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REGULAR IDENTITIES IN LATTICES

BY
R. PADMANABHAN(Y)

Abstract. An algebraic system A=<{A4; +, o> is called a quasilattice if the two
binary operations + and o are semilattice operations such that the natural partial
order relation determined by + enjoys the substitution property with respect to o and
vice versa. An identity “f=g” in an algebra is called regular if the set of variables
occurring in the polynomial fis the same as that in g. It is called n-ary if the number
of variables involved in it is at the most n. In this paper we show that the class of all
quasilattices is definable by means of ternary regular lattice identities and that these
identities span the set of all regular lattice identities and that the arity of these
defining equations is the best possible. From these results it is deduced that the class
of all quasilattices is the smallest equational class containing both the class of all
lattices and the class of all semilattices in the lattice of all equational classes of
algebras of type (2, 2)> and that the lattice of all equational classes of quasilattices is
distributive.

An algebra A=<{4, +, o) with two binary operations + and o is called a quasi-
lattice if both + and o are semilattice operations in 4 such that the natural partial
order relation determined by + enjoys the substitution property with respect to o
and vice versa. Thus every lattice is a quasilattice. In this paper we study the
axiomatic significance of the class of all quasilattices. An equation “f=g” in an
algebra is called regular if the set of variables occurring in the polynomial f'is the
same as that in g. It turns out that the class of all quasilattices is equationally
definable and that the defining equations are all regular (Lemma 1) and that these
equations span the set of all regular equations true in all lattices (Theorem 1). The
proof is via a representation theorem for quasilattices as the sum of a direct system
of lattices (Lemma 3). From this result it is deduced that the class of all quasi-
lattices is the smallest equational class containing both lattices and semilattices (in
a prescribed sense) in the lattice of all equational classes of algebras of type <2, 2)
(Theorem 2) and that the set of all binary regular lattice identities (i.e. regular
identities involving at the most two elements) is finitely based. The essential tool
we make use of is the concept of a partition function in algebras, which is due to
J. Plonka.
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1. Notations and definitions. Let (A, *) be a semilattice (i.e. * is an idempotent,
commutative and associative binary operation in A4). Then by R, we mean the
natural partial order relation determined by *, namely,

0)) R, ={(@a,b)|acA,becA,axb = a}.
A binary relation R in A4 is said to be compatible with a binary operation * defined
in A4 if

(a,b)e R=>(axc,bxc)e R and (c*a,cxb)e R forall ce A.

It is to be noted that if R is reflexive and transitive then the above definition of
compatibility is equivalent to the following substitution property:

) (a,b)eR,(c,d)eR=(axc,bxd)e R

An algebra A=<4, +, o) is called a quasilattice if + and o are two semilattice
operations in A such that the natural partial order relation determined by + is
compatible with o and vice versa. In other words, an algebra =<4, +, o) will
be a quasilattice if and only if the following conditions hold in it:

Ql. a+a=a,

Q2. a+b=b+a,

Q3. a+(b+c)=(a+b)+c,

Q4. a+b=a = ac+bc=ac
and their duals Q1’, ..., Q4.

If A=A, +, o) satisfies Ql, Q2, Q3 and their duals and

3) a+ba = (a+b)a

then it is called a Birkhoff system(2).

Let A =<4, F) be a universal algebra. J. Plonka has introduced the notion of a
partition function in U which is a binary function f: 42 — A satisfying the following
conditions (see Lemma 1 of [8]):

Pl. f(x, x)=x,

P2. f(x, f(y, 2))=f(x, f(z, ¥)),

P3. f(x, f(y, 2))=f(f(x, ), 2),

P4, f(fu(X1s -+ s Xn)y W) =Su(X15 « v s Xim1, [ (X5 V) Xi1s -+ o5 Xn)y i=1, ..., 1,

P5. f(x1, f(Xas - - o5 f(Xns fuXns - o5 Xn). o ) =fX1, f (X2, - o5 f(Xn-1, X))

for all x, y, z, x, ..., X, € A and for all f, € F.

(2) We choose to call such algebras Birkhoff systems because in his Problem 7 (of [1])
G. Birkhoff has suggested (3) as a possible generalization of the absorption identities in lattices.
Again, the name ‘““quasilattices” is motivated by the fact that our “distributive quasilattices”
(in which, of course, Q4 and Q4’ are now superfluous) are exactly the same distributive quasi-
lattices as described in [5] and consequently our representation theorem (Lemma 3) auto-
matically covers Theorem 3 of [6]. Quasilattices and regular equations were studied by the
author in [4] and [5] under the names “compatible systems” and ‘‘natural equations”.



1971] REGULAR IDENTITIES IN LATTICES 181

The following connection between P-functions and the notion of the sum of a
direct system of algebras formulated in [7] is of fundamental importance to us:

PLONKA’S THEOREM. Let & be an equational class of algebras and let U € K.
Let g(x, y) be a binary function in U and let * be that equational class of algebras
defined by the equations of & together with g(x, y)=x. Then g(x, y) is a P-function
Jfor N if and only if W is representable as the sum of a direct system of algebras from
the class &*.

For the notion of the sum of a direct system of algebras we refer to [7]. For other
standard concepts such as polynomials in algebras, free algebras, types of algebras,
etc., we refer to [2].

2. LEMMA 1 [4]. Quasilattices are equationally definable.

Proof. Let A=<A, +, o> be a quasilattice. By the definition of the relation
R, , we have (a+b, b) € R, for all a, b€ A. Hence, by the compatibility require-
ment, we get ((a+b)c, be) € R, for all a, b, c € A which yields the identity

Q5. (a+b)c+bec=(a+b)c
and similarly its dual

Q5. (ab+c)b+c)=ab+c
must also hold in 2. Conversely, an algebra A={4, +, o) satisfying Q1, Q2, Q3,
QS5 and their duals is, indeed, a quasilattice. The proof is routine.

Let us call the set of equations {Q1, Q2, Q3, QS5, Q1’, Q2', Q3’, Q5’} by Q. Note
that all the members of Q are regular equations true in all lattices. Our claim is
that this set Q generates the set of all regular equations true in all lattices. In the
following computational lemma we make use of both the equational and implica-
tional form of the compatiblity property that suits the occasion. This will avoid
writing equations of huge length.

LEMMA 2. In a quasilattice W=<{A, +, o) the following identities are true:

)] a+ba = (a+b)a,

4 (a+b)+ab = a+b,

®) a+ab+cb = a+ch,

6) X1+ Xo+ X1y = X+ Xo+ X2,

@) a+a(b+c) = a+ab+ac,

®) x+x(y+yz) = x+x(z+2zy),

(&) x+x(y+yz) = (x+xy)+(x+xy)z,

(10 (1 +x2) + (1 +x2)y = X1+ X1+ X2 = X1+ Xa+X2),

(11) X1+ x1(Xg + Xo(X1 + X2)) = X1+ X1X0.
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Proof.
a+ba = ab+a
= (ab+a)(b+a) by Q5
= ((ab+a)(a+a))(b+a) by Q5
= (ab+a)(a(b+a))

3) = ((a+b)a)(ba+a)
= ((@a+b)a+ba)ba+a) by Q5
= ((a+b)a+ ba)(a+ ba)
= (a+b)a+ba by Q5
= (a+b)a by Q5.

(a+b)+ab = a+b+(b+ab)

@ = (a+b)+(b(a+b)) by (3)
= ((a+b)+b)a+b) by (3)
= a+b.

© a+ab+cb = (cb+a)+ab

= (cb+a)b+a)+ab by Q5.

[July

Now (cb+a, a) € R, and (b+a, b) € R, and consequently ((cb+a)(b+a), ab) € R.,

which yields (5).

X1+ Xa+ X1y = X1+ (X2 +X1))

)
= X3 +(xa+x2y+x1y) by (5)

and since the latter expression is symmetric in x;, and x, we get (6).

a+ab+ac = a+ab+abc by (6)
= a+ab(ab+c) by (3)
D = a+ab(b+c)ab+c) by Q5’
= a+ab(b+c)b+c+c) by (6)
= a+ab(b+c)
= a+a(b+c)+ab(b+c) by (5).
Now

(b+c)+bb+c) = (b+c)+b)(b+c) by (3)
=b+c

and hence (b+c, b(b+c)) e R,.
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So we also have (a(b+c), ab(b+c))e R, and hence we obtain a+ab+ac
=a+a(b+ c) which is (7).
xX+x(y+yz) = x+xp(y+2) by (3)
®) = x+x(y+2)+xy(y+2z) by (5
= (x+y+2)x+xy(y+2).
Now (x+y+z,y+z)e R, and (x+y+z,y)e R, and so (x+y+z, y(y+2)) e R,
which in turn implies that (x(x+y+z), xy(y+z)) € R, and so we have x+x(y+yz)
=(x+y+2z)x. This expression being symmetric in y and z we get (8).
x+xp)+(x+xy)z = x+xy+x(x+y)z by (3)
= x+x(y+(x+y)2) by (D
= (x+y+(x+y)2)x by ()
= (x+y+2z)(x+y)x by (3)

©) = x(x+y)x+(y+2))
= x(x+y(y+2)) by (7%
= x+xy(y+2) by (3)
= x+x(y+yz) by (3).
By (6) we have
(10) Xy +t+xy = x;+t+1y.

Putting t=x,+x, in the above, we get x; +x;+x;y=x; + x5+ (x; +xz)y which
yields one part of (10). The other part follows by (6) once again.

X1+ X1(Xa + Xo(X1 + X2)) = X1+ X:1(X2+ X1+ X5)x; by (3)
11 = X1+ X1(x1 + X2)x2
= X1+ X1X2 by (4')

and this completes the proof of the lemma.

REMARK. It is clear that (8), (9), (10), (11) and the duals of (10) and (11) along
with (3) shows that the binary function f(x, y)=x+ xy defines a partition function
in any quasilattice.

LEMMA 3. An algebra A=<A, +, o) is a quasilattice if and only if it is the sum
of a direct system of lattices.

Proof. If U is representable as the sum of a direct system of lattices {2} then all
regular equations true in all the %, are satisfied in % (Theorem 1 of [7]). By our
Lemma 1, the defining equations Q of quasilattices are all regular and are valid in
all lattices and hence the members of Q are valid in % which proves that % is a
quasilattice.
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Conversely, let A=<{A4, +,°> be a quasilattice. Since the binary function
f(x, yY)=x+xy is a partition function in %, by Plonka’s Theorem, it is the sum of a
direct system of algebras {¥;={4,, +, o)} satisfying the axioms

0*=Q0V{x+xy=x

and hence, by our Lemma 2 (equation (3)), each ¥ is a lattice(®). This completes
the proof of the lemma.

CoROLLARY 1 (J. PLONKA [6]). Every distributive quasilattice (i.e. a quasilattice
in which the distributive laws a(b+c)=ab+ac and a+bc=(a+b)(a+c) hold(®) is
the sum of a direct system of distributive lattices.

THEOREM 1. The identities Q form a base for the set of all regular equations of
lattices.

Proof. Let R denote the set of all regular equations true in all lattices. It is clear
that Q<& and that Q is independent (in the appendix we give a detailed proof of
this). Let p be an arbitrary member of R. Let [p] be the class of all algebras of type
<2, 2 satisfying p. Let U be an arbitrary quasilattice. By Lemma 3, % is the sum of
a direct system of lattices, and hence p, being a regular lattice equation, is satisfied
in A. Thus A € [p]. This shows that the class of models of Q is a subclass of the
class of all models of p. But it is well known that this is the same as “Q = p”. This
completes the proof of the theorem.

3. Applications.

3.1. The following notation will be useful in this section. Let us agree to call an
algebra A=<{4, +, o) a bi-semilattice if it satisfies Q1, Q2, Q3 and their duals. Let
B denote the class of all bi-semilattices, &—the class of all quasilattices, 8—the
class of all lattices, @—the class of all semilattices (thought of, for purposes of this
section as algebras of type <2, 2) thus: a semilattice is a bi-semilattice A =<4, +, o>
which further satisfies the identity a+ b=ab). Let Id (¥X) denote the set of all identi-
ties true in all members of X. Now consider the lattice of equational classes of
algebras of type (2, 2) (see for example [2, p. 172])—call it &. It is clear that in this
lattice, £>8, 9> and that @ A S=9O—the trivial equational class of one-
element algebras(®). Now, let X be an arbitrary member of & containing both &

(®) In fact, it is easy to show that a quasilattice satisfying some nonregular identity is a
lattice ([4], [5]). Again, in presence of any one of the absorption laws, any one (but not both)
of the compatibility properties could be removed to arrive at lattices. Thus our system Q leads
to a plethora of new axiom-systems for lattices.

(%) It has been shown in [4] and [5] that, as in lattices, validity of one distributive law in a
quasilattice is equivalent to the validity of the other.

(®°) Reformulation of the familiar statement that in a lattice A4 if, for some elements a,
be A, at+b=ab then a=b.
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and &. Then it is well known that Id (X)<1Id (2) N Id (&), but the identities of &
being all regular, we have, by Theorem 1, Id (X¥)<1d (2), or equivalently X22.
Thus we have 2 v &=2. In other words, we have proved the following

THEOREM 2. The class of all quasilattices is the smallest equational class of
algebras of type {2, 2> containing both the class of all lattices and the class of all
semilattices (viewed from the above sense).

Let “f=g” be a regular identity which is not strictly consistent (see [2, p. 173])
with the lattice identities. Then it is clear that Q U {f=g} = “a+b=ab”. In view
of this, together with the remark of the footnote 2 and the results of §2, it can be
shown that the lattice of all equational classes of quasilattices is isomorphic to the
direct product of the lattice of all equational classes of lattices and the two-element
chain and hence, by a result of B. Jonsson [3], it is distributive.

3.2. In §2 we noticed that in bi-semilattices the compatibility property (Q4 and
Q4') was characterized by a set of ternary lattice identities, but in lattices themselves
this property is a consequence of binary identities (e.g. the absorption laws). Thus
the question arises whether Q4 and Q4' can be made equivalent to any set of binary
identities. The answer is in the negative because it is easy to give examples of bi-
semilattices A =<4, +, o> such that every subalgebra of % generated by two ele-
ments is a quasilattice but % itself is not a quasilattice. However, it will be illumi-
nating to give an indirect proof of this negative assertion using a property of free
Birkhoff systems which, incidentally, is pressed into service to yield a finite basis
for the set of all binary regular lattice equations.

LeEMMA 4. FBS(2)—the free Birkhoff system on two generators is a quasilattice.

Proof. Let a and b be the two generators. Using Q1, Q2, Q3, their duals and (3)
it is easy to show (actual computation is made in the proof of Theorem 3 below)
that FBS(2) contains just six elements, namely {a, b, c=a+b, d=ab, e=a+ab,
f=b+ab} and the operations are defined by the “meet” of the following semilattice
diagrams:

c d

e 12
4 te 599

Now to show that this algebra is a quasilattice one need only verify the validity of
say, the identity Q5 in FBS(2) which is quite routine. But we will avoid this verifica-
tion by showing that FBS(2) is the sum of a direct system of lattices and then
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appeal to our Lemma 3 to show that this is indeed a quasilattice. Let I={1, 2, 3}
be an index set with 1<3,2<3, 1£2, 2% 1. Let 4, and 4, be two copies of the
one-element lattice, say {a} and {b} respectively and let 4; be the lattice

d

and let ¢;3: A; — A3 be defined as ap,3=e and let g,3: A, — A; be defined as
bpys=f. It is clear that {4;},c; is a direct system of lattices. If A=<{A4, +, o> is the
quasilattice which represents the sum of the system {4} then 4={a, b, ¢, d, e, f}
where, for example, a+b=ap,3+bps=e+f=c, ab=ef=d, etc. In fact, %A is
isomorphic to FBS(2) and this completes the proof of the lemma.

COROLLARY 2. In bi-semilattices, the compatibility property Q4 and Q4’' cannot
be made equivalent to any set T of binary lattice identities.

Proof. If possible, let = be a set of binary lattice identities such that a bi-
semilattice A will be a quasilattice if and only if all the members of X hold in 2.
Let A={4, +, o) be an arbitrary Birkhoff system and let S be an arbitrary sub-
algebra of % generated by two elements. Now S itself is a Birkhoff system and it is
generated by two elements and hence it is a homomorphic image of FBS(2). But by
the previous lemma, FBS(2) is a quasilattice and since being a quasilattice is
equational (Lemma 1), S is a quasilattice. Thus, by our assumption, every member
of X holds in S. S being an arbitrary subalgebra of 2 generated by two elements
and X being a collection of binary identities, we see that every member of = holds
in 2% which shows that % is a quasilattice. In other words, we have proved that
every Birkhoff system is a quasilattice. This is the desired contradiction since there
are examples of Birkhoff systems which are not quasilattices. One such example
would be A={{a, b, c}; +, o) where the operations are defined by the following
tables.

+
alblc alb]ec
b ala
b(b a b
cle|b|ec cla c
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Here a - b=a and hence (@, b) e R, but (a+c, b+c)=(c, b) ¢ R, since ¢ - b#c.
It is easy to verify that 2 is a Birkhoff system (also it satisfies the other compatibility
condition). This completes the proof of the corollary.

Now, if one takes a close look at the computation of the elements of FBS(2) then
it will become clear that one does not actually require the full power of the associa-
tivity but only needs the following mild forms (it is easy to give examples of algebras
satisfying these but not the associative laws):

(12) a+(a+b) =a+b, (12 a(ab) = ab,
(13) (a+b)+ab = a+b, (13) (ab)(a+b) = ab,
(14) ala+b)+bla+b) = a+b, (14') (a+ab)(b+ab) = ab,
(15) a+(b+ab) = a+b, (15 a(b(a+b)) = ab.

Thus one could conclude that the free Z-algebra generated by two elements—where
X is the set of (thirteen) binary regular lattice identities {Q1, Q2, (3), (12), (13), (14),
(15) and their duals}, is isomorphic to FBS(2) and hence is a quasilattice. Let p be
any binary regular lattice identity. Let % be any X-algebra and let S be a subalgebra
of A generated by two elements. By the above observation it is a quasilattice and
hence, by a special case of Theorem 1, p is valid in % which shows that every model
of T is a model of p. In other words, we have completed.the proof of the following

THEOREM 3. The set of all binary regular identities true in all lattices is finitely
based.

In conclusion, I wish to express my appreciation and thanks to Professor G.
Gritzer for having useful conversation with him which helped me to shape the
formulations while writing this paper.

Appendix. Here we will prove the independence of the identities
0 : {Ql, Q2, Q3, Q5, QI', Q2', Q3’, Q5'}. In view of the duality it is sufficient if
we prove that unprimed identities are independent:

Ql. a+a=ais independent from the rest.

Let A=<A4, +, o, 0> be such that o is a semilattice operation in 4, a - 0=0
Vaec A and let a+b=0Va, be A.

Q2. a+b=b+ais independent from the rest.

Let A=<4, +, o) be such that |4]>1 and let a+b=a Va,be A and o be any
semilattice operation.

Q3. Let R denote the set of real numbers and let 4 be the set of all subsets of R.
Consider the algebra A =<4, +, o) where

b+a = a+b = [a, b], the closed interval containing a and b
if @ and b are one-point subsets of R,

=aUb otherwise,
and
aocb=anb foralla beA.
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It is clear that if p<g<r then p+(q+r)#(p+q)+r. It is easy to check the
validity of other identities of Q. In fact, in this algebra every binary lattice identity
is true and the verification of Q5 and Q5’ is immediately obtained once we notice
that Q5 (Q5’) is a consequence of Q4 (Q4') and binary lattice identities. (This
example, as well as the previous ones, can be so chosen that |4] is finite.)

Q5. See the example given under Corollary 2.

Added in proof (December 31, 1970). (1) The remark following Theorem 2,
namely the description of the lattice of all equational subclasses of quasilattices has
been generalized by H. Lakser, C. R. Platt and the author to arbitrary equational
classes of algebras with mild restrictions (see Abstract #70T-A205, Notices Amer.
Math. Soc. 17 (1970), p. 945). (2) The claim made with respect to Example 3 in -
the Appendix above is incorrect. It does not satisfy Q5’. Hence the questicn whether
Q is independent is not settled here. (3) Due to a recent result of the author, any
finitely based equational theory of idempotent algebras of type <{(m, n> with
m, nz2 is two-based. Hence Q can be made equivalent to a set of two-identities
and it is clear that Q is not one-based.
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