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Abstract. Let G be a simply-connected nilpotent Lie group, with complexification
G.. The functions on G which are analytic vectors for the left regular representation of
G on Ly(G) are determined in this paper, via a dual characterization in terms of their
analytic continuation to G., and by properties of their L, Fourier transforms. The
analytic continuation of these functions is shown to be given by the Fourier inversion
formula. An explicit construction is given for a dense space of entire vectors for the
left regular representation. In the case G=R this furnishes a group-theoretic setting
for results of Paley and Wiener concerning functions holomorphic in a strip.

Introduction. Let G be a simply-connected nilpotent Lie group. Since G is a
separable, type I, unimodular group [l], there exists by the general Plancherel
theorem [3] a unique Borel measure u on the space G of equivalence classes of
irreducible unitary representations of G with the following properties:

(i) (Harmonic analysis). Fix a p measurable cross-section ¢ — =% from G to
concrete irreducible unitary representations (7* € ¢). Then a function f € Ly(G) has a
Fourier transform f defined w-a.e. on G, such that f(¢) is a Hilbert-Schmidt operator
on the space s#(n%) of =*. The map ¢ — f(£) is a u-measurable field of operators,
and if fe L, N L, then, for a.e. ¢,

.1) £ = Lf(g)vr‘(g) dg.

(ii) (Harmonic synthesis). If fi, f5 € Ly(G), then

02) (fi *fD)(e) = fé tr (AUOFE)*) dun(®),

where f*(g)=f(g~!) (the bar denoting complex conjugation), and tr denotes the
canonical semifinite trace on the ring of all bounded operators on £ (n*).

If f has sufficiently many derivatives in L,(G), then f can be written as f; * /5%,
with f; € Ly(G) [15]. Hence by (0.2), f(¢) will be a trace-class operator for almost all
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¢, and f may be expressed in terms of f by the Fourier inversion formula:

(0.3) fg) = L tr (w5(g /() du(®).

In this paper we want to use the general Plancherel theorem to correlate
analyticity properties of functions on G with suitable properties of their Fourier
transforms. This was first done for the additive group of reals R by Paley and
Wiener [12]. In this case G may be parametrized by R, with =%, ¢ € R, the one-
dimensional representation x — exp (iéx). For each fixed ¢ the function

x — tr (r¥(—x)f(§)) = e~ *¥*f(¢)

extends holomorphically to the complexification C of R. Hence f will have an
analytic continuation, given by (0.3) with g complex, provided e#*f(¢) remains
square-integrable with respect to the Plancherel measure, uniformly for z on
compact sets of C.

In the noncommutative case a new phenomenon occurs. Namely, the function
g — tr (#°(g~1)T) is not analytic for an arbitrary trace-class operator T on J#(=%),
since the matrix elements g — (7%(g)u, v), u, v € #(=*), are only continuous in
general. To treat analyticity properties of L, functions on G via the Fourier
transform, we need the following notions:

Let g be the Lie algebra of G, g. the complexification of g, and G, a simply-
connected group with Lie algebra g.. Since g, is nilpotent, we may assume that G
is the analytic subgroup exp g of G, (exp: g. — G,.). Let {X,}, | £j=d, be an ordered
Jordan-Holder basis for g, i.e. if

b = span {X}}; <,
then
[8, D] < Bi—1, k=12,...,d

If = is a unitary representation of G on a Hilbert space 5# (), let #“(r) denote the
space of analytic vectors for =, and let the subspaces ¢ (m)<=H# (), t>0, be
defined as in [5] relative to the basis { X} (cf. §1). Then (7)) =;» o ¢ (7), and
we call 9 (m)=("\»>0 S 2(m) the space of entire vectors for m. (#{(m) is dense in
H#“(w) for some ¢>0 [10], and when = is irreducible, we showed that £%(n) is
dense in S£(m) [6].)

On the space s#“(w) the representation = can be analytically continued to a local
representation =, of G, [5, Proposition 2.3]; if g=exp X, then =,(g) is defined on
the space U, x; #¢(m). Here we define the norm | X| relative to the basis {X,} by
|> a,X,|=2 |a;|, a;e C. Thus if T is a bounded operator on 3# () such that
Range (T) < s ¢(w), then y — 7,(y)T is a holomorphic operator-valued function
defined for y € Q,, where Q,={exp X; X € g,, | X| <1}.

Let now L be the left regular representation of G on L,(G). We show in this paper
that the space s#“(L) has the following dual characterizations:
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THEOREM A. A function fe Ly(G) is an analytic vector for the left regular repre-
sentation L if and only if f extends holomorphically to the region Q.G<G, and
satisfies

(0.4) sup J lfy~1g)|? dg < o
YEQLJG

for some t>0, dg denoting Haar measure on G.
Furthermore, f is an entire vector for L if and only if f is an entire function on G,
and (0.4) holds for all t > 0. The analytic continuation L,, of L acts by left translations.

THEOREM B. A function f.€ L,(G) is an analytic vector for the left regular repre-
sentation if and only if the Fourier transform f of f satisfies

(0.5) Range (f(§)) € #9(=%) a.e. (p),
06) [ sup Imsef @l dute) < oo

for some t>0, where p is the Plancherel measure on G and ||T |, denotes the Hilbert-
Schmidt norm.

Furthermore, f is an entire vector for L if and only if (0.5) and (0.6) hold for all
t>0. The Fourier transform of L,(y)f is wi(y)f(£) a.e. (w).

The analytic continuation of fin Theorem A is furnished by the Fourier inversion
formula:

THEOREM C. Let f € Ly(G) be an analytic vector for the left regular representation,
f its Fourier transform. Then

[, sup IS (@l duce) < o

for some t>0, where ||T||, denotes the trace norm. The analytic continuation of f to
the region Q,G<=G. is given by the absolutely convergent integral

fivg) = fé tr (Ry~ )@ (g~ ) du(®),  veQ,ge.

The main technical tool used to prove Theorems A and B is a “global”’ form of
the semidirect product theorem for spaces of analytic vectors (cf. Corollary 3.1 of
[5]), which we state and prove in §1. This reduces questions about analytic vectors
for G to consideration of analytic vectors for the one-parameter subgroups
{exp tX;}. In §§2, 3, and 4 we state and prove somewhat stronger versions of
Theorems A, B, and C, respectively.

The ““local” versions of these theorems, i.e. with the omission of the character-
ization of the space of entire vectors, hold for a general type I unimodular Lie
group (assuming for simplicity that G< G., where G, is the simply-connected group
with Lie algebra g.). This can be proved by the same techniques used in the present
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paper. We omit the details, and instead, to establish the special nature of the
nilpotent case, we show in §5 that the space of entire vectors for the left regular
representation is dense in Ly(G), when G is a simply-connected nilpotent group.
By the results of [5] this fails to hold for large classes of noncompact, nonnilpotent
Lie groups.

1. Basic technical theorem. Let {X,}, 1<j=<d, be an ordered Jordan-Holder
basis for g, which will remain fixed throughout the paper. Let = be a unitary
representation of the group G. On the space J#(w) of infinitely differentiable
vectors for = we define the seminorms p, (relative to the basis {X}}) by

pa(v) = max [om(X;, - - X))o,
1=5jk=d

(po(v)= ||v]|), Where &m is the representation of the complex enveloping algebra
U(g). on S *(w) obtained from =. The space s#’(r), t >0, consists of all C* vectors
v for which

E©) = 5 510 <

when 0 <s<t. Equivalently, by Abel’s lemma,
(1L.1) M(v) = sup [s"pa(v)/n!] < o0
nz0

for 0 <s <t. The families of norms {E}¢<s<; and {M}o < <; on s#¥(x) are obviously
equivalent.

Let 7, denote the restriction of 7 to the one-parameter subgroup G;={exp tX};cr.
Let #¢(w,) be defined with respect to the basis X, for the Lie algebra of G, i.e.
v € HP(w)) if and only if for all s, 0 <s <1, there exists a constant Cy(v) such that
|om(X,)™| < Cv)s~"n!. (By the Cauchy inequalities, this is equivalent to assuming
that the #(w)-valued function ¢ — m(exp £X,)v, ¢ real, can be analytically con-
tinued to the complex disc || <1.)

Since ||om(X,)™| = pa(v), we have

(1.2) Hp(m) < Ho(m), 15j<d
Our basic technical tool in studying the spaces ##¢(r) is the following converse to
(1.2):

THEOREM 1.1. There exist polynomials p/(t), depending only on the structure of g,
such that for any unitary representation = of G and all t>0, one has

da

(1.3) 101 Hpw(m) S HP(m).

If h,=span {X,}, <x <, and if the integers N; are chosen so that (ad X, )"s**(9,)
=0, then the polynomials p/(t) may be taken as
(1.4) pat) =t, p1) = Ci(l+n)™, 1 =j<d,
where m;+1=[1¢-} (2N, +1) and C=1 is a constant independent of =.
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REMARKS. 1. In case g is abelian, then N;=0, m;=0. Thus the theorem is best
possible in this case, up to the choice of the constant C.

2. The proof of Theorem 1.1 shows that the inclusion (1.3) is continuous in the
H¢ topologies. This could also be inferred from the closed graph theorem, since
both sides of (1.3) are Fréchet spaces [5, Proposition 2.1].

Proof of Theorem 1.1. By Theorem 1.1 of [5], we know that M4, H#*(m))
=s¢(m). To obtain the inclusion (1.3) we shall proceed by induction on dim g,
the theorem being trivial when dim g=1, and we shall use the notation and results
of §4 of [6]. Specifically, assume that the theorem is true for nilpotent Lie algebras
of dimension =d. Let dim g=d+1, and take a Jordan-Holder basis {X;}; <;<a+1
for g. For convenience in notation, set Y;=X,, 1=<j<d, X=X,,, and
h=span{Yy,..., Y }. Let

7.(0) = max |om(Y;,--- Y, v,
1=5jx=d
for v € #*(w). Then by Lemma 4.2 of [6], we have the a priori estimate
k
(1.5) pu(e) = max {3 (5)an,rulem(rr-m}
k+m=n \=0o\J

holding on s#*(w). Here a, ; are positive numbers depending only on the Lie
algebra structure of g, such that for all r>0 and integers m, an inequality
© L
(1.6) > Tl £ (LY
i=oJ:
holds. (The exponent N in (1.6) is determined by the condition (ad X)¥+1=0.)
In order to obtain an a priori estimate of the right side of (1.5) in terms of 7,(v)

and || ém(X)*v||, we observe that by the skew-symmetry of the operators d=(X;) one
has

(1.7 en(Y;,- - Y, X2 = (= )"+ @n(X*Y,, - ¥, ¥, - - ¥y, X*)o, v)
for any vector v € #*(m). Let D be the derivation of U(g), which coincides with

ad X on g. For a multi-index a=(ji, ..., j,), With 15j,<d, set Y,=Y; ---Y;.
Then by Lemma 4.1 of [6], we may express

DkYa'—‘ Z Cg,BYB:
181 =lal

with the coefficients C¥% ; satisfying maxX )= n 25 =n |CE 5| < @ 1» @y as above. Now
by the standard commutation formula

k k .
XY, = > (j)Df(Ya)X"".
ji=0

Using this in (1.7), transposing the Y, factors, and applying the Schwarz inequality,
we obtain the estimate

(Y, - - - oz < S (K i m(X)2% =
len(¥, - Y x017 < 5 (S 5 CLal lom(X ol ranto,
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where a=(jn, - - .5 j1, J15 - - -5 Jm)- Since this holds for any (jy, ..., ja), we thus have
the second a priori estimate

(1.8) [ra(en(XyD) < > (’f)am,uaﬂ(X)%-fu||12m(u)
j=o \J

holding for all v € S#£>(m).

By the induction hypothesis there are polynomials g,(t), 1<j=<d, so that the
theorem is true for the restriction of = to the subgroup exp §. Assume now that
r, s>0 and that v € S () satisfies the estimates

(Y| < Mg(r)=™n!, 1=2j<d,

(1.9)
lem(X)w| £ Ms~"n!

for n=1, 2,.... By the induction hypothesis v will then satisfy an estimate 7,(v)
<M, r~"n!. (We may assume g¢,(t) is monotone increasing in z.) Hence by (1.8)
and the inequality k!(2k —j)! =(2k)!(k—j)! we have

[ra@r(X )P £ MMyr-2ns-2Qm)1(2k)! S 5 gy
<o J! 7
o J!

Using (1.6), we thus obtain the growth estimate
T(0m(X)*v) £ Mor~ms ¥ [Cy(1 +sV)]™k ! m!
with a constant C; independent of 7. By the a priori estimate (1.5), this implies that

pa(v) £ Mon! max {s~*r="[Co(l +52")]"},
k+m=n

using (1.6) again, with a constant C, independent of . In particular, if 7 and s are
related by r=C,s(1 +s%¥), and if v satisfies (1.9), then v satisfies p,(v) < Mynls™".

We conclude from the estimates of the last paragraph that (1.3) holds, with the
polynomials p;(¢) taken as g,(Ct(1 +¢2¥)) for 1<j<d, and p,,.(¢)=t. If the poly-
nomials g,(¢) are assumed to be of the form (1.4), then with suitable choice of the
constant C one easily verifies that suitable p;(t) can be also given by (1.4), relative
to the basis {X;}1<jza+1. Q.E.D.

COROLLARY 1.1. Let = be a unitary representation of G, and let v € S (m). Suppose
that for some r>0 and all j, 1 £j<d, the function t — (m(exp tX,)v, v), t real, extends
holomorphically to the complex disc |t| <2p{r). Then v € #?(x). In particular, v is
an entire vector for = if and only if the associated positive-definite function
g — (m(g)v, v) extends holomorphically to an entire function on G..

Proof. Under the stated assumptions on », we conclude from Proposition 4.1
of [5] that v e #5,,(7;), 1 £j<d. Hence by Theorem 1.1 we have v € #P(m). If
this holds for all r, then v will be an entire vector. Conversely, if v is an entire vector,
then by Corollary 2.1 of [5] the function X — (m(exp X)v, v) on g extends holo-
morphically to g.. Q.E.D.
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2. Analytic vectors for the regular representation. Let L be the left regular
representation of G on Ly(G):

(L)) = fx72y).
An explicit description of the analytic vectors for L is given by

THEOREM 2.1. Suppose fe #P(L), t>0. Then fis a C* function on G, such that

(i) f can be analytically continued to the connected open subset G of G., where
Q,={exp X; Xeg,, | X]| <t}

(i) If 0<s<t, then

sup [ |/tve)|? dg < oo.
1€Qs JG

Conversely, let the polynomials p(t) be as in Theorem 1.1, and suppose that f is a
C = function on G such that for fixed g € G, the function ¢ — f(exp (£X,)g), € real,
can be analytically continued to the complex disc |{| <p;(t),j=1, ..., d. Assume that
the analytic continuations satisfy

@ sup [ 1f(exp (CX)g)I? dg < o,
for 15j<d, s<pt). Then fe H#P(L).

Proof. Suppose fe #¢(L). By Sobolev’s lemma (cf. Proposition 5.1 of [13]),
H# (L)<= C*(G) continuously, so that point evaluations on G define continuous
linear functionals on #*(L). Hence fis C*, and by Corollary 2.1 of [5], the func-
tion X — f(exp Xg) extends holomorphically to the region | X| <t in g, for each
g € G, giving (i). By Proposition 2.2 of [5] and the uniqueness of analytic con-
tinuation, we have the identity

(2.2) Lo)f(g) = fr7g)

holding for y € Q,, g€ G (L, denoting the analytic continuation of the repre-
sentation L to a local representation of G, on s#“(L), as defined in [5]). Since
y — L,(y)f is holomorphic from Q, to Ly(G), it is bounded on compact subsets of
Q,, yielding (ii).

For the converse, we first recall the fact that if § is an ideal in g of codimension
one, and we write g=% @ (X), then the maps

(t, Y) >exptXexp Y, (t, Y)>exp YexptX

from R x § to G are analytic manifold isomorphisms, and that a Haar measure on
G is given by the product of Lebesgue measures on R and ) in these coordinates
(cf. [14, Part II, Chapter II, §2, Corollary 2, Remark 2]).

As a consequence, we may take as global coordinates on G the ‘““canonical
coordinates of the second kind” given by

(2.3) O, (ty,...,ta) > gt)g1(t) - - (&/(t))" - - - ga(ta)s
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the circumflex denoting omission. Here g.(r)=exp tX;, and we have picked a
particular one-parameter subgroup g;(t) to appear on the left, the other one-
parameter subgroups occurring in increasing order from left to right. In these
coordinates a Haar measure on G is given by Lebesgue measure on R%.

Let fe C*(G) be such that the function & — f(exp (£X;)g) can be analytically
continued to the complex disc |[{| <r, r=p;t). Since exp (6X,)D(ty,. .., ts)
=<I>j(t14, ..o L+ ..., 1), this is equivalent to the assumption that the function
F;=f0o ®; can be analytically continued in the variable #; to the strip |Im ¢,| <r,
for fixed real values of the remaining f,. By expanding F; in a Taylor series in the
variable 1, we see that the function g — f(exp ({X;)g) is measurable for fixed
complex , |{| <r. Hence the integral in condition (2.1) is defined.

Assume now that f can be analytically continued as above, and that condition
(2.1) is satisfied. In the coordinate system ®; this condition becomes

(2.9) |§”u<ps e |Ffty, ..., ti+in, ..., tg)|2dty- - -dt; < oo
for all s<r. Let U,(¢) be the operator of translation by £ in the jth coordinate,
acting on L,(R%). It follows from Morera’s theorem and the Fubini theorem,
using (2.4), that the function ¢ — U,(§)F; extends to a holomorphic function from
the disc || <r to Ly(R*). (We could have invoked the original theorem of Paley
and Wiener at this point.) But

UAOF; = L(g(&))f > ©;,

so we deduce that f€ #7%,,,(L;). By Theorem 1.1 we obtain fe #¢(7). Q.E.D.
As an immediate consequence of Theorem 2.1 and equation (2.4), we obtain

COROLLARY 2.1. A function f on G is an entire vector for the left regular repre-
sentation L if and only if f is the restriction to G of an entire function on G, which
satisfies

(2.5) sup L [f(vg)|>dg <

for all t <oo.
The representation L,, of G, on the space % (L) is given by left translation.

REMARK. It is an easy consequence of the closed graph theorem (or the explicit
estimates of §1) that the family of norms defined by the left side of (2.5), as ¢ ranges
over the positive reals, gives the topology on s#°%(L) defined in [5].

3. Fourier transforms of analytic vectors. In this section we will obtain the
characterization of the Fourier transforms of analytic vectors for the left regular
representation (Theorem B of the Introduction). We first state and prove two
general lemmas concerning analytic vectors for direct integrals and tensor products
of unitary representations.
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LEMMA 3.1. Let U be a unitary representation of G, and assume that
® ®
U= f Urdy,  A#U) = j H(U) dr

is a direct integral decomposition of U. Let the polynomials p,(t) be as in Theorem 1.1,
and set §=(dim G)Y'2. The analytic vectors for U decompose as follows:

(@) If ve H#P(U) for some t>0, then the components v* € #P(U*) a.e. (d)), and
for all s<t,

G.1) f sup [U20)0|? dh < o.
YEQS

(b) Conversely, if ve #(U) is such that v* € #75,4(U}) and

~

(3.2) J max || UMexp zX,)0*|2 dA < oo
+1is

for all s, 0<s<pit), and 1 £j=d, then v € H#P(U).
(©) If ve #P(U) and y € Q, then the A\-component of U, (y)v is U)(y)v" a.e. (dA).

Proof. (a) We first establish that the space #*(U) decomposes in the direct
integral as the space of sections {v"} such that

3.3) v e#°(n) a.e.,
and
(3.4) f 6UNW)|2 d) < o

for any W e 1(g).

Indeed, if X € g and = is a unitary representation of G, then by Stone’s theorem
we may write m(exp tX)=e' **® where dn(X) is a skew-adjoint operator on ().
We have the representation formula

3.5) [1—dn(X)]"? = f:ﬂ(exp tX)e~t dt

relating the resolvent of dm(X) and the one-parameter group m(exp t.X).
Let 5#%() denote the space of k-times differentiable vectors for a representation

o (cf. [7]), and suppose that v € #(U). Set w=dU(X)v. Then by (3.5) we have

v = f U(exp tX)(v+w)e~t dt.

0
Hence
v = f Urexp tX)(*+whe~tdt a.e. (d))
0
= [1-dUNX)]" '@ +w") a.e. (dr),

so that v* € 2(dUN X)) a.e. (dA), and dUNX)v*=w" a.e. (d)). (2(S) denotes the
domain of definition of an operator S.) By Proposition 1.1 of [7] we conclude that
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v e #HU?) a.e. (d)). Iterating this argument, we obtain (3.3) and (3.4) for any
v e A °(U), and the equation

(3.6) QU(W)) = aUNW) ae.(d)), Wel(g).
Conversely, if v* € #1(U?) a.e. (d)), and

j [dUNX)o*|2 dA < oo
for all X € g, let we 5£(U) be such that w*=dU* X)v*. Then

t
UMexp tX )" —v* = J U*exp sX)w* ds
0

SO
1UNexp tX)* =0 = ] [[w?].

By the dominated convergence theorem, we obtain v € 2(dU(X)). Iteration of this
argument (using Proposition 1.1 of [7] again) shows that (3.3) and (3.4) imply that
veH (V).

Suppose now that ve#*(U). Recall the notation X,=X; ---X,, where
o=(j1,...,Jjn) With 1 £j.=d is a multi-index, |«¢|=n, and {X}} is the fixed Jordan-
Hoélder basis for g. If >0, then by the monotone convergence theorem and equa-
tion (3.6) we have

3.7) Z ,)2 3 louels f ( ')2 S loUMX) [P
Since there are d™ multi-indices of length n, the left side of (3.7) is bounded by
> (r2d)™(n!)~2p,(v)?, where {p,} are the canonical seminorms on s#*(U), as in §l.
Hence if v € #%,4(U), then the left side of (3.7) is finite when r <t. It follows in
this case that the integrand on the right side is finite a.e. Since the integrand
dominates > r2"(n!)~2pA(v")?, we conclude that v* € #P(U*) a.e. (Here p}; denotes
the canonical seminorm on #*(U%).) From the power series definition of U}(y)
we also have from (3.7)

(38) sup U3 ] < @

where @, € Ly(d)).

Since | U(y)v*|| is continuous in y, the supremum in (3.8) is obtained by letting y
run over a fixed countable dense subset of Q,, and hence is a measurable function of
A. This proves part (a) of the lemma.

Let v satisfy the conditions of part (b) of the lemma. We observe that by the
maximum modulus principle and the unitarity of U, we have

sup |U(exp zX))0*| = max | Us(exp zX;)0* |
2=y z= +ir
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Hence by the Cauchy estimates and (3.7), v € 5 ,(U;). Thus v € #P(U) by Theo-
rem 1.1.
To prove (c), we start with the formula

Uk, w) = f U, W) d,

valid for y € G and v, w € (V). If v € S#5(U), then by part (a), using the theorems
of Morera and Fubini, we see that the right side of this equation has an analytic
continuation to the region y € Q, given by f (UMy)v*, wt) dX. By Proposition 2.2 of
[5], the left side has the analytic continuation (U,(y)v, w). Since Q, is connected,
these two continuations must coincide, and hence (c) follows by the arbitrariness
of w. Q.E.D.

LEMMA 3.2. Let m be a unitary representation of G, and let A be the representation
given by left multiplication by m(g) acting on the space of Hilbert-Schmidt operators
on ' (m). Let the polynomials p;(t) be as in Theorem 1.1. Then the analytic vectors
for A may be described as follows:

(@) If T e #P(A), then Range (T)<S H{(n), and for all s<t,

(3.9) sup 7T |2 <

(|| - |2 denoting the Hilbert-Schmidt operator norm).

(b) Conversely, if T is a Hilbert-Schmidt operator on S (w) such that Range (T)
S H#yw(m;), and if m(exp +isX;)T is a Hilbert-Schmidt operator for 0 <s<pyt),
15j<d, then T € #P(A).

(c) The analytic continuation of A is given by left multiplication by = ,(y).

Proof. (a) We first note that the C*® vectors for A consist of all Hilbert-Schmidt
operators T on 3 () such that

(i) Range (T)ss#*(m),

(ii) om(W)T is a Hilbert-Schmidt operator for all W e U(g)..

Indeed, if s£*(m) and #™*(A), k=0, 1,2,..., denote the chains of spaces of
k-times differentiable vectors for = and A respectively (cf. [7]), then for T € s#*(A)
and X € g we may write

t
(3.10) (exp tX)T = T+ f (exp sX)T, ds,
0

where T, =0A(X)T is a Hilbert-Schmidt operator, and the integral in (3.10) con-
verges in the Hilbert-Schmidt operator norm. Hence if v € 5 (), then

t
[m(exp tX)—1]Tv = j m(exp sX)Tyv ds,
0o

so that Tv € 2(dm(X)) and dn(X)Tv=T,v. Since this holds for all X € g, we have
Range (T)c #*(n) and dm(X)T=dA(X)T. Conversely, if Range (T)<#*(=) and
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dn(X)T=T,, then the integral formula (3.10) is valid, where the integral converges
in the strong operator topology. If T; is again a Hilbert-Schmidt operator, then
the integral converges in the Hilbert-Schmidt norm, so that 7 € s#*(A). Iteration
of this argument and the use of Proposition 1.1 of [7] establishes that T € s#%(A)
if and only if Range (T)<s#*(n) and dn(Y,)---dn(Y,)T is a Hilbert-Schmidt
operator for any Yi,..., Y, €g. In particular, we obtain (i) and (ii). (In case =
is irreducible, the chain {##*()} is nuclear, and one may show that (i) implies (ii).
We shall not need this fact in the following however.) The proof just given also
shows that @A(W) is simply left multiplication by on(W), for W e 11(g)..

Let p7 and p2 be the seminorms on 5#*(7) and 5#*(A) respectively, as defined in
§1. If T e s#°(A) and v € 5#(w), we have by (i) and (ii) above the a priori estimate

(3.11) pi(To) < p(T)|0].
Suppose now that T e s#?(A). Then (3.11) implies that Tv € ¢ (w) for all v € (7).
Thus the operator =,(y)T is holomorphic in y € Q,, and agrees with A, (y)T when
y € G. By the uniqueness of analytic continuation, we have m,(y)T= A,(y)T, when
y € Q. Hence (3.9) follows from Proposition 2.2 of [5].

(b) Suppose T is a Hilbert-Schmidt operator on (=) satisfying the conditions
of part (b) of Lemma 3.2. If {=¢+is, with &, s real and [{| <p,(¢), then

mo(exp X,)T = w(exp £X,)m (exp isX;)T.

Since m(exp £X;) is unitary, it follows that the operator =, (exp {X,)T is Hilbert-
Schmidt, and
|mo(exp LX)T ||z = ||7o(exp isX,)T | ..

Since 7, (exp L X,)< & 4* ¥y, it follows from the spectral theorem that if r is real and
|r| <s, then
Imo(exp irX;o| = max [mo(exp LX))u].

Combining these two estimates, we conclude that sup - [m,(exp {X)T||; is a
nondecreasing finite-valued function of s, s<p,(t). By the usual argument, via
Fubini’s theorem and Morera’s theorem, we obtain the analyticity of the function

{ — tr (m,(exp LX,)TS*)
for |{| <p;(t) and S an arbitrary Hilbert-Schmidt operator. Theorem 1.1 then
gives Te #P(A). Q.E.D.

We now give the dual version of Theorem 2.1. For this, let G, u, #° be as in the
Introduction, let p,(1) be the polynomials in Theorem 1.1 and set §=(dim G)'2.

THEOREM 3.1. Let f€ Ly(G), and let f be its Fourier transform. Suppose f € #8(L)
for some t>0. Then
(i) Range f(§)c#(n°) a.e. (u);
(i) (Lo () =7(y)f(§) a.e. (n) when y € Qy;
(iii) [ SuPyea, ImEC)AE)E du(€) <co for all s <.
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Conversely, if ¢ — f(§) is a u-measurable field of operators such that for 1<j<d
and 0 <s <p,(t) one has

(3.12) Range f(¢) < #3(m) a.e. (),
(313 [, max Imi(exp LX)/ due) < o,

then f is the Fourier transform of a function f € #¢(L), and f satisfies (i), (ii), and (iii).

REMARK. It was shown in the proof of Lemma 3.2 that the integrand in (3.13)
is a nondecreasing function of 5. Hence to check that fis the Fourier transform of
an analytic vector for L, it suffices to have (3.12) satisfied for some >0, and (3.13)
satisfied for some positive s <min; p,(¢), for all j, 1 <j<d.

Proof of Theorem 3.1. By the Plancherel theorem [3], L= ® A% du(€), where A*
is the representation given by left multiplication by #* on the space of Hilbert-
Schmidt operators. The theorem thus follows immediately from Lemmas 3.1
and 3.2. Q.E.D.

As an immediate consequence of Theorem 3.1 we have

COROLLARY 3.1. A function f on G is an entire vector for the left regular repre-
sentation L if and only if its Fourier transform f satisfies

(i) Range f(&) is contained in the space of entire vectors for =* a.e. (u).

(ii) For every t>0,

(3149 [ sup 1m0 due) <co.

The Fourier transform of the representation L, is given by left multiplication by =¥,

REMARK. The family of norms defined by (3.14), as ¢ ranges over the positive
reals, gives the topology on 5#°%(L) defined abstractly in [5].

4. Analytic continuation of the Fourier inversion formula. Let f be an analytic
vector for the left regular representation L. In this section we use the results of §3
to show that the analytic continuation of f, which exists by Theorem 2.1, is explicitly
given by analytic continuation of the Fourier inversion formula. Let §=(dim G)/2.
If T is an operator on Hilbert space, let |T'||; denote the trace norm of 7, and let
G, u, 7 be as in the Introduction.

THEOREM 4.1. Let fe€ 5#94(L). Then for any s <t,
@.1) [, sup 1)/ @1 ) < co.
G Y€Qs

The analytic continuation of f to the set Q,G is given by the absolutely convergent
integral

4.2 Sve) = fé te (v (y "D (Eym*(g™Y)) du(é), yeQ, g€l
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Proof. Let A=>%_, X7 If = is a unitary representation of G, we denote by A(m)
the selfadjoint operator o=(1 — A)*, and by B(w) the positive square root of A(w).
When ==L is the left regular representation, we will simply write 4 and B respec-
tively. Let 1>0. Then for any T e U(g),

Range (6L(T)e~*) = (N 2(4™) = H#*(L)
n
[10]. Hence by a Sobolev lemma (Proposition 5.1 of [13]), dL(T)e~*4 maps Ly(G)
continuously into C®(G). Since it commutes with right translations, it follows that
e~ is given by left convolution with an L, function K, and that g, t — K,(g) is

C? (cf. [15]). Furthermore, Nelson and Stinespring [11] proved that K, € L,(G),
| Killz,y< 1, and that for an arbitrary unitary representation m,

43) emtam = f (2)Kg) dg.

The semigroup ¢t — e ~*8™ can be obtained from the semigroup ¢ — e ~*4™ by an
integral formula [16, Chapter IX, §11]. Using this formula, (4.3), and the Fubini
theorem, we conclude that

e~tBn) — J; ﬂ(g)Wt(g) dg’

where
(4.4) Wilg) = ot [ Kgle=ms=om ds,
0
c¢=(2+/m)~1. If W, is the Ly-Fourier transform of W,, we thus have by (0.1) and the
above the identity
4.5) W(€) = e B  ge. ().

We next observe, that if v € #*(x), then
IB@yol? = @nl1—ayw,0) 5 5 (1) dpi”

Here {p.} are the canonical seminorms on J#“(w), and we have used the obvious
estimate

(= Df@m(A)v, v) £ d*pi(v)®.

Hence if the norms MT on s#{(w) are defined by (1.1), s <t, then for v € ()
and o a multi-index of length m, we have

IB@ryen(Xol? < Mi@P 3 () dis = mi(k+m1F

=0

< M?I(v)%4ms—2"(1+4 ds~2)"(m!n')>.
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Thus if X € g., then
(4.6) | B(m)rom(X)mv| = MFw)(2s~ | X |)mc(s)"m!n!,

where c¢(s)=(1+4ds~2)¥2 Let O0<e<c(s)~?}, and |X|<s/2. Then from (4.6) we
have

4.7 |esB ™ (exp X)v| £ CMZ(v),

where C=(1-2s"X|)~*(1 —ec(s))~! is independent of =.

We can now complete the proof of Theorem 4.1. Let '€ 5#%,(L), and denote by
A% the representation given by left multiplication by =%, acting on the space of
Hilbert-Schmidt operators on £ (#%). By equation (3.7) we have an estimate

(4.8) ME(f(8)) = Dy(8),

where @, € L,(G, du), s<2t. From the characterization of the space H#*(A%)
given in the proof of Lemma 3.2, we see that the operator B(A?) is left-multiplica-
tion by B(n%). Given now s <t and y € Q,, choose s, with 2s <s, <2¢, and e <c(s,) 1.
Write

(NS (E) = W(£)eP i (y)f(£).

Then by the Holder inequality for the trace-norm and (4.7), (4.8), we have the
estimate

(4.9) sup 750/ (O)]: £ CO(EW (&),

with the constant C depending only on s, s, &. Since W, € Ly(G), W, € Ly(G, du)
by the Plancherel theorem. Hence the right side of (4.9) is u-integrable. The left
side of (4.9) is easily seen to be u-measurable, so we obtain (4.1).

To establish the identity (4.2), we observe that the left side is holomorphic for
y € Q, by Theorem 2.1. The integrand on the right side is holomorphic for y € Q,
and p-almost all £, by (4.1) and Theorem 3.1, while another use of (4.1) allows us
to apply the Fubini theorem and Morera’s theorem to obtain the analyticity of the
right side of (4.2). By the Fourier inversion formula both sides agree when y € G,
hence by the uniqueness of analytic continuation (4.2) holds for y € Q,also. Q.E.D.

COROLLARY 4.1. Let f be an entire vector for the left regular representation. Then
the analytic continuation of f to G, is given by the absolutely convergent integral

(4.10) S = [ tr (il 07©) dut®).
ExaMPLE. Let G be the Heisenberg group, consisting of all matrices
1 a ¢
4.11) 01 b
0 0 1
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with a, b, ¢ real. Then G, consists of all such matrices with a, b, ¢ complex. The
representations {#*} which enter into the Plancherel formula, and the spaces
HP(m), were described in Theorem 6.2 of [5], where A € R—{0}. (The statement of
this theorem has a misprint, and should read #P(m*)2.9 ,2#%(=*).) In this
parametrization the Plancherel measure is |A| dA, dA denoting Lebesgue measure on
R [2]. The space of entire vectors for #* is independent of A, and consists of all
entire functions f on C such that sup i, <- €"?'f(z)| <o for all r>0.

Let X, Y, Z be the usual basis for g, satisfying [X, Y]=Z, Z central, as in [5, §6],
and let A= X2+ Y2+ Z2 The eigenfunctions {g}} of é=*(A) are entire vectors for
= [5, Corollary 6.1]. Explicitly,

Pa(x) = [A|" e, (]A2x),

where g, is the nth Hermite function. Using these functions and Theorem 3.1, we
can construct the Fourier transforms of some entire vectors for the left regular
representation L of G as follows:

Let P,,(A) be the operator on Ly(R) which maps ¢}, to ¢3, and sends ¢} to O,
k #m. Then Range (P,,(A))=#%(w ), and

7o) Pra(DE = [7i(r)en?.

This may be evaluated, using formulas for translates of Hermite polynomials
[9, §5.6.4], with the result that if y is given by (4.11), then

4.12) [75()eal? = Qu(a, b, A) exp [—2A Im (c) + [A|(Im a+Im b)?],

where Q, is a polynomial in a, b, and A.

If h e L%(R; || d)) and vanishes for large ||, it follows from Corollary 3.1 and
(4.12) that the operator-valued function f(A)=/h(A)P,.(}) is the Fourier transform
of an L, function f'on G which is an entire vector for L. The entire function f may
be represented by the Fourier inversion formula

S =f

©

() Pun(NAR)|A] dA

= f: (m5(v)en, eIV A| dA.

Using the Plancherel formula and the completeness of the eigenfunctions {¢3},
we conclude that the entire vectors f thus obtained have a dense span in Ly(G).
We do not know if a similar construction of entire vectors via Fourier transforms
and the operator A is possible on an arbitrary simply-connected nilpotent group.
In the next section we instead give a direct construction of entire vectors, without
the use of Fourier transforms and irreducible representations.

5. Entire vectors for the regular representation. In this section we use Theorem
2.1 to derive sufficient conditions on an entire function f on G., so that f will be
an entire vector for the left regular representation of G.
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THEOREM 5.1. There exist numbers p;> 1 with the following property:
If F is an entire function on C*¢ satisfying an estimate

d d
5.1 |[F(zy, ..., 25)| < Cexp{-—A > |Rez|%+B > |Im z,|”:},
ji=1 ji=1

with A, B, C positive constants, then the function f on G defined by
Slexp t; X+ - -exp t,Xg) = F(ty, ..., ts)

is an entire vector for the left regular representation.

REMARK. The proof of Theorem 5.1 gives p;, ; >mp, as a sufficient condition on
the exponents p; for the validity of the theorem, where m is an integer determined by
the Lie algebra g (m=0 if g is abelian).

As the first step in proving Theorem 5.1, we derive a formula for left translation
by exp zXj; in canonical coordinates:

LEMMA 5.1. Let {X;} be an ordered Jordan-Holder basis for g, and set git)
=exp tX;. If g=g1(t1) - -g4(ta), then g(2)g =g1(s1)" - -g4(s), where
S = tk+Pk7'(z, tk+1,'--’tj—1)’ k <j—l’
Sj—1 =t 1,
(5.2) e
§; = t,+z,
Sk = tk, k > j.

The functions Py; in (5.2) are polynomials.

Proof of Lemma 5.1. By induction on d it suffices to treat the case j=d. Let
D=ad X,. Then we can write

ga(2)g = exp (t1*°X1)- - -exp (t4-16°°X4_1)8a(ta+2).

Now e?? X, = X, mod (9, _,), where §, =span {X}, <. It follows from the Campbell-
Hausdorff formula [8] that

exp (t4-16°° X4 _1) = exp (Y1) exp (ta-1X4-1),

where Y; € §),_, and is a polynomial function of z and ¢,_;. Hence s;_,=1;_;.
Furthermore, by the Campbell-Hausdorff formula again, we have

exp (f4-26*"Xy_o) exp Y1 = exp {[ta_2+P(2, ts_1)]Xa_2+ Y2},

where P is a polynomial and Y, €Y, _3 is a polynomial function of s, t,_,, t4_o.
Another application of the Campbell-Hausdorff formula gives the desired expres-
sion for s,_,. Iterating this argument, we obtain formulas (5.2). Q.E.D.

Proof of Theorem 5.1. Let p, > 1, with p, ., = p,, be as yet unspecified, and sup-
pose F and f are as in the theorem, with F satisfying (5.1). If g=g:(#;) - - g4(22),
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then by Lemma 5.1 we have f(g/(z)g)=F(sy, ..., Sq), With s, given by formulas
(5.2). Now if k <j and ¢, real, then

[Im 5| = C(l+kzz .|fl|m+lzln)
<I<j

IRe | Itk|—C(l+k<Zl<j [t,l”'+lz|”),

v

where m and n are positive integers determined by the degrees of the polynomials
P, and Cis a constant. Hence from (5.1) and (5.3) we obtain the estimate (p,=0):

(5.4) |f(g(2)g)| = C, CXP{—AZ [t|P<+ By Z |’k|mp"“+cl|z|q},

where g=np,.

If we initially pick p, so that p, > mp, _,, then by (5.4) the entire function f will
satisfy the L, boundedness condition (2.1) for all positive s. Hence by Theorem 2.1,
f will be an entire vector for the representation L. Q.E.D.

COROLLARY 5.1. The space of entire vectors for the left regular representation is
dense in Ly(G).

Proof. By the work of Gel'fand and Silov [4], the restrictions to R? of entire
functions satisfying a growth estimate (5.1) (with 4, B, C depending on f, p;> 1
fixed) form a dense subspace of Ly(R?). Since Haar measure on G becomes Lebesgue
measure on R? in canonical coordinates, the corollary follows from Theorem 5.1.
Q.E.D.

REFERENCES

1. J. Dixmier, Sur les représentations unitaires des groupes de Lie nilpotents. 1, Amer. J. Math.
81 (1959), 160-170. MR 21 #2705.

2. , Sur les représentations unitaires des groupes de Lie nilpotents. IV, Canad. J. Math.
11 (1959), 321-344. MR 21 #5693.

3. , Les C*-algébres et leurs représentations, Cahiers Scientifiques, fasc. 29, Gauthier-
Villars, Paris, 1964. MR 30 #1404.

4. I. M. Gel'fand and G. E. Silov, Generalized functions. Vol. 2: Spaces of fundamental
functions, Fizmatgiz, Moscow, 1958; English transl., Academic Press; Gordon and Breach,
New York, 1968. MR 21 #5142a; MR 37 #5693.

5. R. Goodman, Analytic and entire vectors for representations of Lie groups, Trans. Amer.
Math. Soc. 143 (1969), 55-76. MR 40 #1537.

6. , Differential operators of infinite order on a Lie group. 1,J. Math. Mech. 19 (1969/70),
879-894. MR 41 #396.

7. , One-parameter groups generated by operators in an enveloping algebra, J. Functional
Analysis 6 (1970), 218-236.

8. G. Hochschild, The structure of Lie groups, Holden-Day, San Francisco, Calif., 1965.
MR 34 #7696.

9. W. Magnus, F. Oberhettinger and R. P. Soni, Formulas and theorems for the special
functions of mathematical physics, Springer-Verlag, New York, 1966. MR 38 #1291.

10. E. Nelson, Analytic vectors, Ann. of Math. (2) 70 (1959), 572-615. MR 21 #5901.




1971] COMPLEX FOURIER ANALYSIS ON A NILPOTENT LIE GROUP 391

11. E. Nelson and W. F. Stinespring, Representation of elliptic operators in an enveloping
algebra, Amer. J. Math. 81 (1959), 547-560. MR 22 #907.

12. R. E. A. C. Paley and N. Wiener, Fourier transforms in the complex domain, Amer.
Math. Soc. Collog. Publ., vol. 19, Amer. Math. Soc., Providence, R. I., 1934; reprint, 1967.

13. N. K. S. Poulsen, Regularity aspects of the theory of infinite dimensional representations
of Lie groups, Ph.D. Thesis, M.I.T., Cambridge, Mass., 1970.

14. L. Pukansky, Legons sur les représentations des groupes, Monographies de la Société
Mathématique de France, no. 2, Dunod, Paris, 1967. MR 36 #311.

15. W. F. Stinespring, Integrability of Fourier transforms for unimodular Lie groups, Duke
Math. J. 26 (1959), 123-131. MR 21 #2921.

16. K. Yosida, Functional analysis, Die Grundlehren der math. Wissenschaften, Band 123,
Academic Press, New York; Springer-Verlag, Berlin, 1965. MR 31 #5054.

MASSACHUSETTS INSTITUTE OF TECHNOLOGY,
CAMBRIDGE, MASSACHUSETTS 02139



