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MAXIMAL AND MINIMAL TOPOLOGIESO

BY

DOUGLAS E. CAMERON

Abstract. A topological space (X, T) with property R is maximal R (minimal R)

if T is a maximal (minimal) element in the set R(X) of all topologies on the set X

having property R with the partial ordering of set inclusions. The properties of

maximal topologies for compactness, countable compactness, sequential compactness,

Bolzano-Weierstrass compactness, and Lindelöf are investigated and the relations

between these spaces are investigated. The question of whether any space having one

of these properties has a strictly stronger maximal topology is investigated. Some

interesting product theorems are discussed. The properties of minimal topologies

and their relationships are discussed for the quasi-i7, Hausdorff quasi-P, and P

topologies.

I. Background and introduction. For a given topological property R and a set

X, we let R(A') denote the set of all topologies on X which have property R and

observe that R(A) is partially ordered by set inclusion. A topological space (X, T)

is maximal R (R-maximal) provided that F is a maximal element in R(A'). A

topological space (A, T) is minimal R (R-minimal) if F is a minimal element in

R(A"). A topology T' on the set A'is finer than a topology 7" if F 3 T; the topology

F is said to be coarser than the topology T'.

The concept of minimal topologies was first introduced in 1939 by A. S. Parho-

menko [19] when he showed that compact Hausdorff spaces are minimal HausdorfT.

Four years later E. Hewitt [12] proved that compact Hausdorff spaces are maximal

compact as well as being minimal Hausdorff. In 1947 R. Vaidyanathaswamy [33]

asked if there existed noncompact minimal Hausdorff spaces or non-Hausdorff

maximal compact spaces. The same year A. Ramanathan [22], [23] showed that

such minimal Hausdorff spaces existed and characterized all minimal Hausdorff

spaces. In 1948 Hing Tong [30] constructed an example of a maximal compact

space which was not Hausdorff and thus answered the other part of Vaidyanathas-

wamy's question.

In 1948 A. Ramanathan [24] proved that a topological space is maximal compact
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if and only if its compact subsets are precisely the closed sets. Not much work was

done concerning maximal properties until 1963 when N. Smythe and C. A. Wilkins

[26] constructed an example of a maximal compact space without isolated points

which is strictly weaker than a minimal Hausdorff topology. In 1965 N. Levine

[18] proved that products of maximal compact spaces are not necessarily maximal

compact when he showed that (Xx X,TxT) is maximal compact if and only if

(X, T) is Hausdorff. He also showed that the one point compactification of the

rationals with the usual topology is maximal compact but is not Hausdorff.

In his book Topological structures, W. J. Thron proved that a first countable

Hausdorff countably compact space is maximal countably compact and minimal

first countable Hausdorff. A strengthening of this result was obtained by C. E. Aull

[2] when he showed that a countably compact Fj space is maximal countably

compact and minimal F, (a topological space is F, if each point is the countable

intersection of closed neighborhoods). J. R. Porter [20] has recently shown that

minimal Ex spaces are precisely the minimal Hausdorff first countable spaces dis-

cussed by R. M. Stephenson, Jr. [27]. In 1968 J. Pelham Thomas [28] published

a paper discussing maximal connected topologies.

The study of minimal properties has been much more intense than the study of

maximal properties. The author suggests that for a background on the development

and results of minimal property research, the reader refer to A survey of minimal

topological structures by M. P. Berri, J. R. Porter, and R. M. Stephenson, Jr. [6].

One of the questions investigated in the study of minimal properties is when

does a space have a coarser topology which is minimal R? If a space has this

property, it is said to be Katetov R. For example, it has been shown that the

rational numbers with the usual topology is not Katetov Hausdorff [7]. The

corresponding question to be asked for maximal properties is when does a topo-

logical space have a finer topology which is maximal R? If a topological space has

this property we shall say that the space is strongly R. Among the results obtained

in relation to this question, we shall show that not all Lindelöf spaces are strongly

Lindelöf and that not all Bolzano-Weierstrass compact spaces are strongly Bolzano-

Weierstrass compact.

The notation and definitions used shall be standard with the convention accepted

that no separation axioms will be attached to any other property unless specifically

stated. Wherever a nonstandard definition or notation is to be used, it shall be

introduced in the text. The most frequently used notations are the following: the

closure of a set A with respect to the topology F is clr A ; the interior of a set A with

respect to the topology T is intT A ; the relative topology of the set A with respect

to the topology Fis T\A; the complement of A in A" is X— A; and the open neigh-

borhood system of x with respect to the topology F is VT(x). If (X, T) is a topo-

logical space and A $ T, then T(A)={UX u (U2 n A) : £/,, U2 e T} is the topology

on X generated by the subbase {A} u F; T(A) is called the simple extension of T

by A.
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II. General results. J. E. Joseph [14] proved that in a compact space (X, T)

every compact subset is closed if and only if every continuous bijection from a

compact space ( Y, V) to (X, T) is a homeomorphism. We shall generalize this to

obtain the following theorem.

Theorem 2.1. A topological space is maximal R // and only if every continuous

bijection from a space (Y, V) with property R to (X, T) is a homeomorphism.

Proof. If (A, T) is maximal and f: (Y, V) -> (X, T) is a continuous bijection,

then for T' = {f(G) : G e V}, f: ( Y, V) -> (X, T') is a homeomorphism, and

(A", T) has property R. Since F'^Fand (A", T) is maximal R, T' = T

If (A", T) is not maximal R, then there is T'=> F such that (X, T') has property R.

The identity map I: (A", T') -» (X, T) is a continuous bijection which is not a

homeomorphism.

A topological property R is contractive if (X, T) has property R and if T'ZT,

then (A, T') has property R. A property R is closed hereditary if all closed subsets

of a space with property R also have property R.

A topological property R has condition

(a) if (X, T) has property R and A^X has property R, then (X, T(X-A)) has

property R;

(j8) if a single point space has property R.

The covering axioms of compactness, countable compactness and Lindelöf as

well as Bolzano-Weierstrass compactness, sequential compactness and connected-

ness are all contractive, closed hereditary and satisfy conditions (a) and (ß).

Theorem 2.2. A topological property R is contractive if and only if it is preserved

under continuous bijections.

Theorem 2.3. If R is a contractive topological property, then (X, T) is maximal

R if and only if for A$T, (X, T(A)) does not have property R.

Theorem 2.4. Let property R be contractive, closed hereditary and have property

(a). A topological space (X, F) is maximal R if and only if the subsets with property

R are precisely the closed sets.

Proof. Since the space is closed hereditary, all closed sets have property R.

If A<~ X has property R but is not closed, then TiX— A) => F has property R and so

(A", F) is not maximal. If (X, T) is not maximal then there is T'=>T such that

(A, T') has property R and there is A <£ T such that T<=T(A)^T' and T(A) has

property R; therefore X— A has property R and is not closed in (A", T).

Corollary 2.1. If property R is contractive, closed hereditary and satisfies (a)

and (ß), then the maximal R spaces are Ty.

Theorem 2.5. If property R is contractive, closed hereditary and satisfies con-

dition (a), then in maximal spaces the R subsets are maximal R in their relative

topologies.
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Proof. If (X, T) is maximal R, As X, and (X, TjA) has property R, then A is

closed in (X, T). If B^A and B has property R, then B is closed in Fand thus B

is closed in T\A.

N. Levine [18] proved the following three theorems for compactness.

Theorem 2.6. Let property R be contractive, closed hereditary and satisfy

conditions (a) and (ß). If (T~[B XB, \~~[B Tß) is maximal R, then (Xe, T¡¡) is maximal

for each ß e B.

Proof. Since the continuous image of a space with property R also has property

R, (XB, TB) has property R for each ß e B. Let A be an R subset of (X„, Ta) for some

ae B. Choose xe e Xß for j8==o¡, and let AB={xB} for ß^a and Aa = A. Then \~lB AB

is an R subset of (T\B XB, \~JB TB) and so it is closed. Then since c\UbTi¡ (V\ A„)

= n (clr„ A) = Ub Ag, A is closed in (Xa, Ta).

Theorem 2.7. Let property R be contractive, closed hereditary and satisfy

condition (a). If (X, T) is R, then (Xx X, TxT) is maximal R only if (X, T) is

Hausdorff.

Proof. If (XxX, TxT) is maximal R, {(x, x) : xe A"} is closed since it is

homeomorphic to (X, T) and so (X, T) is Hausdorff.

The case of general products is not completely resolved and shall be discussed in

other sections.

Theorem 2.8. Let property R be contractive, closed hereditary and satisfy

condition (a). If (X, T) is maximal R, X= \J {AB : ß e B}, and (AB, T\AB) has

property Rfor each ß e B, then Ae is T closed and (AB, T\AB) is maximal Rfor each

ßeB.

The converse of the preceding theorem does not hold in general since if a property

R satisfies condition (ß), then every space is the union of its maximal R subspaces.

However, the following result is a special case of the theorem in which the converse

is valid.

Corollary 2.2. Let R be contractive, closed hereditary and satisfy condition

(a), and satisfy the condition that a space which is the finite union of subspaces with

property R also has property R. If B is a finite set, X= (J {AB : ß e B), and(AB, T\AB)

has property Rfor each ßeB, then (X, T) is maximal R if and only if AB is T closed

and (AB, T\AB) is maximal Rfor each ßeB.

Let A"be a set and Fand F' two topologies on X. Then Fv V is the topology on

A" which has as a subbase the topologies Fand F'; the topology Fv T' is the least

upper bound topology with respect to T and T'.

If R is a contractive property and (X, T) is strongly R, then (X, T) has property R.

Theorem 2.9. Let property R be contractive, closed hereditary and satisfy

conditions (a) and(ß). A space (X, T) with property R is strongly R only if(X, Fv F)

is strongly R where F is the topology of finite complements.
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Proof. Corollary 2.1 states that maximal R spaces are Ty and so if (X, T') is

maximal R, FsF', then F'^Fand therefore T'z2TvF.

Theorem 2.10. Let property R be contractive, closed hereditary and satisfy

condition (a). Strongly R is closed hereditary.

Theorem 2.11. Let property R be contractive, closed hereditary and satisfy

condition (a). If the product of Ty spaces is strongly R, then each coordinate space

is strongly R.

The condition that the spaces be Ty is important not only in the method of proof,

but also since ÍJL Ta) V F==Ua (Ta V F).

Theorem 2.12. Let property R be contractive, closed hereditary and satisfy

condition (a). If some infinite product ofTy spaces of more than one point is strongly

R, then the Cantor set is strongly R.

Proof. Such a product contains a closed subspace homeomorphic to a countably

infinite product of discrete spaces with two points and hence to the Cantor set.

An application of Theorem 2.10 completes the proof.

III. Maximal compactness.

Example 3.1. Let X be an infinite set, x0 e X. {x} is open for all x^x0 and

x0 e G is open if X— G is finite. This is maximal compact and is a modification of

an example in Gillman and Jerison [11] (see Example 7.2).

The following was proved by E. Hewitt [12].

Theorem 3.1. A compact Hausdorff space is maximal compact and minimal

Hausdorff.

We observe that all locally compact Hausdorff spaces and all completely regular

Hausdorff spaces are embeddable in maximal compact Hausdorff spaces—their

one point and Stone-Cech compactifications respectively.

Corollary 2.1 states that all maximal compact spaces are Ty. The example by

Hing Tong [30] shows that all maximal compact spaces are not Hausdorff; also

the one point compactification of the rationals with the usual topology is maximal

compact but not Hausdorff since the rationals are not locally compact [18].

Hausdorff quotients of compact spaces are maximal compact, but the following

example shows that Ty quotients of maximal compact spaces are not necessarily

maximal compact.

Example 3.2. Let (Y¡, F¡) be the one point compactification of N with the

discrete topology and yt the added point for i=l, 2. Let (A", T) be the free union

of iYy, Ty) and (Y2, T2). Then (A", F) is maximal compact. Let X* = {yy, y2} U TV

and F* the topology on X* having as a base of open sets {«} for ne N, {yy} u (N—A)

and {y2} u (N—B) where A and B are arbitrary finite subsets of N. This space is

Ty and is not maximal compact since {yy} u N is compact but is not closed.
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IV. Maximal countable compactness. Example 3.2 is a maximal countably

compact space as well as being maximal compact.

We have characterized the maximal countably compact spaces as those countably

compact spaces in which the countably compact subsets are precisely the closed

sets; the following theorem characterizes these spaces in terms of sequences.

Theorem 4.1. A countably compact space (X, T) is maximal countably compact

if and only if for every G $T, there is a sequence S^ X— G with no adherent points

in X-G.

Proof. A space is not countably compact if and only if it contains a sequence with

no adherent points.

Theorem 4.2. For countable spaces, maximal countable compactness is equivalent

to maximal compactness.

A topological space is an F0 space if every point is a G6. A topological space is

an Ei space if every point is the intersection of a countable number of closed

neighborhoods.

It is easily seen that Ex spaces are Hausdorff and that first countable Hausdorff

spaces are F,. C. E. Aull [2] has given an example to show that E0 spaces do not

have to be Hausdorff.

The following was proved by C. E. Aull [2].

Theorem 4.3. Every countably compact Ex space is maximal countably compact

and minimal F,.

An alternate way of stating this theorem is that every Hausdorff first countable

countably compact space is maximal countably compact and minimal Hausdorff

first countable since J. R. Porter [20] has shown that minimal Ex spaces are precisely

the same as the minimal Hausdorff first countable spaces discussed by R. M.

Stephenson, Jr. [27].

Corollary 4.1. In an F, space, all the countably compact subsets are closed.

Example 4.1. The ordinals less than the first uncountable ordinal with the usual

topology is countably compact and Ex and is therefore maximal countably compact

and minimal Ex and is not compact.

Example 4.2. The ordinals less than or equal to the first uncountable ordinal

with the usual topology is a Hausdorff compact space and is therefore maximal

compact. It is a countably compact space but is not maximal countably compact

since the space of Example 4.1 is a countably compact subspace which is not

closed. The simple extension of this topology by {Q}, Q. being the first uncountable

ordinal, is maximal countably compact and is not compact.

Examples 4.1 and 4.2 show that the maximal countably compact and the maximal

compact spaces are not the same; however a maximal countably compact space

which is compact is maximal compact.
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Example 4.3. If (A", F) is a Hausdorff completely regular space, then the Stone-

Cech compactification ßX is maximal compact but is not necessarily maximal

countably compact; for example, ßN where N is the natural numbers with the

usual topology. The author does not know conditions under which ßX is maximal

countably compact.

Example 4.4. This is an example of a maximal countably compact space which

is not Hausdorff and has no isolated points. The example was originally constructed

by N. Smythe and C. A. Wilkins [26] as an example of a maximal compact space

which is strictly weaker than a minimal Hausdorff space.

Let X={A, B} u R where R is the real numbers. The topology F on A" is deter-

mined as follows: xe R has the usual neighborhood base; the neighborhood base

for A consists of all sets of the form

Un = {A} u {(2r- 1, 2r) : \r\ ä «, r an integer}

for some positive integer « ; the neighborhood base for B consists of all sets of the

form

V(n,ir) = {B} u {(2/"-i/r, 2r+ 1 +dr) : \r\ ^ «, r is an integer}

for some positive integer « and dr > 0, dr varies with each r and with each «.

Example 4.5. Let X={A, B}kj R with the neighborhood bases for A and the

points in R the same as in Example 4.4. The neighborhood base for the point B

consists of all sets of the form

Vn = {B} u {(2r, 2r+ 1) : |r| ^ «, r an integer}

for some positive integer «.

N. Smythe and C. A. Wilkins [26] proved that this space is minimal Hausdorff

and since it is also first countable, it is minimal first countable Hausdorff or

minimal Ey. Thus this space is a minimal Fx space which is strictly stronger than

the maximal countably compact space of Example 4.4.

We may observe that the space of Example 4.4, while not Ey, is E0 and first

countable.

Example 4.6. The uncountable space of Example 3.1 is maximal countably

compact but not first countable nor F0.

Theorem 4.4. The countable product of countably compact Ey spaces is maximal

countably compact.

Proof. J. R. Porter [20] has shown that countably compact Ey spaces are first

countable and so are sequentially compact. Since the countable product of Ey

spaces is Ey and the countable product of sequentially compact spaces is sequentially

compact, the theorem follows.

The preceding result does not extend to arbitrary products since ßN is embeddable

as a closed subset of products of [0, 1] with the usual topology and ßN is not

maximal countably compact.
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We observed in §3 that the one point compactification of a locally compact

Hausdorff space is maximal compact; however, it is not necessarily maximal

countably compact (Example 4.2).

Let (A", F) be a noncountably compact space; X* = Xv{x0}, x0$X; T*

= F u {Gg X* : x0e G and X— G is a closed countably compact subset in (A", F)}.

(A"*, T*) is the one point countable compactification of(X, T). We want to answer

the question : When is the one point countable compactification of a noncountably

compact space maximal countably compact? We shall obtain at least a partial

answer to this question by considering local countable compactness.

There are three possible definitions for local countable compactness in keeping

with the literature:

(i) Every point has a countably compact neighborhood.

(ii) Every point has a neighborhood whose closure is countably compact.

(iii) Every neighborhood of a point contains a neighborhood whose closure is

countably compact.

A space satisfying (iii) also satisfies (ii); a space satisfying (ii) also satisfies (i);

and an Ex space satisfying (i) also satisfies (iii).

Theorem 4.5. The one point countable compactification of a locally countably

compact Ex space is maximal countably compact but is not necessarily E0.

Proof. First we observe that the local countable compactness means that

(X*, T*) is Hausdorff. If A is a countably compact subset of A"* and x0 £ A, then

A is countably compact as a subset of X and is therefore closed and thus closed in

A"*. If x0 e A, let x £ A and {Un : n e N} be open sets such that (~) {c\T Un : ne N}

= {x}. Then there exists £/¿£í/n such that clr Un is countably compact for each

n e N. Thus {A"* — clr Un : n e N} isa F* open cover of A and has a finite subco ver;

so, there is an open set U containing x such that U n A = 0. Therefore A is closed

and so (A"*, F*) is maximal countably compact. Example 3.1 with A" uncountable

is the one point countable compactification of X— {x0} and it is not F0.

The preceding theorem gives a sufficient but not necessary condition for the one

point countable compactification to be maximal countably compact, since the one

point countable compactification of the rationals with the usual topology is

maximal countably compact but is not Hausdorff since the rationals are not locally

countably compact. This is easily verified in the same manner as N. Levine [18]

showed that the one point compactification of the rationals is maximal compact

since in countable spaces compact and countably compact are equivalent.

Finally in our discussion of maximal countably compact spaces we state the

following theorem proved by C. E. Aull [4] concerning limits of convergent

sequences.

Theorem 4.6. In a maximal countably compact space every convergent sequence

has a unique limit.
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V. Maximal Bolzano-Weierstrass compactness. We showed in Theorem 2.4

that a Bolzano-Weierstrass compact space is maximal Bolzano-Weierstrass

compact if and only if the Bolzano-Weierstrass compact sets are precisely the

closed sets and in Corollary 2.1 that these spaces are Ty. Therefore the characteriza-

tion of maximal Bolzano-Weierstrass compact spaces is completed with the follow-

ing theorem, since in a Ty space, Bolzano-Weierstrass compactness is equivalent

to countable compactness.

Theorem 5.1. ^4 space is maximal Bolzano- Weierstrass compact if and only if it is

maximal countably compact.

Corollary 5.1. A space is strongly Bolzano-Weierstrass compact if and only

if it is strongly countably compact.

Corollary 5.2. A strongly Bolzano-Weierstrass space is countably compact.

All Bolzano-Weierstrass compact spaces are not strongly Bolzano-Weierstrass

compact since there are Bolzano-Weierstrass compact spaces which are not count-

ably compact.

VI. Maximal sequential compactness. We proved in Theorem 2.4 that a

sequentially compact space is maximal if and only if the sequentially compact

subsets are precisely the closed sets. C. E. Aull [3] was the first to prove this fact,

and in [4] he showed that, in a space in which the sequentially compact sets are

closed, convergent sequences have unique limits; and in a sequentially compact

space in which convergent sequences have unique limits and the sequentially

compact sets are closed, the countably compact sets are closed. Therefore we obtain

the following results.

Theorem 6.1. In a maximal sequentially compact space convergent sequences

have unique limits.

We observe that the condition of Theorem 6.1 is not a sufficient condition for

maximal sequential compactness since the ordinals less than or equal to the first

uncountable ordinal are sequentially compact but are not maximal sequentially

compact.

Theorem 6.2. A sequentially compact space is maximal sequentially compact if

and only if it is maximal countably compact.

The author does not know whether there are maximal countably compact spaces

which are not sequentially compact.

Theorem 6.3. In an Ey space maximal countable compactness is equivalent to

maximal sequential compactness.

Corollary 6.1. An Ey space is strongly countably compact if it is strongly

sequentially  compact.
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In his dissertation in 1906, M. Fréchet [9] defined the limit of a sequence in an

abstract space and also defined an iC-space:

An abstract set of elements is an if-space if to certain sequences (pn) of elements

of the set there corresponds an element/7 = limn_00 pn called the limit of the sequence

such that the following three conditions are satisfied:

(i) limits are unique ;

(ii) if limn_mpn=p and kx<k2<- •-, then \imn^xpkn=p;

(iii) if for every n, pn=P, then limn_œ pn=p.

In 1923 P. Alexandrov and P. Urysohn [1] defined .S?*-spaces as ^-spaces which

satisfy the additional condition:

(iv) if (pn) does not converge top, it contains a subsequence (pk) none of whose

subsequences converge to p.

The closure A-- of a set A" in an -£?*-space is defined as follows: p e X~ if and

only ifp is the limit of a sequence of elements of X. It is easily seen that the resulting

closure operator satisfies the following conditions:

(i') (XV Y)- = X- u Y-;

(ii') Jcj-;

(iii') <f>~ =<p; and

(iV) {/>}-={/>}•
This operator would be a Kuratowski closure operator if in addition to (i')-(iii')

it satisfied the additional condition:

(v') A---ÇA--.

Thus if an ¿f*-space satisfies (v') it is a T± topological space.

C. Kuratowski [15] defines a countably compact .S?*-space to be an .S?*-space

in which every infinite sequence of points (pn) contains a convergent subsequence.

It has been shown that in an ^*-topological space this definition agrees with the

usual definition of sequential compactness. It is easily shown that in a countably

compact «S?*-topological space, every closed set is countably (or sequentially)

compact and every countably (or sequentially) compact set is maximal sequentially

compact. We shall now consider the converse of the above statement; that is: Is

every maximal sequentially compact space an Jz?*-space ? We shall see by Example

6.1 that the answer to this question is in the negative.

P. Urysohn [31] showed in 1926 that in order for a F, topological space to be an

.¿""-space it was necessary and sufficient that the following two conditions be

satisfied :

(i*) every convergent sequence has a unique limit;

(ii*) if x e clT A then there is a sequence (x„) of points in A such that lim,,-..*, xn

= x.

We have already shown that in a maximal sequentially compact space every

convergent sequence has a unique limit point. The following example shows that

the second condition of Urysohn does not necessarily hold and therefore every

maximal sequentially compact space is not an ■¿""-space.
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Example 6.1. An E0 maximal sequentially compact space which is not Ey and is

not an J??*-space.

Let X={a, b) u {(«, 0) : « e N] u {(«, ni) : n, me N). The topology F on X is

generated by the following neighborhood bases:

{/((«, m)) = {(n, m)}, «, me N;

Ur((n, 0)) ={(«, 0)} u {(«, m):m^r},reN;

U,ia)={a} u {(«, m) : n^r,me N}, reN;

Ur(b) = {b} u {(«, m) : «2:r, mtan} u {(«, 0) : nâz} where an varies with each r

and for each « in the particular neighborhood, reN.

It is easily verified that the space is maximal sequentially compact and is not an

J5?*-space since cl (jVx N) = X and no sequence in Nx N converges to b.

C. E. Aull [4] showed that maximal sequentially compact spaces are such that

every sequentially closed set is closed. A set is sequentially closed if it contains the

sequential limits of all convergent sequences. Thus even if convergent sequences

have unique limits and the sequentially closed sets are closed (C. E. Aull's condition

S5), a space is not necessarily an =Sf *-space.

VII. Maximal Lindelöf.

Example 7.1. Countable discrete spaces are maximal Lindelöf.

Example 7.2. This is an example in [11]. Let X be an uncountable set and

choose a point x0 e X. The topology F on A" is generated by having all sets {x}

open for x ^ x0, andifx0 e G then Gis open if A"—G is countable. (X, T)is maximal

Lindelöf.

We have as a consequence of Theorem 2.4 that a Lindelöf space is maximal

Lindelöf if and only if the Lindelöf subsets are precisely the closed sets and

Corollary 2.1 states that maximal Lindelöf spaces are Ty.

A topological space (A", F) is a quasi-P-space if the space is Fx and every G6

is open. A topological space (A", T) is a P-space if it is quasi-P and completely

regular.

The following results follow immediately from the definitions, and L. Gillman

and M. Jerison [11] stated these results for P-spaces.

Theorem 7.1. In a quasi-P-space every countable subset is closed and discrete in

its relative topology.

Theorem 7.2. In a quasi-P-space every subspace is quasi-P.

Theorem 7.3. Every countable quasi-P-space is discrete.

The following result was proved by J. C. Smith, Jr.

Theorem 7.4. Every maximal Lindelöf space is a quasi-P-space.

Proof. The theorem follows from the fact that the countable union of Lindelöf

subspaces is Lindelöf.
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The converse of the preceding theorem is false since an uncountable discrete

space is a P-space but is not Lindelöf.

Theorem 7.5. Every Hausdorff maximal Lindelöf space is a normal P-space.

Proof. Let A be open and xe A. Then X— A is Lindelöf, and for y e X—A there

exist open neighborhoods Uy(x) and Ux(y) of x and y respectively such that

Uy(x) n Ux(y)= 0. Then {Ux(y) : y e X—A) is an open cover of X—A and there

exist y{, i e N, such that {Ux(yx) : ie N} is an open subcover. U= f] {UVi(x) : ie N}

is open and clr i/o (X— A)= 0. Therefore the space is regular and since it is

Lindelöf and regular it is normal and thus completely regular.

Corollary 7.1. In a Hausdorff quasi-P-space, Lindelöf subsets are closed.

The following example of a maximal Lindelöf space is a modification of Hing

Tong's example [30], and shows that not all maximal Lindelöf spaces are Hausdorff,

and therefore not all maximal Lindelöf spaces are F-spaces.

Example 7.3. Let X be the Cartesian plane together with two distinct points a

and b. The topology Fon Ais defined by the following basic neighborhood systems:

(1) {(r, s)} is open for each point (r, s) in the plane;

(2) for the neighborhood systems of a and b, select two disjoint sets A and B

such that A u B = R and cardinality A = cardinality B = cardinality R where R is the

set of real numbers ; a neighborhood of a is of the form

{a} U {(r, s): re A and se R-Ar}

where Ar is an arbitrarily chosen countable subset of R and differs with each re A

and each neighborhood of a;

(3) a neighborhood of b is of the form

{b} U {(r, s): reR-(C<J D)} u {(r, s) : r e C and s e R-Cr}

where C and D are arbitrarily chosen countable subsets of B and A respectively;

Cr is an arbitrarily chosen countable subset of R which differs with each r e C;

and C, Cr and D differ with each neighborhood of b.

Theorem 7.6. Every Lindelöf Hausdorff quasi-P-space is maximal Lindelöf and

minimal Hausdorff quasi-P.

Proof. By Corollary 7.1, the Lindelöf subsets are closed and so the space is

maximal Lindelöf. If any weaker space is Hausdorff quasi-P it is also Lindelöf and

therefore it would be maximal Lindelöf which is a contradiction.

Corollary 7.2. Every Lindelöf P-space is maximal Lindelöf and minimal P.

Theorem 7.6 raises the question of whether or not we can say that a space weaker

than a maximal Lindelöf Hausdorff space is not Hausdorff or not quasi-P; that is:

Is a Lindelöf P-space minimal Hausdorff or minimal quasi-P ? The following

examples show that the answer to both of these questions is in the negative.
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Example 7.4. Let (A", F) be the space of Example 7.2. Let S be an infinite

subset of X and x0 $ S. Then S is open and closed but is not minimal Hausdorff

and therefore the space is not minimal Hausdorff since M. P. Berri [5] showed that

if a subspace of a minimal Hausdorff space is both open and closed then it is

minimal Hausdorff.

Example 7.5. Let (A", T) be the space of Example 7.2. Let Xi#x0 and weaken

the topology T by requiring that all neighborhoods of x, have countable comple-

ments. This space is weaker than (X, T) and is quasi-F.

We shall investigate minimal Hausdorff quasi-F, minimal quasi-F, and minimal

F-spaces in more detail in §§8, 9, and 10.

We know by Theorem 2.5 that Lindelöf subsets of maximal Lindelöf spaces are

maximal Lindelöf in their relative topologies. However, a maximal Lindelöf

subspace of a Lindelöf space does not have to be closed. In Example 7.5 the subset

X—{xx] is maximal Lindelöf but is not closed in (A", T).

Hausdorff quasi-F quotients of Lindelöf spaces are maximal Lindelöf. However,

the identity map defined on the Lindelöf space of Example 7.5 yields a quotient

space which is quasi-F but not maximal Lindelöf.

We showed in Theorem 7.4 that every maximal Lindelöf space is a quasi-F-space;

therefore not all Lindelöf spaces are strongly Lindelöf. For example, the reals with

the usual topology cannot have a strictly stronger maximal Lindelöf topology

since every point is a G6 and the reals are uncountable. This fact is also observed

as a result of the following theorem.

Theorem 7.7. If(X, T) is a Lindelöf space which has a cover ofG6 sets which has

no countable subcover, then (X, T) is not strongly Lindelöf.

Corollary 7.3. 7/(A", F) is a Lindelöf E0 space, then (X, T) is strongly Lindelöf

if and only if X is countable.

It is well known that products of Lindelöf spaces are not necessarily Lindelöf;

the best known example is the real numbers with the half open interval topology

and we note that this space—being stronger than the real numbers with the usual

topology—does not have a strictly stronger maximal Lindelöf topology. By Corol-

lary 7.3, the Cantor set is not strongly Lindelöf; so, by Theorem 2.12, the infinite

product of Tx spaces of more than one point is never strongly Lindelöf. The proof

that the finite product of maximal Lindelöf Hausdorff spaces is maximal Lindelöf

Hausdorff is delayed to §10.

The following theorem describes sequences in quasi-F-spaces and shows that

sequences are of little use in these spaces and therefore in maximal Lindelöf spaces.

Theorem 7.8. In a quasi-P-space the following hold:

(a) A sequence (sn) converges to b if and only if there is ake N such that for all

n^k, sn = b.

(b) A sequence (sn) has an adherent point b if and only if there is a subsequence

(s„k) such that sn¡c = bfor all nk.
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Both results follow immediately from the fact that in a quasi-F-space, for any

element b which does not appear an infinite number of times in the sequence, there

is a neighborhood of b which contains only finitely many terms of the sequence.

Some properties closely associated with Lindelöf spaces are those of separability

and first and second countability. The following theorems show that these properties

are of little importance in maximal Lindelöf spaces.

Theorem 7.9. A maximal Lindelöf space is first countable, second countable, or

separable if and only if it is countable.

Proof. The proof follows immediately from Corollary 7.3 or Theorem 7.1.

Theorem 7.10. A maximal Lindelöf space (X, T) is compact, countably compact,

or sequentially compact if and only if X is finite.

Proof. If X is finite, then the space has the three properties. If X is infinite, there

is a closed countably infinite subset which is discrete in its relative topology and

so is not compact, countably compact, or sequentially compact.

Theorem 7.11. Let (X, T) be a quasi-P-space such that A"=U {F¡ : ie N) and

(B¡, F/75¡) is Lindelöf for i e N. Then (X, T) is maximal Lindelöf if and only if B¡ is

T closed and (F¿, F/F¡) is maximal Lindelöf for each i e N.

L. Gillman and M. Jerison [11] have shown that F-spaces have bases of open

and closed sets and are therefore totally disconnected, but maximal Lindelöf

spaces are not necessarily totally disconnected. A totally disconnected maximal

Lindelöf space is Hausdorff.

Let (X, T) be a non-Lindelöf space and x* $ X. Let X* ={x*} u X and T* the

topology on A"* such that if G e T then G e F* and if x* e G e T* then A"* — G is a

closed Lindelöf subset of (X, T). The space (X*, T*) is called the one point Lindelöf

extension of(X, T). We are interested in the conditions for the one point Lindelöf

extension to be maximal Lindelöf. We know that the space (X, T) must be a quasi-F-

space since subspaces of quasi-F-spaces are quasi-F-spaces. To aid in our investiga-

tion, we define the concept of locally Lindelöf.

There are three definitions for locally Lindelöf in keeping with the literature:

(i) Every point has a Lindelöf neighborhood.

(ii) Every point has a neighborhood whose closure is Lindelöf.

(iii) Every neighborhood of a point contains a neighborhood whose closure is

Lindelöf.

A space which satisfies condition (iii) satisfies condition (ii), and a space which

satisfies condition (ii) satisfies condition (i). A Hausdorff quasi-F-space satisfying

condition (i) satisfies (iii).

Theorem 7.12. The one point Lindelöf extension of a locally Lindelöf Hausdorff

quasi-P-space is a Lindelöf P-space and therefore is maximal Lindelöf.
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Proof. It follows immediately that the space is Hausdorff and Lindelöf. Let x*

denote the added point; we need to show that the space is quasi-F and the theorem

follows; that is, we just need to show that any Gô containing x* is open. Let

x* e H {G¡ : i e N}, G¡ e T* for i e N. Then X- G¡ is a closed Lindelöf subset of X

for each i e N and (J {A"— G¡ : i e N} is Lindelöf and therefore closed. Thus

f) {G¡ : ieN} is F* open and so the space is quasi-P.

Corollary 7.4. A locally Lindelöf Hausdorff quasi-P-space is a P-space.

The following example is a maximal Lindelöf Hausdorff space with B nonisolated

points, B an arbitrary cardinal number. This example was determined independently

by J. R. Porter.

Example 7.6. Let (X, T) be the free union of B copies of the maximal Lindelöf

space of Example 7.2. Then (A, F) is locally Lindelöf; and since it is a Hausdorff

quasi-P-space, it is maximal Lindelöf if F is countable. If F is uncountable, then the

one point Lindelöf extension of (A, F) is maximal Lindelöf. For B = cardinality X

the cardinality of the nonisolated points is the same as the cardinality of the isolated

points, and the isolated points are dense in X.

The hypothesis of the following theorem is necessary since not every free z-filter

with the countable intersection property is contained in a z-ultrafilter with the

countable intersection property [11].

Theorem 7.13. Let (A-, F) be a completely regular Hausdorff space such that

every free z-filter with the countable intersection property is contained in a z-ultrafilter

with the countable intersection property, then the real compactification vX is Lindelöf.

Proof. Let Z = {za : aeA} be a vX z-filter with the countable intersection

property. Then Z* ={za n X : a e A} is an A"z-filter with the countable intersection

property. If Z* is fixed then Z is fixed. If Z* is not fixed, then it is contained in a

z-ultrafilter F with countable intersection property. There is x e vX— X such that

F converges to x which implies that xe za for all a e A and therefore Z is fixed.

Thus in vX every z-filter with the countable intersection property is fixed which is

equivalent to saying that vX is Lindelöf.

Example 7.7. Assuming the continuum hypothesis let A" be an ny set of cardinal-

ity c and let Tbe the order topology. Then (X, T) is a F-space [11] but is not locally

Lindelöf. Using the fact that each point x is the limit point of a cofinal, well-

ordered subset of type Wy [11, Exercise 131(1)] and that a convergent, cofinal,

well-ordered subset of type Wy plus its limit point in an ny space is closed and is

Lindelöf, it can be seen that the one point Lindelöf extension of (A", F) is not

Hausdorff but is maximal Lindelöf.

Corollary 7.5. //(A, F) is a P-space such that every z-filter with the countable

intersection property is contained in a z-ultrafilter with the countable intersection

property, then vX is maximal Lindelöf.
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Proof. vX is a F-space since A" is a F-space (Exercise 8A in [11 ]) and is Lindelöf

by the preceding theorem.

VIII. Minimal quasi-F-spaces.

Theorem 8.1. The minimal quasi-P-spaces are the spaces in which the only

nonempty open sets are those sets with countable complements.

Proof. Follows from Theorem 7.1.

R. E. Larson [16] has characterized minimum spaces and his characterization

shows that the minimal quasi-F-spaces are minimum quasi-F-spaces.

IX. Minimal Hausdorff quasi-F-spaces. The proofs of all theorems in this

section are either straightforward or similar to proofs in the Hausdorff case [5],

[7], [13], [20], [21], [25], [27], [34].
A filter (base) is real if every countable intersection of members of the filter (base)

is in the filter (generated by the filter base); that is, the filter (generated by the filter

base) is closed under countable intersections.

A Hausdorff quasi-F-space is L-closed if it is closed in every Hausdorff quasi-F-

space in which it may be embedded.

A topological space (A", F) has property

(Li) if every open cover of (A", F) has a countable subfamily whose closures are

a cover;

(L2) if every open cover of (A, F) has a countable subfamily whose union is

dense [10];

(L3) if every real open filter base on (X, T) has at least one adherent point;

(L4) if every real open filter base with unique adherent point is convergent.

These properties satisfy the following:

(a) A space with property Lx has property L2 and a space with property L2 has

property L3.

(b) In a quasi-F-space, L1; L2 and L3 are equivalent.

(c) In a Hausdorff quasi-F-space, L,, L2, L3 and L-closed are equivalent.

(d) A regular space with property L, is Lindelöf.

(e) L3 is preserved under continuous mappings.

(f) A Hausdorff quasi-F-space with property L4 has property hx.

(g) A regular, L-closed space is maximal Lindelöf and a F-space.

Theorem 9.1. If products of topological spaces are L3 then each component space

is L3.

Let (A", F) be a topological space and ß a base for F. Then T(ß) is the topology

on X generated by all sets of the form X— c\T H where Heß; T(ß) is called the

co-topology of T with respect to the base ß.
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Theorem 9.2. The following conditions are equivalent in a Hausdorff quasi-P-

space (A", T) :

(1) (A", F) is minimal Hausdorff quasi-P ;

(2) (X,T)isU;

(3) 0 ={T(ß) : F(/3)cF, T(ß) is Hausdorff quasi-P, and ß is a base for F};

(4) (A", F) is semiregular and L3.

Theorem 9.3. Finite products of Hausdorff quasi-P-spaces are minimal Hausdorff

quasi-P if and only if each coordinate space is minimal Hausdorff quasi-P.

Corollary 9.1. Finite products of Katetov Hausdorff quasi-P-spaces are Katetov

Hausdorff quasi-P.

Minimal Hausdorff quasi-F-spaces are not necessarily extremely disconnected

since the maximal Lindelöf space of Example 7.2 is not extremely disconnected.

Example 9.1. This is an example of a minimal Hausdorff quasi-F-space which

is not regular and is therefore not Lindelöf and is not a F-space. This is a modifica-

tion of an example of P. Urysohn [32].

Let X={c, d} u [(0, l)x(-l, -1)]. The topology F on A" is defined by the

following basic neighborhoods:

U((m, «)) = {(«?, «)} for «#0;

U((m, 0)) = {(«?, 0)} u {(m, n) : ne(—l, I) —A} where A is an arbitrary count-

able subset of (- 1, 1) which varies with each neighborhood of (m, 0);

U(c) = {c} u {(«j, n) : me (0, l) — B, n e (0, 1)} where B is an arbitrary countable

subset of (0, 1) and varies with each neighborhood of c; and

U(d) = {d}u{(m,n) : m e(0,l)-C, ne (-1,0)} where C is an arbitrary

countable subset of (0, 1) and varies with each neighborhood of d.

Example 9.2. Let (X, T) be the space of the preceding example and let ( Y, U)

be the subspace {d} u (0, l)x(—1,0] with the relative topology. The mapping

/: (A", F) —> (Y, U) defined below is open and continuous:

f(c) = d; f(d) = d; f((m, 0)) = (m, 0) ;
f((m, «)) = («<, «) for « <0; and

/((m, «)) = im, — «) for « > 0.

( Y, U) is Hausdorff quasi-F but is not minimal Hausdorff quasi-P since it is not

L4. The real open filter base F*={F: F=[(0, I)-A]x(—1,0], A an arbitrary

countable subset of (0, 1)} has a unique adherent point d, but it does not converge

tod.

The preceding example shows that L3 spaces are not necessarily Lx and so L3

spaces are not necessarily minimal Hausdorff quasi-F-spaces. The example also

shows that L4 is not preserved under continuous open surjections.

Example 9.3. This is an example of a closed subset of minimal Hausdorff

quasi-F-space which is not minimal Hausdorff quasi-P and is not L3.

Let A={(m, 0) : me (0, 1)} with the relative topology of Example 9.1 ; that is,
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the discrete topology. A is closed in the space but is not closed in its one point

Lindelöf extension and so is not L-closed.

X. Minimal F-spaces.

Lemma 10.1. Let (X, T) be a P-space and F* a real z-filter without adherent

points. Then the space (X, T*) with T* = {U eT : x0e U implies F^U for some

Fe F*} (x0 an arbitrarily chosen point ofZ) is a P-space.

Theorem 10.1. A P-space (X, T) is minimal P if and only if it is Lindelöf.

Proof. We have previously shown (Corollary 7.2) that every Lindelöf F-space

is minimal P. If (A", T) is not a Lindelöf F-space, then there is a real z-filter without

adherent points and by the preceding lemma the space is not minimal F.

Every minimal F-space is minimal Hausdorff quasi-F since every Lindelöf

Hausdorff quasi-F-space is a F-space but every minimal Hausdorff quasi-F-space

is not minimal F as shown by Example 9.1.

Theorem 10.2. Finite products of maximal Lindelöf Hausdorff spaces (minimal

P-spaces) are maximal Lindelöf (minimal P).

Proof. We have shown that finite products of minimal Hausdorff quasi-F-spaces

are minimal Hausdorff quasi-F, and since products of regular spaces are regular

and regular minimal Hausdorff quasi-F-spaces are Lindelöf, the result follows.

Corollary 10.1. Let (Xa, Ta) be Lindelöf spaces for which there exist finer

maximal Lindelöf Hausdorff topologies, ae A, A finite. Then (\~[A Xa, J~[A Ta) is

strongly Lindelöf

Theorem 10.3. A P-space is closed in any P-space in which it may be embedded

if and only if it is L-closed.

The proof follows from the fact that a F-space is closed in any F-space in which

it may be embedded if and only if every real z-filter has nonvoid adherence.

Theorem 10.4. A P-space (X, T) can be embedded as a dense open subset of a

Lindelöf P-space if and only if it is locally Lindelöf.

Proof. If the space is locally Lindelöf, its one point Lindelöf extension is a Lin-

delöf F-space. If it can be densely embedded as an open subset of a Lindelöf

F-space, then for x e X there is an open and closed subset of Y containing x and

contained entirely within X and it is Lindelöf.

Theorem 10.5. Let (X, T) be a P-space. Then X is minimal P only if every Xfree

real z-filter is contained in a real z-ultrafilter.

The proof follows from Theorems 7.13 and 10.1.
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