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NONCOMMUTATIVE JORDAN DIVISION ALGEBRAS
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Abstract. The structure theory for noncommutative Jordan algebras with chain
conditions leads to the following simple algebras: (I) division algebras, (II) forms of
nodal algebras, (III) algebras of generic degree two, (IV) commutative Jordan matrix
algebras, (V) quasi-associative algebras. The chain condition is always satisfied in a
division algebra, hence does not serve as a finiteness restriction. Consequently, the
general structure of noncommutative Jordan division algebras, even commutative
Jordan division algebras, is unknown. In this paper we will classify those non-
commutative Jordan division algebras which are forms of algebras of types (II)-(V);
this includes in particular all the finite-dimensional ones.

We begin by recalling some basic results about noncommutative Jordan rings.
We are interested only in simple rings, and simple rings can be considered as
algebras over their centroids, which are fields, so we restrict ourselves to algebras
over a field ® (of arbitrary characteristic).

A noncommutative Jordan algebra % over @ is a linear algebra such that for any
x €U the left and right multiplications by x and x2 commute: L,, R,, L,2, R,2
generate a commutative algebra of transformations on % (and such that this
continues to hold in any scalar extension %g). Any such algebra determines [8] a
quadratic Jordan algebra %+ with U-operator

) U, = L(L,+R)—Lyz = R(R,+L,)— R,

An element x € U is invertible if there exists y € A with xy=yx=1, xZy=yx2=x;
this is equivalent [5] to x being invertible in A+, or to U, being an invertible
transformation. If all nonzero elements of A are invertible we say % is a noncom-
mutative Jordan division algebra; this is equivalent to 2* being a quadratic Jordan
division algebra.

Our definition differs from the more usual one in which all L, and R, are required
to be invertible transformations. For finite-dimensional or, more generally,
algebraic algebras our condition is less restrictive. Also, it has the desirable property
that if % is an associative division algebra then any mutation A® with product
x-y=2Axy+(1—X)yx is a noncommutative Jordan division algebra. For example,
if £ is the division algebra of real quaternions then £+ =Q%/? is a commutative
Jordan division algebra in our sense, but not in the usual one because of the
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presence of zero-divisors: i-j=%(ij+ji)=0 for i,j the usual quaternion basis
elements.

According to the structure theory [5], [7], the simple noncommutative Jordan
algebras with d.c.c. (on inner ideals) are those of the form

(I) Noncommutative Jordan division algebras.
(IT) Certain nondivision algebras of degree one in which all elements are
invertible or nilpotent.

(IIT) Degree two algebras A(Q, S, x )= e, @ e, ® B with multiplication

el =¢, ee; =0, ev = S(v), ve = S,v),
ow = Q(Sqv, w)e; + O(S1v, w)eg+v X w (v, we B)
where Q is a nondegenerate quadratic form on %, S; and S, are linear transforma-
tions on B, with S, + S; =T and Q(Sv, v)= Q(v) for all v € B, and x is an alternate
bilinear product on 8B with v xv=0, Q(v, v x w)=0 for all v, w € B.

(IV) Commutative Jordan matrix algebras $(,, y) over a field of characteristic
#2, where n=2 and D is either (i) a sum A @ A° of anti-isomorphic associative
division algebras with exchange involution, (ii) an associative division algebra A
with involution (where if n=2 we require $(A, *) generates A), (iii) a split quater-
nion algebra @, with standard involution (only for n= 3), (iv) a Cayley algebra €
with standard involution (only for n=3).

(V) Quasi-associative algebras (D, y)?® for n=2, A#% in the center of D
with A+A*=1, and where D is either (i) a sum A @ A° of anti-isomorphic asso-
ciative division algebras with exchange involution, (ii) an associative division
algebra A with involution of second kind.

Furthermore [9], in the finite-dimensional case the algebras of type (II) are
forms of nodal algebras (algebras Q1 +9 where M is a nil subspace but not an
ideal):

(ITa) Forms of nodal algebras (F,, C) of characteristic p#0, 2 where A(F,, C)
is the truncated polynomial ring F,=Q[z,, . . ., z,] (z?=0) with multiplication

fe=fg+fxg fxg=2 cyof oz,
where f-g is the product in F,, ¢;; € F, satisfy ¢;;+c¢; =0, and 0,/ is the ordinary
partial derivative of/ox;.

(IIb) Forms of commutative nodal algebra A(+, x )= Q1 + N of characteristic 2
with multiplication

zw = 7(z, W)l +zxw (z,we M)

where 7 is an alternate bilinear form and x an alternate product on N, 7(z, z)=0
and zx z=0.

1. Forms of commutative Jordan algebras. If % is a form of a commutative
Jordan matrix algebra o= 9H(D,, y) of type (IV) over a field Q of characteristic
#2, n=2, then Y too must be commutative over a field ® of characteristic #2.
The results in this case are well known.
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THEOREM 1. If the commutative Jordan division algebra % of characteristic #2
is a form of a Jordan matrix algebra of type (IV) then W is isomorphic to one of
(i) A%,
(i) the space $H(A, *), * an involution on A,
(iii) an exceptional division algebra J(A, k) or (A, u, p, *) obtained from the
First or Second Tits Construction [10, pp. 507-509]
where A is an associative division algebra.

Proof. Consider first the special case. Suppose 2 is a commutative Jordan
division algebra with A, =H(D,, y) for n=2, D associative (where H(D, *) generates
D in case n=2). By Martindale’s Theorem [3, p. 141] %, is special and reflexive:
Ao =9(su (Yy), m) for su(Ag) the special universal envelope and = the main
involution. By universal nonsense [3, pp. 78-79] 2% = $(su (), =) is also special and
reflexive. Then [3, p. 166] either A=H(A, *) for A an associative division algebra
with involution (case (ii) above) or A=H(A @ A*, ¥*)~ A+ where AP A* is a
direct sum of two anti-isomorphic associative division algebras under the exchange
involution (case (i)).

Now consider the exceptional case. If A, =$H(C;) for € a Cayley algebra then %
(and hence ¥) is a 27-dimensional exceptional algebra. All such are obtained from
the two Tits Constructions (see [1], [3, pp. 413-422], [11, p. 313]).

Conversely, if A is an associative division algebra such that Ag=%9, (n=2) for
some extension 2, then A=A~ or H(A, *) will be a Jordan division algebra which
is a form of D, or H(D,, *) (in the latter case, when n=2 we must require H(D, *)
generates ® in order to get an algebra of type (IV)). Similarly, if Ag=Q, for some
extension (so A has generic degree 3) then J(A, u) or (A, u, u, *) can be defined
and is a form of £(€;); the condition that it be a Jordan division algebra is that p
is not a generic norm of an element of A.

2. Forms of quasi-associative algebras. In this section we suppose %A is a
noncommutative Jordan algebra which is quasi-associative, that is, a form of a
split quasi-associative algebra D for D associative and A# 1. The results here will
be completely general, with no finiteness conditions. Modifying the arguments of
[6] to include characteristic 2, we have

THEOREM 2. A noncommutative Jordan algebra over a field ® is quasi-associative
if and only if it is isomorphic to one of the following:

(i) D™,

(i) H(D™, *) for * an involution of second kind on D with A+ A*=1,
where ® is an associative algebra over ® and A+#% an element in its center with
A(1=2)ed.

Proof. Suppose % is quasi-associative. If % itself is associative, we have 2% =DM
for ® =% and A=1. Otherwise, some associator [x, y, z]#0. Regard % as imbedded
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in Ay=ED for € associative, A#1% in Z. Recall the formula

2)  Ix,»z]® = A2x=D[x, y, zZ]+ (1 =)A= D[z, y, x]+ 21 = V)[x, y, z]°
relating the associators

[x, y, 2] = (xy)z—x(y2),
[, 9, 2] = (x A p) az=X 2 (y -2 2),

and
[x,9,2]° = (xoy)oz—xo(yo2)

for x -, y=Axy+(1— ) yx, x o y=xy+yx. Applying this to x, y, z € A< Wz=ED,
we have [x, y, z]=[z, y, x]=0 by the associativity of €, so the fact that [x, y, z]®
and [x, y, z]° belong to A if x,y,z do implies A(1—A) e ®. Let Q=®d(A) and
D={Us}* where p=A(2A— 1)~ satisfies 2Ap=A+ . Then the general transitivity
relation

) {BEY = BEOV  (uOA=T—p—A+24)

for mutations shows g = AL = YEON = (UL}M = DN, where D =AY is associative
because DY = EVW =EAOWM = s associative.

If Q=@ then A=D™ as in case (i). Suppose Q=P+ OA=DA+ D(1—2) for
M1 —2) € ® where A ¢ ®; then Q carries a nontrivial automorphism * of period two
given by A*=1—A, A+ A*=1 and this extends to an automorphism * ® 1 of period
two on DV =U;=0 R A: (v ® @)* =w* Q a. Since H(Q, *)= D we have H(Ay, *)
=0 @ A=, so the subalgebra of A, =DM fixed by * is just A=H(DM, *).

Furthermore,

p* = A2A=1)"1* = ¥\ —1)"! = (1—-A)(1—24)"1
= A=D2A=1)"! = {2A=D)=N2A=1)"1 = 1 —p,

so in D=AUL we have (x -, y)*=p*x*p*+(1 —p*)p*x*=(1—p)x*y* + puy*x*
=y* ., x*; in other words, * is an involution of second kind on 9®. This shows 2
is as in case (ii).

Conversely, suppose % is D™ or H(D™, *). Clearly U is a (split) quasi-associative
algebra in the first case; in the second, we have D =2H(D, *)+(1—N)H(D, *)
(since A+ 2*=1)>H(D, *)g for Q=D()), s0 DV=H(D, *)P =H(DW, *)q=Aq
and ¥ is quasi-associative.

From this we obtain

THEOREM 3. A noncommutative Jordan algebra over a field ® is a quasi-associative
division algebra if and only if it is isomorphic to one of

(i) A®,

(i) H(AD, *) for * an involution of second kind on A, with A+X*=1,
where A is an associative division algebra over ® and A#% an element in its center
with A(1—-2A) € @.




1972] NONCOMMUTATIVE JORDAN DIVISION ALGEBRAS 219

Proof. It is easy to see such algebras (i), (ii) are noncommutative Jordan division
algebras (since A* is a quadratic Jordan division algebra of the form A* or
H(4A, *)). Conversely, if A=DW is a noncommutative Jordan division algebra then
A+ =D+ is a quadratic Jordan division algebra; since invertibility in ® and ®*
coincide, ®=A is an associative division algebra. Similarly, if A=H(DP, *) is a
division algebra so is A* =H(D, *). But by the Herstein-Kleinfeld-Osborn Theorem
[3, p. 166] this implies ®=A @ A° (with exchange involution) or ®D=A (with
involution) for A an associative division algebra, or else ® = @, is a split quaternion
algebra with standard involution. In the latter case the involution is of first kind, so
we can only have D=A @ A° or D=A. The first of these leads back to (i); here
A=p @ (1—p)° and H((A @ A°)W, ¥)~ AW, The second leads to (ii): H(AD, *).

3. Forms of algebras of degree 2. For the degree 2 algebras A(Q, S, x) of
type (III) the case of characteristic 2 must be treated separately. We begin with the
characteristic #2 case. A form of an algebra of generic degree 2 is itself of degree 2,
a2—T(a)a+ N(a)l =0 for T, N the trace and norm. Here A* = ®1 + B is the Jordan
algebra of a quadratic form Q on B, B being the space of elements of trace zero,
with T(a)=2c, N(@)=e*—Q(v) for a=al+v (veB). The noncommutative
product is determined by the rule that 1 acts as identity and vyw=v-w+v x w for
v, w € B, where v-w=3(vw+wv)=3{Q(v+w)— Q@) — QW)}l =o(v, w)l is a sym-
metric bilinear form with o(v, v)= Q(v) and v x w=%4(vw—wo) an alternate bilinear
product on 8. Flexibility implies v-[v, w]=[v, v-w]=0 for v, w e B, or o(v, v x W)
=0. By linearization, o(u X w, v)=o0(v, ux w)= —o(u, v x w)=0o(u, wxv) and o is
associative. (Conversely, if o is associative then o(v, v x w)=0(v x v, w)=0.)

THEOREM 4. Let @ be a field of characteristic #2. The noncommutative Jordan
algebras of generic degree 2 are precisely the algebras (o, x)=®1+B where
multiplication is given by

vw = o(v, W)l +oxw (v, we B)

where v X w is an alternate product on B, v xv=0, and o is a symmetric associative
bilinear form on B, o(u x v, w)=0a(u, v x w). (o, x) is a division algebra if and only
if the quadratic form Q(v)=a(v, v) does not represent 1 or 0.

Indeed, % is a division algebra if and only if N(a)#0 for a#0, or Q(v)#«? does
not represent a square unless v=0, « =0, and this is equivalent to saying Q does not
represent 1 or 0.

Now we turn to the characteristic 2 case. Suppose % is a form of an algebra
A(Q, S, x) of type (III). Then A is of degree 2, a®—T(a)+ Q(a)l =0, where T(a)
= Q(a, 1) is not identically zero since Q(a, b) is nondegenerate. Therefore we can
choose t € A with T(¢)=1. (Note T(1)=2=0 in the characteristic 2 case, and also
0O(a, a)=2Q(a)=0.) Thus we have 1,z with Q(1, D)=0(t, t)=0, Q(,t)=1.
Splitting off this hyperbolic subspace, we can write A=P1 P PP B for
B={v| Q(1, v)=Q(t,v)=0}. Clearly t2=T(t)t+ Q(¢t)l =t+71 for r=Q(z). The
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other multiplications are not so easy to establish. (Things would be much simpler
if we could take ¢ to be an idempotent, as in A(Q, S, x)=De, D De, D B, but we
are working with the general nonsplit case.)

First, we claim t8<%. By flexibility, 7o tv=1(t o v). Now tov=T(t)v+T(v)¢
+0(t, v)l=v, so t(tov)=tv, and totv=T(t)tv+T(t)t+ Q(t, t)l =tv+ T (tv)t
+ Q(t, t)1. Thus Q(1, tw)t+ O(t, tvr)1 =0, and by directness Q(1, )= O(t, tv)=0,
which means tv € 8. Thus L, induces a linear transformation S on %, and from
tov=v we have L;+ R,=1I:

tw =S, vt=U-S)v) (v e B).
For v, w e B write
) ow = f(v, W)l +g(v, wt+oxw
where f, g are bilinear forms and » x w a bilinear product on 8. From v?=T(v)v
+ Q)1 =Q(v)1 we see
fw,v) = O@), gv,v) =0, vxv=0 (veDB).

As before, flexibility gives Q(v, wyo=v{T()w+T(W)v+ Qv, w)1}=v(v o w)=0v o oW
=T@ow+T(ww)r+ Q(v, vw)l =T (vw)v+ Q(v, vw)l. Since by (4), T(vw)=g(v, w),
Q(v, vw)= Q(v, v x w), we obtain
g, w) = Q(w,w), Q@,vxw)=0 (v, weB).
Similarly,
O(ww, )1 +T(ww)t+vw+ Q@tw, v)] = tovw+votw = t(v o W)+ v(t o w)
O@, wit+ow

by flexibility; identifying coefficients of 1 we obtain Q(vw, t)= Q(tw, v). But
Q(vw, t)=f(v, w) by (4), and tw=S(w), so f(v, w)= Q(Sw, v). This establishes the
first part of

THEOREM 5. Let @ be a field of characteristic 2. U is a noncommutative Jordan
algebra of generic degree 2 with nonzero trace if and only if U is an algebra
A(Q, S, x, 1)=01 O Ot D B with multiplication

12 =t+171 (== 0(),1 =T@)),
tv = S(), vt = (I-S)(v),
ow = Q(v, SW)l + Q(v, w)t+vxw (v, we B)

where Q is a quadratic form, S a linear transformation, and vxw an alternate
bilinear product on B satisfying Q(Sv, v)= Q(v) and Q(v, v x w)=0 for all v, w € B.

A(Q, S, x, 7) is a division algebra if and only if Q does not represent 1, 0, or any
Y2 +y+ 7 forye d.
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The converse is straightforward: % has generic degree 2, with T(al +Bt+0v)=8
and N(«l 48t +v)=a?+of+ 827+ Q(v), and is flexible (it suffices if a o ab=a(a o b)
for a,be ®r+B, which reduces to N(a, b)=T(a)T(b)+T(ab) and N(ab, a)
=T(b)N(a) for such a and b, and these can be verified using T(vw)= Q(v, w),
N(@w, v)=0, N(wo, t)= Q(tv, w), Q(tv, v)= Q(v)).

The condition N(a)#0 for a#0 that % be a division algebra becomes Q(v) # o2
+of + %7 unless e =B=v=0. If =0 this means Q(v) #«2, or Q does not represent
1 or 0; if B#0 it means («/B)2+(«/B)+ 7 ¢ Q(B). Thus the necessary and sufficient
condition that % be a division algebra is that Q represent neither 1, 0, nor any
y*+y+7 for y € @.

4. Forms of nodal algebras. Once again the characteristic 2 case must be
handled separately. We consider first type (IIa).

THEOREM 6. Let ® be a field of characteristic p#0, 2. A noncommutative Jordan
algebra U is a division algebra form of a nodal algebra U(F,, C) of type (11a) if and
only if Wis an algebra (X, D) which is obtained from a purely inseparable extension
field Z=®(x, . . ., x,) of © of exponent 1, xP=c; € O, by means of the product

Xy =X-y+xxy, xxy= > d;8x0,y,
i,

where x-y is the commutative associative product in Z, 0,=0[0x; denotes partial
derivation with respect to x;, and d;; € X satisfy d;;+d;, =0.

Proof. We follow a standard argument [12, pp. 143-147]. Since Uy ="A(F,, C)
=Q1+N is nodal for some Q if A is a form of an algebra of type (Ila), A is
associative and therefore A * is too. Thus A* is a commutative associative division
algebra, i.e. an ordinary field . Any x € % has the form x=wl+z for we Q,
zeN in Ag, hence XP=w?Pl+z°P=w?l e A N Q1 =PI, and w?=« € ®. This shows
X is purely inseparable of exponent 1, so we can find generators x,, . .., x, with
X =ea; € @ such that the monomials x51-- - --xé» (0 < e; < p) form a basis for = over
®. Then, as in [12, p. 144], multiplication in % is given by xy=x-y+xx y for x-y
=3(xy+yx) the ordinary product in A+ =% and x x y=1[x, y]= D.(y) given by

xxy = d9x-0;y  (dy+d; = 0)

for certain coefficients d;; € . Conversely, every such algebra A(Z, D) is a non-
commutative Jordan algebra which is a division algebra since A(Z, D)* =Z, and
is a form of UA(F,, C) since Zy;=X QR Z=3[z,,...,z,]=F, where z;=1Q xi
—ai'” @ 1 (note that this actually implies ¢;;=1[z, z,]=1%[x;, x;,]=d;;).

REeMARK. It is more difficult to give conditions under which such an algebra
will be central. It is not hard to show the center of U(Z, D) is the set of z such that
zxA=0, i.e. D,=0. The above A will be central if and only if %, is simple. How-
ever, no necessary and sufficient conditions on the coefficients ¢;; in UA(F,, C)
=Qzy,...,2,]=Ql+N (2§ =0) are known in order that it be simple. Writing
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cy=oyl +2;; (oy; € Q, z;; € N) it is clearly necessary that at least one o;;7#0 so that
< is not a subalgebra (consequently a nil ideal).

It is also easy to see it is sufficient if the determinant det («;;) of the coefficients is
nonzero (which is possible only if # is even, since the matrix (e;;) is skew). Indeed,
since @ — a” is a homomorphism on A(F,, C)* we have {det («;,)}* =det (f)
=det (cF;) ={det (c;;)}* so that if the matrix («;,) has nonzero determinant, so does
the matrix (c;;). To prove A(F,, C) is simple in this case, we must show there is no
proper A(F,, C)*-subspace B with A(F,, C)xB<B (equivalently, D, (B)<=B
for k=1,...,n). If (d;) is the inverse of (c;) then for all x e ®B the element
Dk digr Do (X) =2k ; diy cij 94(x)=8(x) would belong to the invariant subspace B
for i=1,...,n. But then 8 would be invariant under the partial derivatives &;,
and this implies B =0 or B=A(F,, C) because if x+#0 in B has nonzero coeflicient
o of z¥1e- - -.zkn then 0% . Ofn(x)=ak,! - -k,!1+2z is invertible and in B, forcing
B =A(F,, C). This sufficiency condition is due to L. Kokoris [4, p. 491]. From the
work of J. Goldman [2] it is known the condition is not necessary.

We now turn to case (IIb).

THEOREM 7. Let @ be a field of characteristic 2. A noncommutative Jordan algebra
A is a form of an algebra (=, x) of type (1Ib) if and only if A is an algebra (o, x)
=01 @ B with product

ow = o(v, w)l +vxw (v, we B)

where o is a (not necessarily alternate) symmetric bilinear form and v x w an alternate
bilinear product on B.

(o, x) is a form of a nodal algebra if and only if o(v xw, v x w)#o(v, w)?
+0o(v, v)o(w, w). (e, x) is a division algebra if and only if o(v, v) does not represent
1or0.

Proof. Suppose first 2 is a form of an algebra of type (IIb), Ao=A(7, x)=0Q1
+ N. Since we have a?=w?1 € Q1 for any a=wl +z in A, we have a?= Q(a)l € ®1
for any a € A. Here Q is a quadratic form on 2 with values in ® such that Q(a, b)1
={0(a+b)— Q(a)— Q(b)}1 =(a+b)?—a?—b?=ab+ba=2ab=0 by commutativity
in characteristic 2.

Write A=®1 @ B where B is any vector-space complement of @1, and let E, F
be the corresponding projections on ®1 and 2. Here

vw = o(v, W)l +oxw (v, we B)

for o(v, w)l = E(vw) and v x w=F(vw) € B. Clearly o(v, w) is a ®-bilinear form on
%8, which is symmetric since % is commutative, and v x w is a bilinear product.
From v?=0(v, v)1 +v x v= Q(v)1 we conclude

a(v, v) = Q(v), vxv =0,

so v x w is alternate.
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Conversely, we claim any such A=%(s, x) is a form of an (7, x). Note that
A is commutative and a?= Q(a)l for any a € ¥, and these remain valid in any
extension Ug,. If we take Q to be the algebraic closure of ® then in %, we may write
any element as a=wl+z for w=Q(a)''?, in which case z22=(a—wl)®=a%—w?l
=Q0(a)l— Q(a)1 =0. Thus Ao=Q1+N where N={z | 22=0}={z | Q(z)=0} is a
subspace since Q(z+ w)= Q(z)+ Q(w). From this we see as before that Ao =A(+, x)
where zw=1(z, w)l+zxw (z, we RN) with 7 and zxw both alternate (because
z2=0 for z e M).

The algebras A(r, x)=Q1+ N are always almost-nil; we claim such an algebra
is nodal if and only if the form Q does not permit composition, Q(ab)# Q(a)Q(b)
(a®= Q(a)l). Indeed, since N={z | Q(z)=0} the relation Q(ab)= Q(a)Q(d) would
imply the subspace % was closed under products, hence an ideal, and A(r, x)
would not be nodal. Conversely, if %(7, x) is not nodal, so 9 is an ideal, then for
a=al+z, b=Bl+w we have ab=ofl+v (v=aw+Bz+zweN) so Q(ab)=(cp)?
=a?B?=Q(a) 0(b).

Thus A=A(c, x) will be a form of a nodal algebra Ay=A(7, x) unless Q(ab)
= Q(a)Q(b) on A (hence Ay). We want to rephrase this in terms of . For a=«al 4+,
b=Bl1+w, ab={eB+a(v, w)}1 +{aw+Bv+v x w} we have

0O(ab) = o?B2+ (v, w)?+ a2 QW) +B20(v) + Qv x W)
= {®+ Q)HB*+ Q(W)} + o(v, W)+ Qv x w) — Q(v) (W)
= 0(@)Q(b)+o(v, w)?+o(v x w, v x W)+ o(v, v)o(w, W),
so A(r, x) will be nodal unless

a(vxw, vxw) = o(v, v)o(w, w)+a(v, w)2.

Since a?= Q(a)l for Q(cl+v)=a?+0(v, v), it is clear that (e, x) is a division
algebra if and only if Q(a)+#0 for a0, which means Q(v)#«® unless a=v=0, or
equivalently Q(v)=oa(v, v) does not represent 1 or 0.

REMARK. Nodality of %A(r, x) is also equivalent to 7#0, but since 7 is not the
extension of ¢ (N need not be the extension of B) this condition is not so easily
translated into a condition on o.

Also notice the formal similarity between these algebras (s, x) and the (o, x)
of Theorem 4; in some ways these characteristic 2 nodal algebras are traceless
versions of degree 2 algebras (a®— T'(a)a+ Q(a)l =0 becomes a%= Q(a)! in charac-
teristic 2 when T=0).
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