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CONVERGENCE, UNIQUENESS, AND SUMMABILITY OF
MULTIPLE TRIGONOMETRIC SERIES

BY
J. MARSHALL ASH(*) AND GRANT V. WELLAND(?)

Abstract. In this paper our primary interest is in developing further insight into
convergence properties of multiple trigonometric series, with emphasis on the problem
of uniqueness of trigonometric series. Let E be a subset of positive (Lebesgue) measure
of the £ dimensional torus. The principal result is that the convergence of a trigono-
metric series on E forces the boundedness of the partial sums almost everywhere on
E where the system of partial sums is the one associated with the system of all rectangles
situated symmetrically about the origin in the lattice plane with sides parallel to the
axes. If E has a countable complement, then the partial sums are bounded at every
point of E. This result implies a uniqueness theorem for double trigonometric series,
namely, that if a double trigonometric series converges unrestrictedly rectangularly to
zero everywhere, then all the coefficients are zero. Although uniqueness is still con-
jectural for dimensions greater than two, we obtain partial results and indicate possible
lines of attack for this problem.

We carry out an extensive comparison of various modes of convergence (e.g.,
square, triangular, spherical, etc.). A number of examples of pathological double trig-
onometric series are displayed, both to accomplish this comparison and to indicate the
““best possible” nature of some of the results on the growth of partial sums.

We obtain some compatibility relationships for summability methods and finally
we present a result involving the (C, «, 0) summability of multiple Fourier series.

Introduction. The main interest of this paper will be the theory of multiple
trigonometric series. Multiple Fourier series (the most important type of multiple
trigonometric series) will be discussed only in connection with the theory of
uniqueness and again in the last chapter. For the definitions of any unfamiliar
terms used in the introduction the reader is referred to §I.

One of the main difficulties in multiple series arises in connection with the usual
consistency theorems for summation methods. In order to maintain the validity of
the typical theorem ““ convergence implies summability,” even in the case of Poisson
summation one has to have the added condition that a// partial sums be bounded.
If one attempts to restrict himself to regular methods of forming the partial sums,
it is easy to construct examples where this condition fails. However, by introducing
unrestricted rectangular partial sums, convergence of a multiple trigonometric
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series on a set of positive measure implies the pointwise boundedness of the partial
sums almost everywhere in the given set. Hence, one achieves a wide range of
consistency theorems on an almost everywhere basis.

The technique of obtaining the boundedness of the partial sums has as its origin
a work of P. J. Cohen [2], in which the author obtains an estimate for the rate of
increase of coefficients of a multiple trigonometric series convergent almost
everywhere by a regular method. By applying this technique (it is described and
applied in §II) in the case of unrestricted rectangular convergence in a set of
positive measure, one is able to even conclude that the coefficients are bounded
(Theorem 2.2). Lemma 2.1, part (b) of Lemma 2.2, and the first statement in Theorem
2.1 were proved by P. J. Cohen in [2]. We reproduce the proofs here since [2] is not
easily available and since the other applications show Cohen’s technique to be
more powerful and useful than had previously been apparent.

Another difficulty in multiple series is the diversity of possible partial sums. As
is pointed out in §I1I, this diversity introduces problems at the most fundamental
level. Perhaps the most *““natural” methods of forming partial sums are by circles,
squares, rectangles, and diamonds (corresponding to diamonds is triangular
convergence). Several examples are given in §I1I to show the basic incompatibilities
between these methods. See Figure 3 for a summary of the situation. This in-
compatibility makes somewhat surprising the fact that convergence (= unrestricted
rectangular convergence) everywhere implies spherical Abel summability every-
where (Theorem 3.1).

In §IV, the fact from §II that everywhere convergence controls the growth of the
coefficients and the fact from §IIT that convergence implies spherical Abel sum-
mability are combined with a uniqueness theorem of V. Shapiro [16] to obtain
uniqueness for double trigonometric series that converge in a set which excludes
at most one point. The question of uniqueness under the hypothesis of everywhere
convergence is still open in dimensions greater than two. We give three other
possible approaches with partial results. One result (Theorem 4.3) is that unique-
ness holds for multiple trigonometric series of power series type that converge
everywhere.

Finally in §V some recently proved results in one dimensional Fourier series
[1], [9] are used to prove (C, «, 0) summability for certain double Fourier series
(«>0). This result complements certain recent results of C. Fefferman [6], [7],
P. Sjolin [19], and N. Tevzadze [20] concerning the convergence and divergence of
multiple Fourier series.

For further references the reader is referred to the excellent bibliography in [18].

I. Definitions. In this paper, we will be considering various aspects of pointwise
convergence of a multiple trigonometric series

1.1 T(x) = D ame™*.
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We use m=(my, m,, ..., m) where the m; are integers and x=(x,, x,, . . ., Xi)
€ T*. We will understand T*=[0, 27)x [0, 2m) x - - - X [0, 27) to be E* with two
vectors x and y identified whenever x,=y;, (mod 27), i=1,..., k. Also, |x—y|
=min {[>F_, (x}—y}¥)?]*2 : x* is equivalent to x and y* is equivalent to y}. For
ze C, |z| means the usual modulus of a complex number. We set m-x=m;x,
+ o dmpxy, |ml=(mi+ - - +mdY2, |m|=min, {|m;|}, and ||m]|| =max; {|m|}.
The relation m=n will mean m;zn;, i=1, ..., k. Let QF be the set of all k-tuples
p=(py,- -+, pr) where p;=0or 1 fori=1,..., k. If pe Q% we set

o\, @ 0 o .
(g) —aaaf and (dx)? = dx;, dx;,- - -dx;,

where p; =1, s=1, ..., r and p,=0 otherwise. When k=2, we will take m=(m, n),
x=(x, y), |m|=(m2+n2)"2 and so forth in order to simplify the notation.

There are many interpretations of the statement ““T converges at x.”” A method
of convergence is described by a sequence {E,},-¢.1,2,... Of finite sets of k-tuples of
integers such that each E, is contained in E,,, for all sufficiently large j and the
union of all the E, consists of all k-tuples of integers. The method is symmetric
if m € E, implies that so are the other k-tuples m’ satisfying |mj| = |m,|, i=1, ..., k.
In this paper only symmetric methods will be considered.

A method of convergence is regular if and only if there is a constant K such that
for every lattice point m=(my,, . .., m,) there exists n, such that m belongs to E,_
and such that for each lattice point / in E,, we have [|I|| <K ||m]||. We call the least
such K the eccentricity of the method. In other words, the E,’s are not too eccen-
trically shaped. This definition is due to Paul J. Cohen [2, p. 39].

Some examples of regular methods of convergence are spherical conver-
gence or circular convergence if k=2 (E,={m | |m| <n}), triangular convergence
(E,={m | 3F_, |[m;| £n}), square convergence (E,={m | ||m|| <n), and restricted
rectangular convergence. T is said to converge rtestrictedly rectangularly if T
converges to the same value for every sequence {E,} satisfying the following
conditions:

(i) each E, is a rectangle symmetric about the origin with sides parallel to the
axes;

(ii) if p, denotes the minimum dimension of E, and if g, denotes its maximum
dimension, then g¢,/p, is uniformly bounded.

The minimum bound will be called the eccentricity of the sequence {E,}.

If condition (ii) is removed we have the definition of unrestricted rectangular
convergence. Henceforth, converge will mean converge unrestrictedly rectangularly.
Explicitly, T(x) converges to s(x) if

(1.2) s(x) = lim sp(x) where sp(x) = %1: %2 g apme'™*

IMil— my=—My my= "M, M= = My

where M=(M,, ..., M,). Note that convergence is not a regular method of
convergence. The series T(x) converges in the sense of Pringsheim to s(x) if (1.2)
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holds and if there is a number B= B(x) such that |sp(x)| £ B for all M. For example,
if agn=|n|, a;,=—|n|, an,=0 otherwise, then T(0) converges to 0, but s, (0)
=N(N+1) so T(0) does not converge in the sense of Pringsheim.

We will consider several summability methods. A series T is spherically Abel
summable to s(x) if T(x, )= am exp (im-x— |m|t) converges absolutely for >0
and if lim,_, T(x, t)=s(x). We say T is Riemann summable to s(x) if

. _ imex [SIT mlhl)z(sin m2h2)2 o (sin m,ch,c)2
T(e hyy oy ) = S ame ( L)’ (S s

converges absolutely for A2+ - - - + h=|h|2#0 (interpret (sin 0)/0 to be 1), and if
limlh[_,o T(x; hl’ ceey hk)=S(x).

We will consider only Lebesgue measurable subsets 4 of 7% and | 4| will denote
the Lebesgue measure of A.

II. Relationships between methods of convergence and the growth of coefficients.

LemMa 2.1 (P. J. CoHEN [2]). Let S=T* with |S|> 8. Then for any integer I>0
there are | points of S; z,, . . ., z), such that |z;—z;| > (8]1) for i#j.

Proof. We choose z,, p=1, 2, ..., [, recursively as follows. Let z; be any point
of S. For this proof only identify T with [z,, z, +27). Choose z, >z, + 8/I so that
|S N [z, z,]| <|S|/l. Having chosen z,,...,z,_; choose z,>z,_;+38/l so that
|S N [z,-1, z,]| <|S|/I. This can be done since

S S|
|S N [zy, z,-4]] = ‘_21 IS N [z, zia]| < (P_z)T
S 8
= 1S A pon 2] > 15|~ (-2 51 5 22
Observe that
I—1 IS| _ 8
1SN [z, 2| < = |S| = (@+2m) -2 2 SN (2, 2 +2m)| 2 = > 7

so that z; and z, are sufficiently separated as points of 7. It is clear from the
construction that any other pair of points are also sufficiently separated.

LEMMA 2.2. Let p(w)=ao+a,w+ - - - +a,w" be a trigonometric polynomial where
w=e'* ranges over the unit circle.

(@) If |p(W)| < B for we ECT?, |E|>0, then there is a constant c=c(|E|) such
that | p(w)| £ Bc™ for all w in T*.

(b) If given any y>1, there exists A=XNy)<1 and b=>b(y) such that |p(w)| < B
on some set E<T?, |E|>2nA, then for all we T,

@1 p(w)| < Bby™.

Proof. We will treat A € (0, 1) as a parameter. Its value will be determined later.
In the proof of (a), A will be |E|/2m; in the proof of (b), A will depend on y. Let
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20, Z15- - > Zn, N21, be points of {zeC:|z|=1} such that |argz—argz]
227M|/(n+1) if i#j. Since we will use the Lagrange interpolation formula p(z)
=210 p(z))m(z) where

[1s:i(z—2)
2.2 i(2) = 57—,
( ) 77'1( ) nja&i (Zi_zj)
we need to estimate the m(z). Because of symmetry, it suffices to estimate mo(z).
Without loss of generality, we assume that

0=argz, < argz, <---<argz, < 2r—2nA(n+1) < 27.

Let m be the smallest integer greater than (n+ 1)/A such that m—n—1 is an even
integer. Note m and n have opposite parity. Let {, =e?™/m [_| =e~28im [, = 2u2Imi
{_,=e-2m@mi 1 be the mth roots of unity, indexed so that |{;—1|<|{;—1|
if |i] <|j| <m/2. Observe that

[[}-1 (z—2)
2.3 z) = ==l = 7,
@3) " = T (1=2)

Let A =the set of the n {’s nearest to 1 (excluding 1 itself), B=the set of the n {’s
furthest from 1, B’=the set of the m—n—1 {’s nearest to 1 (excluding 1 itself),
A’ =the set of the m—n—1 {’s furthest from 1, and finally, C=the set of all {’s
except {=1. Note AU A'=BUB'=C, AN A'=B N B'=g, the empty set. We
have easily

(2.4)

2

[Ta-z)| = [[Ta-0 l
i=1 leA
for [1—z;|2|1=0], [1=z|Z[1=8-a], [1=2o[>|1=L 4], [1=2y|>[1=L 4],
etc.
We also have

(2.5) <

p (z-z)

Q(l—o‘.

To give a formal argument for (2.5) is tedious while the essential idea is geo-
metrically evident. We give a description of the argument. When » is odd, one
chooses y to be a z; which is closest to —z.

By pushing the remaining z,’s closer to y one obtains a new group of z,’s whose
neighboring elements differ in argument by 27/m while the product corresponding
to the left-hand side of (2.5) is increased.

Finally, a maximum is obtained when this new grouping is rigidly rotated so that
y moves to —z, giving a new product on the left-hand side of (2.5) which is in
modulus equal to the right-hand side. In the case that n is even, one proceeds in a
similar way so that the final rotation of the adjusted grouping of points has its
two nearest points to —z straddling — z in the same way the two nearest mth roots
of unity nearest to —1 straddle —1.
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From (2.3), (2.4), and (2.5) we have

< e |18 _ Teeo (1= 8/Thep |1 =8| _ Theew |11,
= I_IL‘GA Il_gl H:ec |1_£|/HKEA' |1_C| HCeB’ II_CI

Define é by dn=(m—n—1)/2. Then §=238(A, n) satisfies

1/1 (n+D/D)—(n+1) m+D/A+2—(n+1) 1 1
2.7 3 (X_l) < o <8< 0 < (7\—1)+'_1

(2:6) |mo(2)|

so that 8 >0as A— 1 and n — co0.
Estimating each term in the numerator of (2.6) by 2, we have

(2.8) [T11-¢ < 22

{eA’

For the denominator we have

[Ti-¢

LeB’

= ﬁ (2 sin%z)2 > ﬁ (ﬁ)z

ﬁ (1 _e2niklm)(1 _e—2niklm)
k=1 k=1 k=1 \M

= (4/m)26n(8n) !2 > (4/m)26n((217.)112(8n)6n + 1/2e— 671)2.

This last inequality follows from Stirling’s inequality. Combining this with (2.6)
and (2.8) we have

2.9 |mo(2)| £ (1/278n)(e((28 + 1)n+ 1)/28m)2om.
We now prove Lemma 2.2. Given p(w) and ECT?, |E|>2nA, by Lemma 2.1 we
may choose zo, 2y, . . ., z, from E where |arg z,—arg z;| > 27A/(n+ 1) if i#j. Assume

p is bounded by B on E, and recall p(z)=>7"_, p(z))m(z). By (2.9) and the comment
following (2.2) we have, for all z,

n+1 e((28+1)n+1))2""l
lP@)] = B ( 35n 5n

= B{(awl)”" (8(28+213+ l/n)) 26}n = Bl 1

In order to prove (a), we choose A=|E|/27>0 so that, by (2.7), §>0 is bounded
away from zero. Hence, sup, ; y(n, 8)=c. To prove (b), first choose A so close to 1
and then n, so large that y(n, 8)>y if n=ny. Set b=max, -, .,-1 {¥(8, k), 1}.
From (2.10) we have | p(z)| < Bby". This completes the proof of Lemma 2.2.

(2.10)

LemMA 2.3. If T(x) converges at each x of a set E of positive measure (more
generally, if lim SUD~ o |Tu(X)| <00 for x in E), then there is a set F<E, |F|=|E|
such that all rectangular partial sums are bounded on F. (The bound may vary from
point to point.) In particular, if E=T¥ (or even if the complement of E is countable),
then the conclusion holds everywhere on E.

REMARK. To appreciate that this lemma is trivial only if k=1, consider the
simple numerical series =2 ;- o @n, Where dag,=2", a;,= —2", a,,=0 otherwise.
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Here s,,,=0 if m and n are both greater than two so s converges to 0, but 5o, =2"*1
—1 so the partial sums are unbounded.

Proof. First let k=2. Let F={(x,, yo) € E : the one-dimensional measures of
E.,=E N {x=x,} and E, =E N {y=y,} are both positive}. It will suffice to show
the partial sums bounded at each (x,, y,) € F; since whenever the complement of E
is countable, F=F, and since F is in any case a subset of E of full measure (apply
Fubini’s theorem to the characteristic function of E— F to see this). Given (x,, y,)
find B and p so large that
| Tmn(xo, ¥)| < B whenever m,n = pand y € F,,,

(2.11)
| Tma(X, yo)| < B whenever m,n 2 pand x € F,,

where F, < E, and F, < E, have positive measure. Further, choose B so large that
(2.12) | Tan(Xo, ¥o)| < B

if m and n are both less than p. This can be done since (2.12) simply demands that
B be bigger than (1 + 1)? numbers. We still have to study Tp.(Xo, ¥o) When m2u>n
or nZu>m. The two cases are symmetrical; so henceforth, assume m=pu>n.
From (2.11), |Tpu(x0, y)| £ B for all y € F,,. Thinking of T, as a polynomial in
e" of degree 2u since

| m
| T, ¥)| = Z z P
B=—u a=-m
and applying Lemma 2.2 we obtain for all y

(2.13) |Tnu(x0, )| < Be™, ¢ = c(|E,,)).

Since a polynomial is its own Fourier series and a function’s supremum dominates
its Fourier coefficients, we obtain the same inequality for the coefficients

(2.19) < Bc?, B=—p, —p+l,..., 4

m
Z taﬂeiaxo
a=-m

Use this inequality 2n+1 times to obtain

(2.15)  |Tpu(x0, )| £ 2> Bc® = (2n+1)Bc* < (2u+1)Bc®  for all y.
B=-n

In particular, this last inequality holds for y=y,, which was to be shown.

For the case of k > 2, the theorem can be proved by an induction which requires
no new ideas not already present in the k=2 case. One simply replaces m by
(ny, ..., ng_y), n by n, and makes a similar decomposition of F.

For completeness we include a proof of the Cantor-Lebesgue Theorem. One
could also see Reves and Szdsz [14, pp. 693-695] or Geiringer [8, p. 69]. For
n20, A,(x) is the sum of all the elements of {a;exp [il-x] : |l|=mn;, i=1,..., k}.
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CANTOR-LEBESGUE THEOREM. If liMpyiy 5, An(x)=0 for all x € E, |E| >0, then
lim",," 20 An= 0.

Proof. We proceed by induction. For the theorem in one dimension see Zygmund
[23, Vol. I, Chapter IX]. Assume the theorem holds for k—1 and that

Real (Ax(x)) = ax(x") cos nx) + ba(x") sin n.x;,

= p(n; x') cos (nx, +eo(n; x')) = o(1) as ||n| — oo

for every x=(x', x,) € E. It suffices to show that p(n; x’) — O for every x’ in some
set F of positive measure. Let F={x": [, xz(x’, x) dx,, > O}, where x; is the
characteristic function of E. By Fubini’s theorem, |F|>0. For any fixed x’ € F,

(2.16)  p2cos? (mx,+«) —0 forall x, € {x; : (x', x,) € E} = F(x').

But by definition of F, |F(x')| >0, so integrating (2.16) over F(x") shows that
4p?|F(x")|, and hence also p, tends to 0 as |n| — .

THEOREM 2.1. If T(x) is convergent almost everywhere by a regular method of
convergence of eccentricity k, and if y> 1 is given, then there exists b=>b(T, vy, k)>0
such that

2.17) |am| < Bylmil,

If T(x) is convergent on a set E of positive Lebesgue measure |E|, then there is
c=c(T, |E|, k)> 1 such that

(2.18) |am| < climi,
These results are in a sense best possible.

Proof. Let y>1 be given. Let s,(x)= 2z, cje¥* be the nth partial sum of T'(x)
with respect to the given regular method of summation. We are given that {s,(x)}
converges for almost every x € T*; hence, that the s,(x) are uniformly bounded on
arbitrary large subsets of T*. Consider s,(x) as a polynomial in one complex
variable exp (ix,) =2z, with coefficients depending on x'=(x,, . . ., Xi),

273

Zo Ay, (x) €xp (imxy) |.

J1
[ $n(x1, x)| = ) Z] d,(x') exp (ijx;)
i==n

We may assume that s, is bounded by a constant B, on a set of the form
Uren (G(x") x {x'}) where |H|>Q2n)A)*"1; for every x' € H, |G(x)|>(27A) and
A< 1 may be chosen arbitrarily close to 1. Fix any x’ € H; by Lemma 2.2, part (b),
|82(x1, X)| < B\b(y,)y?'* for every x; so that by using Fourier’s integral repre-
sentation for the coefficients of the polynomial as in the proof of Lemma 2.3, we
obtain

’ 1 4 . ’
4] = b s exp (x| < B, wed.

2
0
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If we apply the same argument to the d;, if the original A was sufficiently close to
1, a k-fold iteration yields

lcil = Ba(b(y,))ryi'r**7  for each j€ E,.
But by the definition of regularity, given any j, there is an
E,c{-J, -1+, . Ji}x--x{=Jp ..., J—1,J;}
such that || j||KZsupi-1,... .. Ji, j € E,. Hence,

lj| < Ba(b(yy))y2xilil,

If we set y, =y'/2*% and b= B,b(y,)*, this proves the first part of Theorem 2.1.
The second part of Theorem 2.1 follows exactly the same line of proof except that
part (a) of Lemma 2.2 is used in place of part (b).
P. J. Cohen [2, p. 44] gives examples of trigonometric series whose coefficients
are “almost” O(||m/||). To show that Theorem 2.1 is best possible we give new
examples. Consider a two dimensional series of the form

2.19) 1, y) = 3. $n)(1—cos x)re

where the choice of ¢ will determine the properties of ¢. Since

2n 2n
220)  (I—cosx)* = (2 sin ’i‘) D (2].")ef<n-f>x(—1)n-f,
0

i=

the Nth partial sum of (2.19) may be written

Q) tmn = 3 5 a2 Jensem= S S g e

From (2.21) it is clear that the ordinary Nth partial sum of ¢ corresponds to the
(N, N) square partial sum of ¢ thought of as a double series. We note that

toal = #02(%) = gem2-+(Z))

_[@m(2n))12(2n)2ne~2n 22 ) ,,
> $(n)2 (((5 /4)(2ﬂn)ll2nne—-n)2) $(n)2- (3,,1/2) 3,12 2"

Now set ¢(n)=3n"'2. For each x satisfying |1 —cos x| <1 and for all y, that is for
(x, y) e (—m/2, m[2) x [—=, w], we have that ty y converges absolutely. However,
|to,n] >2™ which shows that (2.18) cannot be improved. To see that the “almost
everywhere” hypothesis in the first part of Theorem 2.1 cannot be weakened, set
¢(n)=3n'"?r-". Given any >0, r <2 may be chosen so close to 2 as to make the set
of convergence of ¢ have measure >(27)%—e. Nevertheless, |#o,,| >(2/r)", so that
the coefficients still grow exponentially.

Finally, given that a series does converge almost everywhere with respect to
some regular method, the somewhat awkward condition (2.17) is the most that one

(2.22)
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can deduce concerning the growth of its coefficients. Let N=||(m, n)||
=max {|m|, |n|}. Assume that 7, , is square convergent almost everywhere. Then
(2.17) asserts that

(2.23) forally > 1, |[tna|/y" < b,

where b, is independent of m and s. This is equivalent to

im Itmal _ 0.

Jim ZF
For (2.24) obviously implies (2.23) and conversely assuming (2.23) and given y>1,
we have, picking y’ between y and 1,

NN
linal _ lin] (2)" s o

(2.24) forally > 1,

Py 'V

Now given any function $(N) such that for all y>1, $(N)/y¥ — 0, choose
$(n)=3n2%y(n)2-" Then almost everywhere (in fact except for the two lines
x=m and x= —=), t(x, y) converges as can be seen by setting y*=2/(1 —cos x) if
x#7 (if x=0, 1(0, y)=0). But |ty ,| >(n) so the coefficients grow faster than .
For concrete examples the reader might consider (n)=n"" or (n)=2m0%& ™,
In other words, almost everywhere square convergence permits the coefficients any
rate of growth which is less than exponential.

REMARK. Lemma 2.2 is also fairly sharp. Let P(z)=e'""*((1 —cos x)/2)". P is
a polynomial of degree 2n. If |P(z)| < B on [— 8§, 8], B~(3/2)*" and sup |P(z)|=1
so that sup |P(z)| ~B(4/|[— 8, 8]|)*". This shows that the c=c(|S|) of Lemma 2.2
cannot be chosen smaller than 4/|S|. A close reading of the proof of Lemma 2.2
shows that ¢ may be chosen of the form d/|S| but we do not know if 4 may be as
small as 4.

THEOREM 2.2. If T(x) is convergent on a set E, |E| >0, then
(2.25) am = o(1) as |m| — o and
(2.26) am = O(1) for all m.

This is also a best possible result.

Proof. Given a numerical series ;>0 a;, With partial sums §,=2,5;>¢ @, it can
be seen that

(2.27) an= 2 (—1)s,_s

seqk

In this formula (—1)?=(—1)%*%**+% and we understand s,_s to be equal to
0 whenever any n,—8=—1. In one and two dimensions this reduces to the
elementary facts that a,=s,—5,-1 and @ n=Sp.n—Sm-1,n—Smn-1+Sm-1,n-1-

The last equation may be visualized as 4=(4+ B+ C+ D)—(B+ D)—(C+ D)
+ D where A=ay,, B=>7¢ @y, C=272¢ a and D=372¢ 3124 ap.
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B A
D C
FIGURE 1

Since this figure somewhat resembles a Mondrian painting [5, p. 169], we will
refer to an application of (2.27) as Mondrianing.

Let Aj(x)=2, =, cie™ where j= 0. If T converges at x to s, writing

Tx) = 2 4i(x),
nzjz0
expressing 4,(x) in terms of partial sums as in (2.27), observing that if all indices are
large every partial sum in (2.27) is close to s and that (2.27) has an equal number of
positively and negatively signed terms, we find that
(2.28) lim A, (x) =0.
minng—

From the hypothesis of Theorem 2.2, it follows that (2.28) holds for every x in a
set of positive measure. From (2.28) and the Cantor-Lebesgue Theorem it follows
that lim""“..w an=0, which is (2.25).

We now prove (2.26). From Lemma 2.3 and (2.27) we have that for each x of
F, there is a constant C(x) such that

(2.29) |4;(x)] £ C(x) forallj 0.

Since F has positive measure we may find a subset F'< F of positive measure on
which (2.29) holds uniformly, that is,

(2.30) |4;(x)] £ C VxeF', |F'| > 0.

From this it follows by the same argument used in the proof of the Cantor-
Lebesgue Theorem that we must also have

(2.31) |C;| £ D for allj,

which is statement (2.26).

It remains to discuss the “best possible” aspects of Theorem 2.2. It is well known
that (2.25) is best possible even in one dimension. In fact, a one-dimensional
trigonometric series with coefficients going to zero arbitrarily slowly but which is
nonetheless convergent almost everywhere may easily be found. For example,

232 & exp (inx)
(2.32) kzl — %
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is the Fourier series of an L? function (since >°-; kK ~2 converges) and so convergent
almost everywhere (Carleson [1]), but the n, may be chosen as rapidly increasing
as desired, thus allowing (2.32) to have arbitrarily slowly decreasing coefficients.

EXAMPLE 2.1. Let M(x)=3%, d,e™*#£0 be a one-dimensional trigonometric
series which converges to zero outside of a set M, where M is a set of multiplicity
with |M|=0. For the construction of such an M see [23, Vol. I, Chapter IX, §6].
Let 8(y)=>%, €™ and let

(2.33) L(x, y) = M(x)3(p).
Then
M,N M i
= , imx +ny) — imx M);X.
LM,N(x’ y) m,n=—2M,—N lmne v szdme Sil’l (y/z)

Since whenever x ¢ M and y#0 the first factor tends to 0, and the second factor is
bounded by csc (y/2), L(x, y) converges to zero for almost every (x, y). However,
if d; is any nonzero coefficient of M(x), then /,,=d, for every n so that although
the coefficients of L are bounded, they do not tend to O as the second index in-
creases. This shows that (2.26) cannot be improved.

REMARK. We can deduce that ¢, — 0 as ||n|| — oo if we start with a different
mode of convergence. If T(x)=> c,e!™* converges on a set E of positive measure
with respect to every regular method of convergence, then limja) -« ca=0. Let k=2
for simplicity. In particular, T converges with respect to rectangles with sides
parallel to the m and n axes and of eccentricity <3 and also with respect to rec-
tangles with sides parallel to the lines m=n and m= —n and of eccentricity =3.
By Mondrianing the former we get

Am.n(x) — am'nei(mx+ny)+a_m’"ei(—mx +ny)+am’ _nei(mx-ny)_l_a_m' _nei( —mx-ny) _y ()

if 4<|m/n|<3. Mondrianing the latter yields A, ,(x) -0 whenever (m, n) is
near an axis and, in particular, whenever |m/n|=3 or |m/n|=%. Hence,
lm paxmng—o0 Ama(x)=0 for all x in E. By the Cantor-Lebesgue Theorem,
lilnlll(m,n)lll—"jo am,n=0-

It has recently been shown by R. Cooke [3] that the above result holds for series
in two variables and circular convergence on a set of full measure. Subsequently,
A. Zygmund [25] has reduced his hypothesis to circular convergence on a set of
positive measure. Neither result has been extended to k> 2, at this writing.

III. Relationships between modes of convergence and summability.
THEOREM 3.1. If
3.1 T(x) = Z Cme™*

converges at each x of a set E, then T(x) is spherically Abel summable at almost
every x in E. In particular, if the complement of E is empty (or even countable), then
the conclusion holds everywhere on E.
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Proof. An application of Lemma 2.3 shows that it is sufficient to prove the follow-
ing lemma concerning numerical series.

LeMMA 3.1. If >.ux0 Cm converges to s and has all partial sums bounded, then it is
spherically Abel summable to s; that is, D mzo cme™ ™" =s(h) exists for every h>0
and lim,, o s(h)=s.

This lemma is, in turn, a consequence of the following lemma of standard type.
Before we state the lemma we must develop some additional notation. Let
p € QF with 1’s in the iy, iy, . . ., i, places and 0’s in the remaining k —r places. Then

0 o 0
% m = m;1§=:0 m422=0. ’ .m“,§=:0 m

where m; is fixed if j ¢ {i;, iy, . . ., i,}. In particular, if p=0, >, dm=am. Further,

’ [} Lo 0 0
San= 3 > > S an
(?) my; =0 Mig_1=0Mmyg 41 =0 my, =0

where the prime indicates that one of the summations has been omitted. If p=0,
set > am=0. Note that if p+#0 and if all the m; with j¢ {i;, ..., i} are fixed,
> @m denotes a single sum while 3¢, a» denotes an infinite family of sums, one
for each choice of s and m;, s=1,2,...,r, m,=0,1,2,.... If p#0, we define
APA, to be A; Ay - - - Ay A Where Adm= A, oy _imumg 1 -+ -mi— Amgeeomy - gomy+1,mg 510mg
and A%, =),

LEMMA 3.2. Let 3,5 Cm converge to s and have all partial sums bounded. Then
2 cmAm(h) exists for all h>0 and lim,_, D, cmAm(h)=s provided the functions
Am(h) satisfy
(3.2a) > |APAn(h)| £ ¢

@

Sfor each p € QF, where c is independent of both h (h>0) and of the values of the m;'s
corresponding to the indices not summed,;

(3.2b) lim 3’| APAq(h)| = 0

h—=0 (p)

Jfor each fixed p € QF, fixed choice of omitted summation, and fixed set of m;’s
corresponding to the indices not summed; and

(3.20) Xo(h) = 1.

Proof. The proof is a direct application of Abel’s partial summation formula:

k Ny+1 Ni;  Nig Ny,
3.3) z Aphy = Z Z z . z SmP A
i=1n;=0 peQ* ng; =0 n =0 ny, =0

Here sm=2,,2,20 @ Where my =n; , ..., my =n,, my=N;+1if j¢ {iy, ..., i;}.
We apply (3.3) with am=cm, Am=2An(h). We are given

(3'4) |Sm| =< B.
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Given any >0 there is a number u such that
@3.5) lsm—s| < &/(2-2%) if |m| = p
where c is the constant of (3.2a).
In (3.3) if we put ap=1, a,=0 for m+0, we obtain
Ny Ny
(3.6) L=2h)=> > -+ > APA(h).

(@) ny; =0 nyy=0

This follows since (3.2c) holds and s,,=1 for every m. By virtue of (3.6) we may
assume s=0 and replace (3.5) by

3.7 Ism| < &/(2:2%) if |m| = p.
Now
Ny Ny
. Z SmOPAp
ni; =0 ng, =0

<B S S A ]+B 3 [ S S AP)\,,.h]
(3.8) n‘l—o[niz-o n; I ( )l ni =0 n?: n;ol ( )l
-1 @ ©
++B'S [z S |m,.(h)|]
=11Ln;; =0 ny,_1=0

£ 1 0 0 [=¢]
+§ % nuz-f'u n,2§:=u. - n;ulApAm(h)l.
Each term in brackets may be chosen <e¢/(2-2%-urB) if h is chosen small enough
(say h <h,) by (3.2b). Applying (3.2a) to the last term in (3.8) yields

1_,1
T

\Ii—-
Nlm

(3.9) %% AP <ill+i-l_l+. l
: SmAm | < 32k TE 2k 2%

ni; =0 Ny, =0

Nlce

We also observe that

1 1.
BG10)  lswsremeriyerws i) < 3ogece < ey ifall N2 g

Combining (3.9) if p#0 and (3.10) if p=0 with Abel’s partial summation formula,
we see that if ¢>0 is given, one may choose first u=pu(e) sufficiently large and
then ho=ho(u, €)= ho(e) sufficiently small so that, whenever N,,..., N,=pu and
0<h<hg(e),

Ni+1

121 nZO cmAm(h)

This completes the proof of Lemma 3.2. Note that the proof shows that (3.2c)
could have been replaced by the slightly more general

(3.2¢) lim X(h) = 1.
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To prove Lemma 3.1 it remains only to show that A,(h)=e ™" satisfies (3.2).
It is immediate that Ao(h)=1 so (3.2c) holds. To ease notation let

0=@1,...,1,00,...,0)

have its first r entries equal to 1 and its remaining k —r entries equal to 0. We must
show

Ny Ny
(3.11) S oS AN ey oyt 1egsa] £ C
n1=0 ny=0

and, say, that

Ny~

Ny 1
(3.12) S 3 1A% (B >0 ash—0
ny=

fr-1=

for each fixed choice of n,, N; ., ..., and N,.
Let f(x)=e~!*! so that f(hm)= An,(h). Then

(my +1)h a
Apdn(h) = f I ey, moh, .., k) dxs, -
mih a‘xl
and

(my +1)h

e+ DR/ 5\ @
f \ (5;) s oy Xy My a1, ., mgh)(d)C

“(G.13) ACM(h) = f

mih
An easy induction shows that
3.19) (0/ox)°f(x) = C(1+ x|~ V)e~ 1.

Hence, the left-hand side of (3.11) may be majorized by
(3.15) c J' . f (1+ x|~ D)e=11\(dx)e,
1] 0

where x=(xy, ..., X;, Ny 11+ Db, . .., (N .+ 1h).

Let p?=xi+---4+x2, AA=(N,+1+Dh)%*+- - +((N+1)h)? and transform
(3.15) to polar coordinates. Since the integration depends only on p, the r—1
angular integrations may be carried out separately so that (3.15) becomes

© 1+(p2+02)—(r-1)12
o exp((+A) P

(3.16) D -1y < wa(p"1+l)e‘”dp < .
0

The proof of (3.12) is similar for we must now show that

G.17) f:- . L ’ f :’“’" (%)Qf(xl, % (Nos s+ Dy .y (Nt DE)(dx)°

which majorizes the left-hand side of (3.12) tends to 0 with A.
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Given £>0, choose 4 so small that (n,,,+1)h<e and 2=((N, .+ DA)2+---
+((N,+ 1)h)2 < 1. Then the integral corresponding to (3.16) is majorized by

(3.18) c [w- : -F [81+(”2+,1,)_('_D/2 (dx)®,

Jo o .lo €

where p2=xZ+ - .- +x2. Transforming to polar coordinates shows the integrand
to be integrable over [0, o©0)". A simple argument involving the definition of im-
proper integrals then shows that (3.18) tends to O with & and hence 4. This proves
Theorem 3.1.

REMARKS. Theorem 3.1 shows spherical Abel summability to be quite powerful.
The theorem is somewhat surprising since different methods of convergence are
quite incompatible. We consider now some examples which illustrate this incom-
patibility. All of our examples will be two dimensional.

ExaMPLE 3.1. There is a series which is square convergent at almost every point
but which fails to converge restrictedly rectangularly at any point.

Consider the series

(3.19)  a(x,y) = > 3lexp (il?x) sin® y exp (i(/2—2])y) = D g mErY,
=2 m,n=—o

Whenever [sin y| <1, which is to say at almost every point (x, ), the series con-

verges absolutely. From the expansion

21
(3.20) sinty = i)# 3 (¥)erua-s
i=0

it follows that the partial sums of a(x, y) coincide with the square partial sums of
a(x, y) thought of as a double series so that a(x, y) is square convergent almost
everywhere.

Let e be any number greater than one. We will show that a(x, y) is not restrictedly
rectangularly convergent with eccentricity e. The ratios of the coordinates of
(I2+y, 12—2I+ 8) where y and 8 may be 0 or —1 tend to one as / tends to infinity.
In particular, these ratios become less than e if / is sufficiently large. If a(x, y)
converges with eccentricity e at some point (x,, y,), Mondrianing (see (2.27)) shows
that

(3:21)  |Az,2_ax0, Yo)| = |az2,12 -2 €xp (ilPxo+(12—20)yo)| = |az,2_al
tends to zero as / tends to infinity. But from (3.19) and (3.20) (see also (2.22))
31(21')—2*(21’)

(322) lalz'lz —2!] = > ]2

which does not tend to zero.

Another interesting example due to C. Fefferman [6] asserts that there exists a
continuous function of two variables which has a Fourier series which does not
converge almost everywhere for restricted rectangular sums. This example also
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separates square and restricted rectangular convergence, since Fefferman [7],
P. Sjolin [19], and N. Tevzadze [20] have shown that the Fourier series of a function
in L% converges almost everywhere for square sums. One should note that a(x, y)
is not a Fourier series since by (3.22) the a,, , do not tend to zero.

ExaMpPLE 3.2. There is a series which is restrictedly rectangularly convergent
at almost every point but which is triangularly divergent everywhere.

Consider the series
(3.23) b(x,y) = 2 2'exp (i4'x)sin?y = > by LM,

=1 mmn= -1

For each fixed /, the series contributes terms with indices
(3.24) @4, =29, @, =2'+2), @&, —-2'+4), ..., 4,2
In the lattice plane (see Figure 2) all of these points are contained within the set
H={(m, n) | |m| 2n2}. Let an eccentricity e> 1 be specified. Since if / is sufficiently
large all of the points of (3.24) lie outside of the region R={(m, n) | e™* =< |m/n| S e}
(precisely, when 4'/e>(4')1/2), it follows that the restrictedly rectangular partial
sums of eccentricity bounded by e eventually coincide with the ordinary partial
sums of b(x, y). These, in turn, converge almost everywhere for if |sin y|<]1,
b(x, y) is majorized by

e o)
> 2siny]* < > nsiny|* < oo
=1 n=1

and hence converges absolutely. Hence, b(x, y) converges restrictedly rectangularly
almost everywhere.
However, if we let 1(R) denote the triangular partial sum given by
(3.25) t(R) = | +.2. . bpm,n €xp (i(mxo+ny,))
mi+n|S
where (x,, yo) is any fixed point, then if b converges triangularly at (x,, y,), in
particular

(3.26) t(R+1)—t(R)—0

as R-—>oo. But 1(4—1) is equal to the (4'— 1)th partial sum of b(x,, yo) (since
4i-142-1<4 1, I=1,2,3,...—see Figure 2) whereas #(4') contains the same
terms together with by , exp (i4'x) so that (see (2.22))

2!2-2‘(2,2_l 1)
which contradicts (3.26).
ExampLE 3.3. There is a series which is restrictedly rectangularly convergent at
almost every point but which is circularly divergent everywhere.
The same example b(x, y) mentioned above (see (3.23)) also is circularly diver-
gent. The proof is similar to that of triangular divergence given in Example 3.2.
Fix (x,, yo) and let

21[2

>3

(3.27)

14— 14— 1)' =

by

(3.28) S(R)= > bnnexp (i(mxo+nyo)).

Im| +In|<R
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'(41’ 21)
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Im|+|n| = 4'—1

Im| +|n| = 4

FIGURE 2

As above, to see that limy_, , S(R) does not exist it suffices to show that

(3.29) S@¥)—S@"—1) = byio exp (i4'x).

Here, we wish to point out that Example 2.1 is even stronger than Example 3.3
since the theorems of R. Cooke [3] and A. Zygmund [25] show (2.33) can converge
circularly only in a set of zero measure since its coefficients do not tend to zero.
Example 2.1 is a stronger example since it not only converges restrictedly but also
converges unrestrictedly almost everywhere. The advantage of Example 3.3 is that
it is easy to see that it is circularly divergent everywhere while the set of circular
divergence of Example 2.1 is not known to us.

ExamPLE 3.4. In Example 3.2, one saw that the square partial sums of b(x, y)
converge almost everywhere and that the coefficients of b(x, y) do not tend to zero.
By rotating the torus with the change of variables x=x"+)" and y=x"—)" we
obtain a series c(x’, ") which is triangularly convergent almost everywhere.
However, since the coefficients do not tend to zero, ¢(x’, y') does not converge
circularly in a set of positive measure by the Cooke-Zygmund result. Furthermore,
the reasoning used in Example 3.2 shows that ¢(x’, y) is nowhere convergent for
square partial sums.
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ExampLE 3.5. There is a series which is convergent at almost every point but
which is triangularly divergent almost everywhere.

To see this we shall define a series L(x, y)= M (x)8(y) of the type considered in
Example 2.1. As before, 8(y)=1+2 >., cos ny. We choose M(x)=>7_, b, sin nx
to be the Fourier-Stieltjes series of a Lebesgue function F(x). The function F(x)
is defined by F(x)=lim,.., F,(x) for —7 <x <= where the continuous function
F,(x) satisfies F,(0)=0, F,(m)=m/2; F, increases linearly by 2~?(w/2) on each of the
2° intervals of length (2/5)? with left-hand endpoint ag+ey(3)+ - - +ay(3)?~?
where each «; is 0 or (3)7; F,(x) is constant elsewhere on [0, 7]; and F, is extended
to [—m, 0] by F,(x)= F,(—x). A calculation similar to the one in [23, Vol. I, p. 195]
shows that b,=0 if n is even and

» = (=" [ T cos (Fymn())

if n is odd so that in any case |b,| < |y(:%n)| where p(u)=TT17-, cos (mu(%)¥), so that
b, — 0 [23, Vol. II, pp. 147-148, and Theorem 11.16 on p. 151]. It follows that
M(x) converges to zero almost everywhere but not everywhere [23, Vol. I, pp.
347-348, especially the sufficiency part of Theorem 6.8 and the statement of
Theorem 6.11]. The conjugate series M(x)= —>2., b, cos nx converges almost
everywhere [23, Vol. II, p. 216, Theorem 4.1] and for every y, |{x | M(x)=y}|=0.
This is so for otherwise the function u(z)=u(re'*)= 3 7., b,(re**)" which is analytic
on |z| <1 (since b, — 0) would have a constant nontangential limit on a subset of
|z]=1 of positive linear measure [23, Vol. I, p. 100, Theorem 7.6; p. 105, §8, first
two sentences; and p. 253, Theorem 1.6] which would force all b, to be zero [23,
Vol. 11, p. 203, Theorem 1.9] which is impossible since M (x) does not converge to
zero everywhere.

By the argument used in Example 2.1 it follows that L(x, y) is convergent almost
everywhere. To show that L(x, y) is triangularly divergent almost everywhere, it
suffices to show that

Ay(x,y) = th(x, ) —ty_a(x, ) = D Dy aemEE
Iml+In|=N

does not tend to zero at almost every (x, y)e T2 Using several elementary
trigonometric identities we find that

Ay(x,y) = O bnsin mx(2 cos (N—m)y)+by sin Nx

=2 b,, sin mx(cos Ny cos my+sin Ny sin my)+o(1)

m=1

N-1
= Ccos Ny > byfsin m(x—y)+sin m(x+y)}
m=1

N-1

+sin Ny > bn{cos m(x—y)—cos m(x+y)}+o(1).
m=1
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For almost every (x, y) € T?, M(x—y)=M(x+y)=0 and M(x—y) and M(x+y)
exist. For such an (x, y), we have

An(x,y) = o(1)+sin Ny{M(x+y)—M(x—y)+o(1)} +o(1)
= sin Ny{M(x+y)— M (x—y)}+o(1).

Since M is not constant on any set of positive measure, the quantity in braces is
not zero almost everywhere. Since for almost every y, sin Ny does not tend to zero
[23, Vol. I, p. 142, Corollary to Theorem 4.27], neither does Ay(x, y) as was to be
shown.

This example is stronger than Example 3.2, but is somewhat less constructive
since here the sets of convergence and divergence are not specified.

REMARKS AND PROBLEMS. It should be mentioned explicitly that the above
examples show most common regular methods are pairwise inequivalent, even on
an almost everywhere basis. For example, b(x, y) is almost everywhere square
convergent but is nowhere circularly convergent.

We do not know of examples of series which are circularly convergent but not
square (or, equivalently, triangularly) convergent on a set of positive measure.
The situation may be summarized by the following diagram in which 4 4> B
means that there is a trigonometric series convergent almost everywhere with
respect to method 4 but convergent on no set of positive measure with respect to
method B, while C — D means that convergence with respect to method C on a
set forces convergence with respect to method D almost everywhere on that set.

CONVERGENCE
(Unrestricted Rectangular)

RESTRICTED TRIANGULAR
RECTANGULAR SPHERICAL

?

r'/—
1 ? - e
N ’/’
/’,"
-~
- /”
SQUARE P -7

FIGURE 3
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Despite the basic incompatibility between various methods of convergence,
if one sticks to a given method, consistency theorems of the form “convergence
implies summability” are often true. For example, if the numerical series

is square convergent to s, then the (C, 1) means

(3.30)

"MS

1 n
(3.31) Onn = mi; Siis

where s, ,=2>70 >7-0 &, also converge to s. Similar theorems hold for spherical
and triangular partial sums for here also the situation is essentially one-dimensional.
However, one sometimes needs the additional assumption of boundedness of the
partial sums for consistency. For example, the numerical series > b;, where by;=1,
Jj=12,...,b;=—1,i=1,2,..., b,;=0 otherwise is square convergent to 0 since
all s, ,=0 but has (C, 1, 1) means

_ n(n+2)
Si = 6(n+1)

u[\/]:

n
(3.32) Cpm = (n+ Iy Z
and so is not (C, 1, 1) square summable. This is the motivation behind saying that a
series converges in the sense of Pringsheim if it is unrestrictedly rectangularly
convergent and has bounded partial sums. A typical consistency theorem is

LemMMA 3.3. If the numerical series (3.30) converges in the sense of Pringsheim
to s, then it is summable (C, 1, 1) to s, that is,

1
3.33 lim —mt = lim s =
( ) min{m, n)»w(m+l)(n+l) min{m, n)-»oo(m+l)(n+l) izozZ 7
Proof. Given >0 pick p so large that |s;;—s| <e/3 if i and j are =p. Then pick
n and m so large that pB/(m+1)<e/3 and uB/(n+1)<e/3 where B=sup, , |s;;—s|
is finite by hypothesis. Then

Tm,n l

(m+Dn+1)

(m+1)(n+1) 3, 2,669

i=07=0
1 u—1 n

morZ 1
S DD 2 2 Bt (m—+—1)(n+_1) 2 Z oI DD,

nM;
[\%&
w|

wi=u

PSRN
373737

From Lemmas 2.3 and 3.3 we deduce

THEOREM 3.2. If a trigonometric series converges on a set E of positive measure,
then the series is (C, 1, 1) summable at almost every point of E.
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Theorem 3.2 differs from the already known Lemma 3.3 only in that the hypoth-
esis of boundedness of the partial sums has been removed. There are many similar
classical theorems in which the hypothesis of bounded partial sums may be dropped.
It would be repetitious to list any more of them.

IV. Uniqueness of multiple trigonometric series. The problem of uniqueness for
spherical summability has been discussed by Victor Shapiro in [16], where he
proved

THEOREM 4.1 (SHAPIRO). Given the multiple trigonometric series

4.1 > ame'™*

where the an are arbitrary complex numbers. Let q be a point on T*. Suppose that
(4.2a) 2p_1<imise |am| =0(R) as R — oo,
(4.2b) f*(x) and fi(x) are finite for x in T*—{q},
(4.2c) f*isin L' on T,
(4.2d) fy is in L* on T¥,
where fy(x) is the lower Abel sum of the series (4.1) given by

fy(x) = lim inf > g,,em>=mir
h—0

and f*(x), the upper Abel sum, is analogously defined. Then the series (4.1) is the
Fourier series of f«(x).

A partial uniqueness theorem for triangular partial sums has been obtained
by George Cross [4]. M. H. Nasibov [12] has proved uniqueness theorems for
unrestricted and restricted convergence, but his hypotheses are rather strong.
All of these theorems assume something about the rate of growth of the coefficients.
The following theorem avoids this problem, but we have been able to prove it
only in two dimensions.

THEOREM 4.2. Let the trigonometric series
4.3) > Gy pe MY

be convergent everywhere on T? to the finite-valued Lebesgue integrable function
f(x, y). Then (4.3) is the Fourier series of f.

Recall that convergent means unrestrictedly rectangularly convergent. Let
fo(x, y) be defined by

fox,y) = liminf > an €™+
min{|m|,[n|} -

and f°(x, y) be defined analogously. Let ¢=(q,,4;) be any point of T2. Then a
somewhat more general version of Theorem 4.2 is
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THEOREM 4.2°. Suppose that
(4.42) f°(x, y) and fo(x, y) are finite for (x, y) in T*>—{q},
(4.4b) fOisin L* on T?,
(4.4c) foisin L* on T2,
Then the series (4.3) is the Fourier series of f,.

COROLLARY 4.1. Suppose that the trigonometric series (4.3) converges to zero on
T?2. Then the series is identically zero, that is, all the coefficients are zero.

The corollary is obviously Theorem 4.2 in the special case when f(x, y)=0.
We proceed now to the proof of Theorem 4.2. The proof is an application of
Shapiro’s theorem. From Lemma 2.3 and Lemma 3.1 it is clear that conditions
(4.2b, c, and d) are satisfied. To see that condition (4.2a) holds, by virtue of Theorem
2.2, we need only prove

Lemma 4.1. If
4.5) |ana] £ C
and
(4.6) lim a,, =0,
(m,n)l|—
then

|@m.n| = o(R) as R— oco.
R—-1<|(m,n)|SR

Proof. This is geometrically evident. For we write

@n > |G| = D |G| + S lan.| = A+B.
R-1<|(m,n)|=R R-1<|(m,n) =R R-1<[(m,n)|<R
im, )= u ikm,n)li<nu

If p is chosen sufficiently large each term of A will be arbitrarily small by (4.6).
Since there are (asymptotically) only 27R terms altogether (see Rademacher
[13, p. 100]), it follows that A is o(R) as R — c0. Once p is fixed, B is seen to have
o(R) terms as R increases so that, by (4.5), B also is o(R) as R — co. This finishes
Lemma 4.1 and, hence, Theorem 4.2. The proof of Theorem 4.2’ uses the full
strength of Shapiro’s theorem and is similar to the proof just given. Instead of
Lemma 3.1, one uses the fact that

4.8) Sox) £ fiulx) = f¥(x) £ ).
This last fact follows from Lemma 2.3, the fact that A,(h)=e~'™" satisfies the
hypotheses of Lemma 3.2, and an argument very close to the one which proves
Lemma 3.2.

If the dimension of the space is at least three, then we can prove only the follow-
ing partial result.

THEOREM 4.3. If, for every x in a set of positive measure,
4.9) Z aei™* = 0,

nz0

then all a, are zero.
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In order to prove this theorem we first need to establish the consistency of non-
tangential Abel summability.

Let z=(zy1, Zo, . . ., 2), 2°=(2%, ..., z) where each z; is a complex number of
modulus less than one and z° is a point of T*, so that z?=exp (ix,) for each j. We
say that z tends nontangentially to z° if each z, tends nontangentially to z%. In
other words there is a constant M so that

(4.10) 120—z|/A=|z) = M, j=1,... k.

Note that M is necessarily bigger than or equal to one.

If $(z)=>,=0 a,2" converges whenever all |z;] <1 (here z"=z71z32- - - zjx) and if
&(2) tends to s as z tends nontangentially to z° then we say that the series > a,(z°)"
= a,e™* is summable A* to s.

LemMma 4.2. If

= Z ae’™ = s unrestricted rectangularly,
nz0

and

anein-x
Nznz20

then X is summable A* to s.

< B forall N,

Proof. An application of Abel’s summation by parts formula (3.3) shows that it
is sufficient to prove that
(4.11) 2 |arwm)| = M*

(»
for each p € QF, where M is given by (4.10);
4.12) limit  >'|A?(w™)| =0
z-+z0 nontang (p)

for each fixed p € QF, fixed choice of omitted summation, and fixed set of m,’s
corresponding to the indices not summed; and

(4.13) wo =1,

where w=(z,(29)7%, ..., zx(zD)~Y).

Refer to Lemmas 3.1 and 3.2 for the notation. The sufficiency of conditions
(4.11)~(4.13) is so similar to the proof of Lemma 3.2 that we omit it. Condition
(4.13) holds by definition. To ease notation let O0=(1,...,1,0,...,0) have its
first » entries equal to 1 and its remaining k —r entries equal to 0. We must show

.. i IAQ(W)("I ..... NNy 1seees N")I < MFk
0

0 Ny =

[ \gki

(4.14)

n

oy
]

and, say, that
4.15)

o

ni

O
Z |A0(w)(n1,...,n,,N,+1 ..... Nk)l__>0
-1=0

1] ny
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as w — 1 nontangentially for each fixed choice of n,, N, .4, ..., and N,. (Note that
[1=w,| /(1= |w;])=|2f —z,| /(1 = |z,]).)
Now
[AC(w)Marrs MR = (Wi — Wit (W — W Wit - wik]

= |waf" M T=wy| [T—wy|- - - [T—w|

T
= 111 [1—w,| - |w,|"s

so that the left-hand side of (4.14) is dominated by
LT (1=l 3 ) = [TA=wlid=Iwb) < M7 < M*

i=1 ng=

while the left-hand side of (4.15) is dominated by

r—1
L=l TTA1=mlI =) < [1-wprs=2

which tends to zero as w — 1, completing the proof of Lemma 4.2.

Assume now that (4.9) holds on a set E of positive measure. By Lemma 2.3
there is a set F<F of full measure on which the partial sums are bounded. The
function

$(2) = > az"

nz0
is absolutely convergent in {z: |z;|<1,..., |z <1} since the coeflicients are
bounded by Theorem 2.2. Furthermore, by Lemma 4.2, ¢(z) has nontangential
limit O at each point of F, and |F| >0. These two facts are exactly the hypotheses of
a theorem of Calder6n whose conclusion is that a,=0 for every n [23, Vol. 1I,
p. 321, Theorem 4.24].

REMARKS. It is an open question whether or not a uniqueness theorem holds for
general series in dimensions greater than two. In dimension three Shapiro’s
theorem cannot be used because the analogue of Lemma 4.1 does not go through.
In fact, one may easily find numbers a,,,, such that a;,,, — 0 as ||(/, m, n)|| — oo but

Ialmnl 75 O(R),
R-1<i{,m,n)|SR
for example, @, =(I%+ m?+n2)~ 14 Theorem 4.3 has little bearing on the question
of uniqueness for general trigonometric series. For example, if k=1, the series
> nsin nx is summable 4* to zero at all points except x=0 (and, hence, a
fortiori on a set of positive measure). This helps to illustrate the fact that the
question of uniqueness is much more delicate for general trigonometric series than
for trigonometric series of power series type.

A different approach to the question of uniqueness may be made by considering
the 2kth integral. For simplicity let k=2 and a, ,=a,,,=0. Assume that for every
(x,y)in T?

(416) i i am'nei(mx+ny) =0
m=—-0 n=-ow
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unrestrictedly rectangularly. Form the continuous function

(4 1 7) F(x, y) Z Z :lmnn elmx +ny)

We have the following consistency theorem.

THEOREM 4.4. (See Zak [22).) If we assume (4.16) and set
AZ®DFE(x, y; h, k) = F(x+h, y+k)—2F(x+h, y)+ F(x+h, y—k)
(4.18) —2F(x, y+k)+4F(x, y)—2F(x, y—k)
+F(x—h, y+k)—2F(x—h, y)+ F(x—h, y—k)
then for all (x, y) in T?

. A®DF(x,y; h, k)
(2.2) - :
4.19) D@3F(x, y) h!}cr_x}o T

=0 (hk+#0)

where the limit is taken as h and k tend to zero jointly but with unrestricted ratio.

Proof. Using Abel’s partial summation formula (3.3) and observing that
|8m,2(x, ¥)| £ B(x, y) (Lemma 2.3) we compute

ACDF(x, ys h k) 2 S e+ myy [ SID MAN 2 (sin nk\?
h7ke DI w( mh ) ( nk )
(4.20)

3 sma5 Pl )

where

@.21) Apah, k) = [(sir;;lnh)z_(sir(lngr_n‘_-i-);l)h) ] [(sm nk) (Si[(ln(j_-i-)}c)k)z]'

Decompose (4.20) into four terms.

u u U

S saden= 2 S+ 5 S45 T 4SS

4.22) m=§—:oo <" n=Zp m==p Sk m>a ns—p  |m>u Inl>u
= A + B + C + D.

If p is large, s, , is small for m and n>p so D is small since

4.23) i i |Amalh, k)| < f j (Sm u) (su; v)

m=—-0 n=-0©
For the remaining terms note that |s, .(x, y)| £ B(x, y) by Lemma 2.3. Then 4
can be made small by choosing # and k small since, for each m and n,

(4.24) lim Ay, (h, k) = 0.

dudv < 0.

Similarly, if 4 and k are small B is small since for each m

im S Ak
h,}clllo n=z—ao| ol )l

(4.25)

< lim
h,k=0

-

(sin v\%
v
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while a symmetrical argument shows C small.

Hence, (4.22) tends to zero with 4 and k, which proves Theorem 4.4 (see Robison
[15, p. 67)).

By virtue of Theorem 4.4, one would have a different proof of Theorem 4.2
which would probably generalize to higher dimensions if one could prove

CoNJECTURE 1. Let F be continuous on T2. If

(4.26) D@?F =0 for all (x, y) in T2,
then there are functions a(y), b(»), ¢(x), and d(x) such that

4.27) F(x,y) = ax+b+cy+d.

CoMMENTS. This would generalize Theorem 10.7 on p. 23 of [23, Vol. I]. Without
loss of generality we may add the hypothesis that

(4.28) F =0 on the boundary of [—m, #] x [—, 7]

and then attempt to deduce that F is identically zero on T2 since F(x, y) may be
replaced by

G(x,3) = F(x, )= {55 [F (e )= F(x, =]
3 [F(r, =)+ F(=m, m) = F(m, m) = F(=m, —)]
+ = [Fr, —m)+F(—m, —m)~ Fm, m)~ F(~, ﬂ)]}y
(4.29) 1
{3 PG+ Ft,~m)+ 3 [P, )+ F(=m, =)= Fla, )= F(r, )]
—% [F(m, 7Y+ F(—7, m)+ F(w, —m)+ F(—m, —17')]}
~{ (PG, )= FC=m, )= {5 [F(=m )+ Fm )1}

where G(x, y) differs from F(x, y) by a function of the form (4.27) and G(=, y)
=G(—m, y)=G(x, 7)=G(x, —7)=0 as may be verified directly. We now observe

LeMMA 4.3. Let F(x, y) be continuous on T2. If

(4.30) F(x,y) = 0 on the boundary of [—m, w]x [—m, 7]
and
4.31) AZ®DF(x,y; h, k) = 0,

then F(x, y)=0.

Proof. Setting x=y=0, h=k== and applying (4.18), it follows from (4.30)
and (4.31) that F(0,0)=0. Setting (x,y; h, k)=(0, 7/2; =, #/2) and reasoning
similarly shows that F(0; #/2)=0. From considering (x, y; h, k)=(—/2,0; /2, )
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we get F(—m/2,0)=0. Proceeding inductively shows that F is zero on the countable
dense set

{00503 (-39) (.5 )
63 (39396969

(For example, setting (x, y; h, k)=(0, =/4; =, =/8) and using F(0, 0)=F(0, =/2)=0,
we find that F(0, #/4)=0.) It then follows by continuity that F is identically zero.
Because of Lemma 4.3, in order to prove Conjecture 1 it would suffice to prove the
following mean value type statement.

CONJECTURE 2. If F is continuous on T2 and D®>*?F=0 on T2, then

AZDF(x, y; h, k) = 0.

Conjectures 1 and 2 and Lemma 4.3 were stated in [8, esp. pp. 95-108], but
without sufficient proof.

Another approach to the question of uniqueness which yields only partial results
may be made as follows. For simplicity we let k=2, a,,,=0 and consider the
trigonometric series

(432) t = Z a"eiwx - Z Z am’nei(mx+ny).
Define (see Shapiro, [17])

(4’33) 1O = ( z e Z ane™ | |2) — (1(1) <1) X
Then t® is a formal integral of ¢ in the sense that
4.34) grad 1tV = orPjox+ot$Ploy = ¢

where the partial derivatives are computed termwise and the last equality is formal.
Repeat the process forming @ = (r®)®),

_Z anein-xmz/[n|4 _Z anein'xmn/lnl‘l) B (1{21) ti%)).
—2 ane™*mn||n|* =3 ae"*n’||n* 1 1R

@435 1@ = (

We find that 1 is a formal second integral of ¢ in the sense that

2
(4.36) grad o grad 1@ — Ba_x2 '@

0% 0*
12 -t
O0x Oy +3y2 !

We may iterate the process. We obtain, again formally,

grad o grad o grad t®
4.37) Pl o8 ]
— (3) () @ L 9 i@
P 43 = a2 0y HD+3 5= ox 6y 3+ ay° tgos =1
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where, for example,
im®n
t(3) — t( —_ t — a,e i"x
112 12 Z n I”ls

Higher order formal integrals are easily constructed.
If we now replace partial differentiation by symmetric partial differentiation so
that, for example, 0t{¥’/0x is approximated by

(9Cc-+hy ) — (80— hy 7)
2h

and 2%t{3}/0x? 0y is approximated by
1§320c+ 2k, y+ B) — 15320c + 20, y— B) + 6120 — 28, y + 1) — 1§20 = 2k, y = By = 26832 (x, y + ) + 26§32 (x, y— )
@h)?

then the left-hand sides of (4.34), (4.36), and (4.37) are approximated respectively by

inx(Mh sin mh+nh sin nh)
(4.38) S ae ( e L an ),

inx[MA sin mh+nh sin nh)z’
(4.39) D ane ( T ()
and

inx(Mh sin mh+nh sin nh)s.
(4.40) D age ( e Gy

For the symmetric approximation to the pth derivative of the pth formal integral
we of course obtain

in.x[Mh sin mh+nh sin nh)”'
(4.41) D age ( iy a2

This motivates the following consistency theorem. (See also Lemma 4.2 and
Theorem 4.4.)

THEOREM 4.5. Suppose > .- @€ *=s and has bounded partial sums. Then if
P>2,

) ki h sin mh + nh sin nh\?
4.4 einx (T ) -
(4-42) Jm 2, e ( CORRCOR

(Interpret (0 sin 0+ 0 sin 0)/0% to be 1.)
Proof. We apply Lemma 3.2 to

'mh sin mh + nh sin nh\? v
(4.43) Do n(h) = ( L ) — fo(mh, nk)

where f(u, v)=(u sin u+v sin v)/(u%+ v2). Making use of inequalities of the type

a% £o(u, v) | du,

(m + Dh
(4.44) o) = M srn)] < [
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conditions (3.2a) are reduced to

62

(4.45) [T |z |ads s .
(4.46) f: a_i o, v) | du = C,
4.47) [[|@rwo|asc
and

(4.48) |f*(s, 9)| < C.

To prove (4.45) change to polar coordinates and write

© ) 32
—_— P
fo fo o [, v) | dit do
(4'49) 1 pn/2 © rn/2
=j f ---rdrdo+j J ...rdrdf = A+B.
0JO 1 0

Now

02 _ 2 Of of o 9%
(450) ou avfp = P(p_ l)fp a_u %_'_pfp ou ov
where
.51) 9f _ r’(sin u+u cos u) —2u(u sin u+v sin v)

’ ou rt

and
(4.52) 9% 8uv(u sin u+v sin v)—2r?[v sin u+u sin v+ uv(cos u+cos v)]

oudv s

To estimate A replace sin u by u+ O(r®), sin v by v+ O(r®), cos u and cos v by
14 0(r® to obtain that the numerators of (4.51) and (4.52) are O(r*) and O(r®)
respectively as r tends to zero. We handle 9f/dv symmetrically and observe that

(4.53) Ifl £ 1.

These estimates show that the integrand in 4 is O(r)=0(1) as r — 0 so that the
integral is finite. To estimate B, use (4.51) and (4.52) to show that of/ou=0O(1/r),
of [ov=0(1/r) and 2%f/éu dv= O(1/r?) at infinity. Since f= O(1/r) at infinity and the
Jacobian is r, it follows that the integrand is O(1/r* *®~?) at infinity and hence that
B is finite since p>2.

We now consider (4.46). Using of?/ou=pf®~'0f/ou and (4.53) we have

1 af

duépf -
V]

£ du = p(A(v) + B(v)).

o1
7 o

du+pj
1

b
— fP
6uf

(4.54) f:
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Again making third order estimates for sine and cosine we deduce from (4.51) that

o

o | o 288+2u(t+v*) _  2u°
ou

= @ +0v?)2 T @Wl+o

(4.55)

2)2+2u < 4du

so that A(v) <2 for all values of v. Now let u=1. Since r=@?+0v?)"22u>1 and
r2v, it follows from (4.43) and (4.51) that

u v\1 2 _2 _ 27~
4.56) s () ssiss 1rs2s
and

2
@.57) z_ﬁ r (1+u)-r+;2u(u+v) < g < g
so that p>2 implies
(4.58) Bo) < [ idu= 2 < 12,
1 pr—1

The validity of (4.46) with C= 14p follows. The proof of (4.47) is symmetrical with
the one just given. Also (4.48) is immediately clear from (4.53).
We must next verify conditions (3.2b) which in this case follow from

© r(n+1h 62
(4.59) f f f?ldudv—0 ash— +0 for each n,
0 nh 3x 3
(m+1)h
(4.60) 6x 3 f” dudv—>0 ash— +0 for each m,
4.61) [Am.n(B) = An+1,2(R)| =0 as A— 0 for all m and n,
4.62) [Am,n(A) — Ap,n+1(B)| = O as h— O for all m and n.

For n fixed and >0 given, we can choose 4 small enough so that the integral in
(4.59) is less than or equal to

INNE

Using a simple argument involving the definition of improper integrals and the
finiteness of (4.45), we see that (4.59) tends to zero with & and hence A.

The proof of (4.60) is symmetrical with that of (4.59). The verifications of (4.61)
and (4.62) are routine. Finally, condition (3.2c) holds by the parenthetical remark
following the statement of Theorem 4.5. This shows that the hypotheses of Lemma
3.2 are satisfied and completes the proof of Theorem 4.5. Observe that p>2 was
necessary for the proof of (4.45) so that an approach to the theory of uniqueness via
Theorem 4.5 would probably require at least three integrations. Actually, to avoid
complications arising from terms with negative indices it might be better to use an
even number of (hence at least four) integrations.

du dv.
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V. On the almost everywhere summability of double Fourier series. Let
K%(¢t) be the ath Fejér means of the series $+cos +cos 2t+ - - -. We have

sin (n+%)t

— o —-— = Y
D,(t) = K1) = +cos t+.--+cosnt 2 sin()2)

and, in general,

Ki(r) = i AZZ1D(t)]A2 where A5 = (m;'e) = (B+1)(B+’i)""(l3+m)

Consider the Fourier series S[f] of a real-valued function f(x, y) which is
Lebesgue integrable over T2. We say that S[f]is (C, «, ) summable to fat (x, y) if

lim om n(.f)(xa y)

min {m,n}—

5.1
G- —  lim f f f(x—s, y—)K(s)KE(t) ds dt = f(x, y).
min(mn)-»w ?

In particular, S[f] is (C, «, 0) summable to f at (x, y) if
lim om n(f)(x’ y)

min {m,n}—

- f f S(x—s, y—)K&(s)Do(r) ds dt = f(x, ).

min (m n)—vw m?

(5.2)

In [24], A. Zygmund showed that if fe L?(T?), p>1, and if «>0, >0, then
S[f1is (C, a, B) summable to f(x, y) almost everywhere.

In [11], B. Jessen, J. Marcinkiewicz, and A. Zygmund generalized the result by
weakening the hypothesis that f'e L?(T2) to f'e (L log* L)(T?), while still drawing
the same conclusion.

A recent example of C. Fefferman [6] shows that the results of R. A. Hunt [9]
and L. Carleson [1] concerning convergence of Fourier series of functions of one
variable do not extend to unrestricted or even to restricted rectangular convergence
for multiple Fourier series. (Fefferman [7], P. Sjolin [19], and N. Tevzadze [20]
independently also proved that functions in L?(T*) (p > 1) have convergent Fourier
series for square partial sums.) In other words, there exists a continuous f € L*(T?)
for which S[f] is not summable (C, 0, 0) to f almost everywhere.

However, we can give the following theorem.

THEOREM 5.1. If, for almost every x in T*, f(x,y) € L(log* LYXT*(y)) and if
g(x)={p | f(x, »)|(og* |f(x, y))? dy € L(T*(x)), then, for every positive «, [ is
summable (C, o, 0) almost everywhere. In particular, if fe L*(T?), p>1, the con-
clusion holds.

THEOREM 5.2. Let a>0. Under the hypotheses of the first part of Theorem 5.1 we
have

6 [ [ lesolaxay s [ [T 1fidog" 177 dx dy+ e
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and if fe LP(T?), p> 1, then

o [ [ el acdy s G| [T Il axay
where
(55 o5, 3) = limsup_ |03k, )l

We begin by proving Theorem 5.2. We will only prove (5.3) since the proof
of (5.4) is similar. Without loss of generality let 0 <a<1. Since |Kg(x)| satisfies
the conditions

(5.6) 1< }T f " |KS()| dx = Cole) < C, for all m,
(6N)) onllallx |K&(x)] -0 as n— oo for each §,
and

(5.8) KS()| < min {2n, A;n=e|x| =@+ D},

it follows that if h(x) € LY(T?), then

(5.9) #(a) f :' |K&(0)|h(x— 1) dt — h(x)

as m — oo for almost every x [23, Vol. I, p. 94]. From (5.6) and (5.9) we deduce
that for h e LY(T*)

(510) ok = limsup [ |KE)] Ihx—1)] dt < CH(w)

for almost every x.
Let

Maf(x,y) = sup |1 [T D) y—r)a |

For almost every x, f(x, y) € L(log* L)? as a function of y. For such x’s we have
1 [ sy s A 1fepldog? £tk I dy+ 4.

(See R. Hunt [9, p. 235].) Integrating (5.11) with respect to x we find that M, € LY(T?)
and

(5.12) f_ _ Maf(x, y)dydx < 4 j_ f_ If|(og* |f1)? dy dx+2rA.
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Now fix a y for which M, f(x, y) is integrable as a function of x. For almost every x
we have by (5.10) and the definition of M,,

£

1 " K,‘,’,(s){% f_,, D) (x—s, y—t)dt}ds

ks

o%O(f)(x,y) = lim sup

min {m,n}—

stimsup - |7 |KEOIMaf(x=5,9) ds S CuMaf(x, 7).

(5.13)

Since (5.13) holds almost everywhere, combining (5.12) and (5.13) proves (5.3).

The argument that proves Theorem 5.1 from Theorem 5.2 is classical. We repro-
duce the proof here for completeness. (See [11, p. 221].) First apply (5.3) to the
function Af where A>0 is a constant obtaining

619 [ [ e ady <o [ [ 17iog s axdy+5e

Let ¢>0 be given. Choose A so large that

(5.15) AN < £%/8.
Decompose f, f=f"+ f” where f” is a trigonometric polynomial,
] $3 82

(5.16) f f |l dedy < 5
and

¢ T 82
(5.17) A" [ 1ri00gr Nt dy < -
(See [23, Vol. I1, p. 304].) From (5.16) and Tchebycheff’s inequality
(5.18) {Ge, VI 1F"Ce, p)| > 22} < ef2.

From (5.15), (5.17), (5.14) applied to f”, and Tchebycheff’s inequality we have

(5.19) [{Gx, »)Iox°(f")x, ) > £[2}] < e/2.

From (5.18) and (5.19) we see that if E(e) is the set of all (x, y) for which either
|f"|>¢/2 or e%°(f")>¢/2, then E(c) has measure <e. Since

am,n(f) -f= Um.n(f’) —fl"'om,n(f”) A
we see that, outside the set E(e),
(5.20) Jlim sup [on o ()—f] < U +IS] < 55 ==
min {m,n}—

Now if o, , did not converge almost everywhere, it would fail to converge on a
set F, |F|>0. Write

F= 0= O {en|limsup_londn=1> 3}

n=1
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Some F, would have positive measure, say |F,|>8>0. Picking ¢<min {1/n,, 8}
and applying (5.20) would yield a contradiction, since F,,< E(¢) but |F, |>8>e
2 |E(¢)|. Hence, o, , does converge almost everywhere. This proves Theorem 5.1.

The space L(log* L)? is not the largest possible space that might be used in the
statements of Theorems 5.1 and 5.2. Sjolin [19] has proved that the hypothesis
for the convergence of the Fourier series in one variable may be weakened from
“f(x) belongs to L(log™ L)% on T*” to “f(x) belongs to L(log* L)(log* log* L) on
T1”. It is clear that as further results are obtained in the theory of functions of one
variable, one may correspondingly weaken the hypotheses in the first parts of
Theorems 5.1 and 5.2 while still obtaining the same conclusions.
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