TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 160, October 1971

RELATIVE TYPES OF POINTS IN SN—-N

BY
A. K. STEINER AND E. F. STEINER

Abstract. Using the concepts of type and relative type for points in BN— N, as
introduced by W. Rudin, M. E. Rudin, and Z. Frolik, an inductive method is
presented for constructing types. The relative types are described for points having these
constructed types and a point in BN— N is found which has exactly c relative types.

Introduction. Two points in N*=8N— N will be said to have the same type
(N*-type) if there is an autohomeomorphism on SN (N*) which takes one to the
other. The decomposition elements provided by these relations will be called types
and N*-types respectively.

Using the continuum hypothesis, W. Rudin [6] showed the existence of at least
two N*-types, the set of P-points being one of them. M. E. Rudin [5], also using the
continuum hypothesis, showed the existence of 2° N*-types. Later Z. Frolik [1]
proved this without the continuum hypothesis by introducing the notion of relative
type. He showed that no point in N* may have more than c relative types.

The purpose of this paper is to present an inductive method for constructing
types and N*-types. We will also describe the relative types of points having the
types constructed. Finally, we find a point in N* which has c relative types, thus
showing that Frolik gave the best upper bound.

1. Preliminaries. Let T be the set of types in N* and 7 the mapping on N* to
T which assigns each point its type.

Let X be a countable discrete subset of SN. It is known that cl X is homeo-
morphic to BN. If f is such a homeomorphism, then f induces a homeomorphism
between X*=cl X— X and N*. Just as a point in N* may be viewed as an ultra-
filter on N, x € X* may be viewed as an ultrafilter on X. The type of x relative to X
is defined to be 7(f(x)) and will be denoted by 7(x, X). It is not hard to see that
7(x, X) is independent of the choice of f, since a permutation on N can be extended
to an autohomeomorphism on BN which takes points in N* to points of the same
type. Clearly, (x, N)=7(x).

Throughout, we will write X c.d.< Y to mean that X is a countable discrete
subset of Y.
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It follows immediately from the definition that subsets and homeomorphisms
preserve relative types. We state this precisely as

1.1. LEMMA. (a) If Ye X c.d.<BN and x € X* N Y*, then v(x, Y)=1(x, X).

(b) If X, Ycd.<BN, xe X* and yc Y* then v(x, X)=1(y, Y) if and only if
there is a homeomorphism f of cl X onto cl Y such that f(x)=y.

(c) If h is an autohomeomorphism on BN (N*), X c.d.<BN (N*) and x € X*, then
T(h(x), h[X]) =7(x, X).

If xe N* and S<pBN, let 7[x, S]={r(x, X) | Xc.d.<S, x € X*}. We will call
7[x, BN] the set of relative types of x. It follows from the lemma that =[x, BN]
=[x, N*] U {=(x)}.

We now state Frolik’s theorem [1] and give his short argument.

1.2. THEOREM (FROLIK). card =[x, N*]=<c for each x € N*.

Proof. Let x e N*. For each countable decomposition {M,} of N choose an
X, € M}¥ such that x € {x,}*, if possible, and consider all X<{x,} such that x € X*.
The set Z of all such X with {M,} variable has cardinality at most ¢. & also has the
property that for each Y c.d.< N* such that x € Y*, there is an X € Z such that
X< Y. The proof is concluded by using 1.1(a) above.

Since for each X c.d.€N*, {r(x, X) | x € X*}=T, and card T=2¢, it follows by
1.1(c) and the theorem that there are 2¢ N*-types. M. E. Rudin [5] obtained the
same result. The following relation between relative types and N*-types can be
obtained from her corollary [5, p. 151].

1.3. THEOREM (M. E. RUDIN). Let X and Y be countable discrete subsets of the
same N*-type and x € X*, ye Y*. If 7(x, X)=1(y, Y) then x and y have the same
N*-type.

The next lemma is a consequence of a theorem of Frolik [2] which states that no
homeomorphism of BN into N* has a fixed point.

1.4. LeMMA. If Yc.d. < X* and x € Y*, then 1(x, Y)#7(x, X).

Proof. If 7(x, X)=7(x, Y), then there is a homeomorphism f of cl X onto cl ¥
such that f(x)=x. Let h be a homeomorphism of BN onto cl X. The mapping
h=1ofohis then a homeomorphism of BN into N* which has 2~(x) as a fixed
point.

2. An order on 7. Following Frolik [3], a partial order can be put on the set T
of types.

If t, t; € 7[x, BN], then t, > . ¢, if there are countable discrete subsets X, X,
in BN such that 7(x, X;)=1,, 7(x, X;)=1t; and X,< X}.

2.1. LeMMA (FRroLiK). For each x € N*, the relation >, is a linear order on
7[x, BN].
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2.2. LEMMA. The relation > , coincides with the relation >, on

7[x, BN] N 7[y, BN].

Proof. Suppose ?,, 1, € 7[x, BN] N 7[y, BN] and that #; > ¢, Let X; and X,
be countable discrete subsets of N such that (x, X;)=t,, 7(x, X;)=1,and X< XF.
Since t, € [y, BN], there is a Y; c.d. =B8N such that +(y, Y;)=t,. By Lemma 1.1(b)
there is a homeomorphism f of ¢l X; onto cl Y, such that f(x)=y. If Y,=f[X,],
then Y, c.d.< Y and 7(y, Y;)=t,. Thus #; > ..

We can now define an order on T by letting ¢, > ¢, if and only if there is an
x € N* such that ¢, 1, € 7[x, BN] and t; > . t,.

2.3. LEMMA. The relation > is a partial order on T.

Proof. Let ¢y, 15, t; € T such that ¢, > 1, and ¢,>¢;. There are sets X;, X,, Y,
Ys;c.d.<BN and points x and y in N* such that +(x, X})=¢, i=1,2, 7(y, Y))
=t;,j=2,3,and X,< X{ and Y;< Y. Since 7(x, X;)=(y, Y3), there is a homeo-
morphism f of cl ¥, onto cl X; with f(y)=x. By Lemma 1.1(b), =(x,f[Y3])
=17(y, Y3)=1; and thus t; € 7[x, BN]. Since f[Y;] c.d.< X{¥, t; > .t; and so t, > 5.

If x e N* is a P-point, then x is not a limit point of any countable subset in N*
and thus 7(x) is minimal in the partial order on T. There are 2¢ P-points in N* and
since card t=c for any t € T, there are 2° minimal types. Recently, K. Kunen [4]
has shown that there exist at least two other types in 7' which are minimal. Assuming
the continuum hypothesis, he has shown that there exists a non-P-point g€ N*
which is not a limit point of any countable set in N*. He has also shown the
existence of a countable set X< N* such that each point of X is a limit point of X
and such that no point in X is a limit point of any countable discrete subset of N*.
Since these properties are preserved under autohomeomorphisms on 8N, there are
at least two minimal types distinct from types of P-points.

Let To<T denote the set of all types which are minimal with respect to the
partial order on 7. Since 7[x, BN] is linearly ordered, it follows that =(x) € T, if
and only if =[x, N*¥]= &, that is, if and only if x is not a limit point of any countable
discrete subset of N*.

3. Multiplication in 7. The elements of T can be used as operators on subsets
of BN in the following way. If € T and S<8N, let t[S]={xe N* | te 7[x, S1}.
In order to introduce multiplication in T we prove

3.1. LemMA. If t, t, €T, then ty[t;] € T.

Proof. Let x, y € #,[t;]. There are countable discrete subsets X and Y of ¢,
such that 7(x, X)=¢#,=7(y, Y) and 7(w)=t,=7(z) for all we X, z€ Y. The first
condition implies the existence of a homeomorphism f of ¢l X onto cl Y such that
f(x)=y. Since X is discrete, there are disjoint open neighborhoods U,, of w, for
w e X, such that N<J {U,, | w € X?}. Similarly, there are disjoint open neighbor-
hoods V, of ze Y such that Nc|J{V, |z e Y}. For each we X, =(w, U, N\ N)
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=r(w)=1(z)=7(z, V., N) by Lemma 1.1(a). Let g, be a homeomorphism of
cl (U, n N) onto cl (V;q, N N) such that g, (w)=f(w). If = is the permutation on
N defined by =(n)=g,(n) for ne U, N N, then its extension # to SN is an auto-
homeomorphism on BN and #(x)=y. Thus 7(x)=17(y).

Conversely, suppose 7(x)=7(y) and x € t,[t,]. Then there is an X c.d.<t, such
that x € X* and 7(x, X)=t,. Since 7(x)=r7(y), there is an autohomeomorphism 4
on BN such that A(x)=y. Clearly, y € ([ X])*, 7(y, h[X])=1,, and 7(z) =¢, for each
z e h[X]. Thus y € t,[t,].

Thus we may define #, o t, to be #,[#;]. From the definitions of relative type and
multiplication, 7(x, X)=t, o t, if and only if there is a set X; c.d.< X* such that
7(x, X1)=t and 7(z, X)=t, for each z € X,.

We will use the symbol X !, S to mean that X c.d.<8N, SSBN, s€ X* and
7(s, X)=t for each se€ S. Thus 7(x, X)=¢, o1, if and only if we can write
X2, X, 1y {x} for some X; c.d.<BN.

3.2. LeMMA. If' t,, t, € T and S<BN, then t,[t,[S1]=1; o ,[S].

Proof. If x € t,[£,[S]] then there is a X c.d.<#,[S] such that (x, X)=¢,. For
each y e X there is a set X, c.d.<S such that 7(y, X,)=t,. Since X is discrete,
thereisafamily{0,} of disjointopensetssuchthaty € 0,. If Y={J {0, N X, | y € X},
then Yc.d.cS and X< Y*. By Lemma 1.1(a), each point in X has type 7, relative
to Y and thus it follows that =(x, Y)=t, o t; and x € #; o £,[S].

Conversely, if x € t; o #,[S], then there is a Y c.d.< S such that (x, Y)=¢, o t,.
We can thus write Y 2, X 1, {x} for some X c.d.<BN. But Y 2, X implies that
X<1,[S], and thus x € #;[,[S]].

From 3.2 it follows that (¢, o t5) o t3[S]1=1; o (¢3 © £3)[S] for any S<BN. Since
t[N]=tfor any t € T, we have (¢, o t5) o t3=1; o (5 o t3). We do not intend to study
T as a semigroup here, but will point out that it has no identity, and that multiplica-
tion is neither commutative nor compatible with the partial order.

If an element of T can be factored into a product of elements of T,, then it can
be done in only one way. In order to show this we first state the following lemmas.

3.3. LeMMA (FroLik [3]). Let X and Y be countable discrete subsets of BN. Then
the set Z=(X N Y)U (X*N Y)U (X N Y*) is discrete, cl Z=cl X N cl Y, and
Z*=X*NY*

3.4. LeMMA. If X and Y are countable discrete subsets of BN having a common
limit point x such that v(x, X)=p and 7(x, Y)=q where p,qe€ Ty, thenp=q, XN Y
is infinite, and x € (X N Y)*.

Proof. Let Z=(XNY)UX*N Y)U (XN Y*). Since xe X*N Y*=Z*,
either xe (X N Y)*, xe(X* N Y)* or xe (X N Y*)*. But p,qe Ty, so x is not
a limit point of any countable discrete subset of X* or Y*. Therefore, x € (X N Y)*
and by Lemma 1.1(a), p=7(x, X N Y)=q. Clearly, X N Y must be infinite.
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3.5. THEOREM (UNIQUE DECOMPOSITION). If p; o py o0 py=q; © gy © 0 gp
where p;,q; € Ty for 1 Si<n and 1 Sj<m, then n=m and p;=q, for 1 £i<n. Thus
each finite sequence of elements from T, represents a distinct type in T.

Proof. The proof will be by induction on n. If p; =¢;, 0 g5 0+ - -0 q,, then p; = 7(x)
for some x € N* and x is not a limit point of any countable discrete subset of N*.
Thus 7(x)=g; c gy °- - -° g, implies that m=1, and by Lemma 3.4, p, =¢;.

Assume that for all k<n, if py o pyo-- -0 p=q; 0cgy0- - -0 g, and p;, q; € Ty, then
k=m and p;=q; for 1 SiZk.

Now suppose py o pgo---op,.1=¢1°gz°---oqn, Then there is an x € N* such
that 7(x)=py o pge---op, 1=@ 0gs°-- -0y, sotherearesets X c.d.Sp,o---0p,.,
and Ycd.=gyo- - -0q, such that (x, X)=p; and (x, Y)=¢,. From Lemma 3.4
it follows that p, =g, and that X N Yis infinite. Since pyo- - <o p,,;andggo---0q,
are types and are not disjoint, pye---op,,1=¢5 0 --oq,. By the induction hy-
pothesis, n+1=m and p;=g; for 2<i<n+1. This together with p, =¢q, completes
the proof.

3.6. THEOREM. If S is an N*-type and t € T, then t[S] is an N*-type.

Proof. If x, y € [S] then there exist subsets X, Y c.d.<.S such that #(x, X)=¢
=7(y, Y). Since elements in X and Y are in the same N*-type, x and y are in the
same N*-type (M. E. Rudin, Theorem 1.3). Conversely, if x €¢[S] and x and y
are in the same N *-type, then there is an autohomeomorphism % on N* such that
h(x)=y. Since te€ 7[x, S], it follows from Lemma 1.1(c) that ¢ e 7[h(x), h[S]]
=7[y, S] and thus y € ¢[S].

We will now prove an analogue of the unique decomposition theorem for N *-
types.

3.7. THEOREM. If S is an N*-type such that t[S1<=T,, and pyopso-- -0 p,[S]
=g, 0qyo- -0 qu[S] where p;, q; € T,, then n=m and p,=gq; for 1 £i<n. Thus each
finite sequence from T, gives rise to a distinct N*-type which can be obtained from S.

Proof. The proof will be by induction on n. If x € py[S]=¢; o qs0---0g,[S],
then there are sets X c.d.<Sand Yc.d.=g, - - -0 ¢,[S] such that 7(x, X)=p, and
7(x, Y)=¢q,. Since p,, g, € T, it follows from Lemma 3.4 that p, =g, and X N Y'is
infinite. If ye X N Y, then y € S, 7(y) € Ty, and thus y is not a limit point of any
countable discrete subset of N*. This implies that m=1.

Assume that for k<n, p; o pyo-- -0 p,[S]=¢q, 0qz 0 -0 q,[S] implies that k=m
and p;=gq; for 15i<k.

If xepyopgo---op,i1[S]=q10g50---0q,[S], it again follows from 3.4 that
p1=¢; and that the N*-types pyo---0op,.1[S] and g o- - -0 g,[S] have points in
common and thus are identical. By the induction hypothesis, n+1=m and p;=g¢;
for 22i<n+1. This together with p, =¢, completes the proof.

4. Relative types. Using the previous lemmas, we can now describe the sets
of relative types of some points in N*.
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4.1. THEOREM. If 7(x)=tyotyo0---ot, where each t; €T, then [x,BN]
={t1, tioty,...,t10lg0: -0 tn}-

Proof. From Lemma 3.2 it follows that there exist countable discrete sets
X1, Xoy ...y Xp_1, Xp=N in BN such that

t t._ t t
N=X,—> X, ,—1 ... X, —— X, —— {x}.

Then for each i, 7(x, X;)=t, 0ty 0---of;and {t; o- - -0 t; | 1 SiZn}<7[x, BN].

Now, let W be a countable discrete subset of BN such that xe W*. Let
Wi=Wn(cl X;—cl X;_,) for 2<i<n and W,=W ncl X;. Since the W;’s are
disjoint and W—Jt W, N=1X,, either 7(x, W)=7(x) (by Lemma 1.1(a)) or
x € W* for exactly one i. If x € W;* then either x € (W, N X))* or x € (W, N X;¥)*,
In the first case, 7(x, W;)=7(x, X;)=t, oty o- - -0 t,. The second case cannot hold.
If i=1, then W, N X{cd.c X, and since (x, X;)=t, € Ty, x ¢ (W, N X¥)*,
Ifiz2, (W,n XH* N X ,=o, and xe X;* ;. Thus 7(x, W)=t, 0ty o-- -0 t; for
some i, 1 <iZn.

If 7(x)=ty 0ty 0- - -0 t,, where the types ¢; are not necessarily in T, it is still the
case that #; o t50- - -0 1, is in 7[x, BN] for 1 £k <n, but x may have other relative
types. It follows from the definition of T, that if 7(x)=t, ¢ T,, then thereisa t, € T
such that ¢, <t; and so ¢, is also a relative type of x.

4.2. THEOREM. If Q is an N*-type such that 7[Q]<T, and t,, t,,...,t, €Ty,
then for each x €ty o tyo-- -0 t,[Q], 7[x, N¥]={t;, t10ts,...,ty0t50-+ 0 t,}.

Proof. From Theorem 3.6, #; o t50---02,[Q] is an N*-type. If xe€t,0t50---
o 1,[0] then 7(x, X)=t,0t;0---0t, for some Xc.d.=Q. Since cl X is homeo-
morphic to BN, 7[x,cl X]={t,oty0---08,|1=k=<n} from Theorem 4.1. A
countable discrete subset of cl X is also a countable discrete subset of N* so
7[x, cl X]=7[x, N*].

If Wc.d.cN* such that x € W*, then by Lemma 3.3, either x € (X N W)*,
xe(W* N X)* or x e (W N X*)*. In the first case, 7(x, W)=7(x, X), the second
case cannot occur since no point in X< Q is a limit point of any countable discrete
subset of N*, and in the third case, x € (W N cl X)*. Since W N cl X is a countable
discrete subset of cl X, 7(x, W)=+(x, W Ncl X) is in 7[x,cl X]. Thus =[x, N¥]
=1[x,cl X]={t, o tgo---ot, | 1<k <n}. '

5. A point with c relative types. By
A—> B

!

C



1971] RELATIVE TYPES OF POINTS IN SN—N 285

we will mean that 4 c.d.<pN, that B, C<A4* and cl BN cl C=&. When C= g,
we will merely write A — B. The diagram

N — A(1) — B(0) — B(1) — {x1}

¥
A(2) - B(0, 0) — B(0, 1) — B(1, 0) — B(1, 1) — {x2}
v
l n
A(n)— B(O, ..., 0) = B(0, ..., 1) -+ B(l,..., 1) > {x,}

'

can be constructed in the following way.

Let A(1) be a countable discrete subset of N*. A(1) can be written as the union
of two disjoint infinite subsets K; and K,. Let A(2)c.d.<Kj, B(0)c.d.=K¥,
B(1) c.d.< B(0)* and x, € B(1)*. (This is the construction of the first line.)

If k> 1, and the set A(k) has been defined, let K; and K, be infinite disjoint sets
whose union is A(k). Let

k

—
A(k+1)cd. = K¥ and B(0,...,0)cd. < KX

For each sequence of k zeros and ones, let B(oy, «s, . . ., o) ¢.d. < B(B1, Ba; - - -, Br)*
if (ag,00,...,0)>B1, B2 ...»B) and x,€B(1, 1,..., D)* ((og, gy ..., o) >
(By, Bas - - -» By) if for the first i where «; #B;, ;> f;.)

Let X={x,|n21} and for each infinite sequence {«,} of zeros and ones, let
B{o,} = {B(es, . . ., &) | i2 1}. It follows that X c.d.< N* and B{«,} c.d.< N* for
each sequence {c,}. Since x, € B(ay, . . ., a,)* for each finite sequence of length n,
it follows that x € B{o;}* for each x € X* and each sequence {«;}. Let x, € X*. We
will show that x, has ¢ relative types by proving 7(x,, B{e;})# 7(xo, B{B;}) if {«;}
#{Bi}-

Let k be the first index such that o, # B, and assume «; > ;. Let

Y=U{B(x,...,a,) | n = k} = B{ey}.

Since x, € B(ey, . . ., «,)* for n2k, it follows that x, € Y* and by 1.1(a), Y<B{o;}
implies that 7(x,, Y)=7(xo, B{e;}). From the construction, Y c.d.< B{8;}* and thus
by Lemma 1.4, 7(xo, Y)# 7(x0, B{B:}).

Since there are ¢ sequences of zeros and ones, the point x, has at least c relative
types. By Frolik’s Theorem 1.2, it has at most ¢ relative types and the proof is
complete.

We might point out that while the continuum hypothesis seems necessary to
obtain minimal types and thus points with only finitely many relative types, the
continuum hypothesis is not necessary in the construction of this example. We do
not know if there are points with exactly X, relative types.
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