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RINGS OF INVARIANT POLYNOMIALS FOR A
CLASS OF LIE ALGEBRAS(Y)

BY
S. J. TAKIFF

Abstract. Let G be a group and let #: G — GL(V) be a finite-dimensional repre-
sentation of G. Then for g € G, #(g) induces an automorphism of the symmetric
algebra S(V) of V. We let I(G, V, ) be the subring of S(¥) consisting of elements
invariant under this induced action. If G is a connected complex semisimple Lie
group with Lie algebra L and if Ad is the adjoint representation of G on L, then
Chevalley has shown that I(G, L, Ad) is generated by a finite set of algebraically
independent elements. However, relatively little is known for nonsemisimple Lie
groups. In this paper the author exhibits and investigates a class of nonsemisimple
Lie groups G with Lie algebra L for which I(G, L, Ad) is also generated by a finite
set of algebraically independent elements.

1. Let G be a group, let V be a finite-dimensional vector space over a field F
with basis {v4, ..., v,}, and let = be a representation of G on V, w: G — GL(V).
Then for g€ G, m(g) induces an automorphism, also denoted by =(g), on the
symmetric algebra of V, S(V)=F[v,, ..., v,]. We say that p(vy,...,v,) € S(¥)
is an invariant polynomial for (G, V, =) if

7(g)p(vy, - . ., Vm) = p(n(g)vy, . . ., 7(g)vm) = p(v1, .. ., Un),

for all g € G. Let I(G, V, =) be the algebra of all invariant polynomials for (G, V, =).
I(G, V, =) is clearly independent of the choice of the basis {vy, ..., v,} for V.
More specifically, let G be a connected complex semisimple Lie group with Lie
algebra L, and let Ad be the adjoint representation of G on L. Then I(G, L, Ad)
is generated by / algebraically independent homogeneous polynomials, where /
equals the rank of L. This theorem is due to Chevalley, see [1, Theorem A, p. 778]
and [5, Theorem 5.37, p. 507]. Another example that should be mentioned is as
follows. Let G=R* (8 SO(1, 3) be the inhomogeneous Lorentz group, R being the
field of real numbers, then I(R* 5) SO(1, 3), R* @ 8o(1, 3), Ad) is generated by
2 algebraically independent homogeneous polynomials of degrees 2 and 4. This

Received by the editors October 27, 1970.

AMS 1970 subject classifications. Primary 22E99; Secondary 15A72, 17B35.

Key words and phrases. Symmetric algebra, ring of invariant polynomials, adjoint repre-
sentation, polynomial functions, contragredient representation, algebraically independent
homogeneous polynomials, Levi decomposition, principal nilpotent element, differential
operators, formal power series.

(*) This paper is a portion of the author’s doctoral dissertation which was completed at
the University of Illinois in 1969 under the direction of Professor R. Ranga Rao. The author
wishes to express his gratitude to Professor Rao for his encouragement and guidance.

Copyl;ight © 1971, American Mathematical Society

249



250 S. J. TAKIFF [October

result was originally proved several years ago by V. S. Varadarajan during a series
of lectures at the Indian Statistical Institute at Calcutta.

Now besides the result for R* () SO(l, 3), little is known about I(G, L, Ad)
for Lie groups which are not semisimple. It is the purpose of this paper to exhibit
a class of complex Lie algebras,

{Q"(L) | L is any complex semisimple Lie algebra},

with the following properties: If G(Q*(L)) is any connected Lie group with Lie
algebra Q" L), then I(G(Q"(L)), Q"(L), Ad) is generated by (2")! algebraically
independent homogeneous polynomials, where / equals the rank of L. Further,
QY L)=Rad (Q*(L)) ® L is a Levi decomposition, where the radical of Q"(L),
Rad (Q*(L)), is nilpotent and has a lower central series of length A.

The author would like to acknowledge the paper of V. S. Varadarajan [6] for
some important techniques used in this paper.

2. Two useful tools must be presented before we proceed. First, let (G, V, 7)
be as above, and let ¥* be the dual space of V. Then the algebra of F-valued
polynomial functions on V, P(V), is equal to S(¥*). We shall say that p(v) € P(V)
is an invariant polynomial function for (G, V, =) if

m(g)p(v) = p(n(g)v) = p(v) forallve Vand geG.

We let IF(G, V, =) denote the algebra of all invariant polynomial functions for
(G, V, =). Now if ¥** is the dual space of V'*, then there is a natural isomorphism
between S(V) and P(V'*). So let =* be the representation of G on V* contragredient
to =; that is, #*(g)v*(w)=v*(n(g~})w), we V, v*¥ e V* ge G. Then the above
isomorphism between S(¥) and P(V'*) induces an isomorphism between I(G, V, )
and IF(G, V'*, n*).
Next, let G be a connected Lie group with Lie algebra L, having a basis
{X1, ..., X,}. And let = be an analytic representation of G on a real vector space V.
Then the differential dr,, of = evaluated at 1, the identity of G, is a linear map of L
into the algebra of all linear transformations on ¥, hence dr,(x) extends to an
algebra homomorphism of S(¥) into itself, x € L. We therefore have for p € S(V)
pel(G,V,n)
if and only if dm,(x)p = (d/dt){m(exp tx)p}i-o = O, forall xe L,
if and only if dm,(x,)p = (d/dt){m(exp tx)p}i-0 = O, i=1,...,L,
if and only if n(exp tx)p=p, forallteR,i=1,...,n.

We shall always let ¢ denote a real variable.

3. Suppose L is a finite-dimensional Lie algebra with Lie product [ , ], over a
field F, F=R or C, C being the field of complex numbers. Form the vector space

direct sum L@ L, and write the elements of L @ L as ordered pairs (I, ),
l, I € L. Then we define the following product:

(b, ), (1, )] = ([, B+ s, 11, [, 1210,
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where I, I, I1,l; € L. Under this product L @ L becomes a Lie algebra, see
[2, pp. 16-18], and we shall denote it by Q(L).

For the remainder of the paper we shall drop the “L” from [ , ],.

Now let L=Q(L), let G be a connected Lie group whose Lie algebra is L and
let G be a connected Lie subgroup of G whose Lie algebra is L. Then if Ad is the
adjoint representation of G on L, a simple computation shows that
Ad (exp (uy, u2))(l1, I2)

= ([u1, Ad (exp uy)ls]+ Ad (exp uy)ly, Ad (exp uy)ly), Uy, Uy, Iy, Iy € L.
Now let {xy, ..., x,} be a basis for L; then {(x;, 0), ..., (x,, 0), (0, xy), ..., (0, x,)}
is a basis for L. Finally, we note from §2 that p e I(G, L, Ad) if and only if
Ad (exp (0, u))p=p and Ad (exp (4, 0))p=p, for all ue L, p € S(G).

4. Now let X;,..., Xy, Y4,..., Yo, Z,, ..., Z, denote indeterminates over F
and let p(X;, ..., X,) be a homogeneous polynomial. Then we have
p(X1+tY1, ceey Xn+tYn) = p(Xl, .oy Xn)+tq(X1, ey Xn, Yl’ .oy Yn)
' + D "Xy, ..y Xy Yi, ooy Xy)
mz2

where g and the A, are also homogeneous polynomials. Further, we have
pP(X1+tY +1%Zy, ..., Xp+ 1Y, +132,)
=p(Xy, ..., Xp)+1g( Xy, ..., Xy, Yi,..., Yy)
+ > "Xy oy Xoy Yeyeooy Yay Zay ooy Zo),

mz2

where the &, are homogeneous polynomials. Finally we note that
q(Xla ey Xm Yla BRI Yn) = lZIDip(Xl’ ceey Xn)llb

where D, is the unique F-derivation on F[Xy,..., X,] such that Dy(X;)=3,,, i,
Jj=1,...,n(4;=1ifi=jand 8,;=0if i#j). Hence, if p(X;, X,, X3)= X1 X, X5+ X3,
then

9(X1, Xy, X3, Y1, Yo, Ya) = XoXa Y1+ X1 X5 Yot X1 X, Y+ 3X72 Y.

THEOREM 4.1. If p(Xy,..., X,) is a homogeneous polynomial such that
p(x1, ..., x,) € I(G, L, Ad), then

1. p((x1,0),..., (x;, 0) € I(G, L, Ad), and

2. 9((x1,0), ..., (x4, 0), (0, xy),...,(0, x,) € I(G, L, Ad), where q(X1,..., X,)
=2 Dip(Xy,..., X,)Y.

Proof. It is clear from the last paragraph of §3 that
Ad (exp (0, w))p((x1,0), . . ., (Xn, 0)) = p((x1,0), .. ., (x,,0)) forall ueL.
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Further, since Ad (exp (v, 0))(x, 0)=(x, 0) for all x, u € L then we also have

Ad (exp (ua 0))p((x19 0), ] (xm 0)) = p((xls 0), e (X,,, 0))

Therefore p((x1, 0), . . ., (x,, 0)) € I(G, L, Ad).
Now let ueL and assume that Ad (exp (0, u))(x;, 0)=>7_, c;;(x;, 0), where
c;€F,i,j=1,...,n Then also

Ad (exp (0, w))((x;, 0)+1(0, x;)) = 121 (x5, 0)+£(0, xy)), i=1,...,n
Hence,
Ad (exp (0’ u))p((xl, 0)+t(0a xl)’ DR (xn, O)+t(09 xn))
= p((x1,0)+12(0, x3), . . ., (xn, 0)+12(0, x,)) foralluelL.
Therefore, from the first paragraph of this section,
Ad (exp (Oa u))q((xb 0), ey (xm 0)9 (O’ xl)a ceey (0; xn))
= g((x1,0), ..., (%2, 0), (0, x1),...,(0,x,)) foralluelL.

We must now show that g((x;, 0), ..., (x,, 0), (0, x;), ..., (0, x,)) is invariant
under Ad (exp (u, 0)) for all u € L. First we observe that

p((xla 0)’ ey (xn’ 0))
= Ad (exp £(0, w))p((x1, 0), . . ., (x5, 0))
= p((xl’ 0)+t([ll, xl]’ 0)+t2(l’1’ 0), ] (xm 0)+t([u, xn]a 0)+ tz(vm O))
= P((xla 0)9 ceey (xm 0))
+19((x1,0,) . . ., (x4, 0), ([, x1], 0), . . ., ([, x,], 0))+ 3w,
where u € L and w and the v; are power series in ¢ with coefficients in S(L). Hence,
q((xla 0)’ L) (xm O), ([u: xl]’ O)’ ceey ([ua xn]s 0)) = 0.
Therefore,
Ad (exp t(“: O))q((xl, 0)9 LEY (xna O)a (0’ xl)) ey (O’ xn))
= q((xls 0), e ey (xm 0)9 (Oa x1)+t([us x1]9 0), LI ] (0, xn)+t([us xn]a 0))
= g((x1,0), . . ., (32, 0), (0, x1), . . ., (0, x,))
+tq((x1» O)a LEEY (xm O), ([u’ xl]’ O)’ ] ([u9 xl]a O))
=q((x1,0), ..., (%, 0), (0, x,), ...,(0,x,)) foralluelL;
and so we are done.

Before proceeding to the next theorem we need the following

LeMMA 4.2. Let K be any field of characteristic zero, and let Y,,..., Y,, be
algebraically independent over K. Set A=K[Yy,..., Y,J<B=K[Y,,..., Y,,] and
denote the quotient field of B by (B). Let E, be the unique K-derivation of B such that
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E(Y)=38,, i,j=1,...,2n. If p1, ..., p, € A are algebraically independent over K,
then py, ..., Py, Apy, ..., Ap, are also algebraically independent over K, where

n
Ap; = ~Zl E(p)Yaii j= 1’ Co, T

Proof. If ¢4, ..., g, € B, then it is well known that q,, ..., g,, are algebraically
independent over K if and only if m equals the rank over (B) of the matrix
(E(gy))iz¥:22», Therefore, since py, ..., p, are algebraically independent over K,
we can assume for some Ay, ..., A, that the determinant of M =(E,(p,));=1:7 is

,,,,,

not zero. Now, letting p,,;=Ap; and A,.;=n+A, i=1,...,r, it is clear that the

matrix
M0
(Er(p)izhimrrteemtr = | —|—|.

*| M

Hence the determinant of this matrix is not zero, and so 2r equals the rank of the
matrix (E(p,)),z4;>%. This shows that py,..., p,, Aps, ..., Ap, are indeed alge-
braically independent over K.

THEOREM 4.3. Let I(G, L, Ad) have at least b algebraically independent homo-
geneous polynomials of distinct degrees d, ..., d; and assume n; of them are of
degree d;, i=1,...,s. Then I(G, L, Ad) has at least 2b algebraically independent
homogeneous polynomials and 2n; of these are of degree d, i=1, ..., s.

Proof. Let py(xy, ..., X,), ..., Po(X1, - - ., X,,) be algebraically independent homo-
geneous polynomials in I(G, L, Ad). And let p,(X1,..., X,), ..., (X1, ..., X})
be the homogeneous polynomials in F[X,..., X,] associated with these poly-
nomials. Now define

n
q;(X1,~~~, Xn’ Yla- R Yn) = 121 Dipj(Xl"“’ Xn))’i’ ] = la- ] b’

as in the first paragraph of this section. Then by Lemma 4.2, p,((x4, 0), . . ., (x,, 0)),

cees Po((x15 0); -y (Xny 0)), g2((x1, 0), .5 (Xp5 0), (0, X1), .., (0, Xp)), -0y
qo((x1, 0), . . ., (%, 0), (0, x1), .. ., (0, x,)) are algebraically independent and by
Theorem 4.1, they are homogeneous elements of I(G, L, Ad).

5. Since in §§3 and 4 L was an arbitrary finite-dimensional Lie algebra, it is clear
that we can define Q"(L)=Q(Q"*~Y(L)), h=1, where QY(L)=Q(L). So let 4 be an
arbitrary positive integer, let L=Q"(L), and let G be a connected Lie group with
Lie algebra L.

THEOREM 5.1. Let I(G, L, Ad) have at least b algebraically independent homo-
geneous polynomials of distinct degrees d, ..., d; and assume n; of them are of
degree d;, i=1,...,s. Then I(G, L, Ad) has at least (2")b algebraically independent
homogeneous polynomials and (2")n; of these are of degree d,, i=1, .. ., s.
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Proof. The proof is a direct consequence of the definition of Q*(L) and repeated
use of Theorem 4.3.

6. We now study the Lie product operationin L= Q"(L). Let N=2"and M =2"-1,
then as a vector space QY(L)=L @®---@® L, the direct sum of N copies of L. We
will denote the elements of Q*(L) as N-tuples with coordinates in L; that is,
L={(ay,...,ay) |a€eL,i=1,..., N}. (We omit intermediate parentheses; for
example, ((a;, as), (a3, as))=(ay, as, as, a;) in Q%(L).) For convenience, we adopt
the following notation:

1l
e = (o,...,o, a, 0,...,0)’

where aeL. Hence, (ay,as,...,ay)=>/";ae. y for (a;,as,...,ay)eL, and
Le;, y={ae; x| acL},i=1,..., N.

LEMMA 6.1. Leta, by,...,by €L, then

N k
[aek.m tz blei,N] = 12 Crei[a, by _reviles ns
=1 =1

where 1l <k<N, ¢,;=00r 1 and ¢, =1=c, 4, k=1,...,N,i=1,.. ., k.

Proof. By definition of the Lie product operation in Q(L), the lemma is clearly
true for h=1. So let us assume that it is true for h=m and prove it true for A=m +1.
Case 1. 1=k< M. Then

N o "
[aek,Na 121 blez,zv] = [(aek,u, Oenr,n1)s (521 b, ‘Z by ‘ei'M)]
- = =1
M
= ([aek,Ms 121 bM.,.ge"M . OeM,M)
k
= ( Zldx,t[a, bN_k.,.,]ei,M, OeM,M),
where d,;=0or 1,i=1,..., k, and d, , = 1 =d,,.. Furthermore, this last expression

can be written as Y., ¢k [, by—r+ile, n, Where ¢, =dy i, i=1,.. ., k.
Case 2. M <k=N. Then

N
[aek.m 421 biet.N]
M M
= [(OeM,Ma aey - u,m)» (121 by, us 121 bM+{ei,M)]
M M
= ([aek—M,Ma 121 blel,M]a [aek—M,M, 121 bM+ie£.M])

k=M k=M
= (121 Ay - m4[a, bar— e - my+1l€s,m ‘Z Je-ula, bN—(k—M)+4]et,M)
< =1
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(Where dlc—M,i’fk—M,i=0 or 1 for i=1, ey k— M and dk—M,1=1=fk—M,k—M)

(k-M)+M

k=M
= Z di-m,:la, by s ilen+ . Z Je-mi-ml@ by—ic-my+a-mlewn
i=1 =M+

k
= Z Cre,il@, by -y ilew
i=1

where ¢ i=d;_y; i=1,...,k—M, ¢,;=0, i=k—M+1,..., M (if k<N), and
ﬁna]ly ck,i=f;t—M.i—M9 i=M+1, ceey k.

LEMMA 6.2. Let a, by, ..., by€ L, then

N N
[aeN,N3 ‘21 biel,N] = tz [a, bie;,n-
= =1

Proof. Again, this lemma is clear for h=1. We assume it is true for A=m and
prove it true for A=m+1 by the following computation:

N M M
[aezv,zv,‘_z; biei,N] = [(OeM,M: aey,u), (tZ1 biei,M9 12—:1 bM+iei.M)]

M M N
= (310 bdeuas 2, (6 buridesn) = 3, 14, bleun.

7. We proceed with our study of L=Q"L), h=1, assuming L to be a real or
complex finite-dimensional semisimple Lie algebra. First, recall that the lower
central series of an arbitrary Lie algebra H is

H=Z%H)> ZXH)>---> Z¥H) = [H,Z*"(H)] > - - -.

Then H is nilpotent if Z*¥(H)=0 for some integer k, and we call Cen (H)=k the
length of the lower central series if k£ is minimal. It is the goal of this section to
obtain a Levi decomposition [2, p. 91] and to study the radical of L.

THEOREM 7.1. Let L be a real or complex finite-dimensional semisimple Lie
algebra, L= QM L), N=2". Then R=3=! Le, y is the radical of L and Ley y is the
semisimple component of a Levi decomposition of L. Further, R is nilpotent and
Cen (R)=h.

Proof. We first prove that R is a nilpotent ideal of L and Cen (R)=Ah. To begin
with, it is clear that R is an ideal of L by Lemma 6.1. Now, if A=1, then R=Le, ,.
Hence Z°(R)=Le, , and Z'(R)=[Le; o, Le; 2]=0; and so Cen (R)=1. We now
assume that R is nilpotent and Cen (R)=h when h=m and prove that R is nilpotent
with Cen (R)=m+1 when A=m+1. Recall N=2" and M=2""1=2"; and let
Ly=3{,Le, yand R,=3M5" Le; . Then

R = (L, Ry) ={(lh, r1) | L eL,, and r, € R;}.
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Now observe by Lemma 6.1 that if I; and I, are arbitrary subsets of {1, ..., M—1}

then
[Z Le; y, 2 Lei,M] = iz Le; y,

i€l i€lg €l3

where I is also a subset of {l,..., M—1}. Thus Z’(R,) is an ideal of the form
et Lei s for all j. Further, by Lemma 6.2,
[LeM,M’ Z Lei,M] = Z Le; .
i€l iely
Hence, we see that if >,.; Le; » is an ideal of L, for some subset 7 of {1, ..., M—1},
then [L, 2ies Le; y]= 21 Lei,u. Consequently,

[L, Z(R)] =Z(Ry), Jj=0,1,...,m.

We are now in a position to show that Z/(R)=(Z7~%(R,), Z(R,)) for all j. If
Jj=1, then

ZY(R) = [(Ly, Ry), (L4, Ry)] = ([L1, Ry]+[Ry, Li], [Ry, R1]) = (Ry, ZX(Ry)).
Hence we assume this formula true for j=k =1 and prove it true for j=k+ 1. Now,

Z**Y(R) = [R, Z¥(R)] = [(L1, Ry), (Z¥~Y(Ry), Z(Ry))]
= ([L1, Z¥(R)]+[Ry, Z¥~Y(RY)], [Ry, Z¥(R))])
= (Z¥(R))+Z*(R,), Z¥**(Ry)) = (Z*(Ry), Z¥*(Ry)).

Consequently, by induction on j the formula is seen to be true.

Now, it is clear from this formula that if R; is nilpotent and Cen (R,)=m, then
R is nilpotent and Cen (R)=m+ 1. Thus we have shown that R is nilpotent and
Cen (R)=h, when L=Q"L).

Concluding the proof of the theorem we observe that L/R~Ley y~L and L is
semisimple. It follows that R is a maximal solvable (indeed, nilpotent) ideal of L.
Since Ley,y is a semisimple subalgebra of L, then L=R @ Ley y is a Levi decom-
position.

8. We now assume for the remainder of this paper that L is a complex semisimple
Lie algebra of dimension # and rank /. We will call an element x, € L nilpotent if
ad x, is a nilpotent transformation on L. By a theorem of Jacobson and Morozov,
[3, p. 983], if x, € L is nilpotent, then there exists h, and y, € L such that [hg, x,]
=2X0, [ho> Yol= — 20, and [x,, yo]=h,. Let T be the Lie subalgebra of L generated
by {ho, X0, yo}; We see that T is a complex simple three-dimensional Lie algebra.
Hence L can be decomposed as a direct sum of irreducible representations of T,
under the action adw:L—L, weT, of dimensions A;+1, A,+1,..., A, +1.
Therefore, by the theory of representations of T [4, Chapter IV, pp. 1-8], the cen-
tralizer Z of y, in L is of dimension r with a basis {y,, ..., y,} such that [A,, y]
=—A\Yy;, i=1,..., r. Further, the range ad x,(L) of ad x, in L is complementary
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to Zin L; thatis, L=Z @ ad x,(L). We will say that x, € L is a principal nilpotent
element if ad x, is nilpotent and r=I/ (in general, r=1/). By [3, pp. 993-1000],
principal nilpotent elements exist in L.

9. Recall L=Q"L), h is a positive integer, N=2", G is a connected Lie group
with Lie algebra equal to L and G is a connected Lie subgroup of G with Lie
algebra equal to L. For the remainder of this paper, we will fix # and N and let
e;=e, 5, i=1,..., N. We now define the following bilinear form on L:

N N N
{Z ae;, z biei} = Z {a, b,
=1 i=1 i=1

where a;, b;eL,i=1,..., N, and { , > is the Killing form on L. Since { , > is
nondegenerate on L, then it is clear that { , } is nondegenerate on L. Thus we
identify L* with L by defining

( EN: a,e,)*( 12 b,-ei) = {21 be,, 12 a,-ei},

i=1

where q; and b, L, i=1, ..., N. Further, we see that

N %/ N N N
Ad* )( 3, ae) (3 be) = {Ad (e 3 be 3 aer)

i=1 i=1 i=1 i=1
where g € G. In the sequel, we will omit the “** from elements of L*; it will be
clear from the context whether the element in question is in L or L*. Moreover,
we continue our study of I(G, L, Ad) by considering instead the isomorphic ring
IF(G, L*, Ad*); see §2.

Let x, € L be nilpotent and let {Ay, Xo, Yo}, Z, {¥1, .. s Vs}» Ma+1,..., A, +1 be

asin §8. Set H=N-r, let u=(uy, . . ., uy) € C¥ and define

N T

x(u) = 121 (x0+jz u,,,,,(i_l)yj)e,- GZ*.
= =1

LEMMA 9.1. Let ¢: Gx CH¥ — L* be defined by letting (g, u)=Ad* (g)(x(u))
forgeGand u=(uy,...,uy) € CH. Then

N
s o)
b kZ1akek v

N k T N T
= z z ck,i[ak, Xo+ Z uj+r(t—1)yj]eN-k+i+ > (Z v/+r(i—1)yj)ei’
k=1 i=1 i=1 i=1 \j=1

where 1 =identity of G, ay, . ..,ay €L, v=(vy,...,05) € CH, ¢, ;=00r 1, cy;=cy,
=cex=1,k=1,...,N, i=1,..., k, and dpy u: Lx C¥ — L* is the differential of
4 evaluated at (1, u) € G x CH. Here we identify canonically the tangent space of the
complex analytic manifold G x CH at any point (g, u) € Gx CH with L x CH, and
identify canonically the tangent space of L* at any point of it with L* itself.
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Proof. Let 1 <k <N and we compute, for a, b,,...,by€L,
N d N
b ofaes, O)( 3. ber) = 5 (exp tae ) 3, b))
d N
=7 (Ad* (exp taek)(x(u))( > bie,))
i t

d N
-2 {Ad (exp— tae,c)(;1 be), x(u)}t=
k N r
= {4—21 — i ila, by _ic4iles Z (xo + 121 Uy, r(i—-l)y/)ei}

k r
= {Z clc,i< —la, by —sil, X0+ Z u1+r(1—1)yf>

= <bN —k+is [a, Xo+ z Ujri- 1)y1]>

k T
by _kien—kri z Ck,t[a, Xo+ Z u]+r(i—1)yi]eN—k+t}
=1 =1

k T
bee,, Z [a, Xo+ Z uf+r(c—1>)’/]eN—k+t}'
i=1 j=1

B

-
]

A
Nl

Hence,
k T
&b u(aey, 0)= izl Cre,i [a, Xo+ jZl Ujyri- 1>)’f] N -k+i>
where Ck’g=0 or 1, CN,£=ck,1=ck,k=l’ k=l, N i=1 k by Lemma 6.1

and Lemma 6.2.
Finally, we compute for v=(v,, ..., vg) € C¥,

s O, v)(é1 b,e‘) w1, u+tv)( S b,ei))

t=0

d* (Dx(u+ tv)( Z b‘e‘))

t=0

il
“a(»

a {ZN: g (x0+121 (u“'("l)""”I+r(i—1>)y1)ei}
= {,2 é (2: Uj+r(£-1)yj)e‘}.

Hence,

N T
b0, v) = iZ:l (121 Vs r(i—l)yl)el~

The lemma clearly follows from these two computations.

Now let f be any complex-valued function defined on an open subset U of L*
containing )., x.e;. Then we let f be the following function defined on an open
neighborhood of the origin in C¥:

f(@) = f(x(u)), where u = (uy, ..., uy) € C¥, and x(w)e U.
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THEOREM 9.2. There exists an open set W of C¥ containing the origin such that
A(W) = {Ad* (g)(x(u)) | g G and ue W}

is an open subset of L*. Furthermore, the mapping p — p is an injective algebra
homomorphism of IF(G, L*, Ad*) into the algebra of polynomial functions on W.

Proof. Define : Gx C¥ — L* as in Lemma 9.1. Then

N N k N T
d¢(1,0)({2 ae;, l’) = Z Z Cre,il@is Xolew —4it iz ( Z vi+r(i—1)yj)ei-
=1 K=1i=1 =1 \j=1

We want to show that di, 4 is surjective. First, we observe that by letting
ay=az=---=ay=0, v=0 and a; vary over L, then di, (L x C¥) contains
ad xo(L)ey. So let us assume that di (L x C¥) contains %, ad xo(L)eyy1-:
for 1 <q <N, then we will show that d; o(L x C¥) contains >¢X} ad xo(L)ey,1 -
For this we let ,=0, i=1,..., Nand i#g+1, v=0 and let a,, , vary over L. Then
since ¢,, 1,1 =1, we see that dif, (L x C¥) contains the set of vectors

q+1

{[aq+ 1 Xolew+n-@int 122 Ca+1,il0q4 15 Xolen —@s 141 |Gas1 € L}'

But dif; o(L x CH) is a vector space and it already contains >7_; ad xo(L)ey 1 -;.
Hence, it contains ad xo(L)ey,1-(+1, and thus >9+1 ad xo(L)ey; —;. Therefore,
by induction we see that difiy 4(L x C¥) contains >, ad xo(L)e;. Finally, using
the notation of §8, we have Z ® ad x,(L)=L. Thus by letting a;=- - - =ay=0 and
letting » vary over C¥, we see that di (L x C¥) contains >V, Ze; and hence
dpa,n(Lx CH)=L*.

Now since di is surjective at (1, 0), there exists an open set W< CH with0 e W
and such that di, 4, is surjective for all w € W. Hence difguy=Ad* (g) db u) is
surjective for all g € G, u e W. Therefore, it follows from the theory of analytic
manifolds that $(G x W)= A(W) is open in L*.

The second statement follows directly. For let p € IF(G, L*, Ad*) and let p(u)=0
for all we W. Then p(Ad* (g)x(u))=p(x(u))=p(u)=0 for all ue W and geG.
Thus p is zero on A(W); and as A(W) is open in L*, p=0 everywhere in L*.
Consequently, the map p — p is injective. Since it is clearly an algebra homomor-
phism, we are done.

For the remainder of this paper, if p € IF(G, L*, Ad*) then p will denote the
previously defined function with domain W.

Now by the theorem of Chevalley in §1, I(G, L, Ad) is generated by / algebraically
independent homogeneous polynomials of distinct degrees d, ..., d;; assume n;
of them are of degree d, i=1,...,s. Then by Theorem 5.1 and the fact that
I(G, L, Ad) is isomorphic to IF(G, L*, Ad*) (§2), I(G, L*, Ad*) has at least N/
algebraically independent homogeneous polynomial functions, say pi,..., P
where Nn; of these are of degree d,, i=1,.. ., s.
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COROLLARY 9.3. Let py, ..., px € IF(G, L*, Ad*) be as above. Then p, . .., pw
are polynomial functions defined on W which are algebraically independent.

Proof. Let Q be a complex polynomial in N/ variables such that Q(jy, ..., px)
=0. Then Q(pi, ..., pyi)=0 by Theorem 9.2. Hence Q=0 since p,..., py, are
algebraically independent.

10. Now we define a vector field E on L* by setting
Ef(y) = 2f(y) = @/d){f(y+1p)}i-o,

where y € L* and fis any holomorphic function defined on some neighborhood of y.

THEOREM 10.1. Let W be as in Theorem 9.2. Then there exists a differential
operator E on W such that Ef(x(u))= Ef(u), where u=(u,, . . ., uy) € W and where
f is any holomorphic function on A(W) such that f(Ad* (g)x(u))=f(x(u)) for all

ueWandgedG.
Further, if we define A;,,q-1,=A;, j=1,...,r,i=1,..., N, then

2 0
E= 121 (14 A/2)u; B

Proof. Let f be any holomorphic function defined on A(W). Then f defines a
function f¥(g, u)=f(Ad* (g)x(u)) for g G and u € W. Now let u € W and define
v=(v1,...,05) €C¥ by letting v;,,4-1,=0+X/2u;4r4-1y j=1,...,r and
i=1,..., N. Then we have, by §8 and Lemma 9.1,

Ap1 uy(3hoen, v)
N T N T
= iz; [%ho’ x0+jzl “1+r(i—1>)’1] e+ Z (,Z (1 +)‘1/2)“1+ra—1>J’j)e¢

i=1 =1

= 1;21 (x0+ 2:1 Ujra-1(— )‘j/z)yj)erF i (Zr ( +)‘1/2)“1+r(i—1)J’j)et = x(u).

i=1 \j=1
Therefore, we have
(Ghoen, ©)f*)(1, u) = (Shoen, v)f o (1, u)
= (dq,w(Yhoen, ) f)(x(w)) = (x(u)f)(x(w)) = Ef(x(u)).

Now f(Ad* (g)x(u))=f(x(w)) for all uc W and g € G; hence f¥(g, u)=f(u) for all
g € G. Therefore,

Ef(x(w)) = (Ghoen, 0)f*)(1, 4) = vf ()
= (3, a+rm ) 7).
Consequently, E= S, (14 A,/2)u, 9/0u, will satisfy the theorem.

11. We now let x, be a principal nilpotent element of L. Then r=17 and H= NI.
Further, assume that gy, ..., q, are the algebraically independent homogeneous
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generators of I(G, L, Ad). Then it is known, see [3] or [6, Theorem 1, p. 312}, that
the degree of ¢;=1+AX/2, i=1,...,1, after a suitable reordering of the set
{91, - - ., q;}- Consequently, after a suitable reordering of {p,, ..., py}, we have

the degree of p; = 1+ A;/2, i=1,..., H

THEOREM 11.1. Let W be as in Theorem 9.2. Then the map p — p is an algebra
isomorphism of IF(G, L*, Ad*) onto the algebra of all polynomial functions on W.

Proof. By Theorem 9.2, we need only show that the map p — p is surjective.
So let J be the algebra of all polynomial functions on W. Further, let I be the sub-
algebra of J generated by the set {p,, ..., py}. Finally, let I be the subalgebra of
IF(G, L*, Ad*) generated by the set {p,, ..., pu}-

Let us now make the following observation. If D(n, ..., ny) is equal to the
monomial function u?1- - -ufix on W, then

H

ED(n, . .., ny)) = (ig a +Ai/2)n,-) D(ny, ..., ng).

=1

Therefore, if p €J is such that Ep=jp, then p must be a linear combination of
monomials D(ny, ..., ny) for which >, (14 X/2)n;=j. Consequently, it is clear
that 32, (dim{peJ| Ep=jp})T’ is a formal power series represented by
((1=T**M2)...(1=T**u2))~1 where dim{peJ| Ep=jp} is the dimension of
{peJ| Ep=jp} as a complex vector space.

On the other hand, since the map p — j is injective and since Ep(x(u))= Ep(u)
for p € IF(G, L*, Ad*) and u € W, then

[\%E]

2 @im(pel| Ep = jphT = ji (dim {pel| Ep = jpT’.

But this latter series is also represented by ((1 —T**+*/2)...(1—T***4/2))~1 since
the degree of p; is 1+ A;/2, i=1, ..., H.
Therefore,

0

dim{peJ| Ep = jp} = dim{pel| Ep = jp} forallj.

Now, since /<J, then {p e J | Ep=jp}={p e I | Ep=jp} for all j.
Since J=3 o {p € J | Ep=jp}, it follows that 7/=J, and we are done.

CoROLLARY 11.1. IF(G, L*, Ad*) is generated by the H algebraically independent
homogeneous polynomials p, . . ., py, H=NI.

Proof. Let p € IF(G, L*, Ad*) and let W be as in Theorem 9.2. Then j is a
polynomial function on W, say p=f(uy, ..., uy), where f is a polynomial in H
variables. Now by Theorem 11.1, there exists polynomials f3, ..., fy each in H
variables such that u;=fi(p, ..., Pn), i=1, ..., H. Consequently,

P=flu,...,uy)
=f(.f1(ﬁ19 . -9pH)9 .. -,fH(ﬁb . -9ﬁH)) =f;)(ﬁ19 ceey ﬁH),
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where fj is a polynomial in H variables. Therefore, as the map p — p is an algebra
isomorphism, p=fy(p;,..., py). And so we see that p,;,...,py generate
IF(G, L*, Ad*).

CoroLLARY 11.3. I(G, L, Ad) is generated by the (2")] algebraically independent
homogeneous polynomials which are determined, as in Theorem 4.1 and Theorem 5.1,
by the I generators of 1(G, L, Ad).

Proof. This corollary is a direct consequence of Corollary 11.2 and the fact that
I(G, L, Ad) is isomorphic to IF(G, L*, Ad*).
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