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STRUCTURE OF THE
SEMIGROUP OF SEMIGROUP EXTENSIONS

BY
R. O. FULP AND J. W. STEPP

Abstract. Let B denote a compact semigroup with identity and G a compact
abelian group. Let Ext (B, G) denote the semigroup of extensions of G by B. We show
that Ext (B, G) is always a union of groups. We show that it is a semilattice whenever
Bis. In case B is also an abelian inverse semigroup with its subspace of idempotent
elements totally disconnected, we obtain a determination of the maximal groups of
a commutative version of Ext (B, G) in terms of the extension functor of discrete
abelian groups.

This paper is a continuation of our paper [3] in which we consider the notion
of an extension of a compact abelian group G by a compact semigroup B with
identity. In that paper we show that the collection (of equivalence classes) of
extensions of G by B is a commutative semigroup with identity under the usual
“Baer sum” of extensions. As in [3] let us denote this semigroup of extensions by
Ext (B, G). In our previous paper we obtained, among other results, some theorems
relating to the problem as to when a particular extension in Ext (B, G) is an idem-
potent. We also characterized those extensions which belong to the maximal
subgroup of Ext (B, G) containing some particular idempotent. In this paper we
are interested in the same kind of problem from a more global point of view,
e.g., we are interested in the semigroup structure of Ext (B, G). In particular we show
that Ext (B, G) is always a union of groups. We show that Ext (B, G) is a semilattice
whenever B is a semilattice but that it may or may not be isomorphic to B. In case
B is a compact abelian inverse semigroup with its subspace of idempotents totally
disconnected we are able to obtain a fairly complete description of the maximal
subgroups of a commutative version of Ext (B, G) in terms of the groups Ext (H, K)
where K™ is a maximal subgroup of B and H” is a quotient group of G (here the
““hat” denotes the Prontrjagin dual). Since H and K are necessarily discrete this
computes the structure of Ext in terms of the usual extension functor of discrete
abelian group theory. For pertinent comments regarding the historical development
of Ext see [3] or [6].

1. Preliminaries. In this section we give the basic definitions and state explicit
results from [3] which will be needed in this paper. Let B denote a compact (Haus-
dorff) semigroup with identity 1z and let G denote a compact abelian group with
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identity 1. We say that (S, 7) is an extension of G by B iff S is a compact semigroup
with identity 1, G is a closed subgroup of both Hg(1) and the center of S and 7is a
continuous homomorphism from S onto B subject to the condition that for s,
and s, in S, 7(s,)=7(s,) iff 5,G=5,G. We sometimes indicate that (S, 7) is an ex-
tension of G by B by writing G <> S > B. Two extensions (S, 7)) and (S,, 79) of
G by B are equivalent iff there exists an iseomorphism ¢: S; — S, such that the
restriction |G is the identity map on G and

G —> S —2»B

R

is a commutative diagram. Let Ext (B, G) denote the collection of equivalence
classes of extensions of G by B.

We shall briefly describe an operation on Ext (B, G) which is called the Baer sum.
Let E;: G <> S; 5> B and E,: G <> S, -3> B denote extensions of G by B. Define

D = {(s1, 55) € S1 xSz | 1(s1) = 75(s2)} and Go = {(g,g7") | g€ G}

Then G, is a closed central subgroup of D and consequently a compact quotient
semigroup D/G, may be constructed (see [3] or [5]). For (a, b) € D, let [a, b]
denote the congruence class of D/G, which contains (a, b). Let G={[g, 1] | g € G}
and 7: D/G, — B the map defined by #([a, b])=7,(a)=74(b). It follows from [3]
that G is iseomorphic to G and that G < D/G, s B is an extension of G by B.
We identify G with G and thus obtain an extension G=G <> D/G, > Bof G by
B. This extension is called the Baer sum of E, and E,. It follows from [3] that the
Baer sum induces an operation + on Ext (B, G) such that (Ext (B, G), +) is a
commutative semigroup with identity. The following theorems are proven in [3].

THEOREM 1.1. Let E: G <> S —> B denote an extension of G by B where G is a
compact abelian group and B is a compact semigroup with identity. Then E represents
an idempotent in the semigroup Ext (B, G) iff there is a continuous homomorphism
o: B— S such that 7o is the identity map on B.

If G is a subgroup of a semigroup S and s € S'let G;={ge G | gs=s}.

THEOREM 1.2. Assume that E: G <> S—> B represents an idempotent in the
semigroup Ext (B, G). Then the extension E*: G < S* 5> B represents a member
of the maximal subgroup of Ext (B, G) determined by E iff whenever (s, t) € Sx S*
such that 1(s)=1*(t), it follows that G,=G,.

2. Structure of Ext (B, G). In this section we prove that Ext (B, G) is always
a union of groups. We also show that if B is a semilattice (commutative idempotent
semigroup), then Ext (B, G) is a semilattice. Examples are given which show that
the semilattice Ext (B, G) may or may not be isomorphic to B.
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THEOREM 2.1. Let G be a compact abelian group and B a compact semigroup with
identity. Then Ext (B, G) is a union of groups.

Proof. Let E: G <> S —> B denote an extension of G by B. We construct an
idempotent extension E: G < § -3> B such that whenever s€ S, 5€ S, and 7(s)
= 7(5), it follows that G, = G. It will then follow from Theorem 1.2 that E represents
a member of the subgroup of Ext (B, G) determined by E.

Let N={(g, g) | g € G}; then N is a closed central subgroup of G xS and thus
we may form the quotient semigroup (G x S)/N which we denote by S*. Let 5
denote the natural map from G x S into S$* and, for (g, s) € Gx S, let [g, s] denote
7((g, 8)). Observe that 5|(G x{1}) is an iseomorphism onto 5(G x{1}) and thus G
is iseomorphic to (G x {1}). Also for each g € G, [g, 1]=[g, 1]1[g~%, g~ *]=I1, g~ ]
Let 7*: S* — B be the function defined by 7*([g, s])=7(s). Then 7* is well defined
and by the techniques of [3] one sees that E*: (G x {1}) = S* 25 Bisan extension
of G~7(G x{1}) by B. Let

D={(s,[g, 1D eS x S*|7(s) = *([g, t])} and G, ={(g,[g"*1])|g€G}.

Then G, is a closed central subgroup of D. Let § denote the quotient semigroup
D/G, and G={[g,[1,1]]|g€G}. Define #: 85— B by (s, [g, t])=r(s)
=1*([g, t])=7(z). Then it follows from [3] that G=G < S —» B is an extension
of G by B (it is actually the Baer sum of E and E*). We now show that
E+E*: G<> § > B represents an idempotent of Ext (B, G).

Let o: B— S be the map defined by o(b)=[s, [1, s]] where =(s)=b. We show
that o is well defined and continuous (it is clearly a homomorphism). Assume that
b=1(s,)=1(s,) for s, € S, 5, € S. Then s, =s,g for some g € G and

[sla [la sl]] = [Szg, [l’ SZg]]
= [s5, [g 1111, s51[1, g11 = [s2, [1, s2]11, g, 1110L, [1, g1]
= [s2, [1, s2]1(1, [1, g7 11M1, [1, g1] = [s2, [1, 521

Thus o is a well-defined homomorphism. To show that o is continuous assume that
{ba}eea 1s @ net in B which converges to some b € B. For each « € 4, let s, € S such
that 7(s,)=b,. Since S is compact {s,},c4 clusters to some s € S. Thus {(1, 5¢)}aca
clusters to (1, s) and {[1, s,J}¢ca to [1, s]. It follows that {[s,, [1, s.]]}sca Clusters to
[s, [1, s]]. Since = is continuous, r(s)=5. Thus we have that {o(b,)}.c4 Clusters to
a(b) and ¢ is continuous.

It follows that E= E+ E*: G <> § —5> B represents an idempotent in Ext (B, G).
We show that E belongs to the maximal subgroup of Ext (B, G) containing E by
use of Theorem 2.1. Assume that s€ .S and §€ S such that 7(s)=#). Choose
€S, t;€ 8, and ge G such that §=[t,, [g, t;]]. Since 7(s)=7(5)=7(t,)=7(t,),
there exists 4 € G such that sh=¢,. Thus for each x € G,,

Sx = [t, [g, t11[x, [1, 1]] = [shx, [g, t.]]
= [sh, [g, t]] = [t1, [g, t2]] = §



66 R. O. FULP AND J. W. STEPP [July
and x € G,. It follows that G,< G;. If, on the other hand, y € G, then
[)’, [1’ 1]] [tla [g, t2]] = [tb [ga t2]]

and there exists / € G such that yt; =t/ and [g, t,]1=[g, :][/"%, 1]1=[gl~%, t,]. Thus
there exists k € G such that gk=gl~! and t,k=t,. It follows that k=/-1 and
l € Gy, Since 7(t;)=1(t3), G, =G, and It;=t;. Thus yt,=t,l=t, and ye G=G,
=G,. We have that y € G; implies y € G, and hence G;< G,. The theorem follows.

LEMMA 2.2. Let G be a compact abelian group, B a compact semigroup with
identity, and (S, 7) an extension of G by B. Assume that e is an idempotent of B and
that B, is a closed subgroup of B with identity e. Then ~*(B,) is a compact subgroup
of S and, if f is the identity of v~(B,),

Gf <> v~ YB,) 3> B,
is an extension of Gf by B, where 7,=1|7~Y(B,).

Proof. Obviously 7~(B,) is a closed subsemigroup of S. Since S is compact,
so is 771(B,). Let f be an idempotent in 7~1(B,) (see [5]). Necessarily, 7(f)=e. We
show that f'is an identity of r~(B,). Let s € r~1(B,), then 7(s)=7(s)e=7(sf) and
sf=sg for some g € G. Thus

sf = sf* = sgf = sfg = sg°.

It follows that sf=sg" for each positive integer n. The net {g"},., clusters to the
identity of 1 of G (which is also the identity of S). Thus, sf=s. Similarly fs=s and
fis an identity of 7~(B,). Let s € 7~1(B,). To see that s has a right inverse observe
that 7(s) has an inverse in B,. Thus for some ¢ € 771(B,), 7(st)=7(s)r(t)=e=7(f)
and stg=ffor some g € G. Thus »~(B,) is a compact subgroup of S. It is straight-
forward to show that Gf <> r~1(B,) 3> B, is an extension of Gf by B,.

COROLLARY 2.3. If G < S —>> B is an extension of G by B and B is a union of
groups, then S is a union of groups.

LEMMA 2.4. Let G < S —>> B denote an extension of G by B. If B is a semilattice,
then the set E(S) of idempotents of S is a subsemigroup of S.

Proof. Assume e and f belong to E(S). Then r(ef)=r(e)=(f)=1(f)r(e)=(fe)
and there exists g € G such that ef=feg. Thus f(ef) =f(feg) =feg=ef and fef=ef.
Multiply by e to get efef=ef. Thus ef € E(S). The lemma follows.

THEOREM 2.5. Let G denote a compact abelian group and B a compact semilattice
with identity. Then Ext (B, G) is a semilattice.

Proof. Let E: G<> S —> Bdenotean arbitrary extension of G by B. We show that
E represents an idempotent of Ext (B, G). By Lemma 2.4, E(S) is a subsemigroup
of S. By Lemma 2.2, +~1(d) is a group for each b € B. It follows that =|E(S) is an
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iscomorphism from E(S) onto B. Let o denote the inverse of 7|E(S). Then 7o is
the identity map on B. By Theorem 1.1, it follows that E represents an idempotent
of Ext (B, G). By [3], Ext (B, G) is commutative and thus Ext (B, G) is a semilattice.

The following lemma is needed in order to derive some of the properties of a
very interesting example.

LEMMA 2.6. Let E,: G< S, —> B and E,: G <> S, —> B denote extensions of
G by B and let E,+E,: G <> D/Gy, ->» B denote the Baer sum of E, and E,. If
(81, 82) € D, then Gy, 51 =G;,Gs,.

Proof. Let & € Gy, oy, then [h, 1][s1, s2]=[s1, 52] and thus hs,=s,g and s,=s,¢
for some g € G. It follows that h=(g~'h)g € G;,G,,. Hence G, 5, Gs,Gs,. If, on
the other hand, k € G,G;, then k=k,k, with k;s,=s, and k,s,=s5,. Thus

[k, 11[sy, s2] = [kiks, 11[s1, s2] = [ky, k2] [51, 521 = [51, 52]
and [k, 1] € Gy, s, It follows that Gi,, ;1= G, G,

THEOREM 2.7. Let B={0, 1} under the usual real number multiplication. Let G
denote any compact abelian group. Let ¥ (G) denote the collection of all closed sub-
groups of G with an operation * defined on ¥(G) by

G %Gy = GG, = {£:182| £€ Gy, 82€G}.
Then F(G) is a semigroup and Ext (B, G)~ &(G).

Proof. Define ¢: Ext (B, G) - %(G) by ([E])=G, where E is the extension
G <> S —» B and s € S such that 7(s)=0. It is a consequence of Theorem 1.2 that
¢ is well defined and injective. That ¢ is a homomorphism follows from Lemma
2.6. We show that ¢ is surjective. Let C be a closed subgroup of G. Let p denote
the closed congruence on B x G defined by (b, g) p (by, g,) iff either (b, g) =(b;, g1)
or b=b,=0 and gg=*e C. Let 7:(BxG)/p— B denote the map defined by
#([b, g])=b and let G={[g, 1] | g € G}. It is easy to show that G is iscomorphic to
G and that G=G <> (BxG)/p —>> B is an extension of G by B. Moreover if
se(BxG)/p with #(s)=0 then G,=C. Thus ¢ is surjective and the theorem
follows.

REMARK. It is clear from the last theorem even though Ext (B, G) is a semilattice
it may fail to be isomorphic to B. In fact B={0, 1} is a chain, but, in general,
Ext ({0, 1}, G) is not. Note, however, that if G=Z, is the cyclic group whose order
is some prime p, then

Ext ({0, 1}, Z,) = {0, 1}.

In general we have the

ExAMPLE. Let B be a compact chain with identity and let Z, denote the integers
modulo the prime p. Then Ext (B, Z,) is a chain.

The phenomenon of this example will be examined in more detail in a subsequent
publication.
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3. The maximal groups of Ext (B, G). In this section we are concerned with
the problem of determining the maximal groups of Ext (B, G) in terms of Ext (H, K)
where H is a maximal group of B and K is a quotient group of G. We are able to
find a partial solution to this problem for a fairly large class of semigroups B, but
in doing so we restrict ourselves to the commutative case. Thus we consider only
extensions G < S - B in which all three semigroups are commutative. We obtain
in this way a functor Ext which is generally different from the extension functor
we have been discussing. The two functors do not even agree at pairs (B, G) where
both G and B are abelian groups. Of course practically all the theorems we have
discussed hold for this modified Ext. Throughout the remainder of this paper we
consider this “abelian”’ version of Ext exclusively.

Our determination of the maximal groups of Ext (B, G) is in terms of a new
kind of product group whose definition is similar to that of a direct or inverse
limit group. Before giving a precise formulation of the concept we prove some
lemmas which are necessary to the proof of the main result of this section.

LeMMA 3.1. Assume that [{S.}eck; {es}s <e] IS an inverse system of compact abelian
groups indexed by a compact totally disconnected semilattice E with identity. Let
S=eex S. denote the semigroup with operation defined by

ab = m, (@), es(b)
for ac S, and b e S;. Then there is at most one compact semigroup topology on S
which agrees with the topology on E and with the topology on S, for each e € E.
Moreover, in order that there exist at least one such topology it is necessary and
sufficient that the canonical mapping from S, into inv lim [{S;};cze); {7}] defined
by
x > {Tef(X)D semcer

be an iseomorphism (here E(e) denotes the set of all generating idempotents of E
which lie in eFE).

The proof of this lemma may be found in [4]. It is the case that the canonical
mapping defined in the lemma is always a continuous homomorphism.

The following lemma is admittedly somewhat technical, but is precisely what is
needed for the proof of our theorem.

LEMMA 3.2. Let G denote a compact abelian group and B a compact abelian inverse
semigroup with identity such that the subspace E(B) of idempotents of B is totally
disconnected. Let G < T —» B denote an idempotent extension of G by B and o the
continuous homomorphism from B into T such that wo is the identity on B. For each
fe E(B) let H, denote the kernel of the map from G onto o(f)G defined by x+> o(f)x.
Assume that [{S;};eemy; {Tes}s <] IS an inverse system of compact abelian groups such
that for each f € E(B) there is an extension

7r
G/Hfg Sf —-_> .Bf
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of G/H; by B; where B, denotes the maximal subgroup of B containing f. Finally
assume that for f<e the diagram

G/H, C S, —*>> B,

Nes l ’"'efl lmef

G/H, —> S, —L» B,

is commutative where 1,/(gH,)=gH, and m.(x)=xf. Then there exists one and only
one compact semigroup topology on the semigroup S=\Jecgs, Se which agrees with
the topology on E(B) and with the topology on S, for each e € E(B). If S is endowed
with this topology, G < S —5> B is an extension of G by B where 7(x)=7,(x) for
X € S,.

Proof. In order to show that S={J.cz@s, S. has a compact semigroup topology
with the desired properties, we verify the hypothesis of Lemma 3.1. Let e € E(B).
It is a consequence of Lemma 3.1 (applied to B) that the mapping m from B, into
inv lim [{B/}/cp); {my,-}] defined by

X > {Mef(X)) remcer

is an iseomorphism. Consider the mapping n from G/H, into
invlim [{G/H }sepe); {15131

defined by

X > (e X)) rercer
It is clear that 7 is a continuous homomorphism. We show that it is an iseomor-
phism. Assume that g € G such that n(gH,) =0, then g € (e, H;and o(f)g=0o(f)
for each f € E(e). By [2] there exists a net {f,} in E(e) converging upward to e. Thus
o(f)g=0o(f,) for each « and o(e)g=o0(e). It follows that g e H, and consequently
that the kernel of % is trivial. We show that % is surjective. Let {g;} e, denote a
family of elements of G such that <{g;H,)>;cg, € inv lim {G/H,}. Choose a net
{fa}aea of idempotents in E(e) which converges upward to e (see [2]). Since G is
compact there is a subnet of {g,_},c4 Which converges to g, € G. Redefine the nota-
tion so that go=lim g, . Let f denote any member of E(e). Choose B € 4 so that
Js2f. Then for a2B, fo2f;2f and g,H;=,,,(g;,H;)=8;,H;. Thus g7 'g, € H;
for each «=f and since H, is closed, g; g, € H;. It follows that g,H,=g;H, for
arbitrary f in E(e); consequently n(goH.)=<{g;H;) e It is immediate that 7 is
an iseomorphism. Observe that the extensions G/H; <> S, 3> B, naturally induce
an exact sequence

8
inv lim {G/H} — inv lim {S;} —> inv lim {B,}
with e injective and & surjective. This follows from the fact that the dual system of

groups
B = S; —> (G/H,)"

is a direct system of discrete abelian groups and the direct limit functor preserves
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exactness (we also need that the dual of a direct limit of discrete abelian groups is
the inverse limit of their duals). Thus we obtain a commutative diagram

G/H, S, Te B,

1 1

invlim {G/H;} >— invlim{S;} — invlim {B;}

where 7 is the map defined by x > {7,;(X)) ek - It follows from the five lemma that
= is injective and surjective. By Lemma 3.1, S=\U,eg, S. may be given a unique
compact semigroup topology which agrees with the topologies on E(B) and on the
various S,.
Let 7: S — B denote the mapping defined by 7(x)=7.(x). It follows from the
commutativity of
S, —% 5 B,

ﬂefl lme f

Sy — > B,
that = is a homomorphism. By the definition of the operation on S=J.cz@s, S. and
the fact that the diagram

T

G ¢ AS1 1;‘31

Jd

G/H, —> S, —*» B,

is commutative, we have that =(x)=7(y) for x and y in S iff xG=yG. Thus if we
can show that r is continuous it will follow that G <> S —> B is an extension of G
by B. Let v: B~ — S” denote the mapping from the character semigroup of B into
the character semigroup of S defined by v»(X)s= X (7.(s)) for Xe€ B” and s€ S..
Observe that v(X) is continuous since »(X) is also given by
X)) = X(r(se)), sesy,
=0, s ¢ Sx,
where sy={x € B| X(x)#0} and where € is the least idempotent in sy. It follows
easily that »(X) € §” and that v is a homomorphism from the discrete semigroup
B” into the discrete semigroup S . It follows that v~: $~" — B™" is a continuous
homomorphism (since vis). But r=¢5*-v"- s where ps: S — S~ and y3: B— B™"
are the natural iseomorphisms (see [1], [2], and [4]). The lemma now follows.
We now have the lemmas necessary to the proof of the main theorem of this
section, but we must first develop considerable notation prior to the statement of
our result.
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Assume that E is a semilattice and that {G,}.cz and {B.}..z are families of groups
indexed by E. Assume also that for f<e in E there exist homomorphisms
¢el: Ge g Gf and oel: Be g Bf such that [{Ge}eeE; {¢ef}/§e] and [{Be}eeE; {eef}fée]
are inverse systems of groups. Let Py, denote the subset of []..z Ext(B., G.)
consisting of all those & ={&}..z for which there exist extensions E,: G, < S, N B,
and homomorphisms p,,: S, — S;, f<e in E, such that the following conditions
hold:

(i) &,=|[E,] for each f€ E,
(i1) [{Seeer; {Hes}s <e] is an inverse system of groups, and
(iii) for f<e the diagram

G, —— S, —¢ > B,

¢efJ lf"ei 102 ’

G,;)S[._T"_»Bf

is commutative. The subset Py, is a subgroup of [.cz Ext (B., G.). The family
& ={6,}eex is called an inverse family of extensions and the families {E;},.; and
{pes}s <e are called representatives of &. If &’ is also in P4y and there exist repre-
sentatives {E;}scg, {ttes}r <e Of € and {Ef}sep, {pes}s <o Of €' such that for some family
of isomorphisms {i,}.cz the diagrams

E,: G, — 8, T B, s Hes s,
l'ﬁe ‘/’el l'/’f
E.:G, —— S, —Tim B, S{,&S}

are commutative, then we say that & and & are congruent. If &, and &} are con-
gruent and &, and &; are congruent then so are &, +¢&, and &, +&35. It is easily seen
that the collection of congruence classes of Py, is a group which we shall denote by
Prod,e {Ext (B,, G.)} = Prod {Ext (B,, G.)}. We may now state our theorem.

Let G denote a compact abelian group, B a compact abelian inverse semigroup
with identity such that the maximal idempotent subsemigroup E(B) of B is totally
disconnected, and let

Ey:G—>T s B

-—
o

denote an idempotent extension of G by B. For each e € E(B), let B, denote the
maximal subgroup of B containing e and, for f<e in E(B), let m,,;: B, — B, denote
the continuous homomorphism defined by m,(x)=xf. For each fe E(B) let H,
denote the kernel of the continuous homomorphism from GET onto o(f)GST
defined by x — o(f)x. Finally, for f<e, let n,,: G/H,— G/ H, denote the continuous
homomorphism defined by 7.,(gH,.)=gH;.
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THEOREM 3.3. The maximal subgroup of Ext (B, G) containing the idempotent
extension is isomorphic to the group Prod [{Ext (B,, G/H,)}; {Mer}r <es {Mer}s <el-

Proof. Let H(E,) denote the maximal subgroup of Ext (B, G) containing E,. We
wish to show that there is a well-defined homomorphism

I': H(E,) — Prod {Ext (B,, G/H.,)}

such that if E: G <> S—> B represents some element of H(E,) then I'(IED
={&}serm Where, for each fe E(B), & is represented by the extension G/H,
~8(f)G = v~ (B)) A B; with 8(f) the idempotent of =~%(B;) and 7,=7|7~%(B)).
First note that if G < S —>> B is any extension of G by B it follows from Lemma
2.2 that, for each fe E(B), ~%(B;) is a maximal subgroup of S and that
8(f)G = =By B B; is an extension of 8(f)G by B;. We show that 8(f)G is
iscomorphic to G/H; whenever [E]e H(E;). By Theorem 1.2 it follows that
[E] e H(E,) iff whenever s € S and ¢ € T such that 7(s)==(¢) then G;=G,. If s€ S
and 7(s)=fthen Gy=Gy;,. Similarly if ¢ € T and =(¢) =f then G;=Gy,. Since the
kernel of the mapping from G<T onto o(f)G<T is H; it follows easily that
[E] e H(E,) iff, for each f, the kernel of the mapping from G S onto 8(f)G< S is
H;. Thus &(f)G~G/H,. For each fe E(B), let E, denote the extension
E;: G/H,=8f)G <> r~Y(B,) =% B, and let &=[E,]. We wish to show that
& ={6;}/ers belongs to Prod {Ext (B,, G/H,)}. First observe that for f<e in E(B)
one has a commutative diagram

8(e)G —— 77Y(B,) —> B,

O jl ll"e/‘ lmef

&f)G ——>17Y(B) — B,

where the maps o,; and p,, denote multiplication by 8(f) in S. Also note that if
8(e)G is identified with G/H, and 3(f)G with G/H, then o,; becomes identified
with 7,,. It is clear that {u,},<. is an inverse system of maps. Thus & is a member
of Prod {Ext (B., G/H,)}. We define I'([E])=¢&. It is routine to check that this
definition of I' is independent of the choice of a representative of [E]. Similarly,
while it is a tedious computation, it is easy to verify that if E; and E, are extensions
of G by B such that [E,] and [E,] are in H(E,) then
L([E.]+[E.]D = T([E.D+ T([E2D.

We now show that I' is surjective. Let & ={6}};ern denote any member of
Prod {Ext (B,, G/H,)}. Let {E;};crw), {#er}s < denote representatives of &. For each
flet G/H; <> S, $> B, denote the extension E,. Since {u,}, <. is an inverse system
of maps there is a unique semigroup structure defined on the disjoint union
S=Userm S; given by ab=p, ., (a)p;,c/(b) for ae S, and b e S;. By Lemma 3.2
there exists a unique compact semigroup topology on S which agrees with the
topologies already given on E(B) and the various S,. By that same lemma
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E: G <> S —>> Bis an extension of G by B with = defined by 7(x)=.(x) for x € S,.
It is clear that for each fe E(B), =~ }(B;)=S; and if 8(f) is the idempotent of
77Y(By), 8(f)G=G/H,. Thus I'([E])=& and I is surjective. To see that I is injec-
tive assume that E,;: G S; —> B and E;: G <> S, 3. B represent members of
H(E,) such that T'([E;])=T([E,]). Then there exists a family of iseomorphisms
{he}ecr(m for which the diagrams

8.(f)G > #7¥(B) —L> B, +;(B,)—> 7 XB)

| M S

8A)G — 7;1(B) —2> B, 5 (B)—> 13B)

are commutative. Due to the fact that the second diagram is commutative it easily
follows that ¢=|_J, ¢, is an algebraic isomorphism from S; onto S,. As in Lemma
3.2 one may apply the theory of characters to show that ¢ is the dual of an iso-
morphism between discrete semigroups and thus conclude that ¢ is continuous.
It follows that E; and E, are congruent and that I' is injective. The theorem follows.

COROLLARY. The maximal group of Ext (B, G) containing E is isomorphic to
Prod {Ext ((G/H,)", Bf)} and thus is determined completely by the extension functor
for discrete abelian groups.

Proof. Observe that Prod {Ext (B,, G/H,)}~Prod {Ext (G/H;)", Bf)}.
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