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Abstract. Asymptotic estimates are obtained for a complete linearly independent
set of solutions of a linear system of differential equations of the form

Y(@) = [A+ V() + R(@]Ix@),
where A is a constant n x n matrix with n distinct eigenvalues, R(¢) is an integrable
matrix valued function on (0, ) and V(¢) is an n x n matrix valued function having
certain differentiability properties. The theorem that is obtained generalizes a
theorem of N. Levinson, Duke Math. J. 15 (1948), 111-126.

1. In this paper we shall obtain asymptotic estimates for a complete linearly
independent set of solutions of a linear system of differential equations of the
form
(L.1) y'(t) = [A+ V(1) +R®)]y(),
where A is a constant # x » matrix with n distinct eigenvalues, R(?) is an integrable
n x n matrix valued function on (0, c0) and V(¢) will be described in detail in the
formal statement of the theorem.

A now classical asymptotic theorem of N. Levinson [5], [1, p. 92] gives asymptotic
estimates for a linearly independent set of solutions of (1.1) when V(¢) is absolutely
continuous on (0, o), i.e., V’(t) is integrable on (0, o), V(t) — 0 as t — oo and
certain conditions are fulfilled for the eigenvalues of 4+ V(¢). Our interest in this
asymptotic theorem stems from its applicability to the problem of finding the
deficiency index of an ordinary selfadjoint differential operator with real coefficients.
In [2] (which is a corrected version of [3]) we showed how Levinson’s theorem
could be used to prove a general deficiency index theorem which contains as rather
special cases all of the deficiency index theorems, obtained by asymptotic methods,
which were extant in the literature up until 1966. In 1966 M. F. Fedorjuk [4] gave
a deficiency index theorem, using asymptotic methods, which is not a consequence
of Levinson’s asymptotic theorem. However, Fedorjuk’s theorem does not contain
any of the other deficiency index theorems in the literature.

What we shall do here is obtain an asymptotic theorem which generalizes
Levinson’s asymptotic theorem and which can be used, by applying the methods of
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[2], to obtain a deficiency index theorem which very closely resembles Fedorjuk’s
deficiency index theorem. However, the exact connection between the two deficiency
index theorems is not yet clear to us. We hope to be able to study this on another
occasion.

We shall obtain our generalized asymptotic theorem by making use of an idea
of Fedorjuk to reduce the problem to one in which Levinson’s proof (but not his
theorem) is applicable. Unfortunately, it is not possible to adapt Fedorjuk’s proof
to the more general situation.

2. Let us begin by stating the theorem which we shall prove.

THEOREM. Suppose A is a constant nx n matrix which has n distinct eigenvalues.
Let V(t)=V,(t)+ Vy(t) be n x n matrix valued functions defined on (0, o©) so that V;
and V; are absolutely continuous on every compact subinterval of (0, ), V,(t),
Va(t) — 0ast — oo, and | V{(t)|, | Va(t)|?, | Vs (t)|, and | Vi(t)| | V(2)| are integrable(3).
Let {A, : 1=k =n} be the distinct eigenvalues of A and{A,(t) : 1 =k <n} be the distinct
eigenvalues of A+ V(t) (for all sufficiently large t) which have been chosen in such a
manner that A\ (t) — A, as t — oo. Further, let R(t) be an integrable matrix valued
Jfunction on (0, o).

For a given integer k, | <k <n, let us set

dii(t) = Re [A(1)—2,(1)],

and suppose that all j, 1 £j<n, fall into one of two classes I, and I,,, where

t 2
jely iff dk,(r)dr-—>ooast—>ooandj2dk,(-r)dr > _K(t2 8 2 50),
0 3%

t
JE I iffzdkf("') dr < K(t3 2 t; Z 5o),
t

where K is a constant and s, is some positive real number. Let p, be an eigenvector
associated with A,. Then there is a solution y, of the differential equation (1.1) and a
t, 20, so that

t
lim y,(z) exp {—j A(7) dr} = Dy
t— o to

The proof of this theorem is an immediate consequence of the following proposi-
tion and a method used by Levinson in the proof of his asymptotic theorem. A
comparison of the latter theorem with the theorem given in this paper shows that
with the exception of the conditions on V() all of the other hypotheses are the same.

PROPOSITION. Suppose A, V(t), and R(t) satisfy the hypotheses of the previously
stated theorem. Then there exists an invertible matrix valued function P(t) so.that

(®) If A is a matrix with entries a;, then we set |4] =23, |ax]. A function is said to be
integrable if it is integrable in some interval (¢, ), ¢=0.
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P(t) — P as t — oo, where the columns of P form a given linearly independent set of
eigenvectors for A, P(t) is absolutely continuous on every compact subinterval of
(0, o0), and

(2.1) P(O)7MA+ V(1) + ROIP(1)—P(1)"'P'(1) = A1)+ Ry(1),
where R,(t) is integrable, and A(t) is a diagonal matrix whose diagonal elements are
Al), 15j=n.

Let us, for the moment, assume the proposition is true and give a proof of the
theorem. The proof of the proposition will follow afterwards.
Proof of Theorem. Suppose y is a solution of (1.1). Make the transformation
y(t)=P(t)x(t). We then get
x'(1) = {P()" A4+ V(1) + R()]1P@)— P(1) = P'(1)}x(1)

2.2)
= [A(#)+ Ry()]x(2).

Consequently, we can apply Levinson’s proof [I, pp. 93-94]. Let e, be the unit
vector with 1 in the kth position and zero elsewhere. Then there exists a solution
Xx(t) to (2.2) and a 7,20 so that

lim x,(r) exp {— L t M) df} = e,

t— o0

But x,(t)=P(t) " 1y(t) so that

t
lim y(r) exp {— [ Meydr} = pey = pi,
0

t— o

where p, is the given eigenvector associated with A,.
We shall now proceed to the proof of the proposition. Before we do this it will
be useful to prove the following lemma.

LEMMA. Suppose A, V(t), and R(t) satisfy the hypotheses of the theorem. Then
there exists an invertible matrix S(t) so that for all sufficiently large t

(23) S(O)7MA4+V(D)IS@) = AQ),

S(@t)— P as t — o, S'(t)=S,(t)+ Sa(t), where |Si(2)|, |S2(¢)|?, and |Si(t)| are
integrable, and the diagonal elements of S(t)~1S'(t) vanish.

Proof. Let
1) = ;‘[ (A=1)

be (up to a factor (— 1)*) the characteristic polynomial of 4, and

£ = ﬂ (A=A,
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where the superscript £ on [ | means we do not allow j to take on the value & in
the product. Similarly, let

n

S0 =TT QA=20)

i=1

be (up to a factor (— 1)*) the characteristic polynomial of 4+ V(t) and
S, 1) = ,Ulk A=2(0).

Let {p, : 1 =k =n} be a given linearly independent set of eigenvectors for 4 and let
h.=[0f(A.)]0A] " 1py. Let us set

(2.4) 9(t) = flA+V(0), D = lj" (A+ V(1) = A()hy.

Clearly ¢,(t) — p, as t — o0, and
A+ V() A()gult) = ﬂ (A+V(1)= M)y = O.

Thus g,(¢) is an eigenvector associated with A.().

Let us set Q(¢)=[q.(), . . ., q,(t)], where this means that the kth column of Q(t)
is the vector g,(t). For all sufficiently large ¢, the set {g,(¢) : 1 <k <n} is linearly
independent. Hence,

(2.5 Q@) HA4+V(1)Q(t) = A).
If we differentiate the last equation with respect to ¢ we get
(2.6) o)~V ()Q(r) = A(1)—[A), (1)~ Q'(1)],

where the last term is the Lie product

[A(D), Q)7 Q' (D] = AL Q' (1) - Q1) ~* Q' (HA().

Since [A(?), O(¢)~*Q’(2)] has zeros down the main diagonal it follows from (2.6)
that Xj(¢) is the j, j entry of Q(¢)~*V'(¢)Q(¢). Thus if we write V'(¢)=V1(¢)+ V3(t)
we see that

2.7 (1) = A(2)+Ag(2) where Ay;(2), AZ,(¢) and Ay,(2) € L.

If we go back to (2.4) and differentiate we get

qi(1) = i" ﬁ" A+ V(@)= MOV (1) — A1) jﬂ"l (A+ V()= 2O,

=1 j=

where the superscript £ on the summation sign means that / does not take on the
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value k. If /=1 or /=n, the corresponding term is 1. Let us put

qudt) = Z" H" (A+ V()= 4())(Vi(t) — A1) I_I" (A+ V(1) = A()h,

(2.8) e

qar(t) = lzlk 1_[" (A+ V(1) = A0))(V3(t) — A1) H" A+ V()= A(0)hy,
and
2.8) 0:(1) = [g11(1), q12(1), - - ., q1a(D)],

Qo(t) = [g21(2), qoo(2), - - ., gan(?)].

Clearly Q'(t)= 0.(t)+ Q(t). From (2.7) and the hypotheses of the theorem it
follows that |Q,(z)|, |Q4(#)|? and |Q5(¢)| are integrable. We shall leave these
elementary computations to the reader.

Let us now compute the diagonal elements of Q(r)~1Q’(¢). From (2.5) we get

(2.9) Q@)= (A4+ V(1)) = AMn)Q(r)~.
Thus we get

0(1)~10(1) = [1‘[ (A= A1) Q) s .., n (A(f)—A,»(f))Q(r)“hn}

A simple computation shows that

()2 = @ (A1), 1)[OA(Q(1) ™ )y = 1,
where (Q(¢) " 1h,), is the kth component of the vector Q(¢)'h,. Since
(A1), 1)[0A # 0,
we get
(2.10) (Q(1) ™ *hice = [9f (A1), 1)[2A] 1.
Using (2.5) and (2.9), the kth column of the matrix Q(¢)~1Q’(¢) is given by

(@O Q@) = S*TT* (A= MONQO ™V (1))~ X(1)
.11) o
< LT (AO=M0)20)

We want to compute the kth component of this vector. To do this we first use (2.6)
in (2.11) to obtain

(OGN
= Z" I—["(A(t) DA (1) — A1) I_[" (A() = 2,) Q1) "y,

=1 j=

(2.12) n 1-1
-2 l—Ilk (A =XO)AWD), Q)T Q' (1))

=1 j=

x TT¢ (A= A0) (1) h.

i=l+1
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The kth component of the first summation is easily computed. Indeed, using (2.10)
the kth component is given by

é:f (A1) — A1) li[lk" () = M())Q) ™Ay

_ %(@f(hka(;), t))/af()‘ka(;), n_ %(ln 3f(/\ka(;), t)),

where the superscript &, / on the product sign means that j does not take on the
values k and /.

Let p,(t) be the kth component of the second vector sum. We claim that u,(¢)
is integrable. To see this let us look at the /th term in this sum. Since

[A®), ()~ Q'(1)]

has zeros down its main diagonal and since A(¢)—A,(t) is a diagonal matrix, the
kth row of

-1 n
[ T (A@) = M)A, @)~ Q'(1)]) ;Hkl (A1) — A1)
j=1 =¥
has a zero in the kth position. Since P ~h, has zero in every entry except the kth

position it follows that the kth component of the /th term in the second sum of
(2.12) is the same as the kth component of the vector

(2.13) :Ij[i" (A@) = A(O)[A@), Q(1)~ 1Q'(t)])_l_:l"1 (A@) = A(DO)Q(1) ™ = P~ Hh.

Now, we claim that |Q(¢)~*— P ~|=0(|V(t)|). To show this it will be enough to
show that

(2.14) (1) —P| = O(IV(@®))).

From the definition of Q(¢) and P we have

@.15) 40)—pi = ﬁ (A+ V() - A,-(z))hk—illk (A= A)h,.

Since Ah,= A\h, we have
i[l" A+V()= A0y = ﬁ" (A+V()=N@))V()+ A — A(t)hy
- ﬂ A+ V(O) = M)V (D,

+ ﬁk A+ V(@)= AE))V(@) + he— A 1(8)) e = M) .
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Proceeding by induction we see that
[ TF A+V@) = A = MOV +] T = A,
j=1 j=1

where |M(t)| is uniformly bounded. Thus, from (2.15) we get

@16 gu0)=pe = MOVORH{ T Q= 40) =] ¥ Ou= 1)
We may write
@.17) [T Qe M) -T T = d) = 5800 =40,
where each g,(¢) is a bounded numerical valued function.

We claim that
(2.18) A= A(1) = o(V()).

To see this let us write f(A, 1)=>%_, x.(¢t)A* where the «,(¢) are analytic functions
of the entries of 4+ V(¢). If «, are the coefficients of f(A), then of course

fO)=> N=0, 15jsn
k=0

Also, since the roots of f(A) are simple, 9f(};)/0A#0, 1 <j<n. Now let us consider
the function of n+2 complex variables F(A, co, ..., ¢,)=>r_o c,A*. We have that

F(,, ko, - .., k) = f(A) = 0,
OF(\,, ko, . . ., k2)|OX = Bf(A,)[0X # 0.

Since Fis an analytic function we may use the implicit function theorem to “solve”
the equation F(A, ¢, . . ., ¢,)=0 for A as an analytic function of (¢, . . ., ¢,) in some
polydisc about the point (ko, . . ., k,) s0 that A(k,, . . ., k,)=A,. Let us designate this
function by A(co, . . ., ¢,).

Since «,(t) — «, and A;(t) — A; as ¢ — oo, we see that, for all sufficiently large ¢,
F(QAL(2), ko(1), - - ., ku(2))=0; i.e., Aft) = Ai(xo(2), . . ., x,(2)). Thus, for all sufficiently
large t we may write

(2.19) A1) = = kZO (ki (1) — i )wie(2),
where w,(¢) is a bounded function. Further,
Kk(t) — K = Zl Zl vr,s(t)ur.s(t)

where the v, ((¢) are the entries of V(z) and the u, (¢) are bounded functions. If we
use this in (2.19) we see that (2.18) is satisfied. If we use this fact in (2.17), it follows
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from (2.16) that (2.14) is satisfied. If we use this in (2.13), we see that the kth
component wu, (1) of the second sum of (2.12) is

(2.20) m(t) = O(|Q' O [V (D))

From (2.8) and (2.8’) we may write Q'(¢)= Q,(t) + Qx(t) where | Q,(t)| =O(|V1()])
and |Q.(1)|=0(|V5(t)|). If we use these facts in (2.20), and the hypotheses of the
theorem, we see that u,(¢) is integrable.

To finish the proof of the lemma we must now construct the matrix valued
function S(t). We have, up to this point, constructed a matrix valued function
Q(t) which has all of the properties of the function S(¢) of the lemma with the
possible exception that the diagonal elements of Q(¢)~1Q’(¢) are not zero. Indeed
we have

QO QW = 5 (1 LALED) 4 1

4o {p e [ ]

=7 2 (in Gu(1)),

(2.21)

where it is clear how G, () is defined.
Let us set

(2.22) 5i(t) = (I (A)[0N)G(1) ~1qu(1).

It is clear that s,(¢) is an eigenvector for A+ V(¢) associated with A,(¢) and, for all
sufficiently large ¢, the set of vectors {s,(f) : | =k =<n} is linearly independent.
Hence, for all sufficiently large z, S(#) may be used to diagonalize 4 + V(). Further,
it is clear that s,(¢) — p, as t — 0.

If we differentiate s,(¢) we get

o (N dGi(1) !

(2.23) sir) = TR 2 — () +6f( )

Gy () ~qi(t).
Consequently,

@24) S5ty = L0 DT 51y -10,1)+ L G, 0)-150) 100,

The kth row of S(¢)~! consists of the cofactors of the kth column of S(¢) divided
by det S(¢). Further,

det () = ] 2% af ("") Gu()- det O(1)

k=1

and the cofactor Co (s,(?)), is given by

Co (o) = { ] L2 60} Co (@
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Hence, we get

S(1)71qi(t) = {2f(A)[0A} T Gi(1) Q1) ™ gie(2).

Thus the first term in (2.24) is —(d/dt) In G (t)e,, where e, is the unit vector with 1
in the kth position and zero elsewhere. Using the same argument the second term
in (2.24) is Q(t)~gx(t). Hence, the kth component of the vector (2.22) is

(2.25) (S() 1S () = —(d/dr) In Gi(1) +(Q() 7 Q"(1)ic -

If we add both sides of (2.21) and (2.25) we see that (S(¢)"1S'(¢))x.x = O.

To finish the proof of the lemma it remains to establish the integrability con-
ditions on S'(¢). If we refer to (2.23) we first note that g,(¢) breaks up in the required
way. Consequently, if the derivative of G,(¢) breaks up in a suitable way, then so
does s;(t). However, an easy computation shows that if we use the hypothesis on
V'(t), (2.7), and the definition of u,(¢) via the second sum in (2.12), this is indeed
the case. Hence, the proof of the lemma is complete.

Proof of the Proposition. Let S(#) be the matrix of the previous lemma. Make
the transformation y(¢)=S(t)z(t). Then from (1.1) we get

Z'(t) = [S() {4+ V()}S(1) = SE) =S (1) + S() " R(1)S(1)]z(7)
= [A(#)—S(t) 71 S5(t) + Ro(1))z(1),
where Ry(¢) is integrable.

We now make use of Fedorjuk’s idea. Let 7(¢) be an n x n matrix valued function,
absolutely continuous on every compact subinterval of (0, «©) so that |T(z)| <1.
Make the transformation z(¢t)=[I+T(t)]x(¢), and since |[T(¢)| <1, [I+T(¥)]"*
exists and from (2.26) we get

x'(t) = U+ T(O] M A@) = S@) " So(t) =T (O +T(#)]~* + Ro()][ + T(#)]x(2).

We may write

(2.26)

U+T@®)] = I-T@)+ T I+T()]
Using this in the equation for x'(t) we get
(2.27) x'(t) = {A@)+[AQ@), T(0)] - S(1) 71 S5(2) + Ra(1)}x(2),
where [A(2), T(¢)] is the Lie product and

Ry(1) = —T(OADT@)+T)I+T()] AN+ T()]

+T(0)S(2) =1 S()T(1) + [T(1), S(1)~1S5(1)]

+T2)[I[+T)1S@)~1S.()[I+T]

++T(O] HRo() = T' O+ T()] I+ T(2)]-

Now, [A(z), T(¢)] has zeros down the main diagonal and its j, kK component is of
the form

(2.28)

[A@), T(O)]; = A1) = AT (1),
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If we set

T = AD =X 7SO 7' Se(O))yis T(1);,; =0,
then
(2.29) A1) = [AQ@), T(1)]—S(1)~1S:(1)

is diagonal with entries —(S(¢) ~1S4(¢));,;- Since
T = max [A()=A0)] 7SO [S2)],

we see(®) that T(¢) — 0 as 1 — o0 indeed
(2.30) IT@®)| = O(Sz(1))).
Furthermore, if j#k,
T'()j = (=S@) 78" (0)S(1) " *S2(1) + S(1) ~185(1))1,6/ (A1) — Aul(2))
= (A = AdD))(S (1) S2(2))1,16 (A1) — A1)
Since S'(t)=S,(t) + Sy(¢), we get
|S(1) 728" (1)S(1)S3(1)] = O(|S1(t)] +[Sa(1)[?).

(2.31)

Also,

[X() = Xe(®)] [(S(2)~1S2(t))s,l
= {[Au () = A + [A2() = A (D} S () =] |S2(2)].

From (2.7) and the fact that |S,(¢)| € L%, we see that the left-hand side of the
above inequality is integrable. Using all of this information in (2.31) we see that

(2.32) |T"(1)| € L.

Going back to (2.28), using (2.30) and the fact that |S,(¢)| € L?, and using (2.32)
we see that |Ry(¢)| € L.

It is necessary to compute the diagonal elements of S(¢)~1S,(¢). However, it is
enough to compute the diagonal elements of S(¢)~1S’(¢), since these differ from
the diagonal elements of S(#)~1S,(¢) by integrable functions, namely the diagonal
elements of S(¢)~*S;(z), which we can add to R,(¢) to get an integrable matrix
valued function R;(¢). From the previous lemma, (S(¢)~1S'(?));.,=0.

If we now set P(¢)=S(¢)[I+ T(¢)] we have completed the proof of the proposition.

Finally, at the referee’s suggestion (a good one), we shall give a simple example
to show that the class of matrices V(¢) given in the hypothesis of our theorem
includes, as a proper subclass, the class of V(¢) given in the hypothesis of Levinson’s
theorem. We shall give an example of a numerical valued function since it is clear

(®) We note at this point that in view of the hypotheses on V3, V;(t) — 0 as ¢ — o, and
hence the same is true for S..
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that matrices satisfying our hypotheses, but not Levinson’s, can be constructed
from such numerical valued functions. Let us take

V) = —J S"”df, L<a<l
ta

Clearly, V(1) — 0 as t — oo. If we integrate by parts twice we get
V(t) = —(cos t%)[t*+ O(1/t2%).
This shows, first of all, that V(¢) ¢ L*(1, o0). Next we have
V'(t) = (esin t®)/t ¢ L} (1, o0); [V'|2 e LY(1, ©0);
V'(t) = («? cos t%)[t3~*— (e sin t*)[t2 € L1(1, o0);
V'(@e)V(t) = O(1/t***) e L(1, ).
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