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EQUIVARIANT BORDISM AND SMITH THEORY. II

BY
R. E. STONG(})

Abstract. This paper analyzes the homomorphism from equivariant bordism to
Smith homology for spaces with an action of a finite group G.

1. Introduction. Let G be a finite group, and let (X, 4, ) be a pair with G
action. One then has defined the G-equivariant bordism group R(X, 4, ) and the
Smith homology group HE(X, A, ¢;Z,). These define equivariant homology
theories on the category of G pairs and G-equivariant maps, and the object of
this paper is to explore the relationship between these theories.

Briefly, being given an equivariant bordism element f: (M, oM, ¢) — (X, A4, ¥),
the image of the fundamental Smith theory class of (M, oM, ¢) gives a natural
transformation

f: %g(X, A, '/’)®§R‘2 Z,—~ H:lce(X’ A, ‘/’a Z2)°

It was shown in [9] that 4 is an isomorphism if G=Z,.
The main results of this paper are

THEOREM 1. f is always epic
and

THEOREM 2. i is an isomorphism for all G pairs (X, A, ¥) if and only if G is
2-nilpotent and has Sylow 2 subgroup a Z, vector space.

(G is called 2-nilpotent if the elements of odd order in G form a subgroup.)

2. The representation theorem. Let G be a finite group, X a simplicial complex,
¢¥: Gx X — X a simplicial G action and 4< X a subcomplex invariant under G.
It will be assumed that X is ““finely” triangulated so that the fixed set of any
subgroup H is a subcomplex and the projection =: X — X/H is simplicial (E. E.
Floyd [4] shows that this may be accomplished by taking the second barycentric
subdivision).

Let C(X) ® Z; denote the chains of X with Z, coefficients and let g4: C(X) ® Z,
— C(X)® Z; be the chain map induced by #(g, ): X — X: x — (g, x). One
then lets Co(X)<=C(X) ® Z, denote the subgroup consisting of chains o so that
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gzo=o for all g e G. Since g4 commutes with the boundary, one has an induced
boundary 9: C°(X) — C°(X), and if C°(X, 4)=C?(X)/C°(A) one has induced a
homomorphism & making this a chain complex. The Smith homology groups of
(X, A, ¢), HJ(X, A, ¢; Z,), are then defined to be the homology groups of the
complex (C°(X, A), 9).

By using Cech [7], [5] or singular [3] methods to obtain a complex, this may be
extended to all topological G pairs.

Being given a compact differentiable manifold M™ with differentiable G action
@, one may triangulate M ““finely” so that G acts simplicially. Clearly the funda-
mental cycle =3 A!, the sum of all n-simplices, is then an invariant chain, defining
a fundamental class [M, oM, p] € HE(M, 0M, ¢; Z,). This lifts the ordinary funda-
mental class back to Smith theory.

One then has a natural transformation

,U.I %g(X9 Aa ¢)_> HaG:(X’ Aa ‘l’a ZZ)

assigning to the equivariant bordism element f: (M, oM, ¢) — (X, 4, ¢) the class
f*[M, aM’ <P]'

Letting £: NM§ — Z, be the augmentation to N, Z, given by ignoring G action
and the positive dimensional part, one has u(c - 8) = e(«)u(B) for e e N, Be NG(X, 4, )
as in [9] (Note: HE(M™, OM™, ¢; Z,)=0 if i>n) and thus p induces a natural
transformation

B2 RE(X, A, §) ©ng Zy — HI(X, 4, §; Z,).
One has the analogue of [9, Proposition 2.1]:
LeMMA 2.1. If G is a 2 group then . is epic.

Proof. The result is known for G={1} or G=Z, and so one may induct on the
order of G. Let T={l, ¢} be a central subgroup of G of order 2.

Being given a G complex (X, 4, ¥), any element of C°(X) decomposes uniquely
into a sum of invariant chains o, + o,, where o, is a sum of simplices A with 1zA=A
and o, is a sum of terms A+74A with 1A% A, A a simplex. This gives a natural
decomposition

Hg(Xa A: 'l') = Hg(Xa FT % Aa ')l’) @ HE(FT’ FT N A, 'ﬁb)
and
H(X, Fr U 4, ) =~ HJ"(X|T, ATV Fr, §),
H(Fr, Fr 0 A, $) = HJ"(Fr, Fr 0 A, §)
where F is the fixed set of T'and ¥’ denotes the induced action (see [9, Theorem 2.1]).

Now RS/T(Fr, Fr N A) maps onto H§™(Fr, Fr N A) by induction, and if
f: (M, oM, ¢') — (Fy, F; N A4, ¢') is a G/T bordism element representing o, f may
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be considered a G bordism element with T acting trivially, to represent « as an
element of HJ(X, A4, ¥; Z,).

Also N§'"(X/T, A/T U Fr) maps onto HS'"(X/T, A/T U Fr) by induction, and by
excision arguments as in [9, Proposition 2.1], a bordism element f: (M, oM, ¢')
— (X/T, A|T U Fr) may be lifted to

f

M—sX

VI X/T

with fbeing G equivariant and representing the class in H(X, A, §) corresponding
to a([f]) € H™(X|T, AITV Fr). O
If G=(Z,)* one also has an analog of [9, Proposition 2.2].

LeEMMA 2.2. If G=(Z,)%, then ji is an isomorphism.

Proof. This is known for k=0, 1 and hence one may apply induction. Let
t, ..., 4 With t2=1, t;t;=1,1, be generators of G, with T;={l, t,}<G.

Then for any (X, 4, §) one has an exact sequence of R§ modules, split as 9,
modules

0 — RN§(Fr,, A N Fr)) > NE(X, A) - NS(X, Fp,vA4)—0
and hence a commutative diagram

Q—> N{(Fr,, Fr, NA) Q@ Z; —> NYX, A) Q Z; —> NY(X, Fr, VA) R Z; 0

Ho 1 K2

0 — H{(Fr,, Fr, N A)——— H{(X, A) —— HY(X, F;, Y A)——>0
Ul Ul
H{™(Fy,, Fr, N A) HJ"y(X|Ty, Fr, U A|Ty)

with Q a “Tor”-term.

To see that i, is monic, one notes that (X, Fr, U A) is relatively free as a T}
pair, so RNG(X, Fr, U A)=N§'™(X/T,, Fr, U A/T;) by assigning to a T, free
bordism element f: M — X the induced map f: M/T, — X/T;. Further, this is a
homomorphism of R¢/™: modules, where R$/™: — NS by considering a G/T;
manifold as a G manifold with trivial 7T, action. One then has a commutative
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diagram

RYX, Fr, U A) @uem Zo —2> NE(X, Fr, U A) Ong Zs

~ l fio l epic

RITUXTy, Fr, U A|Ty) @ners Zy ——> HY(X, Fr U A)

B

HE™(X|T,, Fr, U A|T,)

and hence i, is monic.

By an elementary diagram chase, 4, will be monic provided g, is monic. Thus,
it suffices to prove the lemma for pairs (X, 4, ¢) fixed by T;. A similar analysis may
then be applied to each T;, and hence it suffices to prove the lemma for pairs
(X, A, ¥) fixed by each T}, hence by G.

If (X, 4,¢) is a trivial G space, one has NG(X, 4, P)=N§ Qn, N(X, 4), so
NI(X, A4, ¥) ® Z, coincides with Hy(X, A; Z,) (the G={1} result) and the lemma is
valid. O

Now turning to the general case one has:

THEOREM 2.1. For every G, i is always epic.

Proof. Let G be a finite group and (X, 4, $) a G pair. Let S=G be a Sylow 2
subgroup and 5: §x X — X the S action given by restriction to S x X of .

Considering a G invariant chain of X as being only S invariant defines a homo-
morphism

0: Hg(X9 A’ ¢; Z2) g H:(X’ A’ l/’S; ZZ)'

Being given an S invariant chain o € C(X) ® Z, let to=> guo where the sum is
taken over a collection of g which represent the cosets G/S. (Note. if g’ € gS,
g#o=gyo since ¢ is S invariant.) Clearly fo is G invariant and this induces a homo-
morphism

t: Hi(X’ A’ 'IIS; ZZ) —> Hg(Xa A’ '/’; ZZ)'

If o is G invariant, ggo=o, so to is [G:S]o where [G:S] is the index of S in G,
and is odd, so to=0. Thus t8=1, or 8 is monic and ¢ is epic.
Now consider the extension homomorphism

eg: ?Ri(X, A’ l/'S) g mg(X, A, '/')

defined in [8, §4). If : (M, oM, ¢) — (X, A, 5)is an S equivariant bordism element
a, e3(e) is represented by f: (M, oM, §) — (X, A, ) where M=G x M/(gs~?, ¢(s, m))
~(g,m), #(g’,(g, m)=(g's,m) and f(g, m)=4(g f(m). If one considers
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i: M — M:m—(1,m), foi=fand the fundamental cycle of M is 3 g4(iyu) where
p is the fundamental cycle of M. Thus f,[M, oM, §]=tf,[M, @M, ¢]. Thus the
diagram
ed
mi(X’ A’ ‘/’s)_> %g(Xa A, l/’)

HY(X, A, $s; Z3) —> HY(X, A, ¥; Z,)
commutes, with 7 and pg epic, so p is epic. Hence also f is epic. []
LEMMA 2.3. Let G be a finite group with Sylow 2 subgroup S and suppose the
restriction p§: NG — NS is epic. If (X, A, ) is a G pair with
st RY(X, A4, §s) Qus Zo — HY(X, A, s; Z5)
monic, then
fic: NYUX, A, ) @ng Z; —> H{(X, A, §; Zy)
is also monic.

Proof. Let p§: NE(X, A4, ) — N3(X, A4, s) denote the restriction homomor-
phism which “ignores G equivariance”. It is then immediate that the diagram

F
932(1\’, A, ¢)®2R9 Zy—> ‘ﬁi(X, 4, ‘/’s)®§I§ Z,

e s

0
Hg(Xy Aa '/J’ ZZ) - Hxsz(Xa A, l/’S: Z2)

with g induced by p§ commutes, with 8 and s being monic.
Now consider the extension

eg: mi(X; A9 ¢'S) g %g(X’ As l/’)

By [2,6.3] €§ is an N§ module homomorphism; i.e. if a e RN(X, 4, $5) and
B € NG, then e§(p$(B)- o) =B-ed(c). In particular, if B’ € NS, there is a B e N¢ with
PS(B)=P’, s0 e§(B’- &) =PB-e8(c). Since &(B’)=e(B), e§ induces a homomorphism

e: Ri(X, A, Ys) Qs Zy > NI(X, 4, ¥) Qug Z,.

(Note. This used the fact that p§: RS — NS is epic. I cannot prove that & is meaning-
ful without this, and in fact Theorem 2 of the Introduction would seem to imply
that & cannot always exist.)

Then &5: N(X, 4, $)Qne Z; - RN(X, 4, ¥)@ng Z, is induced by e5 o pg. By
[8, Proposition 13.2}, e§ o p§ is multiplication by the class of [G/S, u] € RS, so that
&p is multiplication by ¢[G/S, u]=1.
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Thus g is monic, and so figp is monic, which gives g monic. []
One then has the first half of Theorem 2, given by

THEOREM 2.2. Let G be 2-nilpotent with Sylow 2 subgroup a Z, vector space. Then
A is an isomorphism for all G pairs.

Proof. Let S be a Sylow 2 subgroup of G. Then S=(Z,)* for some k, so by
Lemma 2.2, jig is always monic. Letting K< G be the subgroup of elements of odd
order, K is normal and G/K~ S, giving a homomorphism ¢: G — S with ¢|S=1.
Thus p§: NG — N5, is epic, for if (M, §) is an S action, (M, o (px 1)) is a G action
restricting to (M, ). Thus Lemma 2.3 applies to each G pair and f; is always
monic. By Theorem 2.1, j is then an isomorphism. []

3. The isomorphism theorem. In order to simplify notation, temporarily say
that the finite group G has the isomorphism property if for all G pairs (X, 4, ¥),
the natural transformation

Ij’: mg(/\,’ A9 l/’)@m? Z2 — Hg(Xa A9 l/J; ZZ)

is an isomorphism.

Following Bredon [1], one knows that two G equivariant homology theories
agree for all spaces if and only if they agree for all of the coset spaces (G/H, p),
with H a subgroup of G.

Letting H<=G be a subgroup, consider the pair (X, 4, $)=(G/H, ¢, ).

Clearly C(G/H)® Z, is the Z, vector space with base the points of G/H, and
these are permuted by G, so C%(G/H)~Z, with base the sum of all the points. Thus
H{(G/H, p; Z5)=Z,.

Now consider R$(G/H, p). If - (M, ) — (G/H, ) is a G bordism element, then
My=f"'(H), the inverse image of the coset H, is invariant under H, and hence
(Mo, o| Hx M,) is an H bordism element in R%. It is immediate that f: (M, ¢)
— (G/H, p) is the extension to G of the H equivariant bordism element

fIMy: (Mo, 9| Hx Mo) — (G/H, 1)

given by the point map. Thus, this correspondence defines an isomorphism
N(G/H, p)xREIf f: (M, ¢) - (G/H, 1) and (N, ¢) € Ng, the product is

fO‘ITMI(MXN,(le/l)—>(G/H,p.)

so that (fo my) " *(H)= M,y x N with action (¢|H x M,) x ($| Hx N). Thus identify-
ing NS(G/H, ) with RNE, NY is an NG module by a-f=pf(«)-B for « € NE, B N{
with p§: NS — N the restriction.

Thus, one has

LeMMA 3.1. If G has the isomorphism property, then for all H< G,
Ny Qns Z, = Z,

where R is an RS module via the restriction p: NG — N,
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LemMA 3.2. If H<G is a 2 group then
‘R’; Qng 2o = Zy
if and only if p§: NG — NY is epic.

Proof. Clearly if p§ is epic, the tensor product rule holds. Now suppose p§ is
not epic. Since H is a 2 group NF~Z, generated by a point with trivial action,
which comes from a trivial G action, (p%), is epic (see [8, p. 67]). Suppose

(p%): N§ — RY
is epic for i<k and is not epic for i=k. Let K=cokernel (p%), and let
R >Z, DK

be the homomorphism e: R¥ £, Z, and quotient homomorphism ¢: N — K and
zero in all other degrees. This is clearly a vector space epimorphism.

If aeMNE, Be R, consider ¢(a-B)=p(pfi(x))=x. If dim >0, x=0 unless
dim «+dim B=k, when dimB<k. But then B=p§(8’) for some B'eRN§, so
x=¢(pf(«f’)) and represents zero in the cokernel. Thus x=e(x)p(B) if dim «>0.
If dim ¢ =0, x=g(e()-B) =e(c)p(B) for (pf)o and & coincide as maps to Z; and ¢
is Z, linear.

Thus, ¢ induces an epimorphism ¢: NY Qg Z; — Z; @ K, so NE Qg Zo £ Z,.

O

Now let G have the isomorphism property, let S=G be a Sylow 2 subgroup,
and let 7< S be a central subgroup of order 2, with T={l, ¢}. By the lemmas, p§
is epic, but p§ is the composite

ps Pr

and hence pf is epic.

Now let M3 be the manifold obtained from the 3 disc D? by identifying antipodal
points of $2 (i.e. RP (3)) with the T'action ¢ given by the involution ¢- x = — x on D3,
Since pF is epic, there is an S action (N, ¥) cobordant to (M, ¢) as T action. The
fixed set of Tin M is a point (0 € D®) and RP (2) (image of $2), and this is cobordant
to the fixed set of T in N, Fr(N). In particular, the zero dimensional part F (N)°
is an odd number of points. Since T'is normal in S, S acts on F(N) and hence also
on Fr(N)°. Since S is a 2 group, each orbit of S on Fr(N)° consists of 2" points,
and since Fr(N)° is odd, there must be a point orbit. Thus, there isa point p € F1(N)°
which is fixed by S. Giving N an § invariant Riemannian metric, S acts on the
tangent space to N at p orthogonally, giving a homomorphism A: S — Og
(dim N=3) and A(¢) is multiplication by —1 in R3. Taking the determinant



324 R. E. STONG [December

det: O; — Z,, one has a commutative diagram

S det-A Z,

=

T

so that T splits out of S. Since this is true for all central subgroups of order 2 in S,
S must be a Z, vector space. (If not, S=A4 x C, C the central elements of order 2,
but if A4 is nontrivial, its center is nontrivial, giving a central order 2 element of S
not in C.) Thus one has

LeEMMA 3.3. If G has the isomorphism property, then the Sylow 2 subgroup of G
is a Z, vector space.

In order to show that G is 2-nilpotent requires a digression.
Let G be a finite group and o: G — G an automorphism. One lets oy : NG — NG
by ax(M, p)=(M, ¢ o (a—l x 1)), where
-1 @
GXM—GxXM——>M
defines a new G action on M. If B is another automorphism of G, («8)~1x1
=B 1x1)(«"*x 1) so (¢B)x =44, and thus one has a homomorphism

*: Aut (G) — Aut (R$): o — ay.

Now let ge G and «: G — G: h— ghg~! the inner automorphism so that o~1(k)
=g~ lhg. Thenif (M, p)is a G action, a, (M, p)=(M, ) where J(h, m) = p(g ~*hg, m).
Letting p: (M, ) — (M, ¢): m— (g, m) one has an equivariant diffeomorphism,
50 ay(M, p)=(M, p). Thus one has induced a homomorphism

*: Aut (G)/Inn (G) — Aut (%)

where Inn (G) is the normal subgroup of inner automorphisms.

Similarly, if « € Aut (G), « acts on the set of irreducible (real) representations of
G, IR (G), by sending 0: GxV —V to 0o («"tx1): Gx V— V. This defines a
homomorphism

—: Aut (G) - Perm (IR (G)): « — &, where &V, 0) = (V, 8o («"1x1)).

Notice that Inn (G) acts trivially on IR (G), that & preserves the dimension of the
representation, and @ sends the trivial representation (8(g, v)=v for all (g, v)) to
itself.

Now let 8: Gx V — V be an irreducible real representation of G. Let M be the
manifold obtained from the disc in ¥V @ ¥V, D(2V’), by identifying antipodal points
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of the sphere, with G action ¢ given by ¢(g, [v;, v.])=[0(g, v,), 0(g, v5)]. Then the
fixed set of G in (M, ) is

Fe(M, ¢) = {0} if dim v > 1,
= {0} URPQ2V) ifdimV =1,

and G acts in the normal bundle at 0 as two copies of the representation V. Thus
letting

Fg: NG aimv = NRo(Fe(BO2 4im v)

be the fixed point homomorphism, F4(M, ¢) is given by the inclusion of a point in
the component of F(BO; aimv) over which G acts as 2V. (See [8] for the definition
of Fg(BO,) and the fixed point homomorphism.)

It is immediate that if (M, ) is defined by the representation (V, 8), then a, (M, ¢)
is defined by &(¥, 6). Then if o € Aut (G) with a,=1, Fs(M, ¢)=Fs(ay(M, ¢)) so
that (V, 0) and a(V, 0) are equivalent representations, or @= 1. Thus one has

LEMMA 3.4. If a € Aut (G) and o,: NG — NS is trivial, then &: IR (G) — IR (G)
is also trivial, or « acts trivially on the irreducible representations of G.

Now consider a finite group G with the isomorphism property, and let S be a
Sylow 2 subgroup of G, so that p§ is epic (Lemmas 3.1 and 3.2). If N is the normal-
izer of S'in G, SS N<G, then p§=p}p§, so p¥: NN — NS, is epic.

If ne N, c,: N— N:g—ngn~'is an inner automorphism, so (c,)4 € Aut (RY)
is trivial. Since S is normal in N, ¢,(S)<S and c, is an automorphism of S, so
(ca)x € Aut (N3). Since pf is epic, (c,)x is trivial in Aut (), and thus the homo-
morphism

N — Aut (N3): n— (c)«
is trivial, and by Lemma 3.4
N —Perm (IR (S)): n — ¢,
is trivial.
By Lemma 3.3, S=(Z,)*, and every irreducible representation of S is of the
form (R, 6) where 0(s,v)=0(s)-v, with 6:S—>Z,={+1, —1}. Thus IR (S)

=Hom (S, Z,). If « € Aut(S), a(R, 0)=(R, $) with J(s)-x=0(c"1s5)-x, so a=1
implies 6 o a~1=ffor all fe Hom (S, Z,) and hence a= 1. Thus, the homomorphism

N—>Aut(S):n—c,

is trivial, or S is central in its normalizer.

One may now apply the theorem of Burnside [6, Theorem 14.3.1]: If a Sylow
subgroup P of G is in the center of its normalizer, then G has a normal subgroup H
which has the elements of P as its coset representatives.

Thus one has
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THEOREM 3.1. If G is a finite group with
I %g(X, A’ '/') ®m? Zz g Hg(X, A, '/‘, ZZ)

an isomorphism for all G pairs (X, A, ¢), then G is 2-nilpotent and has Sylow 2
subgroup a Z, vector space.

Combining this with Theorem 2.2 gives Theorem 2 of the Introduction.
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