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Abstract. Let G be a group. An element g is c.d. in G if and only if given any
element 4 of G, either it is conjugate to 4 or there is a homomorphism ¢ from G onto a
finite group such that £(g) is not conjugate to £(4). Following A. Mostowski, a group is
conjugacy separable or c.s. if and only if every element of the group is c.d. Let Fbe a
Fuchsian group, i.e. let F be presented as
F=(S1,...,8001,...,02,,b1,...,b;

Sf1=-cc=8Stn=8,... Saa1... axa7*... az'by... by =1).
In this paper, we show that every element of infinite order in Fis c.d. and if ##£0 or
r#0, Fis c.s.

1. Introduction. A. Mostowski [4] defined conjugacy separability and proved
that the conjugacy problem can be solved for a finitely presented c.s. group. The
author [5] has shown that a free product of c.s. groups is again a c.s. group, and that
elements of infinite order in a finite extension of a free group are c.d. In another
reference [6], the author has shown that an element conjugate to a cyclically reduced
element of length greater than one in a free product of two free groups with a cyclic
amalgamated subgroup is c.d.

In addition to the results above, a few more results about conjugacy separability
and related concepts will be used in the proof of the main theorem. These results
are contained in the sequence of lemmas to follow.

A pair of elements of a group is distinguished if and only if there is a homo-
morphism from the group onto a finite group such that the images of the given pair
of elements are not conjugate. Clearly an element g of a group is conjugacy dis-
tinguished if and only if given any element 4 of the group either g is conjugate to A
or the pair {g, A} is distinguished.

LemMMA 1.1. Let G be a group. Let g and h be two nonconjugate elements of G. Let
0 be a homomorphism defined on G. If 6(g) is not conjugate to 6(h) and either 6(g)
or 0(h) is c.d. in 0(G), then the pair {g, h} is distinguished.

Proof. Since 6(g)~ 6(h) and either (g) or 6(h) is c.d. in 8(G), there is a homo-
morphism ¢ from 6(G) onto a finite group such that ¢8(g)~ ¢8(h). Since pb(G) is
finite and ¢0(g) ~ pd(h), the pair {g, 4} is distinguished in G.
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COROLLARY 1.2. Let G be a group and let g and h be elements of G. If 6 is a
homomorphism defined on G, 0(g)~ 6(h) and 0(G) is c.s., the pair {g, h} is dis-
tinguished.

LemMA 1.3. Let G be a group. Let a, b, ¢, and d be elements of G. If a~b, c~d and
the pair {b, c} is distinguished then the pair {a, d} is distinguished.

Proof. Let a=b*, d=c". Let {£ be a homomorphism from G onto a finite group
such that £(b)~ £(c). Since £(a)=£(b)*®, &(d)=¢£(c)*™, &(a)~ &(b) and £(d)~ &(c).
It follows that ¢(a) ~ €(d). Thus the pair {a, d} is distinguished.

COROLLARY 1.4. Let G be a group. Let g and h be elements of G. If g~h and g is
cd. inG, then his cd. in G.

LEMMA 1.5. Let G be a group. Let vy be an automorphism of G. If g and h are
elements of G and the pair {y(g), y(h)} is distinguished, then the pair {g, h} is dis-
tinguished.

Proof. Let ¢ be a homomorphism from G onto a finite group such that &y(h)
~ &y(g). Since £y(G) is finite, the pair {g, A} is distinguished.

COROLLARY 1.6. Let G be a group. Let y be an automorphism of G. Let g be an
element of G. If v(g) is c.d., then g is c.d.

Proof. Let & be an element of G not conjugate to g. Clearly, y(g) is not conjugate
to y(h). Since y(g) is c.d., the pair {y(g), y(h)} is distinguished. By Lemma 1.5, the
pair {g, h} is distinguished. Thus g is c.d. in G.

In the following sections, references to the book by W. Magnus, A. Karass, and
D. Solitar [2] will be made by writing M.K.S.

2. Certain automorphisms. In this section, we will investigate certain auto-
morphisms of a free group to obtain three key results to be used in the subsequent
arguments. The main results, Corollary 2.6, Lemma 2.12, and Lemma 2.14 will be
used to show that the groups presented as

F = (al, bl’ e oy Ay, bn; (al’ b1)9 LS ] (am bn) = 1)

are c.s.

First let F be a free group of rank 2 freely generated by its elements a and b.
Let 7 be an integer: Let o, be the automorphism of F defined by the assignments
a— bta, b — b. Let B, be the automorphism defined by interchanging a and b in
the definition of «;. F is the free product of its subgroups generated by a and b.
In the following, we think of the syllables of a word in F according to the definition
of syllables of a word in the free product of the subgroups generated by a and b.

LemMMA 2.1. Let F, o, and B, be as above. Let g be an element of F and let n, and n,
be nonzero integers. If o, (g)~g and B,,(g)~g then g is an element of F'.
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Proof. Let g=a*b*mod F'. Then e, (g)=a*b***"1 mod F'. Since «(g)~g,
o«(g)=g mod F'. Since F/F' is a free abelian group generated by the images of a
and b, v=v+un,. Since n; #0, u=0. By symmetry, v=0 and g € F’.

We adopt the commutator notation (x, y)=x"1y~1xy.

LEMMA 2.2. Let F be the free group freely generated by its elements a and b. Let g
be an element of F represented by the word a™b" - - -a™b™. Let m;#0 for i>1 and
n;#0 for r>i. Let g be an element of F’ and let every m; and n; be 0,1 or —1. If
mm; .1 =0 and nin; ., 20, then g=(a*, b*)* where uand v are +1 or —1 and z is an
integer.

Proof. The proof of this lemma is a straightforward mathematical induction.

LeEMMA 2.3. Let F, a, and b be as above. Let g be an element of F and let g be
represented by the word a™b™ - - -a™b™ where m;#0 for i>1 and n;#0 for r>i.
If t is an integer such that |t| > 2 max, <<, |n;| and either some |my| > 1, or for some i,
mymy .1 >0, then ay(g) contains a syllable b*, neither the initial nor final syllable of
o(g), with u a nonconstant linear function of t. If my <0 and n,+#0, then «(g) is
cyclically reduced.

Proof. The proof of this lemma is by mathematical induction. To aid in the
proof, we add that «,(g) also has a property P, defined as follows:

P,. The syllable length of «,(g) is greater than the number of nonzero m;. The
final syllable of «(g) is b™ if n,#£0, m,=0; b™~*tif n,#0, m,<0; a if n,=0, m,>0;
aif n,=0, m,>0; and b~*if n,=0, m,<0.

Suppose r=1. If m; =0, then g=>5": and o,(g)=>5", so that both the lemma and
P, are true. If g=a™ and m,; >0, then o,(g)=>b'abla- - -b'a where there are m,
factors b'a. If g=a™ and m, <0, then o,(g)=a"'b"*. - -a~1b~t where there are m,
factors a~'b~*. Thus the lemma and P, are true if g=a™. If g=g™b™ and m, >0,
o(g)=>ba- - -b'ab™, where there are m; factors b'a. If g=a™b™ and m, <0,
ag)=a bt ..a~'b~'h™, where there are m, factors a~'b~t. Thus both the
lemma and P, are valid for g=a™b™.

Assume the lemma and P, for 1 Sr=<k—1. Let g=a™b™ - - -a™b", where m,;#0
for 1<j<k and n;#0 for 1<j<k. Let gy=a™b™ .- -a™-1b"-1, Now «g)=
o(g1)w(a™)b™. We consider two cases.

Case 1. Let m, be positive. We have «(g)=s;- - -s,b'abta- - -btab™. Heres, - - -5,
are the syllables of «(g;) in order and there are m, factors ba. By hypothesis
sy=>b"-1for m,_,;=20and s,=b"-1"* for my,_, <0. Since |t| =2 max |n| >2|n,_,|,
s,b" is never the identity. Thus the syllables of o,(g) are s, - - 5,_,(s,b)abta- - -bta or
S1+ - Sy_1(sybt)abta- - -blab™. The syllable length of o,(g) is at least v+1 so that
P, _, implies that the syllable length of «,(g) is greater than the number of nonzero
m;. Thus P, is true in this case. If m, > 1, there is a syllable b* at neither extreme
position. If m,m, _, is positive, v is greater than one and s,b*=b"-1*t is a syllable
in neither extreme position. If mym;_, >0 or |m,|>1 for some i<k—1, one of
Sy .. .5 Sy—1 1S b* where u is a nonconstant linear function of #. If m, <0, «,(g;) is
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cyclically reduced by inductive hypothesis since n,_; is not zero. Since the last
syllable of o,(g;) is a power of b, the first syllable of «(g,) is a power of a. Thus
s; is a power of a for m; <0 and the last syllable of «(g) is 6™ for n,#0. Thus
m; <0 and n,#0 imply that «,(g) is cyclically reduced.

Case 2. Let m, be negative. We have

o(g) =81 -spa” bt - ca”h b . .qT b b,

As before, 55, . . ., 5, are the syllables of «,(g;) in order. Since n,_, #0, P,._, implies
that s, is a power of b. Thus s;- - -s,a~*b~t- - .a~1b™~* are the syllables of «,(g) in
order. The syllable length of «,(g) is at least v+ 1. As in Case 1, P, is true. If m, is
greater than one, bt is a syllable of «,(g) in neither extreme position. If m,m, _, is
positive, m, _, is negative. Thus v=2 and P, _, implies that s,=b™-17% If mm,_,
is positive or |m;] is greater than one for some i<k—1, one of s, - -5,_, equals b*
where u is a nonconstant linear function of t. If m; <0, s, is a power of a by the
same argument used in Case 1. Since |7|>2 max |n;], the last syllable of o,(g) is a
nonidentity power of 7. Thus «(g) is cyclically reduced.
Since m,, cannot be zero for k> 1, the lemma is proven.

LEMMA 2.4. Let F, o, and B, be as above. Let g be an element of F. If «,(g)=g for
all elements t of an infinite set of integers T, and B,(g)=g for all elements t of an
infinite set of integers T,, then g=(a, b)* for an integer z.

Proof. All but finitely many elements of 7, are greater than twice any exponent
appearing in the reduced word representing g. By Lemma 2.3, «,(g)=g contains a
syllable 4* with |u| arbitrarily large for |¢| sufficiently large unless every syllable of
gequal to a power of a** and the signs of the exponents of a alternate in the reduced
word representing g. By the symmetry between a and b, every syllable of g equal to
a power of b is b*! and the signs of the exponents of b alternate in g. By Lemma 2.1,
g is an element of F’. By Lemma 2.2, g=(a", b°)* for integral z and u and v equal
to 1. An easy computation shows that u=v=1.

LEMMA 2.5. Let F, a, b, o, and B, be as above. If g € F, o,(g)~ g for an infinite set
of integers Ty and B,(g)~ g for an infinite set of integers T,, then g~ (a, b)" for an
integer n.

Proof. Let g, be a cyclically reduced conjugate of g. Since, by Lemma 2.1,
g e F' it follows that g, € F'. If g, =1, g, =(a, b)° and g~ (a, b)°. We can restrict
our attention to g, of Syllable length greater than 1. Thus g; has a cyclically reduced
conjugate g, such that the first syllable of g, is a™ with m <0. The element g, may be
obtained by cyclically permuting the syllables of g;. Since go~g, o (gs)~c(g) so
that «,(g;)~ g, for all 1 € T;. By Lemma 2.3, «,(g,) is cyclically reduced and hence,
for all sufficiently large ¢ € Ty, is obtained by cyclically permuting the syllables of
go. By Lemma 2.3 the syllables of g, are a*?, a~! or b" and the signs of the ex-
ponents on a alternate in g,. Since g, is obtained by cyclically permuting the
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syllables of g,, the syllables of g, are a*?, a~* or b” and the signs of the exponents
of a alternate in g;. By symmetry, the syllables of g, equal to powers of b are b*!
or b~! and the signs of exponents of b alternate in g,. By Lemma 2.2, g, =(a*, b*)?
where z is an integer and u and v are independently +1 or —1. Thus g, ~(a, b)"
for an integer n and so g~ (a, b)".

COROLLARY 2.6. Let F be the free group freely generated by its elements a and b.
If g € F, either g~(a, b)" for an integer n or there is an automorphism 8 of F such
that 8((a, b))=(a, b) and 6(g)~g.

Proof. Since o,((a, b))=(a, b) and B((a, b))=(a, b), the result follows from
Lemma 2.5.

Note that o, =0} and B,=p4, and that if g is an element of F and «,(g)~g for an
integer ¢ then «,,(g)~g for all a.

LEMMA 2.7. Let F, a, b, o, and B, be as above. If g € F, S is a finite subset of F,
o(g) € S for all t in an infinite set of integers T, and B(g) € S for all t in an infinite
set of integers T,, then g=(a, b)* for an integer n.

Proof. Since o,(g) ranges over the finitely many elements of S for 7 € T3, there
exist integers n and z in T such that nsz and «,(g)=0.(g). Thus «,_,(g)=g for
n—z#0. By the above remarks, «,(g)=g for all « in an infinite cyclic subgroup of
the group of «,. Thus there is an infinite set of «, fixing g. The symmetric statement
holds for B,. By Lemma 2.4, g=(a, b)?, for an integer z.

THEOREM 2.8. Let F, a, and b be as above. The element g is conjugate to (a, b)"
for an integer n if and only if y(g)~g or g~ for all automorphisms y of F.

Proof. According to a theorem of Nielson, M.K.S. [2, Theorem 3.9], y((a, b))
~(a, b)** for all v in the automorphism group of F. If g~ (a, b)" then y(g)~g=**
for all automorphisms y of F.

Let ge F and let y(g)~g or g~! for all y in the automorphism group of F. If
o;(g)~g then «(g)~g for all integers ¢. If «;(g)~g~?1, then «y(g)~g so that
o,(g)~ g for all even integers . We may replace « by 8 in the above statements. By
Lemma 2.5, g is conjugate to (a, b)" for some integer ».

In the following lemmas, we will consider free groups of rank greater than 2.
Let F; be a free group of rank 2 freely generated by its elements a; and b;. Set
F=F, = F,. Let o ; and B; ; be automorphisms defined as o, and B, on F.. If y is an
automorphism of F;, define the automorphism y* of F by setting y*(a;)=y(a;),
y*(b)=v(b;), v*(a;)=a; for j#i, and y*(b,)=b, for j#i. In the following lemmas,
the syllables of a reduced word w representing an element of F are the syllables of
w as a word representing an element of the free product F=F, * F,. Finally, we let
W be the subgroup of F generated by the commutators (a,, b;) and (ay, bs).

LEMMA 2.9. If g is an element of F and 8*(g)~g for each 8*=of,, B¥ ., o, or
B3 ., then g is an element of W.




178 P. F. STEBE [January

Proof. Clearly we may assume that g is cyclically reduced, for if g, is a cyclically
reduced conjugate of g, §*(g,)~g, for every automorphism 8* mentioned in the
hypothesis. The proof is divided into several cases.

Case 1. Let g have syllable length 1, so that g € F; for some i. Without loss of
generality, assume that g € F;. Since 8*(g)~g for 8=«,; or B, ; and 8* acts as &
on F, for these values of 8, we have 8(g)~g for §=«; , and §=8, ;. By Lemma 2.5,
g~(ay, b,)" for some integer n.

Case 2. Let g have syllable length greater than 1. Since «f, and B, transform F;
onto F; for j=1, 2, off;(g) and Bf,(g) are cyclically reduced. Thus the syllables of
every off,(g) and Bf,(g) are cyclic permutations of the syllables of g. If s is a syllable
of g and s € F;, there can be only finitely many distinct elements «; (s) and B; «(s).
By Lemma 2.7, every syllable of g in F; equals (a;, b;)" for some integer .

LEMMA 2.10. Let ¢ be the element (ay, b;)(as, by) of F. Let h be an element of F,
and let

h= ILI (ay, by)e™
i=1

where n;#0, m;#0 for all i, | £i<r. Let y be the automorphism of F given by the
assignments: a; — ay, b; — b;, all j and a, — a2(a,, b,). The initial syllable of y(h)
is always (ay, b))™ and the final syllable is always b, or (a,, by) ™ 'b,.

Proof. One has
y(as, by) = (a, by),
y((az, b)) = (ay, by) b3 *az *by-bs by 'ashy(ay, by)- by,
y((az, b3)) = (ay, by) bz Y(as, by)(ay, by)-by
and
y(c) = b3 Yay, by)(ay, by)by = b3 *(ay, by)~c(ay, by)bs.
Thus
y(ay, by)"ic™ = (ay, by)"bs Y(ay, by) ~'c™(ay, by)b..
Now if the initial syllable of every y((a;, b,)"c™) is (a;, b;)™ and the final syllable

is by or (as, by) ™ b, the result -holds for . We thus consider two cases.
Case 1. m;<0. In this case

y((ay, by)"c™) = (ay, by)"b; (ay, by) ™ *(ag, b))~ *(ay, b)) ?
-+ - (agy bp) (a1, by)"Y(ay, by)b,.

In the expression there are |m;| = 1 factors of the form (as, b,)~*(ay, b;)~?* printed
in boldface. Thus we have

y((ay, by)c™) = (ay, by)™bs Y(ay, by) ™ (ag, bg) Y(ay, b)?
-+ -(az, bg)"(ay, by) "1 (ag, by) " 1by
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where there are |m;| — 120 factors of the form (a,, b3) ~*(a;, ;) 2. In this case the
first syllable is (a;, b;)™ and the last syllable is (az, bg)~b,.
Case 2. m;>0. In this case

y((ay, by)"c™) = (ay, b1)"b3 *(as, b1) ™ (a1, bi)(az, by)
-+ (@1, by)(ag, be)(ay, b1)be
where there are m; =1 factors of the form (a,, b,)(as, b,) printed in boldface. Thus
y((ay, by)"e™) = (ay, by)"bs Y(az, bo)(@y, by)(az, by)
« - (a1, b1)(a, be)(ay, b1)b,

where there are m;—12=0 factors of the form (a,, b;)(a,, b,) printed in boldface.
The syllables are just the factors shown with the exception that bs *(as, b,) is a
single syllable. In this case the initial syllable is (a,, b;)™ and the final syllable is b,.

LeEMMA 2.11. Let c=(a,, by)(as, by). If g is conjugate to an element of W either
there is an automorphism 8 of F such that 8(g) is not conjugate to an element of W
and &(c) is conjugate to ¢ or g is conjugate to a power of c.

Proof. Note that if g is conjugate to an element of W, g is conjugate to a cyclically
reduced element of Fin W.

Let & be a cyclically reduced conjugate of g in W. Since (ag, by)=(a,, b;) "!c,
his in the subgroup generated by ¢ and (ay, b,). If 4 is a power of ¢, there is nothing
to prove. Let 4 be a power of (a,, b,), say h=(a,, b;)". Let « be the automorphism
of F determined by the assignments

b, — b, for all i,
as —> as, a, — aji(as, by).
Now «(c) is conjugate to ¢ and o((ay, b;))=(as, b)) *c?1. For n#0, clearly

o((ay, by)™) is not conjugate to an element of W. The remaining case is the case of &
not a power of ¢ or (ay, b;). In this case there is a conjugate A’ of i of the form:

b = H (ay, by)Mc™

with n;#0 and m; #0. By Lemma 2.10, y(#") has first syllable (a;, b,)* and final
syllable b,, and so is cyclically reduced. Thus y¢(h’) is not conjugate to an element of
W. 1t follows that (g) is not conjugate to an element of W. Now y(c)=c®1-?1%
so that y(c’) is conjugate to c.

In the next three lemmas we turn our attention to the group

G = (ao, ai, as, bo, by, ba; (a0, bo)(ay, by)(ay, by) = 1).

LEMMA 2.12. Let G be the group in the above remark. Let U; be the subgroup of G
generated by ay, b; for j#i. Let V; be the subgroup of G generated by a; and b;.
The subgroups U; and V; are freely generated by the given generators. For each i,
G is the free product of U, and V; with a cyclic subgroup C; amalgamated. If g€ G
and g is conjugate to an element of C; for every i, then g is the identity.
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Proof. The defining relation of G is equivalent to the relation

(@, b)) = (@41, b1:1)(@14 2, byt 2)
where subscripts are taken modulo 3. Thus G is the free product of U; and V; with
a cyclic amalgamated subgroup generated by (a;, b;). Since G is a one relator group,
a theorem of W. Magnus, M.K.S. [2, Theorem 4.10] implies that U, is free of rank 4
and is freely generated by the given generators, and that V; is free of rank 2 and is
freely generated by the given generators.

Let g be an element of G and let g be conjugate to an element of C; for every i,
i=0, 1, 2. There are integers n; such that g~(a;, b;))" for i=0, 1, 2. Thus (a,, b;)™
~(ag, by)*2in G. Now (ay, b,)™ and (a,, by)"2 are elements of U, and neither element
is in the amalgamated subgroup C,. By a theorem of D. Solitar, M.K.S. [2,
Theorem 4.6] (a,, b;)": is conjugate to (@, by)"2 in the subgroup U,. Since Uj is
freely generated by ay, b, a,, by, both n; and n, must be zero and g must be the
identity.

LEMMA 2.13. Let G, U, V;, and C; be as in Lemma 2.12. Let W, be the subgroup
of U, generated by (a; 1, b; 1) and (a; o, b; , o), where subscripts are taken modulo 3.
Let g be an element of G. If g is conjugate to an element of U, for each i, then g is
conjugate to an element of W, for each i.

Proof. Let o, be defined by the assignments a; — bja;, a; — a; for j#i, b; — b;
for all j. Let B, be defined as «, except that the symbols a and b are interchanged.
Clearly, of; and ¥, are automorphisms of G.

By hypothesis there exists an &; € U; such that g~ h;. Thus ¥, (g)~g and BF(g)~g
for all i and all ¢ since off, and B, fix U; for j#i. Since each h; is conjugate to g,
we have o (h;)~ h; and B¥,(h;)~ h; for all i and all . Thus, using subscripts modulo 3,
we have o, ; (h)~h; and o, 5 (1)~ h;in G. But o, ; (1) and of, 5 ,(h;) are elements
of U;. Hence, by a theorem of D. Solitar, M.K.S. [2, Theorem 4.6], either A; is
conjugate to an element of C; or %, (h)~h; and of, 5 (h;)~h; in U;. Now these
relations also hold if « is replaced by 8. By Lemma 2.9, h; and hence g is conjugate
to an element of W,.

LeMMA 2.14. Let G and U, be as above. Let g € G. If g is conjugate to an element
of U, for every i, either g is the identity or there is an automorphism & of G such that
8(g) is not conjugate to an element of U, for some i.

Proof. Since g satisfies the hypotheses of Lemma 2.13, g is conjugate to an
element wy of W,. Suppose wo~ ((a;, b1)(as, by))". Lemma 2.11 implies that there
is an automorphism « of U, such that a(w,) is not conjugate in U, to an element of
W, and «((ay, by)(as, by))=y~*a,, by)(as, by)y for some element y of U, We will
show that a(w,) is not conjugate in G to an element w of W,. Suppose, to obtain a
contradiction, that there is an element g, of G and an element w of W, such that
a(we)=w". Since a(w,) is not conjugate to w in U,, it follows from M.K.S. [2,
Theorem 4.6, (ii)] that w is in a conjugate of the amalgamated subgroup C,.
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Thus there is an element g, of G’ and an element h; of C, such that «(w,)=hiz.
By M.K.S. [2, Theorem 4.6, (i)], there is an element A, of C, and an element u of U,
such that «(wy)=Ah%. But A, is an element of W, so that a contradiction has been
obtained. Let B be defined by the equation B(x)=y«(x)y~'. Now B is an auto-
morphism of U, and B((ay, b,)(as, by))=(ay, by)(as, b;). We extend B to an auto-
morphism 8 of G by setting §=8 on U, and 8(a,)=a,, 8(by)=b,. Thus & is an
automorphism of G with 8(w,) and hence 8(g) not conjugate in G to an element
of W,. The construction fails only if g is conjugate to an element of C,.

If g is not the identity, Lemma 2.12 implies that g is not conjugate to an element
of C; for some i. Thus for some i we can obtain an automorphism 8 of G by the
above construction such that 8(g) is not conjugate to an element of W,. By Lemma
2.13, 8(g) is not conjugate to an element of U, for some i.

3. Fuchsian groups. In this section we will obtain the principal results of the
paper.

LeMMA 3.1. The group G=(a, b, c, d; (a, b)=(c, d)) is c.s.

Proof. Let g and 4 be a pair of nonconjugate elements of G. We will show that
the pair {g, A} is distinguished in G. By Lemma 1.3, we can assume that g and &
are cyclically reduced. Since G is the free product of two free groups with a cyclic
amalgamated subgroup, it follows from Theorem 1 of [6] that every cyclically
reduced element of length greater than one is c.d. in G. Thus we may assume that
g and A have syllable length 1. The proof is divided into two cases.

Case 1. Both g and A are in the same factor of G, say the factor F of G generated
by a and b. Let 6 be the homomorphism of G onto the factor of G generated by a
and b given by the assignments 8(a)=a, 0(b)=>b, 6(c)=a and 6(d)=b. F is c.s. by
Theorem 1 of [5]. Since 6(g) and (k) are not conjugate in F, it follows from
Corollary 1.2 that the pair {g, 4} is distinguished in G.

Case 2. The elements g and A are in different factors of G. Let 0 be defined as in
Case 1. Without loss of generality, assume that g is in the factor F of G generated
by a and b. If 6(g) is not conjugate to 6(h), the pair {g, A} is distinguished in G as
above. Suppose that 6(g) and (k) are conjugate in F. Now g is not in the amal-
gamated subgroup. Suppose g is conjugate to an element g’ of the amalgamated
subgroup. Since g is not conjugate to A, g’ is not conjugate to 4 and g’ and 4 are
in the same factor of G. By Case 1, the pair {g’, h} is distinguished in G. By Lemma
1.3, the pair {g, h} is distinguished in G. Thus we may assume that g is not conjugate
to an element of the amalgamated subgroup. By Corollary 2.6, there is an auto-
morphism & of F such that 8(g) is not conjugate to g but 8((a, b))=(a, b). Let ¢
act as 6 on the factor of 4 and as 68 on F. Then ¢(g)~ 6(g), 0(h)=¢(h) so that
¢(h)~ @(g) in F. Thus the pair {g, 4} is distinguished.

LEMMA 3.2. The group G=(a0, a, g, bo, bl, bz; (ao, bo)(al, bl)(az, b2)= 1) is C.S.
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Proof. Let us use the notation U;, V;, and C; as defined in Lemma 2.12. Let g be
an element of G. We will show that g is c.d. in G. If g is conjugate to a cyclically
reduced element of syllable length greater than one in some decomposition of G
into the free product of U; and V; with C; amalgamated, g is c.d. in G by Theorem 1
of [6]. Thus we may assume that for each i, g is conjugate to an element of U; or V.
The proof is divided into two cases.

Case 1. For some i, g is conjugate to an element of V; but g is not conjugate to
an element of C;. Without loss of generality, suppose that g is conjugate to an
element g’ of V,. Let h be any element of G not conjugate to g. We will show that
g and h are distinguished in G. We may assume that 4 is conjugate to an element A’
of syllable length 1 in the decomposition of G into the free product of U, and V,
with C, amalgamated. Let 6 be the natural homomorphism from G onto G'=
(ay, ay, bo, by; (ao, bo)(ay, b;)=1) induced by adding the relations a,=b,=1 to the
relation of G. If A’ € V,, 8(h')~ 6(g’) since 8 acts as an isomorphism on V,. If
h' € U,, 6(h) € 6(U,) so that, by M.K.S. [2, Theorem 4.6}, 8(h)~ 6(g) is possible only
if 6(h’) and 6(g’) are each conjugate to an element of the amalgamated subgroup of
G’. But the amalgamated subgroup of G’ is 6(C,). Since 6 is an isomorphism on ¥V,
0(g) and hence 6(g’) is not conjugate to an element of 6(C,), so that 8(g")~ (k).
Since G’ is c.s. by Lemma 3.1, it follows from Lemma 1.1 that the pair {g’, 4} is
distinguished in G. By Lemma 1.3, the pair {g, A} is distinguished in G. Since 4 is
arbitrary, g is c.d. in G.

Case 2. Suppose g#1 but g is conjugate to an element of U; for every i. By
Lemma 2.14, there is an automorphism & of G such that 8(g) is not conjugate to
an element of U; for some i. By the above paragraphs, 8(g) is c.d. in G. By Corollary
1.6, g is c.d. in G.

Thus every nonidentity element .of G is c.d. in G. If g=1, let h~g. Then h#1,
so his c.d. in G. Thus the pair {g, A} is distinguished. It follows that 1 is c.d. in G
and G is c.s.

THEOREM 3.3. The groups G,=(a,, ..., a, by, ..., by; (a1, by)- - -(a,, b,)=1) are
c.s.

Proof. The result has been shown for n=2 and n=3. Suppose the result holds
for all n<k and let k=4. Let G be G,.

Let m=[k/2], so m=2. Let G be presented as the free product of the groups F;
generated by ay, . .., ap, by, . . ., b, and F, generated by @y 1, - - -5 Qs Dv1s - 5 By
with amalgamation of the subgroup generated by (ay, b;)- - - (an, b,) € F; identified
with the subgroup generated by (by, di)- - - (bn+1, @m+1) € Fo. Let g, € G. We will
show that g, is c.d. in G. If g, is conjugate to a cyclically reduced element & of
length greater than 1 in G, A is c.d. in G by Theorem 1 of [6]. Thus g, is c.d. in G.
If g, is conjugate to a cyclically reduced element 4 of length 1, let g, be any element
of G not conjugate to g;. If g, is conjugate to a cyclically reduced element of length
greater than one, g, is c.d. in G and there is a homomorphism ¢ from G onto a
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finite group such that ¢(g;) and ¢(g,) are not conjugate. Thus we need only
consider the case when g, is conjugate to a cyclically reduced element of length 1.
We consider two subcases:

Case 1. The elements g, and g, are conjugate to elements 4;, i=1, 2, of the same
factor of G. Let aj, b; be a pair of generators of the other factor of G. Let ¢ be the
homomorphism from G onto G/N, where N is the normal closure of a,, b; in G.
Now G/N~G,_, and ¢ is an isomorphism from the factor of G containing the A,
onto Gy _;.

I claim that £(h,) is not conjugate to £(hs) in £(G) so that £(g;) is not conjugate
to é(g.) in &(G). If both h; and h, are conjugate to elements of the amalgamated
subgroup of G, we can replace them by c¢*1 and c*2 where k; #k, and c is the
generator of the amalgamated subgroup of G. Let H be a free group freely generated
by x and y. Let » be the homomorphism of G onto H defined as follows: a;, — 1,
b;— 1 for the j selected in the determination of ¢, a,— x, b, —y for a,, b,
generators of the factor of h; and h,, b, — x, a, — y for a,, b, generators of the
factors of G not containing A, except for u=j. Then n=¢¢ for a homomorphism ¢
and 7(c)=(a, b). But (a, b)*1~+ (a, b)*z in H for k, #k, so that £(h,) ~ £(h;). Suppose
that at least one of h,, h, is not conjugate to an element of the amalgamated sub-
group. Without loss of generality, let A; be not conjugate to an element of the
amalgamated subgroup. By M.K.S. [2, Theorem 4.6, (i)], there is an element h of
the amalgamated subgroup of £(G) and an element p of the factor of ¢(G) con-
taining £(h,) such that &(h,)=p~hp. But since ¢ is an isomorphism on the factor
£(G) containing £(hy), hy=¢"%(p)~*(h)¢é~(p), and h, is conjugate in G to an
element of the amalgamated subgroup of G. Since £(h;) is not conjugate to an
element of the amalgamated subgroup, £(h;)~ £(hy) in £(G) implies, by M.K.S.
[2, Theorem 4.6, (ii)] that there is an element p of £(G) such that £(h;) = £(hs)? and
p is the same factor of £(G) as £(h;). Since ¢ is an isomorphism on the factor of G
containing h,, h; =h3"'(p) in G, contrary to hypothesis.

Case 2. The elements g, and g, are conjugate to elements h;, i=1, 2, in different
factors of G. If either A, or h, is conjugate to an element of the amalgamated sub-
group, g; and g, are conjugate to elements of the same factor. Thus, by Case 1,
there is a homomorphism ¢ of G onto G, _; such that £(g;) is not conjugate to
&(g2) in £(G). Thus we assume that neither A, nor A, is conjugate to an element of
the amalgamated subgroup.

Let ¢ be defined as in Case 1, where a;, b, are generators of the factor of G
containing h,. Now ¢ is an isomorphism of the factor of G containing h,. If £(h,)
is conjugate to an element of the amalgamated subgroup, then by M.K.S. [2,
Theorem 4.6, (i)}, £(h;) is conjugate in its factor to an element of the amalgamated
subgroup of ¢(G). Since ¢ is an isomorphism on the factor of G containing A,,
h is conjugate to an element of the amalgamated subgroup of G. Since this is
impossible, £(h;) is not conjugate to an element of the amalgamated subgroup. If
&(hy)~ &(hy) in £(G), then by M.K.S. [2, Theorem 4.6, (ii)], £(h,) is the same factor




184 P. F. STEBE [January

of &(G) as £(h,). Since £(h,) is in the image of the factor of G containing h,, this is
possible only if £(h;) is in the amalgamated subgroup. By the above, &(h,) is not
conjugate to an element of the amalgamated subgroup, so that £(h;)~ &(h,).

In either Case 1 or Case 2 there is a homomorphism ¢ from G onto G, _, such
that the £(g;) are not conjugate. Now G, _, is c.s. by the inductive assumption, so
there is ¢ from G,_, onto a finite group such that $£(g,) is not conjugate to
P&(gy). Thus g, is c.d. for all g, € G and G is c.s.

COROLLARY 3.4. Let F be a torsion free Fuchsian group, i.e., let F have a presenta-
tion
(al, ceey agg, bla ceey bt; al‘ . 'azgafl' ' ‘az_glbl‘ . 'bz = 1).
Fis c.s.

Proof. If =1, Fis free and hence c.s. If there is no b;, F is isomorphic to

(cl, REEEE] cg, dl) LIIEEY dg; (cla dl)' : '(Cg, dg)) = 15
as is well known, and hence Fis c.s.

LEMMA 3.5. Let x be an element of the group G=(a, b, ¢, d; (a, b)=(c, d)). Let r
be a nonzero integer. If x commutes with (a, b)", x=(a, b)' for some integer t.

Proof. Let x have syllable length k, so that x=u, - - -u, where each u; is in a
single factor of G and adjacent ; are not in the same factor of G. We can assume
without loss of generality that u, is in the factor generated by a and b. If k is
greater than one,

(@, b)yuy- - = uy- - -ula, by
implies that uj(a, b)'u; is in the amalgamated subgroup, so that uy(a, b)u,
=(a, b)". Now since the group generated by a and b is free, and r#0, u; and (a, b)
must generate a cyclic subgroup, so that #; commutes with (a, b). By Lemma 2.5,

u, =(a, b)* so that u, and u, are in the same factor of G. Thus k=1 and x=u;.
Then uy Y(a, b)'u, =(a, b)" implies as above that x=u, =(a, b)".

LEMMA 3.6. Let F be a torsion free Fuchsian group, i.e. let F have a presentation
(al, ey aZk, bl, . .,Abg; alaz, ceey azkal—l, ceey az_klbl, ceey bt = 1).

If x and y are elements of F generating a subgroup S of F, then S is free of rank 1
or 2 or free abelian of rank 1 or 2. If S is free abelian of rank 2, t=0, k=1.

Proof. If 1>0, Fis free and the statement follows. If t=0 it is well known and
easy to show that F may be presented as

@y, ... G, by, .. ., by (@y, by)- - -(ag, by) = 1).

Supnose x and y do not commute. Then (x, y)#1 and k#1. It follows from a
theoiem of K. Frederick [1] that F is residually free. Let ¢ be a homomorphism
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from F onto a free group such that £((x, y))#1. Now £(S) is free of rank 1 or 2
and since (é(x), £&(¥))#1, &(S) is free of rank 2 and is freely generated by £(x) and
&(p). Thus x and y can have no nontrivial relation and S is free of rank 2. Now Fis
torsion free, so that if (x, y)=1, S is free abelian of rank 1 or 2. Now suppose S
is free abelian of rank 2. We have 1=0 for 50 would imply that F and hence S is
free. We wish to prove that k=1, so we assume k> 1 and obtain a contradiction.
According to K. Frederick [1], when #=0and g > 1, Fmay be imbedded in the group
G=(a, b, c, d; (a, b)=(c, d)). Let x and y be the images of x and y in G. Since the
representation is faithful, x and y generate a free abelian subgroup of G of rank 2.
According to M.K.S. [2, Theorem 4.5], x and y commute only in the cases:

(1) x=h"*a, by’h or y=h"Y(a, b)h.

(2) x=g 'vg, y=g 'ug where u and v are in the same factor and neither is in
the amalgamation.

(3) x=gYa, b)agW*, y=g~Ya, b)2gW*2 if Cases 1 and 2 do not apply, and
g~ Ya, b)rg, g~ Y(a, b)'zg and W commute in pairs.

Now since the factors of G have only free cyclic abelian subgroups, Case 2 does
not apply.

Consider Case 1. We can take, without loss of generality, x=h"(a, b)'h so
hxh~'=(a, b)" and hyh~! commutes with (a, ). By Lemma 3.5, hyh~*=(a, b)'.
Thus x and y generate a cyclic subgroup of G, so x and y generate a cyclic subgroup
of F, contrary to hypothesis.

Consider Case 3. We have

x =g Ya, blygWh, y =g Ya,b)gWh,

and W, g~ Y(a, b)1g, g~ Y(a, b)2g commute in pairs. If both ¢ are zero, x and y
generate a cyclic group. If one or more #; is not zero, assume, without loss of
generality that ¢, #0. Now gWg~! commutes with (a, b):+ so that gWg~—1=(a, b)'
by Lemma 3.5. Thus

W =g Ya,blg, x=g Yab)r**ig and y = g~Y(a, b)a*tkag.

Thus x and y generate a cyclic group. Thus x and y generate a cyclic group in F,
contrary to hypothesis. The lemma follows.

LeEMMA 3.7. Let F be a finitely generated abelian group. Let GI>F be such that
G={a, F). Suppose y is an element of F. Either y=a~'xax~! for some x in F or
there is a normal subgroup N of finite index in G such that a£h~*ayh mod N for
all hin G.

Proof. Let S be the subset of F consisting of elements of the form a~*xax~1.
Since F is abelian (a~'xax~!)"'=xa 'x"la=a"'x"lax=a 'x"'a(x~')"?, and
a ‘xax'a 'zaz '=a 'xa-a ‘za-x 'z '=a 'xzaz 'x~'. Thus S is a subgroup
of F. Now S is normal in G, for if u € G, u=va" for v e F and, if x € F, u~*(a, x)u
=a~"v"Ya, x)va"=a""(a, x)a’"=(a, x*).
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Suppose y is not in S but there is an & € G such that a=h~*ayh mod S. Now
h=va’ for v € F and some integer r so that a=a~"v~'ayva” mod S and since S is
normal in G, a=v~'ayvmod S. Thus v~ !a~va=v-yvmod S and v~lyveS.
Since S is normal, y € S, contrary to hypothesis. Now let ¢ be the natural homo-
morphism from G to G/S. One has that £(y) is not conjugate to £(ay) and G/S is
c.s., since it is a finitely generated abelian group. There is a homomorphism
from G/S onto a finite group such that ¢£(y) is not conjugate to Y&(ay). If N is the
kernel of ¢, G/N is finite and a5 h~layh mod N for all h e G.

LeMMA 3.8. Let F be a finitely generated abelian group. Let GI>F be such that
[G:F]<o. G is c.s.

Proof. Let a € G. By Lemma 1 of [5], it is sufficient to prove that a is c.d. in
H={a, F) since [G: H]< 0. Let b € H. If b#a mod F, the images of a and b are
not conjugate in the finite group H/F. Thus suppose b=a mod F, so that b=ay for
y € F. According to Lemma 3.7, either y=a~'xax~! so that b=ay is conjugate to
a or there is a normal subgroup N of finite index in H such that a~ay mod N.
Thus a is c.d., in H and hence in G.

THEOREM 3.9. Elements of infinite order in a finite extension of a torsion free
Fuchsian group are c.d.

Proof. Let G be a group containing a normal subgroup F of finite index. Let F
be a torsion free Fuchsian group. The proof that every element of infinite order in
G is c.d. is split into several cases. Let

. - -1
F= (al,..., Aag,s bl,..., bt, ay,y ...y Q2441 1,..., Aag ‘bl,..., b; = 1).

Case 1. In Case 1, either g is greater than one or if g is 1, ¢ is not zero. In this
case, by Lemma 3.6, every two generator subgroup of F is free of rank 1 or 2.

Let a be an element of G. The subgroup H generated by F and a in G is of finite
index in G. By Lemma 1 of [5], it is sufficient to show that a is c.d. in H.

Let b be an element of H not conjugate to a. If a# b mod F, then the images of a
and b under the natural mapping from H to H/F are not conjugate in the abelian
group HJF. Let a have order n modulo F. If a” is not conjugate to o™ in H, there is
a homomorphism £ from H to a finite group U such that £(a™) is not conjugate to
&(b™) in U. The existence of ¢ follows from the fact that g™ is c.d. in F and hence
in H. But we have £(a) is not conjugate to £(b) in U.

We will show that a=b mod F and a" conjugate to b" implies that a is conjugate
to b. Now a" conjugate to b" implies that there is an integer r and an element x
or F such that x~*a~"a™a’, x=>b" or (a")*=>b". If we set a,=a,, we have a?=b"
and a;=a=b mod F. Thus there is a y in F such that b=a, y, and a}=>5b"=(a, y)".
Since a, y commutes with a}, y commutes with a}. By Lemma 3.6, y and a? generate
a free cyclic subgroup of F. There is an element f in F such that f*=af, fm=y,
with f#1 and k#0 since a is of finite order in G. Let U be the subgroup of F
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generated by fand f°. U is free of rank at most 2. If U is free of rank 2, a~fa,
and fare free generators of U. This is impossible, for the kth powers of the generators
are equal, since k#0. Thus U is free of rank 1, and is free cyclic. If an element of a
free cyclic group has a kth root, that root is unique. Thus f=a; fa; and f and a;
commute. Now y=f™ so that y and a; commute. Thus a}=(a; y)" implies that
y*=1. Since y is in F and F is torsion free, y=1 and b=a,=a*. Thus a and b are
conjugate in H.

Case 2. In this case there are no b; in the presentation of F and g=1. It follows
that Fis free abelian of rank 2. By Lemma 3.8, G is c.s. so that every element of G
is c.d. in G.

THEOREM 3.10. Let F be a Fuchsian group. That is, let F be presented:
(St Sny @y ooy Qg by, ..y by
Sty Splyy .y aga7 Y, oL azithy, . . b, =S =...= S& = 1).
If t>0 0r g>0, Fis c.s. If t=0, g=0 every element of infinite order in F is c.d.

Proof. According to a theorem of J. Mennicke [4], F is a finite extension of a
torsion free Fuchsian group, so that by Theorem 3.9, every element of infinite
order in Fis c.d.

If t#0, Fis a free product of a free group and finitely many finite cyclic groups,
or if g=0, a free product of finitely many finite groups. By Theorem 2 of [5],
Fisc.s. If n=0, Fis torsion free and is c.s. by Corollary 3.4. Thus we must consider
only the cases in which n#0, t=0.

Let us consider the case n>1, g#0, t=0. In this case, F can be written as the
free product of the subgroups generated by the S; and a,, ..., a,, with a cyclic
amalgamated subgroup, i.e.

F=(S,....,8a1,...,00;S1=---
- —_ -1 -1 -1 -
—Sf{'—- I,Sn ,...,S1 = Ay, ..., 0204, ,...,azgl).

The elements of finite order in F are, according to M.K.S. [2, Corollary 4.4.5],
conjugates of elements of syllable length 1 and hence conjugates of elements the
factor of F generated by the S;. But the factor of F generated by the S is a free
product so that it follows from M.K.S. [2, Corollary 4.4.1] that the elements of
finite order in F are conjugates of powers of the S;. Let g, and g, be two noncon-
jugate elements of F. If either g, or g, is of infinite order in F, it is c.d. in F so that
there is a homomorphism ¢ from F onto a finite group such that £(g,) is not
conjugate to £(gz). Thus we can assume g, and g, are of finite order in F, so
g1=hi'S5thy, goa=hs 1 Skzh,. If g, =1, it follows from the fact that F is residually
finite that there is a homomorphism ¢ from F to a finite group such that £(g;)
#£(g;). We assume k; #0, and |k, | <|e,|. Let F be the group

(a,b,c;¢ = (a,b),(c,a) = (¢, b) = 1,a° = b2 = 1).
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It is well known that the order of c in this group is e; and that c is central, so no
two different powers (mod e;) of ¢ are conjugate. It is also clear that F is finite.
If we add the relations a, =1, i>2, a1=b$1=1, 5;,=1, i#n,,

(a1, (a1, b1)) = (by, (a1, by)) = 1

to F, we obtain a group isomorphic to F. Thus there is a homomorphism ¢ from F
onto F such that £(S,)=c, so that £(g,)=E&(hy) 'c*é(n)=c*r and £(go)=
§(ho) = ck2€(hg) ™1 2€(hy) =c*2 if ny=n; and €(g2)=1if ny#ny. If ny#ny, £(g2)=1
and £(g,) is not conjugate to £(g;)#1. If n;=n,, we have k; #k, since g; and g,
are not conjugate. But in this case, c*1 is not conjugate to c*z. Thus g; is c.d. in F
for all g, € F, so Fis c.s.

If n=1, g>1, t=0, Fis again a free product,

F= (Sla ay,y ..., 04, bl, ceey bg’ Sfl = 1, Sl(ala bl) = (bg, aa)' ° '(b2, (12))

and the elements of finite order are conjugates of powers of S, so that the homo-
morphism into F described above will show that F is c.s.

If n=1, g=1, t=0, the group may be presented as F=(a, b; (a, b)*=1). By
M.K.S. [2, Theorem 4.13], the elements of finite order are conjugates of powers of
(a, b)" so that the homomorphism of F onto F described above will show that F
is c.s.
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