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LOCALLY UNIVALENT FUNCTIONS WITH LOCALLY
UNIVALENT DERIVATIVES(Y)
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DOUGLAS MICHAEL CAMPBELL

Abstract. S. M. Shah and S. Y. Trimble have discovered that the behavior of an
analytic function f(z) is strongly influenced by the radii of univalence of its derivatives
f™(z) (n=0,1,2,...). In this paper many of Shah and Trimble’s results are extended
to large classes of locally univalent functions with locally univalent derivatives. The
work depends on the concept of the %;-radius of a locally univalent function that is
introduced and developed in this paper. Ch. Pommerenke’s definition of a linear
invariant family of locally univalent functions and the techniques of that theory are
employed in this paper. It is proved that the universal linear invariant families %,
are rotationally invariant. For fixed f(z) in %,, it is shown that the function
r — order [f(rz)/r] (0<r=1) is a continuous increasing function of r.

1. Introduction. In a recent series of papers [8], [9], [10], Shah and Trimble
have investigated the properties of a function that is analytic in the unit disc and
for which the radii of univalence of the derivatives f™(z) (n=0, 1,2,...) are
restricted in various ways. In this paper we generalize many of their results by
replacing univalence with local univalence and replacing the radius of univalence
with the %,-radius (a quantity explained in §4). The concept of #,-radius is more
general than that of radius of univalence. In general it is very difficult to compute
the radius of univalence of a function. However, in many instances we can compute
the %s-radius when we cannot determine the radius of univalence. The notion of
g-radius stems from the concept of the universal linear invariant families of order
o which were first introduced by Pommerenke [6]. This paper is a continuation of
the theme that many theorems concerning univalence find a better setting in the
context of linear invariant families of locally univalent functions [2], [6].

For each universal linear invariant family %, the quantity

a = sup {|f"(0)/2] : fe U}
is very important [6]. In Theorem 2 we obtain an asymptotic estimate for
sup [f”(0)/2| when additional restrictions are placed on all of the derivatives
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f™(z), n=1,2,.... The important operator f— f, (f,(z)=f(rz)/r, 0<r=1) gives
rise to a function, order f,. Theorem 3 shows that order f, is a monotone continuous
function of r, 0<r = 1. The use of the function order f, yields estimates on the %,-
radius (B < «) for the class %, (Theorem 4), and leads to the interesting conclusion
that the families %, are rotationally invariant (Theorem 5). Theorems 6 and 7
show that an analytic function must be transcendental entire if one imposes
certain growth conditions on the %,-radii of the derivatives f™(z), n=0, 1,2, .. ..
Theorems 8 and 9 state the relations between the growth rate of the %,-radius of
the derivatives and the order and type of an entire function. Theorems 10 and 11
show that control of the %;-radius on certain sequences of a function’s derivatives
is sufficient to force a function to be entire.

2. Preliminary linear invariant concepts. We begin by stating some of the basic
definitions and results of the theory of linear invariant families of locally univalent
analytic functions.

Let # be the set of all Mgbius transformations of D onto D, where
D={z: |z|<1}.

Pommerenke has defined [6] a family of functions of the form f(z)=z+---
which are analytic and locally univalent (f'(z)#0) in D to be a linear invariant
Sfamily if and only if for every ¢(z) € #, the function
(2.1) A¢U(z)] — f(¢(Z)) —f(‘ﬁ(o)) =z4 -

$'0)-f'$0)
is again a member of the family.

Linear invariant families exist in great profusion. The set of normalized univalent
functions (p-valent functions) which is denoted by & (¥,) is linear invariant.
Normalized convex functions, close-to-convex functions and functions with a
fixed bound on the boundary rotation are all linear invariant families.

If A is a linear invariant family, then the order of # is defined as [6]

o = sup {|f"(0)2| : f(z) e A}

We let %, denote the union of all linear invariant families of order at most a.
The (universal) family %, is itself linear invariant and has the following properties.
If « < 1, then %, is empty [6, p. 117]. If f(z) belongs to %,,, then we have the inequality

2.2) 1102 < «

which is of fundamental importance. The radius of convexity of %, is [« — (¢ —1)*2]
[6, p. 133].

If f(z) is analytic and locally univalent in D, then we can consider the linear
invariant family (f) which it generates; namely,

M(f) = {Aolf(2)] : $(2) € £}
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We define the order of f(z) to be the order of the linear invariant family generated
by f(z). As an aid in computing the order of f(z), abbreviated order f, we have
[6, p. 115]

-1z f(2)
2 f@

where the last supremum is taken over all $(z) of the form ¢(z) =(z + £)/(1 + {z) with
|¢| < 1. For the ease of notation, we let

_ (=23 @)
T T

We have the following facts concerning the order of well-known families. The
family & is contained in %, [6, p. 115]. Close-to-convex functions of order B are in
Us .1 [7, p. 182]. Functions whose boundary rotation is bounded by A4 are in %,
where o= A/2m. The family %, is precisely the set of all normalized convex univalent
functions [6, p. 134].

For each o«>1, %, contains the function (2iy)~Y([(1+2)/(1-2)]"—1)
(y=(a®—1)*2) which has order (1 +y2)*/2 and infinite valence [6, p. 128]. Thus the
family %,, which contains % and for which many of the theorems of univalent
function theory hold, is larger than & to the point of including functions of
infinite valence.

A

(2.3) order f = sup 5

2eD

—-ZzZ4+ = sup

2=0

I(Z,f) =

3. Admissible properties.

DEerINITION [10]. Let f(z) be analytic in D and possess a certain property %7 in
D. The property « is called an admissible property if

(1) whenever f(z) has &, then f(0)#0,

(2) whenever f(z) has 7, then the function F(z)=bf(z)+c has & for all b, ¢
complex numbers with b0.

If o is an admissible property, let 7 () be the set of all f(z)=z+ - - - which are
analytic in D and for which f™(z) has & for all n=0. Let A(¥)=A4
=sup {|a,| : fe T ()}

Shah and Trimble prove the following basic theorem concerning 7 (&):

THEOREM 1 [10]. If & is an admissible property and A <o, then, for any f(z)
=z+4 7.5 42" in T (),

(1) f(2) is an entire transcendental function of order 1, and exponential type <2A,

) |ax| =AYk, n=1,2,...,

(3) |f(@)]=(exp{24]z[}~1)/24, 0= |z| < oo,

@) [f™(2)| =24 exp (24]|z|), 0= |z| <0, n2 1.

We say that f has property S if fis univalent in D, and that f has property K if f
is univalent and f(D) is a convex set. These are both admissible properties, and
Shah and Trimble show that 7/2 < A(S) < 1.7208 and 4 < A(K) <.68379. However,
univalence and convexity of a mapping function are far stronger than being merely
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admissible properties; each of these properties can be used to generate linear
invariant families. In fact we can apply Theorem 1 to the families %,. We say that
f(2) has the property %(«) if and only if (f(z)—f(0))/f'(0) is in %,.

THEOREM 2. The property %(«) is admissible. Let T (%(c)) be the set of all f(z)
=z+ > o @2 such that f™(z) has U () for all n20. Let

A(2) = sup {|az| : fe T (%()}.

Then («+ (a2 —1)Y%)/2 < A(a) S . In particular as « — 0, A(«) is arbitrarily close
to a.

Proof. It is trivial to verify that %(«) is an admissible property. Furthermore
since f(z)=(f(z)—f(0))/f'(0) € %, we have I (%(«))<=%, and hence A(«)=<c.

We now examine the function f(z) =(e® — 1)/a where a = 1. This function has the
peculiar property that

@)= 20) = f(2)
for all n=0. We now calculate the order of f(z) using (2.3):

(1=r? _l( 1).
r+ 3 a —2a+

= Ssu
P a

0=sr<1

1.2
a = sup —Z+M a
2eD 2
Thus f(z)=(e**—1)/a is in I (%(x)) where a=(a+1/a)/2. The inequality A(«)
2 (e +(a?—1)12)/2 follo'vs from the observation that f"(0)/2=a/2.
Since a2 A(x) = (a+ (e —1)Y2)/2, we see that

le—A(2)] = 1/[2(e+(e2—1)"2)] -0 as « —> oo.

Thus asymptotically, A(«)=«. This concludes the proof of the theorem.

One can modify in various ways the notion that f(z) has property %(«). For
example, we could say that f(z) has property < if (f(z)—£(0))/f'(0) is in %, N ¥,
or U, N &, or U, N M where A is any linear invariant family. The difficulty with
each of these modifications is the determination of a suitable lower bound for A(c).

Theorem 2 shows that it is not the geometric property of univalence or convexity
on the normalized derivatives of f(z) that forces f(z) to be an entire function of
exponential type, rather it is the local univalence and the finite order of the family
which is doing the work.

4. The %,-radius. Throughout the remainder of this paper the symbols « and g
will always be arbitrary real numbers 2 1.

The requirement of §3 that all of the normalized derivatives of a function be in
& or %, is very restrictive. In order to force a function to be entire, Shah and Trim-
ble found it sufficient to control the radius of univalence of the nth derivative.

For the families %,, we have found that it is appropriate to replace the radius
of univalence by a quantity that we call the %;-radius (defined below). Thus we
proceed to develop the appropriate tools to apply this idea to the families %,.
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We say that f(z) has a radius of univalence R at the origin, if the disc D(0, R)
is the largest disc centered at the origin in which f(z) is univalent; equivalently, R
is the largest positive real number such that [f(Rz)—f(0))/(Rf'(0)) is in <. It is
therefore natural to define the %;-radius of a function f(z) as the largest positive
real number r such that

4.1) (f(r2)—1(0))/rf*(0) € %,.

In particular, we note that if (f(rz)—f(0))/rf’(0) is in %,, then (f(rz) —f(0))/rf’(0)
is convex [6, p. 134]. Thus the %,-radius of a function is the same as the radius of
convexity of a function. Since ' <%,, the %,-radius of a function is never less
than its radius of univalence. Since it is the order property of a function which is
often of importance in applications and not the geometrical property of univalence
(see [2]), the %4-radius is a meaningful quantity.

We confine our investigations to the %,-radius for the class %,. The #;-radius
for the class «, is the largest positive real number r such that for all fin %, we have
(frz)—f(0)/rf*(0) in %,.

For the function

@2) @ =5 () -1) =21,

1-z

Pommerenke has shown that order f=« [6, p. 117], and therefore the %;-radius for
%, is precisely 1 if B=o.

LEMMA 1. An analytic function f(z) has a Ug-radius = R if and only if

o G l2|2) rL(R2) <8
f (Rz)

Proof. This follows immediately from (4.1) and (2.3).

If f(z) € %,, then (f(rz)—f(0))/rf'(0) is just f(rz)/r. This latter operation is of
great importance to univalent function theory since in many cases results for the
whole class % can be derived from the more tractable subclass of functions
univalent and analytic on D.

For functions in %,, one should expect an intimate relation between the %,-
radius and the order of the function f,(z) =f(rz)/r for fixed r, 0 <r < 1. We therefore
examine how the order of f,(z) changes with r.

LemMMA 2. Iff(z) has order «, then order f, < («— 1)r+1 for 0<r<1. In particular
if e>1, and 0<r<1, then order f, < c.

Proof. We fix r (0<r<1) and we fix f(z) with order . It suffices (see (2.3)) to
show for any ¢(z)=(z+0)/(1+{z), |{| <1, that if g(z)=A.[f(z)] then |g"(0)/2|
S(e—Dr+1.

We let

D) = rh(a) wle) = ZFEO) £ 40,
#6) =), o) = T and X0 = ol

sup

zeD
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It is easy to check that
8(2) = Aolf(2)] = Aplf(2)] = Auilf(2)] = AJALLf(D]] = A,lh(2)]

where h(z)=A,[f(2)] € %, (see [6, p. 118]).
Easy calculations show that

42 g"(0)/2 = 1x"(0)/x'(0) +34"(0)x(0),
and
x(2) = rz(1= [ —rHiz+1-r[L]?),
and hence
43) X ©) = r(=[Z3/A-r?¢?) = r,
44 [x"©)/x'O/[2(1 - |x'©OD] = A+n)[L|/A+r]{]?) = 1.
Since h(z) € %, we have
4.5 |"(0)/2] £ o

Putting (4.2), (4.4) and (4.5) together we find that
3g"(0)] = 3x"(0)/x'(0)[ +1|A"(0)] |x'(0)]
S 1-[¥O)]+[xO)a £ («—Dr+1.

If «> 1, then we note that equality can hold in (4.6) if and only if |x'(0)| =r which
is the case if and only if r=1 (see (4.3)). This concludes the proof of the Lemma.

(4.6)

THEOREM 3. Let the order of f(z) be «. Then order f, is a nondecreasing continuous
Sfunction of r for r € (0, 1]. Furthermore, order f, is strictly increasing for r= the
radius of convexity of f(z). Finally,

@.7 orderf, < 1+(a—1)r
and if «> 1, equality holds in (4.7) if and only if r=1.

Proof. We begin by showing that order f, is monotone nondecreasing. If
0<r<s we let G(z)=f(2). Then f(z)=G,;(z) and by Lemma 2

4.8) order f, < (order f;—1)r/s+1 < order f..

If r>radius of convexity of f(z), we know that order f,>1 and hence in (4.8)
we have strict inequality; that is, order f; is strictly increasing for r>radius of
convexity of f(z).

We now show that order f, is a left continuous function for r € (0, 1). We let
M=max |f"(rz)/f'(rz)| for ze D. Clearly M is finite since r € (0, 1) is fixed. For
>0, we choose 8; and &, such that 8, M <e/4, and if s is in 0<r—8,<s<r then

L) _[(s2)
f'rz)  f(s2)

max
zeD

< ¢/4.
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If we let §=min (8;, 3,) then

(_ﬂ(l_—ﬂz_),fir_z))_(_ﬂ(l—lzlz)sflsz))

@) 2 fr2) 2 f(s2)
' (1=1z]» 2|, | ft2) f's2) e
s (D ["'”If'(Z-) +s f’(rZ)—f’(si)] <3

for all sin 0<r—8&<s<r. But by Lemma 2, order f; < order f,. We now choose z,
so that t(z,, f;)=order f, and apply (4.9) to show that order f, = order f, —e. Thus,
for r—8<s<r we have that order f, 2 order f, = order f,—e, hence order f, is left
continuous. The proof that order f, is right continuous is identical except for
choosing z, so that #(z,, f;)=order f..

We are using Theorem 4.3 of [3], with an obvious gloss that order f,>1, to
guarantee that there is a z, in D such that #(z,, f,) =order f,.

For continuity at r=1, we choose z, so that #(z,, f) is within &/2 of order f, and
then choose s so that t(z,, f;) is within /2 of #(z,, f). Thus

(4.10) order f < t(z, f;) +¢ < order f;+¢ < order f+e.

Since order f; is increasing in ¢, we have shown from (4.10) that order f—e
<order f; < order f for s <t<1 which shows that order f, is continuous on the left
atr=1.

Finally (4.7) follows directly from Lemma 2 which concludes the proof of
Theorem 3.

THEOREM 4. If R, is the %Ug-radius for the class U,, then
(4.11) max [[a—(®=1)"2], B=1D)/(e— D] = Ry = [B+(8*— 1) [a—(o*—1)"2].

Proof. Since the families %, are nested, it is clear that the %,-radius for any class
of functions is never less than the %,-radius (radius of convexity) of the class.
But the radius of convexity of %, is [« —(«?—1)*'2]. Furthermore for

r=@-Die=1)

we obtain from Theorem 3 that

wp| - 75 =

Thus R;2r=(B—1)/(«—1) which implies
max [(e—(o? = 1)"%), (B—D/(a—1)] = R,

To establish the right-hand side of (4.11), we consider the function f(z)
=(e®*—1)/a € U, for a=a+(«®—1)"'2, We use Lemma 1 and for

R = (B+(8— 1)) a— (>~ 1)"3),

(«—Dr+1 = B.



402 D. M. CAMPBELL [December

we find that
:llg) —2+(1 —2|Z|2) R];:gﬁg = i‘e’},’ _z-+(l__2|2|2) (B+(B2—=1)2)
= s, [+52 G+ -] - 5,

since the maximum of r+(1—r2)(B+(B2—1)2)/2 occurs at r=(8+(B2—1)*2)"1,
It is easy to check that no larger value of R is possible and therefore the %,-radius
of f(z)=(e**—1)/a is precisely (8+(B2—1)'/2)(c—(«®—1)"?). This establishes the
upper bound for R, and completes the proof of the theorem.

We remark that the theorem yields the precise %;-radius in the case of §=1 or
B=c.

The preceding proof enables us to prove as an easy corollary the following known
result [6, p. 133].

COROLLARY 1. The radius of convexity of U, is precisely (a«—(«®—1)''2),

Proof. For any f(z) € %,, we obtain from (2.3) that
Re (142/"/f'(2)) Z (|2]2—2alz] + D/(1 ~ |2]?.

Thus all f(z) in %, are convex in |z| < (¢ — («?—1)¥2). The previous proof explicitly
displays a function in %, for which this number cannot be exceeded.

One notes for the family %, that both the Kobe function f(z) =z/(1 —z)? and the
function g(z) = [e®*¥®?—1]/(2++/3) have the smallest possible radius of convexity,
namely 2—4/3, and both have order precisely 2. Yet the two functions are in no
manner equivalent. The function f(z) is analytic and univalent in |z| <1 (rational
and bivalent in |z] <o0); the function g(z) is entire and has infinite valence in
|z| < 00. This nonuniqueness of extremal functions in %, contrasts sharply with the
usual situation for elementary extremal problems in the class &. Similar non-
uniqueness examples arise for the problem of max |a,| in %, or even in %, N <.

We note that since a starlike function is univalent, Corollary 2.5 of Pommerenke
[6, p. 134] assures us that for the class %,, the radius of univalence, R,, of %,
satisfies

(4.12) 1/« £ R, £ tanh (7/2(«®—1)12).

We now establish a fundamental lemma that relates the radius of univalence of a
function f(z) with the %g-radius of f(2).

LemMA 3. If f(2) is analytic in |z| <1 and has Ug-radius rg, then its radius of
univalence, r,, satisfies the inequality:

(4.13) B trg = ry S rg(2+4/3).
Proof. Since f(z) has %g-radius r;, we know that

(4.14) F(2) = (f(rs2)—f)[(rs-f'(0)) € %j.
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Hence by (4.12), the radius of univalence of F(z) is no less than 1/8. From (4.14),
it follows that the radius of univalence of f(z) is no less than r,/8 which establishes
the left-hand side of (4.13).

We shall examine two cases to establish the right-hand side. If 2<8 <00, then
clearly r,<r;<ry<rg(2+4+/3), where r, is the %,-radius of f(z). However, if
1 £B<2 we can only state that r, <r,. Since

G(2) = (f(ra2)—f(0)/(r2-f"(0)) € s,
Theorem 4 guarantees that G(z) has a %,-radius r(G);=(2+4/3) 1. Therefore

G(r(G)s2) = G(O) _ f(rz:r(G)s-2)—f(O0) _,
rG-G'0)  —  rar(G)sf'(0) g

Hence, by definition of r;, we must have r;2r,-r(G); and consequently
re £ 13 S 1g[r(G)g] ™t = rs(2+4/3)

which concludes the lemma.

We say that a family of functions & is purely rotationally invariant if whenever
f(z)is in &, then e~ *f(e*z) is also in F for all 0< < 2x. A family of functions &
is contractionally invariant if whenever f(z) is in &, then f(rz)/r is also in & for all
0 <r=1. Starlike functions, convex functions, close-to-convex functions and &
itself are examples of purely rotationally invariant families and contractionally
invariant families. Kirwan has defined a family of functions & to be rotationally
invariant if it is both purely rotationally and contractionally invariant. Rotational
invariance is a property of great value in the study of extremal problems by varia-
tional methods [4]. Thus it is of some interest that the family %, is not only linearly
invariant but also rotationally invariant.

THEOREM 5. The family %, is a rotationally invariant family for all o= 1.

Proof. Use of (2.1) with ¢(z) =€z shows that %, is purely rotationally invariant.
Theorem 3 shows that if f(z) in %,, then the order of f,(z) is no greater than «,
hence f,(z) is in %, for all 0<r=1. Therefore %, is also contractionally invariant.

For our purposes, the rotational invariance of the family %, shows that the
g-radius has the important property of being a monotone function of B.

5. Derivatives with variable %;-radius. We first note that if f(z) is an analytic
function in D then f™(z) will have a positive %,-radius r,(8)=r, if and only if
f@*D0)=(n+1)!a,,,#0. Thus the eventual nonvanishing of the coefficients a,
of f(z)=2%-0 a,z* will have strong implications for any question concerning the
limiting behavior of the #,-radii of the derivatives of f(z). We therefore introduce
the following definitions due to Shah and Trimble [9].

Let f(z) be an analytic function in |z| < R (R may be infinite). We say that f(z)
has property A at N if there is a nonnegative integer N such that for all 2= N,
a, .1 #0; equivalently, r,(8)>0.
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The behavior of |a,/a, .| restricts the radius of convergence R of f(z). Therefore,
we shall say that f(z) has property B at N if there is a positive integer N such that
{|an-1/a,|}2- v is a positive nondecreasing sequence. Clearly if f(z) has property B
then it must also have property A. Furthermore, if f(z) has property B then it has
radius of convergence R=lim inf |a,_,/a,| =lim sup |a,_,/a,|.

THEOREM 6. Let f(z)=>7_¢ a.z*. Let R denote the radius of convergence of f(z)
and let r,(B)=r, denote the Ug-radius of f™(z),n=0, 1,2,.... Then

(5.1) lim inf nr, < 28R,
5.2) R(log 2)(2+4/3)~! < lim sup nr,,.
n— o
If f(z) has property A at N, then
(5.3) lim inf [n(ry- - -r,)'"] < 2BeR.
If f(2) has property B at N, then
(54 R(log 2)(2+4/3)"* £ lim inf nr, < lim sup nr, < 28R.
n— o n— o

Proof. If f(z) does not have property A4, then r,=0 for infinitely many » and
(5.1) is trivial. On the other hand, if f(z) has 4 at N, then

Fo(2) = [f™(ra2) = O))/rof"* P(0) € U
for all n= N. Thus by our fundamental relation (2.2), |F;(0)/2| £8 and therefore
(5.5) n+2)r, = 2ﬁlan+1/an+2l'

However, lim inf |a,/a,.;| < R and this establishes (5.1). If f(z) has property B,
then we actually have lim sup |a,/a,,,|=R which, with (5.5), establishes the
right-hand side of (5.4).

Using (5.5), an induction argument shows that for all k= N+2 we have

@] < 2B~V ay 1| (N+ D) (ry- - -ri-g)k!.
Stirling’s estimate shows that (k!)*/* approaches k/e and therefore
1/R = lim sup |a,|** £ 2Be/lim inf [k(ry- - - ri-2)""*]
k-
or
(5.6) lim inf [k(ry- -« - ri—2)"*] < 2BeR.
k-

We note that (5.3) is obvious from (5.6) if R=o0. If R is finite, then r,< R<c0
and lim sup (r_17)** < 1. This fact and (5.6) allow us to conclude that (5.3) is true
for all cases.

If f(2) is an arbitrary analytic function in |z| < R, Shah and Trimble have shown
[9, p. 315] that for any O<r< R, there is a sequence {n(p)};-, of positive integers
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such that r-x(n(p)) £ R,y n(p) where R, is the radius of univalence of f™®(z)
and x(n)=n[1 —2-Y®+*2], Therefore by Lemma 3 we have that

(5.7 r-x(n(p)) £ Rugy-n(p) = 2+4/3)r (B)uiwy n(p)

where r(B)np, is the #,-radius of f®™®)(z), Since lim, _, ,, n[1 =2~ Y+ =]og 2, we
obtain (5.2) from (5.7) by taking the limit supremum.

If f(z) has property B, then we modify the above proof in conjunction with
[9, p. 315] by letting r,=|a,_,/a,| = R and obtain

x(n(p)) oy = MP): Rugpy = 2+ 3)1(P)-r Bhior-

Therefore since lim,_, , n[1 —2-Y®"*2]r = R log 2, we obtain the left-hand side of
(5.4). This concludes the proof of the theorem.

COROLLARY 2. Let r,(B)=r, denote the %Ug-radius of the nth derivative. If
lim,, _, ,, nr, =00 then f(2) is an entire transcendental function. If f(z) is transcendental
entire, then lim,_ . nr,=c0. If f(z) is transcendental entire with property B,
then lim sup,_, , n-r,=00.

THEOREM 7. Let f(z) be analytic in D. If there is a positive integer N such that for
allnz N

Fo(2) = [f™(@)—f™O)][f"*P(0) € Uynr -
where k>0 and ¢ >0 (kN1=¢21), then f(2) is a transcendental entire function.

Proof. If F,(z) € %.,:-: for n= N, then F,(z) has a %s-radius greater than or
equal to (B—1)/(kn'~¢—1) by Theorem 4 and this implies that lim inf, _, ,, #r,=c0.
Thus, by Corollary 2, Fy(z), hence f(z) itself, must be an entire transcendental
function.

We note that the following special cases yield known results:

(a) If e=1, k=2, we have a generalization of part of Theorem 1 [8].

(b) If e=1, k=1, we have part of Theorem 2 [10].

(c) If e=1, k=1, we have part of the conclusion of Theorem 2 of this paper.

The converses to the first and second parts of Corollary 2 are false. Indeed with
(5.5) and (4.13) one can make the necessary modifications in Shah and Trimble’s
work [9] to generalize their counterexamples to the present setting.

6. Entire functions and the %;,-radius of the derivatives. In this section we state
the relations between the order and type of an entire function f(z) and the %;-radius
of f™(z). The advantage of the present setting over that involving the radius of
univalence of f™(z) is two-fold: (1) All of the previous estimates are exactly the
same for the much larger class #%,. (2) Since the %,-radius involves an explicit
algebraic expression, the determination of the %;-radius is often easier than that of
the radius of univalence. Furthermore, the natural setting for the proofs seems to
be that of the general area of linear invariant families of locally univalent functions.

We begin by proving a technical lemma.
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LEMMA 4. Let 0<J<oo. If {\ )=, is a sequence of real numbers for which there is
an N such that for all k= N we have X\.>0, then
6.1) e~ lim inf k771X, < liminf &7~ 1(Ay- - - X))k,
k- k—
Proof. We let M=¢’~!lim inf,_, , kK’ ~*A] and assume that 0 < M < co since (6.1)

is certainly true if M=0. Corresponding to ¢>0, there is an N'=N’'(¢)> N such
that ALk’ ~1>(M—e)e* = for all k= N'. Hence for k=2 N',

K= Ay A 2 KTt (Ay - - Ao o) (H Wfﬁ_)l/k
— (,\N. . 'AN'—l)J/k((M—S)el J)(k N’ +1)/k((N'__ 1)!)(!—1)Ik(kk/k !)(J—l)lk.

Using Stirling’s estimate and taking the limit infimum, we observe that the right-
hand side of (6.1) is =(M —¢). Since ¢ is arbitrary, we have established (6.1) in the
case 0< M <oo. The case of M=oc0 proceeds exactly as above.

This lemma is needed in Theorem 8 to prove the left-hand inequality of (6.5)
where we let A, denote the %,-radius of a function with property A.

We shall omit all proofs of our results in this section, since all of these proofs can
be obtained from obvious modifications of the work of Shah and Trimble [9] with
the application of (5.5) and (4.13) in the spirit of Theorem 6 and Theorem 10.
Throughout this section we shall let A be the order and A the lower order of f(z).
If 0< A <o0, let T denote the type and ¢ the lower type of f(z). (For definitions of
these terms see [1].) Let r,(8)=r, denote the %;-radius of f™(z) where 8 is a fixed
but arbitrary number 1.

LEMMA 5. Let f(z)=23-¢ a,z" be defined in |z| < R (R may be infinite). Let v(r)
denote its central index. For n=1,2,... we let x(n)=n(1-2"1"+?) If0<r<R
and v(r)=2, then

r-x((r)—1) < @r)—1)-Q2+v3I)ryn-1.

THEOREM 8. Let f(z)=2>-¢ a,z" be an entire transcendental function. Let
d=lim inf,_ , v(r)/r. Then

log (max [1, nr,))

imi < -,
(6.2) 11,1;11 :onf Tog < A
1 g rn]
©.3) s "{.n..squ [logn
6.4) (log 2)(2+4/3)7* < limsup 7,.
n— o
If 0< A< oo and f(z) has property A at N, then
ApA—1
(6.5  eA-lliminfar-lh < liminf A= (ry- - -r)AR < @}\;——
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In any case,

(6.6) lim inf #2172 < (2B)A/AT.

COROLLARY 3. If A<, then lim sup, _, , r,=00. If A=1 then

(log2)2+4/3)"* _ (log 2)(2++/3)7*
t = )

< limsup r,.

n-» 0
In particular, if =0, then lim sup,,_, ,, r,=0.

COROLLARY 4. If A>1, then liminf,,,r,=0. If A=1, then (28)T!
2lim inf, _, , r,. In particular, if A=1 and T=o0, then lim inf,_, ,, r,=0.

We shall see in the remaining results that if f(z) has property B, then we can
obtain information about lim r, rather than just lim inf r, or lim sup r,.

THEOREM 9. Let f(z) be an entire function with property B at N. Let
y=lim sup,_, , v(r)/r. Then

o oflogr] _1-A _1-A . logr,,]
7 h,r'xl;nf [logn] TOA T _hT..Sllp [logn ’
-1
(6.8) (og DR+VIH™! _ i ingr, < 2,
y n-w y
-1
6.9) We2CIVI < liminfr, < 2.
If 0< A<, then
A
(;_T_—g\/%) S Ater A limsup (ry- - -rn)?™nA-1 < (28)
and
log 2 A<A 1-AJim ; AlnpA-1 < A
(m < ATe 11:11 :onf (ry---ro)*™n < (29~

COROLLARY 5. Let f(2) be an entire function with property B.
(i) If A<]1, then lim,_, , r,=0c0.
(ii) If A>1, then lim,_, , r,=0.
(iii) If A=1, then lim,_ . r,=0 if and only if T=0. If lim,,_, ,, r,=0, then t=oo0.

7. Functions with infinitely many r,=0. If f(z) does not have property 4, then
the conclusion of Theorem 6 that lim inf,_, ., nr, 28R is of course trivial, since
r,=0 for infinitely many n. Thus Theorem 6 gives us no information for odd
functions, i.e. f(z)=27-0 an+122"*1. Therefore we shall assume that there is a
sequence of derivatives { f™™(z)}_; for which r,,,>0.

THEOREM 10. Let {n(p)}y -1 be a strictly increasing sequence of positive integers.
Let f(z)=33- o a,z" have a radius of convergence R2 1. Let f™™(z) have Uz-radius



408 D. M. CAMPBELL [December

Fooy = 1. Then

WM inf (Fagy « + Face)™® lim inf (n(1)- - - n(p))™» < 28R.
p—+®© p—©

Proof. Since

L8P ta?) =1"0) _,
Tamy SEPEDQ)  C P

by our fundamental relation (2.2) we have the inequality

|f P 2(0): Fagey/2-f "+ P(O)] = B

F, n(p)(z ) =

or

28laln(p) +11| _ 28laln(p)+1]]
.1y el 420l = 2 R 12 < (P

where for typographical reasons we let a[k] denote a,, the kth coefficient of f(z).

As noted before, the radius of univalence of any function in %; is at least 1/,
hence BF,(z/B) is in &. By Littlewood’s estimate [5, p. 218], the kth coefficient
of F,,(z) is bounded by e-k. Therefore,

| B- ,.11:(; )1 f@® Q) [f @ +1((). k!l < ek
or

(ek)k!(n(p)+ D'aln(p)+1]
72 )+ = g F )+ 0

Since (ek)k!(n(p)+ 1)Y/B(ram)* ~1(n(p)+k)! is decreasing in k, for p=2, it is easy
to show that for all p=27 and all k=3

ek-k!(n(p)+1)! < 2B
B(raw)* *(mn(p) +k)! " 1y n(p)

An application of (7.3) to (7.2) and remembering (7.1) yields
laln(p)+k1| < 2Blaln(p)+1]|/(rum - n(p))

for p227 and all k=2. By an induction argument, for p =27 and k such that n(p)
+1<n(p)+k=n(p+1)+1, we obtain

@By-**laln@n+1]| _ _ @A-4
(T} = 2an(k)raq) ([IR=1 n(k)rage)

where A is the obvious constant. Therefore

. lim sup,_, ,, (28)?'™®
lim sup |a,|'* £ — Land .
k-ooop |l = lim inf,_ o (ny- - -1,) ™ lim inf,, o, (Facty® * * Pucey)™®

(71.3)

(7.4) laln(p)+K]| <

However, lim sup;..» |ax|**=1/R and thus

lim inf (1, - - - 7,)"%® lim inf (Facty - - Fuey)™® < R lim sup (28)*® < 28R.
p—+© p—o® p—©
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Actually Theorem 10 and Shah and Trimble’s original Theorem 3 [10] are both
too strong for easy applications.

THEOREM 11. If there is a strictly increasing sequence of positive integers {n(p)}7-
such that

(a) liminf,_ , (n(1)- - -n(p))"™® =00 and

(b) for a function f(z), analytic in a neighborhood of 0, lim inf, _, , ryp, >0,
then f(z) is an entire transcendental function.

Proof. We let lim inf,_, ,, ., =a. Then by our fundamental Lemma 3, we know
that lim inf R,,, = a/B, where R, is the radius of univalence of f™®(z). If we
consider the function F(z)=f(az/B), then F(z) is analytic in D and F™®)(z) has
radius of univalence, hence %, radius, no less than 1. Thus by Theorem 10, we
obtain the result that F(z) is entire, and hence that f(z) itself is an entire transcen-
dental function.

Shah and Trimble’s corollary [10, p. 454] holds in the following more general
setting.

COROLLARY 6. If n(p+1)—n(p)=o(log (n(p)+1)), and lim inf r,,, >0, then f(z)
is entire. In particular, if f(z) is an odd function and lim inf ry, ., >0, then f(2) is
entire.

I wish to thank Professor John Pfaltzgraff for suggesting this topic, his proof of
the critical Lemma 2, and his valuable suggestions in the preparation of this paper.
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