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A CHARACTERIZATION OF ODD ORDER EXTENSIONS
OF THE FINITE PROJECTIVE SYMPLECTIC GROUPS

PSp (4,9)

BY
"MORTON E. HARRIS(Y)

Abstract. In a recent paper, W. J. Wong characterized the finite projective
symplectic groups PSp (4, q) where g is a power of an odd prime integer by the
structure of the centralizer of an involution in the center of a Sylow 2-subgroup of
PSp (4, 9). In the present paper, finite groups which contain an involution in the center
of a Sylow 2-subgroup whose centralizer has a more general structure than in the
PSp (4, g) case are classified by showing them to be odd ordered extensions of
PSp (4, q).

Introduction and statement. Let p denote an odd prime integer and let g=p’
where fis a positive integer. Let PSp (4, ¢) denote the projective symplectic group
in dimension 4 over a field F, of g elements. The group PSp (4, q) is described in
[8, §1], is simple of order 1g%*(q%+1)(¢®>—1)? and has a Sylow 2-subgroup with
center of order 2 so that involutions which lie in the centers of Sylow 2-subgroups
form a single conjugacy class.

Let & denote an automorphism of F,. Then & induces, in the natural way, an
automorphism of PSp (4, q) (cf. [8, §1]) and centralizes an involution in the center
of a Sylow 2-subgroup of PSp (4, g). In fact {5}, the cyclic subgroup of Aut (F,)
generated by &, acts faithfully on PSp (4, ¢) and one may form the natural semi-
direct product <{&) PSp (4, g). If & is an odd ordered automorphism of F,, then
(&> PSp (4,¢q) is an odd ordered extension of PSp (4, q) with trivial 2-core. In
fact, any odd ordered extension of PSp (4, g) with trivial 2-core is of this form
(cf. [1]).

Let 7 be an involution in the center of a Sylow 2-subgroup of PSp (4, ¢) such that
t is centralized by &. Then the centralizer C(¢) of ¢ in <&)> PSp (4, q) is a semidirect
product {5)% where ¥ denotes the centralizer of ¢ in PSp (4,q9) and C(¢) has
trivial 2-core.

Finite groups G containing an involution ¢ such that C4(¢)~ € have been classified
in [8]. However, for example in classifying groups by their Sylow 2-subgroups, one
may arrive at a situation in which the centralizer C4(¢) of an involution ¢ in a group
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G is an odd ordered extension of % with trivial 2-core. This is the case in the
group <) PSp (4, q) of the above paragraph.
To handle this situation, we prove the following more general result:

THEOREM. Let G be a finite group with an involution t such that

(@) O(Ce(1))={1} and

(b) Cq(t) contains a normal subgroup $ of index 2p with p odd and an involution
ue Cy(t)—9 such that  contains a subgroup L,~SL (2,q) where q=p’, p is an
odd prime integer and f a positive integer such that if Ly=LY, then $=L,L,,
[Ly, Ly)={1} and L, N\ Ly=<t>.

Then, either (i) G=C(t)O(G) or (ii) G=<&) PSp (4, q) where 5 € Aut (F,) and is
of order p.

Note that when p=1, then C¢(¢) is isomorphic to the centralizer of an involution
in the center of a Sylow 2-subgroup in PSp (4, ¢) and the theorem follows from [8].

Thus for the rest of the paper, we assume that G is a finite group with an involu-
tion ¢ such that Cg(z) satisfies the hypotheses of the theorem with p>1. Let
g= 28 (mod 4) where 6= + 1 and let g— 6=2"¢ with e an odd integer and n=2.

The paper is organized as follows. In §1, we study the structure of Cg(¢) and in
§2, we show that if case (i) of the conclusion of the theorem does not hold, then G
has exactly two conjugacy classes of involutions. In §3, we determine the structure
of the centralizer of an involution in the second conjugacy class, and we show that
the situation is exactly as in the group {&) PSp (4, g). Moreover, we show, using a
lemma of Thompson, that |G|=p|PSp (4, ¢)|. Then in §4, we find the structure of
the normalizer of a Sylow p-subgroup of G. In §5, we construct a normal subgroup
G, of G such that |G:G,|=p and then we show that G, is isomorphic to PSp (4, q)
by applying [8]. The rest of the theorem now follows easily.

Our notation is fairly standard and tends to follow that of [5]. We use O(X) to
denote the 2-core of X, i.e., the largest normal subgroup of odd order in the finite
group X. We write [x, y]=x"x¥=x"1y~lxy and, if x¥=2z, we write y: x — z.
If y: x — x~1, we say that y inverts x and, if y: x —z and y:z— x, we write
yixerz

1. The structure of Cy(r). Since Cg(2)/ is a group of order 2p we have
LemMA 1.1. Cg(t) contains a subgroup & of index 2 such that o 2 9.
LemMma 1.2. {L,, L} is invariant in Cg(t).

Proof. This follows easily from the Krull-Schmidt Theorem applied to the
group $/<t>=PSL (2, q)xPSL (2, g).

COROLLARY l .2. 1 . NG(LI) = NG(LZ) = Jj.

Proof. Because Z(L,)={t), we have Ng(L,)< C4(t). Also = Ng(L,) N Ng(L,)
and |&/9|=p is odd. Now we can conclude that & < Ng(L,) from Lemma 1.2.
Hence Ng(L,)=«. Similarly Ng(Ly)=.
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LEMMA 1.3. Cg(9)=<¢t).

Proof. Since Cy(9)= and Z(9)=<t)>, Cx(9) has order 2-r where r|p. But
Cs(9)<C4(2) and O(Cy(t))={1}; hence r=1.

LEMMA 1.4. There exists a subgroup A of &/ of order p such that o/ =$9A and
AN H={1} and such that A centralizes a Sylow 2-subgroup of . Moreover if,
f=2°% a=0, then p=1 and the result follows from [8].

Proof. Since Cg(L,)=L,<C (L)< and |&/:L,C(L,)| divides p, it follows
from the structure of Aut(L,) that there exists a subgroup A4; of &/ such that
A2 Co(Ly), =LAy, and L; N A; £ Cy(Ly). Since |4;:Cq(Ly)| is odd, A4,
centralizes a Sylow 2-subgroup S; of L;. Thus (¢>SL, N A; = Cy(L) NL,={t>
and 9 N 4;=L,<4,. Hence |4,/L,| is odd. Again, it follows that there exists a
subgroup A4, of A4, such that 4,2 C, (L,), A1=LyA; and L, N A, = C,,(L;) and
such that A, centralizes a Sylow 2-subgroup S, of L,. Thus (>S4, N H=
A; N A, N H=A; N Ly <L, N Cy(Ly)=<t>. Hence {t) is the Sylow 2-subgroup
of A,, and A4, has a subgroup A4 of index 2. Then $4=L,L,A=L,L,A,=L,A, =,
PNA=ANHN A;=ANt>={1}, |A|=p and A4 centralizes S,S; which is a
Sylow 2-subgroup of $. Finally, if f=2% a=0 then

|7 :L,Cy(Ly)| and |A;/LyCy4 (L)
are powers of 2. Thus A; =Cgx(L,), A;=Cy,(Lg) and A, < Ce(9)=<2) and, there-
fore, |[4|=1=p.

Note that we may now assume that ¢ >3 and, hence, that L;/{¢) is simple for

i=1,2. We may also assume that e> 1, for if e=1 then g—8=2" and [6, Lemma
19.3] yields that either g is a prime or ¢=32 both of which have been excluded.

LeMMA 1.5. A is Abelian with at most 2 generators.
Proof. Consider the natural homomorphism
0: A — (Aut (L,)/Inn (L,)) x (Aut (Ly)/Inn (L,)).

Suppose that a € Ker (). Then there is an /; € L; such that al; € Co(L;) for i=1, 2.
Hence all, € Co(9)=<t> and ae 4 N $={1}. Thus 0 is one-to-one and since
| 4| =p is odd, the lemma follows from the structures of Aut (L,) and Aut (L,).

LEMMA 1.6. The subgroup A may be chosen so that it is normalized by u. If A is
so chosen, there exists a Sylow 2-subgroup S, of L, centralized by A and hence S%
is a Sylow 2-subgroup of L, centralized by A.

Proof. Let S, be a Sylow 2-subgroup of L, centralized by 4. Since A centralizes
a Sylow 2-subgroup of L, also, by conjugating 4 by an element of L,, we may
assume that 4 centralizes S;S%. Since Cg(S;S¥)={t>x A4 and u e Ng(S1SY), u
normalizes O(Cg(S,S%))=A.

Henceforth, we assume that A is normalized by w.
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COROLLARY 1.6.1. A= C,(u) x [4, u] where [A, ul is the subgroup of A formed by
the elements of A inverted by u together with the identity element.

Let
(1) B = {xlx'f | x1 ELI}.
Then B is a subgroup of C4(t, u) and B is isomorphic to PSL (2, q) where the
isomorphism is induced by the epimorphism 68: L, — B defined by 0(x;)=x,x} for
x, € L, since Ker (6)={¢).
An easy calculation gives
LeMMA 1.7. Cg(u, t)=(B x<t, up)C (1) where N Cg(u, t)=(Bx {t))]Cs(u, t).
COROLLARY 1.7.1. B is characteristic in Cg(u, t).
Proof. Since ¢>3, B is simple and non-Abelian, thus Cg(u, t)"=B.
2. Classes of involutions in G. From the structure of 5, we have
LEMMA 2.1. All involutions of ©—{t>=L,L,—{t) are conjugate in H=L,L,.
An easy consequence of the fact that ¥ normalizes A is

LeMMA 2.2. All involutions of Cy(t)— $ are conjugate in Cq(t) to u or tu.

The proof of [2, (2B)] yields

LeEMMA 2.3. If H is a subgroup of G and if T is a Sylow 2-subgroup of H N C4(2)
such that {t) is characteristic in T, then T is a Sylow 2-subgroup of H. In particular,
a Sylow 2-subgroup of Cq(t) is a Sylow 2-subgroup of G.

Let S;=<a,, b;> where a" *=b%=t and a;b, =b,a; ! be a Sylow 2-subgroup of
L, centralized by A. Set b,=b%, a,=a?. Then v=(a,a,)>""* and w=b,b, are two
involutions in $—<¢)> centralized by u. Set $=.S,S¥u)={<ay, by, as, b, uy. Then
S is a Sylow 2-subgroup of G. Note that Z(S)=<t) so that the conjugacy class of ¢
in G consists exactly of those involutions which are in the center of some Sylow
2-subgroup of G.

LEMMA 2.4. The involutions of ©—<t) are not conjugate in G to t.
Proof. It suffices to show that v is not conjugate in G to ¢. Since Cy,(a3" ~*)=<d,>
which is cyclic of order g— 8, we may assume that df =a,. Setting d,=d¥, we have

(2) CG(t’ v) = <d13 d2’ W>A <u>

which is of order 2(g— 8)?p. Also 4 normalizes <{d;> and <{d,) and d’=d;* for
i=1,2. A Sylow 2-subgroup of C¢(t,v) is T=<ay, a;, w, #) which is of order
22n+1 The argument of [8, Lemma 2.2] applies with only a slight modification
required if n=2.




1972] ODD ORDER EXTENSIONS OF PROJECTIVE SYMPLECTIC GROUPS 315
We now assume

3 G # Co(1)0(G).
The proof of [8, Lemma 2.3] yields
LEMMA 2.5. Either t or tu is conjugate in G to t.

Since Cg(t) has an automorphism which interchanges » and tu and fixes $A4, we
may assume

4 tu is conjugate in G to ¢.

LEMMA 2.6. G has exactly two conjugacy classes of involutions K, and K, such that
Ky N Cy(t) consists of the conjugacy classes in Cg(t) represented by t and tu and
K5 N Cy(t) consists of the conjugacy classes in Cq(t) represented by v and u. There
exists an element z € Ng(Cs(tu)) such that z? € Cs(tu) and

5) z: t—uv, u—t, v—>0.
Also z normalizes C ,(u).

Proof. Let K, be the conjugacy class of # in G and let K, be the conjugacy class
of v in G; clearly K, # K, by Lemma 2.4. Set

(6) E = Cs(tu) = <{a,a,, w)> x<t, u).

Then Co(E)=Z(E)x C4(u) by Lemma 1.7 and the argument of [8, Lemma 2.4]
applies with only a slight modification required if n=2.
The discussion at the end of [8, §2] yields

LeEMMA 2.7. The focal subgroup of S in G is S and hence G has no subgroup of
index 2. .

3. Centralizers of involutions in K,. Clearly

™ Cs(t, v) = {ds, da, W) Atu).
Transforming by the element z of Lemma 2.6, we obtain
(8) CG(u3 U) = <dfa d;, w2>Az<tu>.

LEMMA 3. 1 . <d1d2>z = <d1d2>, <alaz>z = <alaz> and
) w = (W(d d)™tu)* for some integer m.

Proof. Since Cq(t, u, v)=(t, u) x{ddy, w))C,(u) by Lemma 1.7 and since
{dyd,, w) is dihedral of order ¢— 8, we have

(10) 0%(Co(t, u, v)) = <t, up x{ddy, W).

Since z € N4(<t, u, v)), we obtain

(1) 0% (Co(t, u, v)) = <t uy x(dud)?, w™.
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Clearly the proof of [8, Lemma 3.1] applies with Cg(?, u, v) replaced by
Ozl(CG(t’ u, U)).

Since Cg(u, v)=<{dz, di, w*>A*tu) by (8), {tu, aj, a3y is a subgroup of Cq(u, v)
of order 22", Also w centralizes fu and, by (9), we have (a$)*=(a3) "}, (a§)*=(a?) .
Thus Cg(u, v) contains the subgroup T=<tu, ai, a3, w) of order 22"*1. Since u
does not lie in the center of a Sylow 2-subgroup of G, T is a Sylow 2-subgroup of
Cs(u), Cs(v) and Cg(u, v).

LeMMA 3.2. Cg(u) has a normal subgroup K of index 2 with Sylow 2-subgroup
M=<a3, a3, wy. Also Cq(u)=Kt> where K N (t>={1}.

Proof. The proof of [8, Lemma 3.2] applies to demonstrate the existence of K.
Since u=(tv)>=(a?""")*((a,a2)*" "*)* € M and ¢ ¢ K, the result follows.

LeMMA 3.3. K has a normal subgroup L of index 2™ with Sylow 2-subgroup
J=<a,a,, w).

Proof. Clearly M'={(a,a5)*)=<{aia;y and so Ng(M)=Cx(()=Cqu,v)=
{d3, di, w*y A% tu)y which has {(dZ")?, (d£")?>A4* as a normal 2-complement. Hence
Nx(M) has a normal 2-complement so that Ny(M)' N M=M’. With only a slight
modification, the proof of [8, Lemma 3.4] yields the result.

Since u ¢ L, we have

LEMMA 3.4. If k is any integer and s=aiw(d,d,)*, then s** ' =u, the order of s is
2" st=s"1and hence <t, s is dihedral of order 2"**. Also K=L{s)> andL N {s)={1}.

LeMMA 3.5. (a) For i=1 or 2, if x € No(L)=«/ and x acts trivially on L{t)
then x centralizes L.
(b) If x € Co(B) N L, then x € {t).

Proof. Let x satisfy the hypotheses of (a) and let y € L,~SL (2, q), y of odd order.

Clearly x centralizes y? and hence [x, y]=1. But L;=SL (2, q) is generated by its
elements of odd order and (a) follows. Let x satisfy the hypothesis of (b) and let
y1 € L,. Then (y,y9)* =y, yt=y5iy¥*, so that y;yfe L; N Ly={t). Hence x acts
trivially on L,/<t> and we conclude from (a) that x centralizes L,. Similarly x
centralizes L,. Thus x € {t> by Lemma 1.3.

We shall need the following well-known result:

LEMMA 3.6. Let H be a group with O(H)={1} and such that H contains a normal
subgroup M~PSL (2, r) with r a prime power. Suppose also that 4t |H:M|. Then
H|M is Abelian.

LeEMMA 3.7. (a) u centralizes A and hence A<L.
(b) B is characteristic in L.
(¢) L=(BxO(L))A and (Bx O(L)) N A={1}.
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Proof. A?<L and B=L since Bis simple. Also BN O(L)={1} and z € N(C ().
Moreover, Cq(t, u)=(Bx{t,u))C () and N Cq(t, u)=Bx<t)> so that C,(u)
normalizes B. If a € C(u) centralizes B, then a € {¢t> by Lemma 3.5(b). Hence a=1
and C,(u) acts faithfully on B. But [O(L) N C,(u), B]= B N O(L)={1}. Thus
O(L) N C4(u)={1}. By a theorem of Gorenstein and Walter [4, Theorem 1], since J
is dihedral and B>~ BO(L)/O(L) is an odd indexed subgroup of L/O(L), we have
two cases:

(a) L/O(L) is isomorphic to the alternating group %%,. Hence B is isomorphic to
a subgroup of &% which implies that g=5, 7 or 9. These possibilities have been
excluded.

(b) L/O(L) is isomorphic to a subgroup of PI'L (2, r) containing PSL (2, r)
with r odd. Clearly B must be isomorphic to a subgroup of PSL (2, r) so that g=5
(which is excluded) or r is a power of g. Let M be the subgroup of L such that
L>M>O(L) and M/O(L)~PSL (2, r). Thus BO(L)< M and |L: M| is odd. Now
Ce(u,v)=<dz, d3, w> A% tu) = (s, t». But Co(u) =L{s, t > ; hence C¢(u, v) = C (v)<s, ).
Clearly C,(v) 2<dZ"?, did,, w)- A% which is a product of two groups. But |Cg(, v)|
=|C¢e(u, v)|=2(q—8)?-p so that |C.(v)|=2"% (for LN s, t>={1}). Now
{d?", d,d,, w) has a normal 2-complement, namely, <d2"?, (d,d,)*"~*> and

A, (dd) ™ 0 A7 = (P Hdd)" T O A
= (", (o™ 00 Ay = {1}

Thus [<d2"?, did,, wy- A% =2"e%p=|C.(v)| and so Cp(v) ={d}"?, d,d,, w)A*.

Clearly L=0%*Cg(w)).

Now M/O(L)=(L/O(L))" implies that M=L'O(L)]ICq(u). Moreover L N {t)
={1} and L{¢) is a subgroup of C¢(«) such that O(L{t>)=0O(L) and L{t>/O(L)
contains a normal subgroup M/O(L) of index twice an odd integer. Now Lemma 3.6
applies, and we conclude that L{¢>/M is Abelian. Hence [dZ"%, u*]=[d?"?, tv]
=dy 2*dZ"* = (df 'd,)*"* € M ; but (di *d,)*" ~" has order e, therefore (di 'd;)*" "'2e M.
Suppose that w=w?*(d,d;)"*tu € $*A*. Then we $?, tue H* and tue $ which is
impossible. Thus C(v) N H°4*={d?"?, did;)A* and C,(v) N H*={dE"* d,d,)
={(d,d; V)" %, d,d,> is normalized by A= Also

Cu(v) = {(dids M)*" 72, dyda, wH(47 N M)
is normalized by 4% and Cy(v, w) = {(d,d; })*" ') x (v, w)>. However,

Cujow (v, wYO(L)) = <v, wp>O(L)/O(L)

since M/O(L)=PSL (2, r). Thus (d,d5 1)*"~*# € O(L) and 4% normalizes C,(v) N H*
N O(L)={(d,dy V)*" ~*#>. Thus A normalizes {(d,ds *)*" "> =<{(d,d5 *)**> which is a
group of order e > 1. In the proof of Lemma 2.4, we saw that 4 normalizes both
{d,> and {d,>. Hence A normalizes {d?") and <{d%") which are groups of order
e>1. Let ae[A4,u] and let ((dids1)*")°=(dids1)*""'=d?""d; 2"" where y is an
integer relatively prime to e. Let d2"=d%"* where « is an integer relatively prime to
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e. Then d2"e =d2"we=g2"e "' = 42"6v — 2" where B is an integer relatively prime to
e such that of=1 (mode) (since u inverts a). Hence (d,ds)?"*=d?""d; %"=
d#*%dy; 28, Thus a=p (mod e) and «2=1 (mod e). Since a is of odd order, a cen-
tralizes d2" and d2". Consequently a centralizes {a,) x <d%")=<d,> and similarly
for {d,>. But a subgroup of order g— 8 contained in SL (2, q) is self-centralizing in
Aut (SL (2, g)); thus there exist elements dj € (d,> and d; € {d;) such that d,d;a
centralizes L,L,=$%. Hence didsaec Ce(H)=<t> and ae N A={1}. We have
proved that [4, u]=1 and thus u centralizes 4 and z normalizes 4= C (). Hence
C(v, w)=({(d d5 1) 2> x (v, w))A has a normal 2-complement {(d,d5)*" )4
and  Cy(v, w)=({(d dy V)?" 12y x v, wp)(M N A). Again  Cyyo0,( v, wHO(L)) =
(v, w>O(L) and M N AZO(L) so that M N A={1}. Consequently Cy(v)=
(dydy V)2 7%, didy, wy. Since Cyow(vO(L))= Cyu(v)O(L)/O(L), taking orders, we
conclude that r + 1 =¢q — & (because O(L) N {(dyd5 1)?" '3, dydy, w) ={(dyds )" 7'%). .
But r is a power of ¢; thus g=r and M=BO(L). Since |Cy(v)| =e(q— 8)=d?2",
|Cy(v) N O(L)|=e and w, vw are conjugate to v in B, we also have [Cou,(w)|
=|Cowy(w)|=e. But |O(L) N Cy(v, w)| =e, and we may apply [3, Lemma 3] to
conclude that |O(L)|=e. Thus O(L)=<{(dds H2rtlzy o Since  Cyu(O(L))<IM,
Cu(O(L)) contains (O(L), v) and M/O(L)is simple, we conclude that C,,(O(L))=M;
thus M =Bx O(L). We have B=M" so that (b) follows. Also all of the involutions
of B are conjugate in Band |L/B| is odd. Hence |C1(v): Cy(v)| =|L: M |=|A|and L=
(Bx O(L))A where (Bx O(L)) N A=M n A={1}. This finishes the proof of the
lemma.

COROLLARY 3.7.1. O%(C4(2))=9<u).
Lemma 3.5(b) yields
Lemma 3.8. C,5(B)={1}.

Consequently 4B acts faithfully by conjugation on B, and we have an injection
0: AB=BA — Aut (B) such that 8§ maps B onto Inn (B). Thus

|4B| = p|B| | |Aut (B)] = 2|B|f

so that p divides f. Moreover, the image of 6, Im (6), is the unique subgroup of
Aut (B) which contains Inn (B) as a subgroup of index p. (This follows from the
structure of Aut (B) and the fact that p is odd.) Also 4~ 4B/B must be cyclic.

Let F, denote the field of g=p” elements and let SL (2, F,) denote the multi-
plicative group of 2 x 2 matrices with coefficients in F, of determinant 1. Fix an
isomorphism

(12) ¢.:SL (2, F)) > L,.

Let
(13) ¢a=1,0¢4,:SL(2, F) > L,
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where I, denotes conjugation by u. Clearly

W7o ) ==l )

Thus we have the obvious isomorphism

(14) $:PSL (2, F,) = SL(2,Fq)/<:_(1) _0]>—>B

defined by:

if x e SL (2, F,), then ¢(x< [_(1) _(1)] >) = $1(xX)Pa(x).
Since p|f, we may let f=pf; where f; is a positive integer. Let & denote the auto-
morphism of F, of order p defined by
5(x) = x*"* for xe F,.

Then & induces an automorphism of order p of SL (2, F;) and of PSL (2, F,)
=SL (2, F))/<[~§ -31>. Since the natural semidirect product <) Inn (PSL (2, F,))
is the unique subgroup of Aut (PSL (2, F,)) which contains Inn (PSL (2, F,)) of
index p, it follows from the above discussion of the subgroup 4B that there exists
an element o € AB of order p such that AB={o)>B, B N {¢>={1} and

(15) <;'>(x<[—(l) _(1’]>)°=¢(x6<[‘(1) _(l’]>) for all x € SL (2, F,).

But AB=< Ng(L;) N Ng(Ly) so that ¢;(x)¢a(x)” = é1(x7)é2(x°). Thus ¢,(x) ¢, (x%)
€L, N Ly={t) for all x e SL (2, F,). It follows as in the proof of Lemma 3.5(a)
that

(16) ¢i(x)? = ¢y(x?) fori = 1,2 and all xeSL (2, F,).
Moreover, $ N (AB)=B=% N ({¢)B) implies that H N {o)=1 and
(BxO(L)) " (AB) = B = (Bx O(L)) N\ (o> B)

implies that (Bx O(L)) N {e)>={1}. It follows that we may replace 4 by (o),
consequently from now on, we will assume

a7 A = o).
If =1, let ¢ denote a generator of the multiplicative group F;* of F, and set
e 0 0 -1
(18) d= [0 e_l] and b= [1 0].

If 6= —1, note that fis odd and p= —1 (mod 4) also. Let ¢ denote a generator of
the multiplicative group F;* of F,. Since F;* has no element of order 4, v/ ¢ F,
so that, using the norm from F; — F;*, there exist elements A, u € F, such that
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A2 —ep?=—1 and, using the norm from F,zz — F,, there exist elements «, B € F,
such that «+f+/¢ is a generator of the subgroup of elements of F; of norm 1. Set

« A
(19) a= % Pl and 5= A
Thus b, d € SL (2, F,) and it is easy to see that & centralizes b in both cases and
d°=d?* if §=1 and d°=d " if §=—1. Moreover, b= —171 and b inverts d.
By (16), we have ¢,(b)°=¢,(b) for i=1, 2 and ¢,(d)° =¢,(d)**"* for i=1, 2. Hence
$(d°)’ =¢i(d)*"”’* and since p/1=8 (mod 2") we have ¢,(d°)° =(¢(d)°)° =(d)".
Now note that we may assume

(20) by = ¢i(b), a; = ¢(d)°, di = ¢(d) fori=1,2.
LEMMA 3.9. For a suitable integer k and s=aiw(d,d,)*, we have

(21 Cou) = LSs, 1) = (B O(L)Xop)<s, 1)

where B~PSL (2, q), O(L) is cyclic of order e, and <t, s> is dihedral of order 2"+
where t2=52"=1, st=s5"' and s¥ '=u. Also B, O(L), L=(BxO(L)){c)> and
(Bx O(L))s, ty are normal in Cg(u) and 0% (Cg(u))=(B x O(L))s, t>. The involution
t centralizes B and inverts O(L); the element s centralizes O(L) and for any

xeSL(2, F,)

we have

@ #(<{[To D) =<0 -1D)

where §=[_9 §] (6=1) or [} _91 (8= —1). (Here ¢ denotes a generator of the multi-
Dlicative group of F,.) Also, if 8= —1, then s and o commute, and if 8 =1, then (sw)®
and o commute and [o, s] € {(dd3)*™>.

Proof. We have already seen that L=0%Cs(u))=(Bx O(L)){s>, that Bx
PSL (2, q) is characteristic in L, and that {t, s> has the properties of the lemma for
every integer k. Also, ¢ centralizes B, s centralizes O(L), s2=[t, s] so that s?
centralizes B, s inverts {(d.d,)?> =<d,d5> and w®=w(d,d,)**(a,a,)? for every integer
k. The argument of [8, Lemma 3.7] now applies to yield (22). Since §p’1=1 (mod 2"),
let 8p/1=1+m2". Then o~ Yd,dy)o=(d,d,)°*"* so that [d,d,, o]=(d,d,)™*". Since z
normalizes A={o) and a,, w centralize o, we have ¢*=a(d,d,)* = o(d,d,)~™**" and
o** =g since s inverts (d;d,). Thus (B x O(L))s, t >ICg(u). But ¢ inverts O(L) and B
is simple, hence, (B x O(L)){s, t> < 0% (Cq(u)); therefore,

0%(Cs(w)) = (Bx O(L)XKs, t).

Moreover, when 8= —1, [s, 0] € Cz(B) N B={1} so that [s, o]=1. When 6=1, then
o =a(d,d;)™*?" 50 that 0¥ = o(d,d,)™**%" =0, finishing the proof.
A well-known lemma of John Thompson is




1972] ODD ORDER EXTENSIONS OF PROJECTIVE SYMPLECTIC GROUPS 321

LEMMA 3.10. Let G be a finite group with more than one class of involutions. Let
a, B be two nonconjugate involutions and let R consist of a set of representatives for
the conjugacy classes of involutions of G. For t € R, let a(«, B, t) denote the number
of ordered pairs of involutions (s, A) where o, A € Cy(t) such that o is conjugate in G
to «, X is conjugate in G to B, and such that t € {(c})). Then

~ y a(a, B’ t),
|G| = ICG( )I ICG(B)| tezi:z |CG(I)|

We can now prove
Lemma 3.11. |G| =|PSp (4, 9)|p=14*(¢%+ 1)(¢%~ Dp.

Proof. All involutions of Cg(¢) and Cy(u) are contained in O (Cq(1)) = (L, L) u)
and 0%(Cg(u))=(B x O(L)){s, t ) respectively. Moreover, the structures of 0?'(C¢(?))
and 0%(Cg(u)) are completely determined.

It is easy to see that the G-fusion of involutions in both Cg(u) and C(t) is deter-
mined. Since the semidirect product H={5) PSp (4, q) satisfies the hypotheses of
the theorem, it follows from the above discussion and Lemmas 2.6 and 3.10 that

|G| =|H|=p|PSp (4, )| =14*(¢*+ 1)(¢*>— Dp.
4. The p-structure of G. For a € F, set

(23) o = [ 1]

Then {6(«) | « € F,} is a Sylow p-subgroup of SL (2, F,). Set
(24) 0, = ¢;00: F;— L,

and

(25) P; = Image (6;) fori=1,2.

Then 6;: F, — P; is an isomorphism of the additive group of F, onto P; which is a
Sylow p-subgroup of L, for i=1, 2. Thus P; is elementary Abelian of order q and is
normalized by 4 =<o). The subgroup

(26) R =PP, =P, xP,

is a Sylow p-subgroup of $. The subgroup

27 D, = {0,(e)0s(c) | « € F}

is a Sylow subgroup of B and is elementary Abelian of order gq. Set
(28) D, = {0,(«)0(—) | x € Fp}.

Then |

(29) .R=P1>(D1=D1XD2.
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Put

(30) h= [8 S_,] and b = d(h) fori=1,2,

where ¢ is a generator of the multiplicative group of F,. If 8=1, use the same
generator ¢ as that used in the element § of Lemma 3.9. Note that h=d when §=1,
but not when 6= —1. Then

31 H = <hy, hy)

is an Abelian subgroup of © of order (¢—1)? and

(32) HVE = pge =
Clearly

(33) Ng(R) N Ce(t) = (RH) o).
Put

y=(w)? % ifé=1, and

34
@4 y=s"% ifs=—1,

where s is the element of Cg(u) referred to in Lemma 3.9. Then

(35 y€ Ng(D;) and [y,¢] = 1.

36) (hlhi)}: : }:h2if :rf _ul)” =vw iféd=1 and
Also

37 Y=w iféd=1 and y?=u iféd= -1
and

(38) tY =1t -and (tw)¥ =1t.

Thus RY is a Sylow p-subgroup of 0% (Cq(tu)) by (38).
Now D; S RN RYSCy(t) N Ce(tu)=Cg(t, u)=(t, uy x B)}{s). But

R £ 0%(Co(1)) = o<wy
so that R N RY < 0% (C4(1)) N Celt, u)=(H<u)) N Cy(t, u)=<t, u> x B. Hence
39 D, = RN R,
The proof of [8, Lemma 4.1] yields
LemMA 4.1, If {1} < FSO(L), then No(F) N R=Ng(F) N R¥=D,.

LEMMA 4.2. The group Cg(D,) has a normal 2-complement M which is a semi-
direct product M=O(L)Q, O<IM, O(L) n Q={1} and where Q=R'R and |Q|=q°.
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Proof. It is easy to see that

(40) Co(D1) N Co(u) = (D1 x O(L))Kt, 52>
and

41) Ce(Dy) N Ce(t) = R, u).
Thus

42) Cq(D,) N Cy(tu) = R¥{t, u).

Now the proof of [8, Lemma 4.2] applies to finish the proof.
Note that Q is characteristic in M, which is characteristic in Cg(D,), which is
normal in Ng(D,) so that

43) Ng(D,) = Ns(Q).

LEMMA 4.3. The group Q is elementary Abelian of order q° and is the normal
2-complement of Cz(R). Also

44 Co(Q) = Q.

Proof. From Ng(R) N Cy(t)=(RH{u))o), we conclude that Cg(R) N Cq(t)
=R{t>. Hence {t) is a Sylow 2-subgroup of Cg(R) so that Cz(R) has a normal
2-complement K. The four group <, #) normalizes R and hence acts on K. Also
Cx(t)=R and Cg(u) N Ce(R) = Ce(u) N Ce(Dy)=(D, x O(L))t, s2>. But

Ce(R) N O(L) = {1}
by Lemma 4.1 so that Cx(u)= D,; consequently, Cg(tu)= Cx(t, u)=D;. Assume
that Cx(tu) N R¥=D,. Then
Ce(tu) N K = K N Cg(tu) N Co(Dy) = Cy(tu) N (Rt u))
= CK(tu) NRY = Dl.

Then [8, Lemma 3.6] implies that K=R. The Frattini argument implies that

No(R) = Co(R)(Ne(R) N Cs(t)) = (RSED)N(R) N Cel(2))
= No(R) N Cg(t) = (RHu>)o).

Hence R{o) contains a Sylow p-subgroup of N (R). However, Q N <o)<
Cs(Dy) N <o) ={1} and <o) < Ng(Q) so that No(R)<o> = N4(R). Since Ngo(R)> R,
R{o) cannot contain a Sylow p-subgroup of N¢(R) which is a contradiction. Thus
Cy(tu) N RY > D,, and the argument of [8, Lemma 4.3] yields K= Q, R¥ < C¢(R)
and C4(Q)= Q, completing the proof.

Note that Cg(R)= Q(t)> and N(R)=(Q<t>)(Ng(R) N Cq(t))=(QH{u)){s>. Also
Q is characteristic in Cg(R) which is normal in Ng(R). Hence

(45) No(R) = No(Q).
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Set

(46) P; = Dy and 0;(e) = (61(x)bx(—))? foreeF,
Then, by (29) and (35), we have RY= D, x P; so that

47 Q = Py xPyxPs.

Moreover, H= Ny(R)= N4(Q), and the proof of [8, Lemma 4.4] (provided we
observe that [v, o] =1 so that replacing s by sv, if necessary, is permitted) yields

LEMMA 4.4. The action of H on Q is given by
hy: 01(e) — 01(a), Oa(c) — O5(), O5(c) — O3(c0),
hy: 61(a) — 01(a), O5() — (e2a), O5(c) — O5(ecr).

LEMMA 4.5. Let V=0(C4(P,)). Then Co(P)=L,V, Ly N V={1} and Ng(P,)
=(LyV<hy)) o). The group V[P, is Abelian, V is nilpotent of class at most 2 and
O N V=P, x Pz and (L;V<{h,>) N {o)={1}.

Proof. Clearly Ng(P,) N Cq(t)=(P<h;>L,){o) so that Cg(P,) N Cy(t)=P,L,.
The proof of [8, Lemma 4.5] applies to give all but the last equation of the lemma.

Finally, by considering the action of an element of (C¢(P;)<{h;>) N (o> on Py,
we have (Cg(P1)<h1>) N (o) = Cex(P;) N {o)y=1. This completes the proof.

LemMA 4.6. Cg(Ps3) has a normal 2-complement, and O(C¢(P3))< QH.

Proof. If §=1, then a§"~*: D, — D,, so that C4(D,) has a normal 2-complement
by Lemma 4.2. If 6= —1, then Ng(Dy) N Cg(t)=(R<h1hy><t, up) o) implies that
Co(Dg) N Cy(t)=R<t). Thus {t> is a Sylow 2-subgroup of Cg(D,) so that Cg(D,)
has a normal 2-complement. Since P3= D}, Cy(P;) always has a normal 2-comple-
ment. In either case, <{t, u) < Nq(D,) so that {t, u> acts on O(Cyz(D,)). From the
above, we have O(Cg(D,)) N C¢(2)=R. Since D, = B]Cq(u) and every pair of
distinct Sylow p-subgroups of B generates B, every odd ordered subgroup of Cg(u)
containing D, is contained in Ng(D;) N Cg(u). By Lemma 3.9, this group has a
normal 2-complement {o)FO(L) where F= D;{(h1h;)*") is the normal 2-comple-
ment of Ng(D,). If Ce(D,) contains an element of form o'xz where x € F and
z € O(L), then [t, o'xz]=2% € Cz(D,). By Lemma 4.1, z2=1 so that z=1. Hence
O(Cy(Dy)) N Ce(u) =<o)F. However, no nontrivial element of form (h,h,)c’
centralizes D,. Hence O(Cy(D,)) N Ce(u)=D,. Since D, is normalized by (o),
there exists a maximal odd order subgroup X of Cg(¢) containing D, which is
normalized by <{o). Thus X=9<{o)> and X=(X N H)<{o)>. But D; =X N H and RH
contains a unique largest odd order subgroup of $ containing D, and hence
X < RH{o). Since (o) £ Ng(D% ") and D, £ O(Cx(D% ")) N C4(t), we conclude that
O(Ce(D3% ™) N Cy(t) < RH{s), so that O(Cg(Dy)) N Cy(tu) < RHY{s)>. Hence
O(C(D2)) = D;RRYHY¥{o)= QHY{c). Thus O(Cg(P3)) < QH{0o). Since no element
of H{o)— H centralizes P3, O(Cs(P3))< QH.
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LemMA 4.7. V=0(Cg(P,)) is a p-group and V=P, P3P, where P,=P5: with
c=[8 "8l and cz=¢5(c).
Proof. Now
Cv(P3) = V0 O(Ce(Pg))
= VN O(Ce(P3)) N QH N Co(Py) = VN O(Co(Ps)) N (Q<h) S VN Q
= Py xP3 £ Cy(P3)
so that Cy(P3)=P, x P; which is a p-group. Since V is nilpotent, V' is a p-group.
Also c¢; € Cg(t) N Cg(Py) so that P,=P52<V. Since hh;'e Cs(P3), we have
(hihs V)e2=hh, € Co(P,). But hyh, acts fixed point free on P, x P; by Lemma 4.4;
hence P, P; N P,={1}. We have seen that P, = V' so P, P3P, is a subgroup of V
of order ¢®. But | P,V<o>| =gp| V| so that | V| £¢® by Lemma 3.11. Thus V=P, P; P,
which completes the proof of the lemma.
Note that [o, ¢;]=1 so that if

IA

(48) 0,(c) = O5(x)°2 for a € F,,

then

(49) 0,(c)’ = (05(x)°)2 = O5(ef)2 = 04(%) for e € F,.
Also ¢, centralizes A, and inverts A, so that

(50) O,(c)*t = O,(ec) and O,(x)2 = O,(e ') fora € F,
and

(51) H{o) < Ng(P,).

LemmA 4.8. If U=P,V=P,P,P3P,, then Ng(U) N Ng(Py)=UH{o)» = Ny(Q).
Also (UH) N oy ={1}, P, Ps<AU and U|P, P; is Abelian.

Proof. Since U=QP,, we have Np,(Q)>{l}. But if «eF, then 0,(«)1=
03(c)°2"1 = O5(a)*1°2 = 0,(ec) by Lemma 4.4 and h;, € Ng(Q). Thus <{h;> normalizes
Np,(Q) and acts irreducibly on P,. Consequently, Np,(Q)=P, so Q<U. Then

Ng(U) N Ng(Py) = No(U) N ((LeV<hy) o)) = (Ne(U) N Ly)V<hy ) o)
= ((Ng(P2) N Lg)V<h1>)X o) = UH{o) £ Ng(Q).
Clearly P, =Z(U) and UH{o) = Ny(P,). By considering the action of UH{¢) on
P,, we conclude that UH N (o) ={1}. Also P,P;=Q N V<LU and U= QV. How-
ever, [0, V]S Q0 N V=P, x Pz and Q/P,P; and V/P,P; are Abelian, consequently
U[P,P5 is Abelian.
5. The (BN)-pair. The proof of [8, Lemma 5.1] yields

LeEmMA 5.1.
u: 01(x) = 0y(c), Ox(e) — 01(x), O3(c) — O5(—c)
and
21 01(0) = 01(a), O3(e) - O4(), O4(c) — O3(— )

for all a € F,
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Since {¢) is characteristic in H, Ng(H)=Ng(H) N Cg(t)=<H, u, cy»>{c). Set

(52) N = (9Xw) N No(H) = <{H, u, c3).

Clearly (o) normalizes N.

LEMMA 5.2. The structure of N=<{H,u,c,> is determined by the relations:
hV2=hg = =1, (2=u=1, [y, hol=[hy, cal =1, hi=hy, hsr=h3?, (uc)*=1.
The group W= N/H is dihedral of order 8.

The proof of this lemma is the same as that of [8, Lemma 5.2].

Set ry=uH and r,=c,H; then ry, r, are involutions which generate W=N/H.
The elements of W written in shortest possible form in terms of r; and r, are as
given in [8, p. 30]. For « € W, let A(«) be the numbers of factors r; when « is ex-
pressed in its shortest form. Also define w: W — N asin [8, p. 30] so that a=w(e)H
for all « € W. If K is any subgroup of G containing H, write «K and Ke for the
cosets w(a)K and Kw(o) respectively. If K is any subgroup normalized by H, write
K= for K@, Set

(53) B = UH.

Clearly 8 " N=H.

The proofs of the following two lemmas are the same as those of [8, Lemmas 5.3
and 5.4].

LEMMA 5.3. Let G;=3B U Br,B for i=1, 2. Then G, and G, are subgroups of G.
LEMMA 5.4. If a € W and Xr) Z X(e) for i=1 or 2, then r;Ba< BraB.

LEMMA 5.5. Set Go=BNB. Then G, is a subgroup of G, and G, is the disjoint
union of the eight double cosets BaB for « € W. Also (o) = Nz(B) N Ng(N) = Ng(Go)
and G, N {o)={1}.

Proof. The first statement follows from Lemmas 5.3 and 5.4 by a theorem of Tits
[7]. Since the second statement is already known, it remains to prove that
G, N (o>={1}. But Go=UNU and NN (U{c))=N N Cx(t) N (U{e))=N N (R{a))
={1} by the structure of Cg(¢) and the lemma follows.

Using our knowledge of the action of H on P, as given in (50), the same proof of
[8, Lemma 5.6] yields

LEMMA 5.6. U N Une1a={1}.
Similarly the arguments of [8, Lemmas 5.7 and 5.8] yield
LemMa 5.7. |Go|=|PSp (4, q)|.

LEMMA 5.8. G, PSp (4, q), Go<G <o), (o> N Go={1} and O(G)={1}=Cx(G,).
Finally G is isomorphic to the semidirect product {&) PSp (4, q) described in the
introduction.
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Proof. By Lemmas 5.5, 5.7 and 3.11, we have that G = G,{o)[>G,. We now prove
that Go~PSp (4, q).

Clearly G, contains { Py, P$2> =L, and hence G, contains L, =L}. Thus C(2) N G,
=(L,L,)Xu)> by Lemma 5.5. Since |G/G,| is odd, ¢t and uv are involutions in G,
which are fused in G, by Lemma 2.6. Now [8] implies that G,~PSp (4, g). The
rest follows easily.
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