ® and V. If J* has an idempotent e+ (1, 0), then
J* has capacity two. An easy calculation will show that such an idempotent exists
if and only if f(u, u)=}% for some vector u € V.

If fis not identically O there exists an element w € V such that f(w, w)=8+#0. If
a=pY2 e @, then f(3a~'w, $a~w;)=% and J* (and J) contains a nontrivial idem-
potent. If 822 ¢ ® we may take a quadratic extension of ® to obtain an idempotent.
So after a possible quadratic extension of the base field ® we may assume J has
capacity two.

Henceforth u will denote the vector in ¥ such that f(u, u)=%. Then e=(3, ©) and
f=@, —u) are two orthogonal idempotents such that 1 =e+f. With respect to e
we have

Jo = {(be, —et) | a € ¥},
Jiz = {0, w) | f(u, w) = 0},
Ji = {(3e, ati) | a € D}.
We recall that E is the associative ring generated by {2R;, | ce=(3c, au) € J;}.
Since R}, R},=Rj,R},, E is a field isomorphic to ®@. Since v(x,w(y;) =v(y)v(x1),
equation (3) says that v(x; y;) =v(x;)v(y1). So J; is a field isomorphic to .
We will have occasions to identify the element (0, v) with the vector v € ¥, so

we will make this identification whenever necessary. J induces a multiplication on
the vectors of V as follows: for w, y € V define

(21 wxy = [0, w)O, y)l2
i.e. wx y is the Jy,-component of the product (0, w)(0, y) in J. Clearly we have
WXy = —yXw,

For a;;3=(0, w) € J3;2 we know ea,; € Jy)2, s0 (0, w)=(3, u)(0, w)=(3, 0)(0, w)
+(0, u)(0, w)=(0, 3w)+(0, u)(0, w). Hence (0, u)(0, w)E€Jys, so (0, u)(0, w)=
0, uxw).
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LEMMA 7. If ae € J, and (0, w) € J1,5, then («e)(0, w)=(0, aw + a(u x w)).

Proof. The linearized flexible law says ,

(ce)[e(0, w)]+ (0, w)le(xe)] = [(«e)e](0, w) + [(0, w)el(xe)
or |
(22) («e)(0, 3w+ u x w)+(0, w)(xe) =(ce)(0, w) + (0, Iw+w x u)(ce).
Due to the fact that we know the multiplication in J *, (22) becomes
(xe)(0, 3w +u x w)+ (0, aw)— (xe)(0, w)
= (ce)(0, w)+ (0, Tow + a(w x u)) — («e)(0, 3w+ w x u).

So («e)(0, w)=(0, Jaw + a(u x w)).

LeMMA 8. Let v, we V, then (0, v)(0, w)=(f(v, w), v X w).

Proof. The flexible law says

(0, )[(0, w)(O, v)] - [(0, ©)(0, W)I(0, v) = O,
and so we have
(0, v)[(0, w)(©0, v)]+[(0, w)(O, 1)I(0, v) = 2(f(w, w), 0)(0, v).

Hence we know that the product in J * of (0, v) with (0, w)(0, v) is the same as that
of (0,v) with (f(v,w),0). This together with (21) implies that (0, v)(0, w)
=(f(v, w), vx W).

Lemmas 7 and 8 imply the following theorem which was motivated by Theorem 1
of [7].

THEOREM 2. If J is a noncommutative Jordan algebra such that J*=®+V is a

Jordan algebra determined by a nonzero symmetric bilinear form, then possibly after
a quadratic extension of the field ® the multiplication in J is given by

(o, D)(B, W) = (B +f(v, W), ew+Bv+vX W)
where “ x” is an anti-commutative multiplication on the vector space V and f is the
symmetric bilinear form of J* such that f(vx w, y)=f(v, wx y).

If we assume that V has a basis {w;} over ® such that f(w,, w;)=0 if i#j and
f(w;, w;)=B8,, then we can give more information about the x-multiplication on V.
Let w;% w;= > y1;w, Where yyy, € ®@. Then w; x w;= —w; x w; means that

(23) Yisk = —Viik-
Also f(w;, w; x w,)=f(w; X wy, wy) is equivalent to
(24) S Wi, wyize = fWi, wvsa = f(Wy, W)Yis-

So given any set of constants {y,;,} satisfying (23) and (24), w; X w; =2, yixW gives
a multiplication on V such that J is a noncommutative Jordan algebra and J* is a
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Jordan algebra determined by a symmetric bilinear form. Whenever V has an
orthogonal basis, such a set of y;;,’s can always be found, for we can define y,j;
arbitrarily for i <j<k and then use (23) and (24) to find y,,,, for the other permuta-
tions of i, j, k.
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