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Abstract. This paper is concerned with Cartesian products of regular Hausdorff
continua and certain conditions on the factors that make the product n-mutually
aposyndetic (given n distinct points, there are n disjoint subcontinua, each containing
one of the points in its interior). It is proved that the product of any three regular
Hausdorff continua is n-mutually aposyndetic for each n=2. Next, certain conditions
on factors of products of two continua are shown to be sufficient for the product to be
n-mutually aposyndetic. In connection with this, the concepts of n-semiaposyndesis
and aposyndetic-terminal points are introduced. Finally, it is proved that the product
of a simple closed curve (or any other ‘““‘super n-mutually aposyndetic” continuum)
with every compact Hausdorff continuum is n-mutually aposyndetic for each n=2.

1. Introduction. The notion of n-mutual aposyndesis is a generalization of
C. L. Hagopian’s mutual aposyndesis [6], a “Hausdorff”’ version of F. B. Jones’
aposyndesis [11]. Although n-mutual aposyndesis is stronger than mutual apo-
syndesis (for n>2), it is still weaker than local connectedness. By Theorem 5.1
of this paper, the product of three copies of the pseudo-arc [1, p. 43] is n-mutually
aposyndetic for each n, but clearly not locally connected.

The study of various forms of aposyndesis in products of continua began in the
1940’s when F. B. Jones [12, p. 406] (cf. [19, p. 735]) showed that the product of any
two regular Hausdorff continua is aposyndetic. Almost twenty years later, E. J.
Vought [18, p. 172] stated that for regular Hausdorff continua, if M is p-aposyndetic
and N is g-aposyndetic, then M x N is (p+q+ 1)-aposyndetic. That same year,
R. W. FitzGerald [4] showed that the product of any two compact Hausdorff
continua is n-aposyndetic for each n. (In §5 of this paper, we show that compactness
is not necessary.) C. L. Hagopian [6] has proved that the product of any three
Hausdorff continua is mutually aposyndetic, and that the product of any two
aposyndetic continua is mutually aposyndetic. Finally, the author [15] showed that
the product of two compact metric chainable continua is mutually aposyndetic only
when each factor is an arc.
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Before the major results (§§5, 6, and 7), we give brief discussions of r-semi-
aposyndesis (§3) and aposyndetic-terminal points (§4), two concepts which are
useful in the study of #-mutual aposyndesis in products.

2. Definitions. A continuum is a nondegenerate closed connected set. The set
A is said to be about a point x if x € A° (interior of A4). The set A is said to miss a
set B if A N B=g. The continuum M is aposyndetic at a point x with respect to a
point y (a set A) if there is a subcontinuum about x missing y (4). If M is aposyn-
detic at each point with respect to each other point, then we say that M is apo-
syndetic. For n=1, M is n-aposyndetic if M is aposyndetic at each point x with
respect to each n-point set missing x. If =2 and A4 is an n-point set in M, we say
that M is n-mutually aposyndetic at A if there are n disjoint subcontinua of M,
each about a point of 4. If M is n-mutually aposyndetic at each n-point set, then
M is n-mutually aposyndetic. When n=2, we obtain the notion of mutual apo-
syndesis. If n21 and 4 is an (n+ 1)-point set in M, we say that M is n-semi-
aposyndetic at A if M is aposyndetic at some point x € A with respect to 4—x.
If M is n-semiaposyndetic at each (n+ 1)-point set, then M is n-semiaposyndetic.
When n=1, we use the term semiaposyndetic. If n>1 and x is a point in M, we say
that M is n-semiaposyndetic at x if for each (n+ 1)-point set A containing x, M is
n-semiaposyndetic at 4.

A subcontinuum T (a point p) of the continuum M is a terminal subcontinuum
(terminal point) of M [5, p. 461]if for each pair of subcontinua A4, B which intersect
T (contain p), either A BU T or B A U T (either A< B or B< A4). We shall say
that the point p is an aposyndetic-terminal point of M if for each pair of subcontinua
about p, one contains the other.

The continuum M is unicoherent if each pair of subcontinua whose union is M
have a connected intersection. A continuum T'is a triod if T is the union of three
proper subcontinua of T such that the common part of any two of them is the
common part of all three and is a proper subcontinuum (or possibly a point) of
each of them. A continuum is atriodic if it contains no triod. The continuum M is of
type A’ [17] if M is irreducible between two points and there exists a monotone
upper semicontinuous decomposition of M onto an arc in which no element has
interior.

For each point x of a continuum M, K, denotes the set of all points y such that
M is not aposyndetic at x with respect to y [12, Theorem 2]. When a product is
under consideration, 7; denotes the projection map onto the jth factor space. The
boundary and closure of a set A are denoted by Bd 4 and Cl 4 respectively.

For definitions of other terms, see [14] and [20].

3. n-semiaposyndesis.

THEOREM 3.1. The cone over any regular Hausdorff space is n-semiaposyndetic for
eachnz1.
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Proof. Let n be a positive integer and let S be a regular Hausdorff space. Let
M be the cone over S, i.e., the quotient space (S x [0, 1])/(S x {0}). Let p denote the
vertex of M (the point corresponding to S x{0}). Let = be the projection map from
M —p to S. Suppose 4 is an (n+ 1)-point set in M. Let D be the set of points in 4
whose distance from p is equal to the distance of p from A. Let x € D. Since S is
regular, there is an open set U such that mxe U and n(D—x) N Cl U=g. (If
D={x}, simply let U=S.) Then let b<1 such that (Cl Ux [0, b])/(Cl Ux{0}) is a
subcontinuum about x missing 4 —x. Thus M is n-semiaposyndetic at 4 and the
proof is complete.

For each n, the class of n-aposyndetic continua clearly includes those continua
which are n-semiaposyndetic. However, the cone over the Cantor set is an example
of a continuum which is n-semiaposyndetic for each n, but is not even aposyndetic.
Furthermore, an n-aposyndetic continuum need not be (n+ 1)-semiaposyndetic:

EXAMPLE. A planar, aposyndetic continuum which is 2-semiaposyndetic at none
of its points. Let {C,} denote a Cantor set of concentric circles, with inner and
outer circles labelled C, and C; respectively. Choose three points a, b, and ¢ on C,.
Let R, be the line segment with initial point at a and last point on the circle C; and
lying on the ray through a emanating from the origin. In a similar manner, define
R and R; for b and ¢ respectively. Consider the construction of the Cantor set on
[0, 1]. For each n, let I, denote the union of the 2"~! open intervals removed at the
nth stage of the construction. With each R; considered as a [0, 1] interval, we
remove I, from R, if j=i mod 3. With the R,’s thus modified, we let M=( R;)
U (U C,). Finally we consider each of the bridging subarcs as a point, obtaining a
planar continuum which is aposyndetic at each point, but not 2-semiaposyndetic
at any point.

Note that in the above construction, by using 2-spheres in place of circles, and
using bridging subarcs along n+ 1 rays with /; removed from R, if j=i mod n+1,
we obtain an example of an (n—1)-aposyndetic continuum in E® which is »-
semiaposyndetic at none of its points.

THEOREM 3.2. Every compact semiaposyndetic atriodic continuum is either an arc
or a simple closed curve.

Proof. Let M be a compact semiaposyndetic atriodic continuum. By [13, p. 429]
we need only show that M is locally connected.

Suppose that M is not connected im kleinen at a point x. Then there are disjoint
subcontinua Cj, C,, ... converging to a subcontinuum C which is disjoint from
each C; and which contains x [20, p. 18]. Let y € C—x. By semiaposyndesis, M is
aposyndetic at, say, x with respect to y. Let H be a subcontinuum about x missing y.
Let C,, C,, and C, be three of the C,’s which intersect H but are not contained in H.
Then HU C, U C, U C, is a triod, contrary to the fact that M is atriodic.

THEOREM 3.3. Let n>1. In compact Hausdorff continua which are irreducible
about n points, aposyndesis and semiaposyndesis are equivalent.
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Proof. Let M be irreducible about the points py, ..., p,. Suppose M is apo-
syndetic at the point x with respect to the point y. Then there is a subcontinuum H
about x missing y. For each i<n such that p; ¢ H, let A; be a subcontinuum irre-
ducible from p, to Bd H. By irreducibility, M=(_ 4;) U H. Hence there is a j
such that y € 4;. Since there are only a finite number of 4,’s, y € 4;. Since x € H°
and 4; " H=Bd H, x ¢ A;. Thus M is aposyndetic at y with respect to x. (This
theorem was suggested by E. D. Shirley, cf. Theorem 2 of [3, p. 116].)

THEOREM 3.4. If the semiaposyndetic compact metric continuum M is irreducible
between two points, then M is an arc.

Proof. By Theorem 3.3, M is aposyndetic. Then M is an arc [19, p. 738]. (Recall
that aposyndetic = semi-locally-connected in compact spaces [11, p. 547].)

THEOREM 3.5. Let n>1. Suppose M is a semiaposyndetic compact metric con-
tinuum which is irreducible about n points. Then M is a dendrite (a locally connected,
hereditarily unicoherent compact metric continuum; also called a “tree”).

Proof (Due to G. R. Gordh). Let M be irreducible about the points py, . . ., pp.
Suppose there exists a point x € M — | p; which is not a weak cut point (i.e., each
pair of points in M —x can be joined by a continuum in M —x). Then we can
construct a subcontinuum H< M — x which contains | p;. But this is contrary to
the irreducibility of M. Hence each point in M —_J p; is a weak cut point.

By Theorem 3.3, M is aposyndetic, so weak cut points are separating points
(i.e., points whose complements are not connected; also called “cut points’)
[19, p. 737]. Hence each point in M — | p; is a separating point. Consequently each
subcontinuum of M contains uncountably many separating points of M. Thus M
is a dendrite [20, p. 88].

For other results regarding semiaposyndetic continua, particularly in the plane,
see the work of C. L. Hagopian [7], [8], [9], [10]. One of his most interesting results
is that semiaposyndetic continua which do not separate the plane are arcwise
connected [10].

4. Aposyndetic-terminal points. This notion might be considered a ‘“neighbor-
hood”’ version of a terminal point. It is clear that every terminal point is an apo-
syndetic-terminal point. But the converse is not true since every point of the limiting
line of the sin (1/x)-curve is an aposyndetic-terminal point while only two of those
points are terminal points. However, the two notions are equivalent in a certain
case as shown by the corollary to the following theorem:

THEOREM 4.1. Suppose p is an aposyndetic-terminal point of the compact Haus-
dorff continuum M. Then K, is a terminal subcontinuum of M.

Proof. Since p is an aposyndetic-terminal point, the collection of subcontinua
about p is linearly ordered by inclusion. Thus K,,, which is equal to the intersection
of subcontinua about p, is a subcontinuum of M.
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To show that K, is terminal, let 4 and B be subcontinua of M which intersect
K,. Suppose that A¢ BU K, and B¢ A U K,. Then there are points a and b in
A—(BU K,) and B—(A4 U K,) respectively. Since {a, b} N K,=2, there are
subcontinua H, and H, about p missing a and b respectively, and H=H, N H,
is a subcontinuum about p missing {a, b}. Then HU 4 and H U B are two sub-
continua about p, neither of which contains the other. This contradicts the fact that
p is an aposyndetic-terminal point.

COROLLARY. If p is an aposyndetic-terminal point of the regular Hausdorff
continuum M, and M is aposyndetic at p, then p is a terminal point of M.

Note that in the proof of Theorem 4.1, compactness is not necessary in the event
that K,={p}; thus in the corollary, M need not be compact.

THEOREM 4.2. Suppose p is an aposyndetic-terminal point of the compact metric
continuum M, and M is aposyndetic at p. Then M is connected im kleinen at p.

Proof. Suppose that M is not connected im kleinen at p. Then there are disjoint
subcontinua Cj, C,, ... converging to a subcontinuum C which contains p and
which is disjoint from each C; [20, p. 18]. Let g € C—p. By aposyndesis at p, there
is a subcontinuum H about p missing g. Let j and k be distinct integers such that C;
and C; intersect H but are not contained in H. Then H U C; and H U C,, are two
subcontinua about p, neither of which is contained in the other. This is a contradic-
tion since p is an aposyndetic-terminal point.

THEOREM 4.3. Suppose p is an aposyndetic-terminal point of the compact metric
continuum M, and K; =2 . Then M is irreducible between p and some other point.

Proof. We show first that M is not a triod, and secondly that M is unicoherent,
whereupon it will follow immediately from Theorem 3.2 of [16, p. 456] that M is
irreducible between two points.

I. M is not a triod. Suppose this is not the case. Then M is the union of three
subcontinua A4, B, and Csuchthat A " B=4 N C=BN C=A4A N BN C, a proper
subcontinuum (or possibly a point) of each of 4, B, and C. Assume, with no loss
of generality, that A4 contains p. Since A — B has interior, there is a point z € (4 — B)
—K,. Since z ¢ K, there is a subcontinuum H, about p missing z. If H,= 4, then
AU B and A U C are two subcontinua about p, neither of which contains the
other. This contradiction implies that H,4- A. Hence H, must intersect B, so that
H, U Bis a subcontinuum. Since B— A has interior, there is a point y € (B— 4)—K,,
and a subcontinuum H, about p missing y. Finally, H, U B and H, U 4 are two
subcontinua about p, neither of which contains the other. This contradiction
implies that M cannot be a triod.

II. M is unicoherent. Suppose to the contrary, that there are subcontinua 4
and B such that M=A4 U Band 4 " B=C U D (C and D being separated sets).
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Assume that pe A—B. Then pe A°. Let U and V be open sets with disjoint
closures about C and D respectively. Let c € C and d € D. Let H be the component
of U (relative to B) containing ¢, and let K be the component of V (relative to B)
containing d. Then CIHNBd UN B#@ and CIKNBd VN B#z [14, p. 18].
Hence A U Cl H and 4 v Cl K are two subcontinua about p, neither of which
contains the other. This contradiction implies that p ¢ A — B.

Similarly, p ¢ B—A. Thus p € A N B. Assume, without loss of generality, that
peC. Since K, =g, there are points ¢ and r in (4—B)—K, and (B—A4)—K,
respectively. Let H, and H, be subcontinua about p missing g and r respectively.
Thenre H,orelse H, U A and H, U B contradict the fact that p is an aposyndetic-
terminal point. Similarly, g € H,. But then H, and H, are two subcontinua about p
neither of which contains the other. This contradiction implies that M is uni-
coherent.

Thus M is irreducible between two points r and s. Suppose that p is neither of
these points (otherwise the conclusion follows). One of the two points, say r,
must be in M— K, since K, is a proper subcontinuum. Let H be a subcontinuum
about p missing r. Since p is an aposyndetic-terminal point, M — H is connected,
so that Cl (M — H) is a proper subcontinuum of M, and hence cannot contain s.
Thus s € H for each subcontinuum about p; therefore s € K. Suppose L is a proper
subcontinuum containing r and p. Since s ¢ L, there is an open set U containing s
such that U " L=g. Since K, =g, there is a point ze U—K,. Then LU K, is a
subcontinuum containing r and s but not z. This contradiction implies that M is
irreducible from p to r.

CoROLLARY. Every compact metric aposyndetic continuum which contains an
aposyndetic-terminal point is an arc.

Proof. By Theorem 4.3, the continuum is irreducible between two points. Then
by Theorem 3.4, it is an arc.

Note that in Theorem 4.3, if K, is allowed to have interior, the conclusion does
not follow: Let M be the union of two indecomposable continua and an arc
(forming a triod) with the point p as the intersection of those three continua. Then
p is an aposyndetic-terminal point, but M is not irreducible between any pair of
points. Note that K, is the union of the two indecomposable continua.

5. 3-products. This section is concerned with proving that the product of any
three continua (e.g., three copies of the pseudo-arc) is n-mutually aposyndetic for
every n. Thus 3-products are related to n-mutual aposyndesis in somewhat the
same way that 2-products are related to n-aposyndesis [4].

LemMA 5.1. Let H and K be subcontinua of the regular Hausdorff continua M and
N respectively. Suppose V and W are open subsets of H and K respectively (proper
in case H=M or K=N). Then (V x W) U (Bd V' x K) U (Hx BdW) is a continuum
in Mx N.
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Proof. Let T=(Bd V'x K) U (HxBd W). Let ve Bd V and w € Bd W. For each
z€ Bd W, vx K meets Hx z, hence (vx K) U (HxBd W) is connected. Similarly,
(Hxw) U (Bd Vx K) is connected. Since the point (v, w) is common to these two
connected sets whose union is T, T is connected. Clearly Bd (V' x W)<T, hence T
separates M x N into two parts, one of which is V'x W. Then (Vx W) U T is
connected [14, p. 25]. Since it is clearly closed, it is a continuum.

The next lemma, a 3-product version of Lemma 5.1, is the key to the proof of
Theorem 5.1. -

LEMMA 5.2. Let L, M, and N be regular Hausdorff continua and let U, V, and W
be proper open subsets of L, M, and N respectively. Let H denote the set

Cl(UxVxW)u(Bd UxBd VxN) U (Bd UxMxBd W)
U (LxBd V'xBd W).

Then H is a continuum in Lx M x N.

Proof. The set H is clearly closed. To show that it is connected, define an operator
F; on subsets of L by F(A)=(AxVx W)U (AxBd VxN)U (4xMxBd W).
By Lemma 5.1, the set F.(p) is a continuum for each p € L. Select points g, r, and s
in Bd U, Bd V, and Bd W respectively. The set L x r X s is a continuum, and for each
peBd U, it meets F(p). Hence F (Bd U) U (Lxrxs) is a continuum. Similarly
define Fy(A)=(UxAxW)UBd UxAxN)U(LxAxBd W) and Fy(4)=
(UxVxA)U (Bd Ux Mx A)U (LxBd VxA), with Fy, operating on subsets of
M and Fy operating on subsets of N. Then by arguments similar to that for Fy,
we have that Fy(Bd V) U (gx M xs) and Fy(Bd W)U (gxrx N) are continua.
Note that Fp(Bd V), Fy(Bd W), and F (Bd U) contain Lxrxs, gx M xs, and
g x rx N respectively. Hence G=F;(Bd U) U F,(Bd V) U Fy(Bd W) is a continu-
um. Next we observe that Bd (Ux V' x W)<G, so G separates L x M x N into two
parts, one being Ux Vx W. Then (Ux Vx W)U G is connected [14, p. 25].
Finally we note that H is exactly that connected set, and the proof is complete.

THEOREM 5.1. The product of any three regular Hausdorff continua is n-mutually
aposyndetic for each n=2.

Proof. Suppose M;, M,, and M; are regular Hausdorff continua, and n2=2.
Let x,, ..., x, be distinct points of M, x M, x M,. There exist open sets U(i, ),
for i<n and j< 3, satisfying the following four conditions: (1) m;x; € U(i, j)< My;
(2) if mx; #mx, then CLU(G, j) N ClU(k, j)=2; (3) if i#k and m;x;=m;x;, then
either CLU(i, j))c U(k, j) or CL U(k,j)< U(, j); (4) if i#k, j#m, mx;=m;x;, and
X = mnXy, then Cl U(G, j)< U(k, j) if and only if Cl U(k, m)< U(i, m). Then for
each j<n, let

L, = CL[U(j, 1)x U(j, 2)x U(j, 3)] U [Bd U(j, 1)x Bd U(j, 2) x M)
U [Bd U(j, 1)x M, x Bd U(j, 3)] U [M; x Bd U(j, 2) x Bd U(j, 3)].
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It is clear that for each j<n, x; € L and by Lemma 5.2, L, is a continuum. Finally,
by the four properties of the U(i,j)’s listed above, the L,’s are disjoint. Thus
M, x M, x My is n-mutually aposyndetic at | x;.

COROLLARY. Suppose P is a productive property and Q is a projective property
such that every regular n-mutually aposyndetic continuum having property P must
have property Q. Then every regular Hausdorff continuum having property P has

property Q.

Proof. Let M be a regular Hausdorff continuum having property P. Then M3
also has property P. By Theorem 5.1, M2 is n-mutually aposyndetic for each n.
Thus M3 must have property Q. Since Q is projective, M has property Q, and the
proof is complete.

Note that P actually need not be productive, but merely preserved under squares.
Since local connectedness is a projective property, this corollary might be useful in
showing that some property (perhaps 2-homogeneity; see [2, p. 77]) implies local
connectedness.

Lemma 5.1 allows us to remove the compactness requirement from the hypoth-
esis of FitzGerald’s result [4]. Also needed is the following lemma which can be
proved using standard techniques in the literature.

LEMMA 5.3. In regular Hausdorff spaces, countable sets are zero-dimensional.

THEOREM 5.2. The product of any two regular Hausdor(f continua is countable-set-
aposyndetic (i.e., aposyndetic at each point x with respect to each countable set K
such that x ¢ Cl K).

Proof. Let M and N be continua, (x, y) a point in M x N, and K a countable set
in M x N such that (x, y) ¢ Cl K. Since (x, y) ¢ Cl K, there is an open set U about
x in M, and an open set V about y in N such that Cl(Ux V) N Cl K=g. By
Lemma 5.3, we may assume that Bd U N 7 (K)=@ and Bd V N wy(K)=2. Then
by Lemma 5.1, (Ux V) U (Bd Ux N) U (M x Bd V) is the necessary subcontinuum
about (x, y) missing K.

6. 2-products.

THEOREM 6.1. Let n2>1. Suppose M and N are regular Hausdorff continua each
of which is n-semiaposyndetic and (n— 1)-aposyndetic. Then M x N is (n+ 1)-mutually
aposyndetic.

Proof. Let x,, ..., x,,, denote distinct points in M x N.

Case 1. The projection of | x; onto at least one of the factors, say N, is an
(n+1)-point set.

By n-semiaposyndesis, N is aposyndetic at, say, X, 1 With respect to P, mox;.
Let L, , denote a subcontinuum of N about myx, ,; missing (., mx;. Let H be
a proper subcontinuum of M about m;x, ., and let gy, . . ., ¢, be distinct points of
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M —H. Since N is (n—1)-aposyndetic, there are subcontinua L,, ..., L, such that
for each j<n, mox;€ L] and Ly N (Uf-; moXi—moX))=2 [maX,4y may be in L]
Let W,,..., W, be open sets in M such that for each j<n, myx;€ W,=L; and
LNClW,=2 fori#jand i<n+1. For j<n, define 4,=(M xCl W;) U (g;xL,),
and define A,,,=HxL,.,. Then A,,..., A,,, are the necessary disjoint sub-
continua to show (n+ 1)-mutual aposyndesis at | x;.

Case 2. Each projection has at most » points.

By (n—1)-aposyndesis, there are subcontinua Hj, . .., H,,, of M such that for
each j<n+1, mx;€ H; and H; N (J myx;—mx;)=2. Similarly, in N there are
subcontinua K, ..., K,,, such that for each j<n+1, myx;€K; and K;
M (U mox;—myx,)=@. There exist open sets Uy, . . ., Uy, 41 in M such that for each
jsn+1, (1) mx, € U< H,, (2) if myx;#mx,, then H; N Cl U;=2, and (3) if =, x,
=mx, (j#k), then Bd U; " Bd U,=@. Similarly, in N there exist open sets
Vi, ..., Vu+1 with analogous properties (with respect to 7, and the K;’s). For each
jSn+1, define 4,=(U;xV,) U (Bd U,xK;) U (H;xBd V,). By Lemma 5.1, for
each j<n+1, 4, is a subcontinuum about x,. Finally, the 4,’s are easily seen to be
disjoint. Thus the proof is complete.

Since 0-aposyndetic means just being a continuum, we have the following
strengthening of Theorem 1 of [6, p. 616]:

COROLLARY. The product of any two regular semiaposyndetic continua is mutually
aposyndetic.

THEOREM 6.2. Suppose that each of M and N is a regular Hausdorff continuum
with no aposyndetic-terminal point. Then M x N is mutually aposyndetic.

Proof. Let (x,, y;) and (x,, y.) be distinct points of M x N. We may assume that
X, # Xxo. We consider the following three cases:

Case 1. y,=y,.

Since y, is not an aposyndetic-terminal point of N, there exist in N two sub-
continua H and K about y,, neither of which contains the other. Let p and g be
points of H— K and K— H respectively. In M, let U and V be open sets about x;
and x, respectively such that Cl U N Cl V=g. Then (Cl Ux H) U (M xp) and
(Cl VxK) U (M xq) are disjoint subcontinua about (xy, y;) and (xg, y;) respec-
tively.

Case 2. y1#Yy., and M is not semiaposyndetic at {x;, x5}.

In N, let U and ¥V be open sets with disjoint closures about y; and y, respectively.
Since x, is not an aposyndetic-terminal point of M, there are subcontinua H; and
K, about x;, neither of which contains the other. Similarly, there are subcontinua
H, and K, about x,, neither of which contains the other. Since M is not semi-
aposyndetic at {x,, x,}, both H; and K; contain x,, and both H, and K, contain x;.

Suppose that H,< H,. Then x, € Hy. By the choice of H, and K;, there are points
p and q in K, — H, and H,— K, respectively. Then the required subcontinua are
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(KiyxClU)U (pxN) and (H;xClV)U(gxN). Similarly, if H;<H,, the
required subcontinua exist.

So we suppose that neither H, nor H, contains the other. Let p and g be points
in H,— H, and H,— H, respectively. Then the two required disjoint subcontinua
are (H, xClU)U (px N) and (H,xCl V) U (g x N).

Case 3. M is semiaposyndetic at {x;, x5}.

We may assume that M is aposyndetic at x; with respect to x,. Let H be a sub-
continuum of M about x, missing x,. Let U be an open set in M about x, such that
HNClU=g.In N, let K be a proper subcontinuum about y; and let e N—K.
Then Hx K and (ClUxN) U (M xq) are the two required subcontinua. This
completes the proof of the theorem.

Since having no aposyndetic-terminal point is a very weak condition, two very
ill-behaved continua can often be multiplied to obtain a mutually aposyndetic
continuum. For example, let M be the union of three pseudo-arcs joined together
like a “triangle” to form a 3-indecomposable [2, p. 76] continuum. Then M2 is
mutually aposyndetic since M has no aposyndetic-terminal point. Whether or not
M? is 3-mutually aposyndetic is unknown to the author.

Using the theory of continua of type A’ [17], we have the following corollary
to Theorem 6.2:

COROLLARY. Suppose M and N are compact metric continua such that for each
x (in either M or N), K; =@ . Then either M x N is mutually aposyndetic or at least
one of M and N is of type A’.

Proof. Assume that M x N is not mutually aposyndetic. Then by Theorem 6.2,
one of the factors, say M, has an aposyndetic-terminal point p. By Theorem 4.3, M
is irreducible between two points. Finally, by [17, p. 27], M is of type A’.

THEOREM 6.3. Let n>1. Suppose M is an (n— 1)-semiaposyndetic regular Haus-
dorff continuum and N is an n-mutually aposyndetic compact continuum. Then M x N
is n-mutually aposyndetic.

Proof. Let {x,,..., x,} and {y,, . . ., y,} be n-point sets in M and N respectively.
We shall construct n? disjoint subcontinua of M x N, each about some point
(xi, y;); this will imply n-mutual aposyndesis of M x N. Using [14, p. 18] and the
n-mutual aposyndesis of N, we can construct n collections of subcontinua
{H@, D=y, {HG 21, ..., {H>, )}~y such that (1) for i,j<n, y;€ H(i,j)°,
Q) if j#k, then (U, H(,j)) N (U; H(@, k))=2, and (3) for j, k<n, H(j, k)
& U;>; H(, k). Using the (n— 1)-semiaposyndesis of M, we may relabel the x;’s
so that for each j<n, M is aposyndetic at x; with respect to (_; <, x;; hence there is a
subcontinuum L, about x; missing | J;<; x;. Let Uy, . .., U, be open sets in M such
that for each j<n, x,€ U, and Cl U,<L;—J;>;L;. For each pair j, k, choose
hy. € H(j, k)— s> H(i, k). Then for each pair j, k, [Cl U;x H(j, k)] U [L;x hy)
is a subcontinuum about (x;, y,) and no two of these subcontinua intersect. Thus
the theorem is established.
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For example, the product of an arc with the cone over the Cantor set is n-
mutually aposyndetic for each n. However, if the semiaposyndesis is not required,
the conclusion does not hold. It can easily be seen that the product of an arc with
the sin (1/x)-curve is not mutually aposyndetic. In fact, the product of an arc with
a chainable compact metric continuum N is mutually aposyndetic if and only if N
is an arc [15].

7. M x everything. Certain conditions on a continuum M are sufficient to
insure that for every continuum N, M x N is n-mutually aposyndetic. The concept of
an aposyndetic-terminal point proves useful in connection with one such condition.

THEOREM 7.1. Let M be an aposyndetic compact metric continuum. Then M x N
is mutually aposyndetic for each regular Hausdorff continuum N if and only if M is
not an arc.

Proof. Suppose that M x N is mutually aposyndetic for each continuum N, and
assume that M is an arc. Since the product of an arc with the sin (1/x)-curve is not
mutually aposyndetic [15], we have a contradiction.

Conversely, suppose that M is not an arc. Then by the corollary to Theorem 4.3,
M has no aposyndetic-terminal point. Let N be a regular Hausdorff continuum,
and let x and y denote distinct points of M x N. To show that M x N is mutually
aposyndetic at {x, y}, we consider two cases:

Case 1. myx#my.

By aposyndesis, there is a subcontinuum H of M about 7, x missing , y. Similarly,
there is a subcontinuum K about =, y missing 7,x. Let U and V be open sets in M
such that mx € UcCl Uc H—K and m y € V<Cl V< K— H. Finally, choose two
points p and g in N. Then (Cl Ux N) U (Hxp) and (Cl ¥x N) U (Kxq) are the
two required disjoint subcontinua about x and y respectively.

Case 2. myx=my.

In N, select open sets U and V with disjoint closures about 7,x and 7,y respec-
tively. Since =, x is not an aposyndetic-termihal point of M, there are subcontinua
H and K about = x, and points p and ¢ in H— K and K— H respectively. Then
(HxClU)U (pxN) and (KxCl V) U (gx N) are the required disjoint subcon-
tinua about x and y respectively. This completes the proof.

DErFINITION. Let n>1. Subcontinua Hy,..., H, of a continuum M form a
Q-collection for the point x of M if for each j<n, (1) x € H, (2) H;¢U;>; Hy, and
(3) H;¢ U<, H,.

DEFINITION. Let n>1. The continuum M is super n-mutually aposyndetic if for
each set of n points x;,..., x, in M, there exists for each x; a Q-collection
{H(,)), HQ2,j), ..., H(n, j)} of n subcontinua, such that if j#k,

(U #an)n (0 HGH) = 0.

This concept is clearly stronger than n-mutual aposyndesis, but it does not imply
local connectedness, as is seen by the product of an arc with the cone over the
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Cantor set. Conversely, there are some locally connected continua (e.g., the arc
and the simple triod) which are not super n-mutually aposyndetic, because they
have ‘“‘local” terminal points.

The following lemma, which shows an interesting method for constructing sub-
continua with interior in products, is the key to the proof of Theorem 7.2.

LEMMA 7.1. Let M and N be regular Hausdorff continua. Let s and t be points of a
subcontinuum H of M, and let D be a subset of N which separates N into sets A and
B. Let L=(HxCl D) U (s x A) U (¢x B). Then L is a subcontinuum of M x N.

Proof. It is clear that L is closed. Let f: L — N denote the projection map m,
restricted to L. Then fis a monotone map since for each y € N, f~*(y) is connected.
Since N is a continuum, L=f~1(N) is a continuum also.

THEOREM 7.2, Let n>1. Suppose M is a super n-mutually aposyndetic regular
continuum. Then M x N is n-mutually aposyndetic for each compact Hausdorff
continuum N.

Proof. Suppose {xy,...,x,} and {y,...,y,} are n-point sets in M and N
respectively. For each x,, let H(1,j), H(2,j), ..., H(n,j) be a Q-collection such
that if k<n and k#j, then (\U; H(i, j)) N (U, H(i, k))=2. By repeated use of
Urysohn’s Lemma, we can choose open sets U, ..., U, in N such that for each
i<n, (1) y,e U, 2) if j#i, then Cl U, N Cl U;=g, (3) N—Cl U;=A4, Y B, sepa-
rated, (4) Cl (4; Y U)<A4,.,, and (5) Cl B;,,< B;. By the choice of the H(i, j)’s,
for each pair j, k, there exist points g, and hy in H(j, k)—\U;<; H(i, k) and
H(j, k)—\U;>; H(i, k) respectively. By Lemma 7.1, for each pair j, k, the set
[gsx A;1 U [hyx B]J U [H(J, k)< Cl Uj] is a subcontinuum of M x N about the
point (x,, y,). Using properties (1)-(5) and the choice of the g,.’s and hy,’s, it can
be shown that no two of the subcontinua intersect. Thus M x N is n-mutually
aposyndetic.

COROLLARY. The product of a simple closed curve with any compact Hausdorff
continuum is n-mutually aposyndetic for each n.
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