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SYMMETRIC MASSEY PRODUCTS AND A HIRSCH
FORMULA IN HOMOLOGY(*),(*)

BY
STANLEY O. KOCHMAN

Abstract. A Hirsch formula is proved for the singular chains of a second loop
space and is applied to show that the symmetric Massey produce {(x>” is defined for x
an odd dimensional mod p homology class of a second loop space with p an odd
prime. {x)? is then interpreted in terms of the Dyer-Lashof and Browder operations.

1. Introduction. When using the Eilenberg-Moore spectral sequence for odd
primes p, it is often desirable to interpret the Massey product with a symmetric
defining system <{x)?, deg x odd, in terms of operations on x. We will show that
under suitable technical hypotheses, there are operations 8Q and A defined on the
homology of the cobar construction on a differential graded Hopf algebra and
{x>P = —BO(x)+adi ~(x)(Bx). We will apply this result to the homology of second
and higher loop spaces where we will identify BQ with the first nontrivial Dyer-
Lashof operation and A with the first Browder operation. Then we will apply this
result to the cohomology of any topological space where we will identify B8Q with
the last nontrivial Steenrod operation to obtain a new proof of a theorem of
D. Kraines. In our study of the former situation we will show that the singular
chains of the Moore loops of a topological monoid satisfy the Hirsch formula

(ab) Uy ¢ = (= 1)*%a(b Uy ¢) +(—1)*E> € %(a U, )b,

which G. Hirsch [8] proved for a, b and ¢ singular cochains on a topological space.
The author is very grateful to J. Peter May for his many helpful suggestions
throughout the preparation of this paper.

2. A Hirsch formula in homology. Before we turn our attention to the Hirsch
formula, we recall a few definitions.

If (Y, %) is a based topological space then we define the space of loops on Y as
in J. Moore [17, p. 18-03] with the convention that if (r, f) € QY then f has domain
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R with f(#)== if t<0 or t=r. If Y is a topological monoid then define the

Pontryagin product on the singular chains of QY to be the composite

CUQY) ® CiQY) L, Cn@YxQY) P, @Y)

where 7 is the shuffle map and P((ry, f1), (r2, f2)) =(r1 +rs, f) with f(£)=11()f2(2).
C«(QY) thus becomes a differential Hopf algebra.

DEFINITION 1. Let 4 be a homotopy commutative DGA-algebra. Any homotopy
on A which shows that the product is homotopy commutative is called a cup-one
(V,) product. In symbols, for all a, be A

o(a Yy b)+d(a) v, b+(—1)%*2q U, 8(b) = [a, b).
Let w={e, T} be the cyclic group of order two. The join of 7 with itself is
J2r = {[tx,(1—1t)y] | t€[0,1] and x, y e 7}/ ~

where ~ is the equivalence relation generated by identifying Oe with 07 (see
J. Milnor [16, p. 430]). J2#7 has the m-action

z-[tx,(1—1t)y] = [tzx, 1—1t)zy] for x,y,zemand ¢t € [0, 1].

There are singular 1-simplexes 7, and 7, on J2x defined by 7,(z, 1 —t)=[(1—1)e, te]
and 7,(t, 1 —t)=[(1—-1)T, te] for t € [0,1 ]. Let r=7,— 7, € Cy(J?m).

DEerINITION 2 (E. DYER AND R. LASHOF [5, p. 37]). If Y is a topological monoid
and X'=QY then the following composite defines a cup-one product on the singular
chains of X:

Co(X) ® Cy(X) —s Co(J?m) @1 C(X) ® C(X) LB, C\(J77) @, Co(X x X)

N, Cu(JPmx, Xx X) 2%, Cux)

where ¢ is the inclusion map of degree one defined by W(a® b)=r R a R b, 7 is
the shuffle map and 6: J27 x X x X — X is the m-equivariant map defined by

6([(1 = 1)x, te], (ro, fo), (r1, SN(S) = Ficol($)fica(s)s

fé=f0,f{(s)=f1(s_tr0)9 xem, tel0,1], (ro, fo) € X, (r1, f1) € X and 5 € [0, ro+r4].
Note that X is given the trivial #-action while X x X and Cy(X) ® C,(X) have a
m-action by permuting their factors.

The object of this section is to prove the following theorem:

THEOREM 3. If a, b and c are singular chains on the Moore loops of a topological
monoid and U denotes the cup-one product of E. Dyer and R. Lashof (5] then

(ab) U, ¢ = (= 1)*82%q(b U, ¢)+(—1)%ebdeEc(q U, c)b.
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The following definition and theorem from S. Eilenberg and S. Mac Lane [7]
will be used in the proof of Theorem 3 to manipulate the shuffle product.

DEFINITION 4. (a) Let Z, be the symmetric group on n letters which acts on the
set {0, ..., n—1}. Then

sh(ny,...,n)

j-1 s
={oezn|o(u)< a(v) if Z mu<v< Zn,forsomel <j= t}
i=1 i=1
where >!i_; m;=nand n,20, 1 i<t

(b) Let X be a topological space. For 1 <j<t define the natural degeneracy
operators p;: sh (ny, ..., n;) = Hom (C,,(X), C,(X)) as follows: Let

ocesh(ny,...,n)

and let

gy st} = {0, .. .,n—1}-{a(h+:=§: n,)

0§h<n,}

with m,<my ., for 1 £k<n—n,. Then
pA9) = Sy, 0 o Sny
THEOREM 5. Let X1, ..., X, be topological spaces. Define the shuffle map
7e: [Co(X1) ® -+ - ® Co(Xp]n —> Cu(X1 X -+ - X X))

by
waQ - -Qa)= > )(sgn 0)[pi(0)(@)]x - - - X [po)(ay)]

o esh(ny,..., ne.

where a, € C,(X;) for 1 £i<t and n=73}_, n,. Then v, is a natural chain equivalence.
Furthermore,

t
M Q- Qa) = 122 Z N2((mz+ - - M2(n2(a; ® a2) @ a3)- - -) ® a,).

gesh(ng +-- +ny-1,n)

That is, the following diagram commutes:

Cu(X1) @+ -® Cu(Xy) nt Ce(Xy1 X% -+ xX})

1"72 ®1 I’Iz

Ca(X1 %X X3) @ Co(X3) Q- - -® Cu(X)) _"71), : '& Cu(Xyx -+ x Xy 1) ® Cy(X))

We now apply all of the preceding definitions and Theorem 5 to evaluate
a(b U, ¢), (a Y, ¢)b and (ab) v, c.
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LEMMA 6. Let Y be a topological monoid with X=QY anda: A* — X, b: A’ - X
and c: A" — X singular simplexes. Then

0 a(b Y, ¢)
= . Sh(aZB , 1)(— 1)#**(sgn 0)Ps{[p1(0)(@)] x Ox[pa(0)(7) X p5(0)(B) X pa(0)(c)]}s
(@Vicb = > (=17 (sgn o)
(ll) o € sh(e,8,7,1)
“Pi{0x[pa(0)(7) X p1(0)(@) X p3(0)()] X [p2(a)(B)]},
(@)Uyc= > (=1)*5+"(sgn o)
(lll) o esh(a,B,7,1)
“04{pa(0)(7) X Py[(p1(0)(@)) X (p2(0)(B))] X p3(a)(c)]}-
Proof. (i)

ab Vi) =(Pxon)o(1®60,)c(1@7)(1@1Q7)(1®Ja® (b c)]
by Definition 2. Hence

abue)= > D > (sgnp)(sgnv)(sgn €)

nesh(a,B+y+1) vesh(1,8+7) &esh(B,y)
“Pyl[p1(1)(@] % Ox[pa(pr) © p1(¥)(7) X pa(k) © pa(v) © p1(€)(b)
X pa() o pa(v) © pa(§)()]}
by Definition 4. Hence

ab v, ¢) = > > > (=1)#rertarbasgn p)(sgn v)(sgn £)

uesh(B+y+1,0) vesh(B+7v,1) &esh(B,y)

“Pi{lp2(0)(@)] x O4[p1(1) o po(¥)(7) X p1() © p1(¥) o p1(€)()
x p1(p) o p1(v) o pa(£)(O)]}

since there is a one-to-one correspondence F: sh (m, ny, . .., n,) —sh (ny, ..., n, m)
with sgn F(o)=(—1)™™*""*") sgn ¢ defined by

F(o)(k) = o(k+m) fO<k<n+--+n,
=ok—n—---—n) fm+-- -+ =k <nm+---+n+m
Hence
a(byu,c) = Z (= 1)eB+ar+a+b+y(son o)

g esh(8,y,1,a)

“Pi{[pa(0)(@)] % Oxlpa(0)(7) x p1(a)(B) % p2(0)(c)]}
by Theorem 5. Thus,

abusc)= >  (=1)*’(sgno)

o esh(a,B,7,1)

“P{[p1(0)(@)] % Oxlpa(a)(7) X p5(a)(B) X pa(0)(O)]}

by using the above one-to-one correspondence F again.
(i) and (iii) are proved in the same way as (i).
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Proof of Theorem 3. By the previous lemma, it suffices to show that if

oesh(e,B,y, 1)
then

0x{pa(0)(7) x P[(p1(0)(@)) X (p2(0)(B))] X ps(a)(c)}
= Py{[p1(0)(@)] X Ox[pa(0)(7) X p2(a)(b) X pa(0)(c)]}
+ Py{04[pa(0)(7) X p1(0)(a) x pa(a)(c)] x [p2(a)(D)]}.

Since 7=17,— 7, this follows from the following three identities:

) O4{pa(o)(71) X Px[(p1(0)(@) X (p2(0)(B))] X ps(a)(c)}

= Pil[p1(0)(@)] X Ox[pa(0)(71) X p3(0)(B) X p3(a)(c)]},
@ 04{pa(0)(72) X Pxl(p1()(@)) X (p3()(B))] X ps(e)(c)}

= Py{0x[pa(0)(72) X p1(0)(@) X p3(0)()] % [p2(e)(B)]},

Py{lp1(0)(@)] % Bx[ps(0)(72) X pa(0)() X pa(0)(c)]}
= Py{0x[ps(0)(71) X p1(0)(a) X p3(0)(c)] X [p2(c)(B)]}-
We will only prove (1) since the proofs of (2) and (3) are similar to the proof of (1).
We will show that the two singular («+8+y+ 1)-simplexes in (1) are the same by

evaluating them on a point (¢, . . ., f, 4 54+y+1) Of AT8+7+1 and then by evaluating
the resulting two points of QY on s € [0, c0).

0:4{pa(0)(71) X Px[(p2(0)(@)) X (p2()(B] X pa(@)()} (o> - - -5 asp+4+1)(S)
= O0[ry(f, 1-7), a(tg, . . ., t)-b(tg, . . ., t5), c(tg, - . ., )1(s)
= [a(ts, . . ., LIS, - - -, 1)E[e(ES, - . ., 17)H(s)]

by Definitions 2 and 4 where

3

P1(0)(tos - - s taspiyr1) = (855 - - -5 La),

p2(0) o, - - -5 taspiysr) = (tos- - -5 14),

Pa(0)(fos - - s taspaysr) = (1555 1))
and

Pi(o)(tO’ ceey ta+B+7+1) = (i’ l_f)°

Pi{[p1(0)(@)] x Ox[pa(0)(71) X pa(0)(B) X pa(o)()P(tos - - -5 tasp4y+1)(S)
={a(tg, ..., ta)- O[r1(F, 1=0), b(23, . . ., t5), c(t3, - - ., t7)(s)
= [a(ts, . . ., )b, - . ., t5)(Se, - - ., 17)(s)].

These two calculations prove (1).
As in G. Hirsch [8], we have the following corollary to the Hirsch formula.
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COROLLARY 7. Assume that Y is a topological monoid and let x,y € H(QY; Z,).
If xy=0 then {x, y, x) is defined and

{x, p, x) = yQr*eex(x) modulo xH(QY; Z,).

3. Symmetric Massey products. Henceforth p will denote an odd prime.

DErFINITION 8. Let 4 be a GDA-algebra over Z, with x € H,,_1(A4). The sym-
metric Massey product {x)* is said to be defined if there exist elements a;, ...,
a,_, € A, called a defining system of {x)*, such that {a,}=x and d(a,))=>%-} aa,_,
if 2<t<k—1. If {x)* is defined then it equals the set of all homology classes
{3kt a,a,,_} where ay, ..., a,_, varies over all defining systems of {(x)*. If {(x)>¥
is defined and equal to a single homology class then {x)* is said to be defined with
zero indeterminacy.

LEMMA 9. Let A be a DGA-algebra over Z, which has a cup-one product that
satisfies the Hirsch formula. If x is an odd dimensional homology class of A then
{xDP is defined with zero indeterminacy.

The proof of Lemma 9 is a direct generalization of the proof of Theorems 15
and 17 in D. Kraines [10] where Lemma 9 is proved for the special case when x is
an odd dimensional cohomology class.

DEerFINITION 10. Let 4 be a DGA-coalgebra over a commutative ring R. Define
the cobar construction FA4 on A as the tensor algebra 7(s/4) on the augmentation
ideal s74 where the s indicates that the degree of each element is decreased by one.
Elements of T(sIA4) will be denoted [a,|- - -|a,] for ay, ..., a, €sl4, and [ ] will
denote the identity element of T(s/4). FA has three differentials d, d, and d, where

d = d1+d2,

K
dila|- - -la] = 4-21 (@] -|@;-1|d(a)|a;sa]- - - |al,

K
d2[a1| . 'Iak] = 1—21 Z [ﬁ1| ce ]di_1|ﬁ§|a2’[a,+1|- . |ak],

ay,...,axesld, a=(—1)*%%g and J(a)=> a, @ a]. FA is a differential
algebra under d. By J. F. Adams [2, p. 36] and J. P. May [14], if 4 is a differential
Hopf algebra then FA has a cup-one product which satisfies the Hirsch formula.

DEerINITION 11, Let 4 be a connected DGA-Hopf algebra over Z,. Define the
primitive elements of 4 by PA={ac A |y(@)=a® 1+1Q a}. For ac 4, let
J(@)=y(@)—a ® 1—1 ® a. There is a natural inclusion of complexes [PA] — FA.
When this map induces an isomorphism in homology we will write H,([PA])
= H,(FA).

There are two important examples of connected DGA-Hopf algebras 4 over Z,
with H,([PA])=H,(FA). They are A=C,(Q2S2X) for X a connected topological
space and A=C*(K(Z,, n)), n=2. In fact, by D. Kraines [11] these two examples
have the stronger property that every decomposable d,-cycle of FA is a d,-boundary.
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DEFINITION 12. Let 4 be a connected DGA-Hopf algebra over Z,. Define two
operations Q: Hy,_1([PA]) = Hgpp-1(FA) for n=1 and A: H([PA]) ® H([PA))
— H,,.1(FA) for r=0 and s=0 by Q{[al}={[a"]}, M(1 ® x)=A(x ® 1)=0 and
A{[6) ® {[e)={[bc—(—1)T*VE+Dep]} where ae€ PAy,, x€ Hy(FA), be PA, .,
with r>0, ¢ € PA, ., with §>0, d(a)=0, d(b)=0 and d(c)=0.

We will show in Lemma 15 that A is well defined and if A=4'® Z, with 4" a
Z-free connected DGA-Hopf algebra then BQ is well defined. Thereafter, we will
prove the following theorem.

THEOREM 13. Let A’ be a Z-free connected DG A-Hopf algebra with A=A' ® Z,
and assume that every decomposable dy-cycle of FA is ady-boundary. If x € H,,, _(FA),
nz1, then {x)? is defined with zero indeterminacy and

x)P = —BO(x)+ad} Y (x)(Bx).
Recall the use of the notation ad,:
adi(x)(y) = Mx®y) and adf(x)(y) = Ax ® ad{~*(x)(y)) ifk = 2.

Similarly in any algebra over Z, we may define ad*(x)(y) by substituting the com-
mutator operation for A. Thus,

ad?~Y(x)(y) = [x, [x,..., [x, ¥]...] (xtaken p—1 times)
p—1
— P—1—1;)41
;O x yx
if deg x or deg y is even by N. Jacobson [9, p. 186]. Observe that if x={[a]},
y={[b]}, a, b € PA, d(a)=0 and d(b)=0 then ad?~}(x)(y)={[ad”~(a)(b)]}.

LeMMA 14. Let A be a connected DGA-Hopf algebra over Z,. If a € PA,, with
d(a)=0 then {{[al})? € Hyp,p - o(FA) is defined with zero indeterminacy and

dtap = {5 C2=D ajer-1}-

Proof. By Lemma 9, {{[a]})? is defined with zero indeterminacy. Let q;=
(—=D*A/iYa]if 1si<p—1. Then ay,.. ., a,_, is a defining system for <{{[a]})?,
and

P 3 ia —i -
Z aa,_; = Z (p—) [aflap f]‘
i=1 =1 P

LemMa 15. Let A’ be a Z-free connected DGA-algebra with A=A' Q Z,. Then
BO and A are well defined.

Proof. To prove that BQ is well defined, we must show that if b€ PA,,,,
a€ PA,, and d(a)=0 then B{[a’]} =pB{[(a+d(b))*]}. By N. Jacobson [9, p. 187],
(a+d(b))’ —a? —d(b)* is in the sub-Lie algebra S of PA generated by a and d(b).
Clearly, every element of S except for Z,-multiples of a is a boundary. Hence
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[(a+d(b))*] is homologous to [a?]+ [d(b)?]. Therefore B{[(a+ d(b))*]} =B{[a"]} since

o=1(i n_:
ey = —{ '3, CL=D ey jaey -1}
= —{[d®]}>* by Lemma 14
= —<{d[b]}* = 0.
A is well defined since if a € PA,, b€ PA,,c€ PA,,,,e € PA,,, withr,s=2,d(a)=0
and d(b)=0 then
[(@+d()(b+d(e)—(—1)(b+d(e))(a+d(c))]
= [ab—(—1)"ba]
+d([cb—(—1)C*Vbc] +(— 1)*[ae— (—1)*"* Vea] + [cd(e) — (— 1) * Ve(e)c]).

Proof of Theorem 13. We will compute 8Q(x) by using the hypothesis that every
decomposable d,-cycle is a d,-boundary and then relate the result to (x> by
applying Lemma 14. Since H,([PA])= H(FA), write x={[a]} with a € PA4,, and
d(@)=0. Choose any a' € Ay, which reduces to a mod p. Then d(a’)=pb’ and
J(a)=p >t_1 a, ® bjfor some b’, a;,b,c A’. Let b’, a;, b, reduce mod p to b, a;, b; € A
respectively. Then B{[al}={[b]+>}_1 [@|b:]}. >}-1 [@|b;] is a decomposable ds-
cycle which by hypothesis must bound. Hence there exists ¢ € 4,5, with §(c)=
St_1a; ® b;. Thus, B{[al}={[b—d(c)]}. Choose ¢’ € 43, which reduces to ¢ mod p.
Let a"=a’'—pc’ and b”"=b"—d(c’). Then a” and b" reduce mod p to a and b respec-
tively, d(a”)=pb" and {(a")=p?e’ for some e’ € (4’ @ A')zy.

di[a"?] = plad”~*(a")(b")]

since

b4 P
d(a//p) — Z aw_ld(au)aﬂp_g =p Z alri_lb”a”p_{ — padp_l (au)(b”)
i=1 i=1
by N. Jacobson [9, p. 186].

p_l . - .
dgla’] = —p ‘_Zl (l’LpL) [a"|a"~'] modulo p?4’ ® A’

since
P(a?) = (@" @ 1+1Q a"+p2e'y
=@ ®1+1Q®a")" modulo p?4’ ® A’
p-1
= > (i,bp—i)a"®a""' modulop®4’ @ A4'.
i=1
Hence

BO() = B(la”]} = {[ad®~? (a)(b)]}—{'g “”Tf” [a'|av-*1}

= ad} ™! (x)(Bx)—<x)”
by Lemma 14 and Definition 12.
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Note that A. Clark [4] contains germs of some of the elements of the proof of
Theorem 13.

When we apply Theorem 13 to the homology of a second loop space and to the
cohomology of any topological space, the major task will be to identify the opera-
tions BQ and A with the Dyer-Lashof operation Q™ and the first Browder operation
); in homology and with the Steenrod operation 2™ and 0 in cohomology. We will
first show in Theorem 17 that BQ and A have all the properties that one expects.
Then under suitable technical hypotheses we will prove a uniqueness theorem for
BQ.

DEFINITION 16. Let A be a connected DGA-Hopf algebra over Z,. Define the
suspension map o: IH,([PA]) — H,..(4), n=0 by o{[al}={a} if aePA with
d(a)=0. Note that o is well defined, the image of o is a submodule of PH,(A4) and
if Hy([PA])=H.(FA) then IH,(FA)? is contained in the kernel of o.

THEOREM 17. Let € be the category of Z-free connected DG A-Hopf algebras A’
such that every decomposable d,-cycle of FA is a dy-boundary where A=A' ® Z,.
Then BQ and X satisfy the following properties on the objects of €:

(a) A is natural.

(a)’ BQ is natural.

(b) Ais linear.

(d) BO(x+y)=BO(x)+BO(y)+3P1 Bdi(x®y) and BO(kx)=kBQ(x) if
x,y € Hy,_1(FA) and k € Z, where d'(x ® y) is defined by

id(x®y) = 2 ad{ (x) adf: (») - - - ad} (x) ad}r (¥)(x),

the sum taken over all (jy, ky, . . ., jr, ki) such that k2 1,j, 20,72 1ift>1, > j=i—1
and > ky=p—i. The important points to note are:

(1) BO(x+y)—BO(x)—BQO(y) is in the image under the Bockstein of the sub-A-
algebra of H,(FA) generated by x and y,

(2) by (), BQ is additive if A has a cup-one product such that a, b € PA implies
aVU, bePA.

(c) A suspends to the commutator operation on Hy(A).

(c)' The relation Q suspends to the pth power operation on H(A).

(d) (External Cartan Formula) Let A’, B’, C’' € € and assume that f': A’ ® B’
— C' is amap of DGA-Hopf algebras withf,: H(A @ B)— H,(C) anisomorphism.
Let n: FA ® FB — F(A ® B) be the canonical map. Then ng* o F(f)s* defines X on
H,(FA) ® H,(FB) and

Mx®y)® @) = (—1)lsr@ =i x @ u) ® yv
+(—1)desud+desnyy @ Ay Q v)

where x, u € H,(FA) and y, v € H,(FB).
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(d)” (Internal Cartan Formula). If A € € and x, y, u, v € H,(FA) all have positive
degree then

)‘(xy ® uv) — (_ l)degy(l +degu)/\(x ® u)yv+(— l)degu(l +degy)xu)‘(y ® U)
and

Ay @ uv) = My ® wv+(—1)%"*E*A(y @ v)u.

(d)’ (Cartan Formula). Let A’, B’, C’' € € and assume that f': A’ ® B'— C’
[or g:C"— A" ® B’'] is a map of DGA-Hopf algebras with f,: Hy(A ® B) —
Hy(C)lgy: H(C) — H (A ® B)] an isomorphism. Then g o F(f)x[nx oF(g)x]
defines BQ on H(FA) ® Hy(FB) and [if A=0 on H,(FA), H.(FB) and H(FC)
then)

BO(x®y) = x* @ BE(¥)+BO(x) ® y*

where x € Hy(FA), y € Hy(FB) and deg x ® y is odd.

(6) Mx ® y)=(—1)tcexdesvrdeex+dev)(y @ x) if x, y € Hy(FA).

(f) If A has a cup-one product such that a, b € PA implies a U, b € PA then A=0
on H(FA).

(g) (_ 1)(1+desx)(1+degz)A(x ® )\(y ® Z))+(— 1)(1+degy)(1+degx)A(y ® )\(Z ® x))+
(—1)a+des+de8 NNz @ A(x ® y))=0 if x, , z € Hy(FA).

Proof. (a), (a)’, (b), (), (c)’, (e) and (g) are clear from Definitions 12 and 16.
(b)" Write x={[al} and y={[b]} with a, b € PA,,, d(a)=0 and d(b)=0. Then

BOGr-+7) = Billa+bP] = BIB+BP°)+ 3, Allsa ® B

by N. Jacobson [9, p. 187]. s;(a ® b) is defined in the same way as d'(a ® b) by
replacing A with the commutator operation. Hence

BO(x+y) = BQ(X)+BQ(y)+:’Z: Bd'(x ® y).
BO(kx) = B{[k*a]} = kB{[a"]} = kBQ(x).

(d) Observe that F(f), is an isomorphism by the naturality of the Eilenberg-
Moore spectral sequence.

Case 1. x, y, u and v all have positive degree. Let x={[a]}, y={[b]}, u={[c]} and
v={[e]} with ae PA4,, be PB;, cc PA,, ecPB,, d(a)=0, d(b)=0, d(c)=0 and
d(e)=0. Then F(f)on([al® [b)=[fa® 1) |f(1 ® b)] and F(f) < n([c] ® [e])
=[fc® 1) | /1 ®e)] Since [f(@a® 1) |1 ®b)] and [f(c® 1) |f(1®¢)] are
decomposable dy-cycles, there are g, h e C so that [f(a ® 1) | f(1 ® b)] is homol-
ogous to [d(g)] and [f(c ® 1) | f(1 ® €)] is homologous to [d(h)]. Moreover, d(g)




1972] SYMMETRIC MASSEY PRODUCTS AND A HIRSCH FORMULA 255
and d(h) are primitive, J(g)=(—1)*(a ® 1) ® f(1 ® b) and $(h)=(—-1)"f(c® 1)
® f(1 ® e). Hence
Mx®y)® u®v)
= nx b o F(f)x H[d(g)d(h) — (= 1)+ D+ Dd(h)d(g)]}
= (=1)"**D{fac—(—1)cal @ [ble]} +(—1)*7* P{[a|c] @ [be —(—1)**eb]}
+n5 1o F(f)x Hd([gd(h)— (= 1)@+ 8+ Do+ Dhd(g)] — [g|h]
+(__1)(a+B+1)(7+£+1)[h|g]
—(=D)***[f(a® 1) | f(1 ® b)h]
_(_ 1)5(7+8+1)+a+7+8[f(a® l)h lf(l ® b)]
—(=DerBareDfe® 1) | f(1 @ e)gl
—(=1)“*P[flc®@ g | (1 @ €)]
—(=1ferrenrelflac ® 1) | f(1 ® eb)])}
= (=1 ONx Q@ u) ® yr+(— 1" *Vxu Q@ My Q v).

Case 2. x=1 and y, u, v have positive degree. With the notation of Case 1,

M1 ®y)® @ ® v) = 75 o FA): {1 ® bd(h)— (= 1)°"**2d(h)f(1 @ b)])
= (= 1P+ {[c] @ [be—(~1)eeb]}
+nit e F(N# HdI(~ 1Pf(1 ® BYh—(~ 1P+ Dhf(1 @ b)]}
= (DU Ny ® ).

Case 3. x=1, v=1 and y, u have positive degree. With the notation of Case 1,

MNI®y)®@® 1) =25t F()e {If(1 @ b)f(c ® DN—(—1DP’f(c @ D1 ® I}
= 0% o F(N)x {[(=DPf(c @ b)—(—1)Pf(c @ )1} = 0.

(d);’ To prove the first assertion apply Case 1 of the proof of (d) with 4, Band C
all equal to 4 and F(f) o » replaced by the multiplication p of FA. The computation
which concludes the argument must be appropriately altered to take place in
H,(FA) rather than in H(FA) ® H,(FA) since p is not an isomorphism. We now
prove the second assertion with the notation of Case 1 of the proof of (d).

Ay @ uv) = {[bd(h)—(— 1’7+ Vd(h)b]} —{d[(— 1)’bh—(— 1)’ *** Dhb]}
= {lbe—(=1)7ch | el}+(—1)P7*¥{[c | be—(—1)**eb]}
= A(y ® u)U+(— l)(Y+l)(8+l)A(y ® v)u.

(d)’ We will show that if deg x is even and deg y is odd then BO(x ® y)=
x* R BO(Y). ¢€: F(A® B)— FA® FB and F(f): F(A ® B)— FC [or F(g): FC —
F(A ® B)] are maps of DGA-algebras which induce isomorphisms in homology.
Hence by J. P. May [13, p. 540] any one of FA ® FB, F(4 ® B) or FC can be used
to calculate Massey products in H,(F(4 ® B)). Let x={[a]} and y={[b]} with
acPA, bePB, d(a)=0, and d(b)=0. Then (—1)'**(1/iD[a|---|a] ® [b'] for




256 S. 0. KOCHMAN [January

1Zisp—1 is a defining system in FA ® FB for {<x® y>?. Hence {x ® y>P=
xXP Q< y)P.
BO(x ® y)

Il

—<Kx®y>+adi ' (x® y)Bx Q@ y+x X By) by Theorem 13
= —x*@{y>*+ad} ' (x® y)(x ® By) by (d)

since y*=0 and A(y ® y)=0 [A=0]. Since A(y ® yB(»))=yA(y ® B(»)) by (d)”

and y%2=0,

ad} "' (x ® y)(x @ By)

= @k Q)+ 3, X B ) @y adk? ()(E)

= x" @ ad}~* (»)(By)+ tg (p—Dx""2Ax ® x) ® y ad} "2 (y)(By) by (d)"

= x* @ adf~* (»)(By)
since 7= p—i=1p(p—1) which is divisible by p. Thus,

BO(x ®y) = x* ® (—=<y>P+ad} "t (»)(By)) = x* @ BO(»).

(f) Let x={[a]}, y={[b]} € Hi«(FA) with a, b € PA, d(a)=0 and d(b)=0. Then

a\U, be PA and d(a v, b)y=ab—(—1)¥82%e%hq by Definition 1. Hence
Mx @ y) = {lab—(—1)*s2%#%a]} = {[d(a U, B)]} = {d[a U, b]} = 0.

A second loop space B=Q2C has two homology operations defined on
Hy(B;Z,): a Dyer-Lashof operation Q": H;,_,(B)— H,,,_1(B), n=1, and a
Browder operation A;: H(B) ® H(B)— Hj,;+1(B), j=0, k20. W. Browder [3]
and J. P. May [15, §6] have shown that these two operations satisfy the analogues
of properties (a)-(g) and (a)’—(d)’ of Theorem 17.

The following theorem shows that BQ is uniquely determined by several of its
properties.

THEOREM 18. Let A’', B'€ € and assume that H(A)=E{L~}® P{L*} as co-
algebras where L~ is a set of odd degree elements and L* is a set of even degree
elements. Let A: A — B be a map of DGA-Hopf algebras and f: A @ A — B [or
g:B—> A Q A] a map of DGA-Hopf algebras with fy: Hy(A ® A) — H(B) [or
8x: Hy(B) - Hy(A ® A)] an isomorphism [and A=0 on H,(A) and on H.(B)].
Assume that R: Hy, (FX)—> Hgnp_1(FX) for all n=1 is defined for X=A and
X=B such that

(1) Ro F(A)x=F(A)x o R.

(2) R(x+y)=R(x)+R(y)+ 251 d(x ® y) and R(kx)=kR(x) if k € Z,,

x,y€Hy _(FX) for X =Aand X = B.

(3) R suspends to the pth power operation for X=A and X=B.
(4) R satisfies the Cartan formula on H,(FA) @ H.(FA).
Then BQ=BR on H.(FA).




1972] SYMMETRIC MASSEY PRODUCTS AND A HIRSCH FORMULA 257

Proof. Assume that 8Q#BR on H(FA) and let x € H,,_,(FA) be an element of
smallest degree for which BQ(x)#BR(x). By the naturality of the Eilenberg-Moore
spectral sequence F(f)y: Hy(FA) ® H(FA) — Hy(FB) [or F(g)s: Hy(FB) —
H,(FA) ® H«(FA)] is an isomorphism, and hence we can define a coproduct on
H(FA)by p=F(f)* o F(A)x [§=F(g)x ° F(A)x]. If h(x) =2 x" @ x" then ) - BO(x)
=5 BO(X) ® X7+ x” ® BO(x") and ¢ o BR(x) =3 BR(X) @ x""+ 3 x'" @ BR(x")
by Theorem 17(d)’ and hypothesis (4) of this theorem. Hence SQ(x)—BR(x) is
primitive. Therefore it is indecomposable since deg (8Q(x)—BR(x))=2np—2, and
the only decomposable primitive elements of H,(FA) are pth powers. Let Q(x)
denote a fixed choice of the relation Q on x. Then Q(x)— R(x) is in the kernel of
the suspension map o. Furthermore, Q(x)— R(x) is indecomposable because its
image under B is indecomposable. By J. P. May [12], Hy(FA)=P{sL~} ® E{sL*}
® P{tL*} as algebras. Hence tL* is a Z,-basis of (Kernel o) N QH(FA), all of
whose elements lie in degrees congruent to p—2 mod p. This is a contradiction
since deg (Q(x)— R(x))=2np—1#p—2 mod p. Hence BQ =BR on H,(FA).

THEOREM 19. Let x € H,,_(X), X=Q2Z, X connected and n=1. Then {x)? is
defined with zero indeterminacy and

P = —BQM(x)+adi (x)(Bx).

Proof. By Theorem 3 and Lemma 9, {x)? is defined with zero indeterminacy.
The following diagram commutes and the vertical map is a morphism of second
loop spaces:

X — Q282X

N

X

Hence it suffices to evaluate <x)? on H(X)< H,(Q252X). By J. F. Adams [1],
there is a map ¢: FC(QS2X) — C,(Q2S2X) of differential algebras which induces
an isomorphism in homology. By D. Kraines [11], the hypotheses of Theorem 13
are satisfied. Hence {(x>?= —BQ(x)+ad} ! (x)(Bx). It remains to show that BQ
and A correspond to Q" and A; under the isomorphism ¢,. As a first step, we will
prove that the Adams map ¢, commutes with the suspension map and the external
product. That is, we will show that Figures 1 and 2 commute. Figure 1 clearly
commutes. Note that

7t Co(QS2X) ® Ce(QS?Y) — Co(AS%X x S?Y))

is a map of DGA-Hopf algebras and hence induces an algebra homomorphism
F(n). Figure 3 shows that Figure 2 commutes on elements of H,(FC,(Q2S%X)) ® 1.
Similarly Figure 2 commutes on elements of 1 ® Hy«(FC4(25%Y)), and hence
Figure 2 commutes on all elements of H,(FC,(QS2X)) @ H(FC4(QS?Y)) since




2
m € 3NOL]
= ((* XX 8):0)*H ((* Q (X:S:0)*2)*H 1 ® (XzS0)*H
SANWWOD SIINWWOod
3 =}
m (L eS XXeS)O)VH < (L8000 R (X zS:0)*0)*H (A zS20)*H @ (X £S0)*H m
s S |+ 4®i S |1®*
(A28 X X2SYOV*OL)*H < (A zSV)*D ® (X :SV)*I)D*H + (U :SV)*0d @ (X eSV)*Id)*H < (X :SV*OD*H Q (X :SV)*OD*H
SANWUWOD % SANWUWOD é SANUWWOD ﬂ
m ((* XX SIO)OD*H < (")*0 Q@ (XSV)*D)I)*H < (M*0d @ (XSO OD*H I Q@ (XSU)*OI)*H
=
=)
@)
m T ]WNoIg
S (XS XX <)) H o (A =S0)*D ® (XS0)*D)*H (X S0)*H ® (XoSO)H
v

T % ® i

(LS XX 2SYOVOD*H < Y (22802 @ (XzSVI*D)D*H < (A :SV)*0d Q (X 2SV)*II)*H < (A SOI*OD*H @ (X SV)*II)*H
[ IANOIJ
(XzSO)*H
>N
(X:Sz0)*H e ((X=SU)*O)*H
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all the maps in Figure 2 are algebra isomorphisms. J. P. May [unpublished] has
proved that the first Browder operation A, is the unique operation on the category
of second loop spaces which satisfies the analogues of the properties (a)-(g) of
Theorem 17. Hence ¢4 o Ao (d5! ® ¢ 1) must equal A;. Recall that H (QS2X)
=T(H«(SX))=P{L*} ® E{L~}where L=L* U L~ is the free Lie algebra generated
by H,(SX). Hence by Theorem 18, BQ equals ¢ o BO" o ¢, on H(Q2S2X).

COROLLARY 20. Let x be a (2n— 1)-dimensional homology class of a connected
third loop space, n=1. Then {x)? is defined with zero indeterminacy and {x)*®

=—BQ"(x).

Proof. This result follows from Theorem 19 and the fact that the first Browder
operation is zero on the homology of a third loop space.

Observe that ad}; ! (x)(8x) may be nonzero. For example, let M be the Moore
space with Ha,_(M;Z,)=Z,x, Hon_o(M;Z,)=Z,8x and H(M;Z,)=0 other-
wise, k= 1. Then ad} *(x)(8x)#0 in H(Q*S2M;Z,) since its suspension in
H(QS2M; Z,) is ad?~* (04,(x))(oxBx) which is nonzero because H (QS2M;Z,)
contains the free Lie algebra generated by H,(SM; Z,).

We can also use the machinery of this section to prove the following theorem of
D. Kraines [10]:

THEOREM 21. Let x be a (2n+ 1)-dimensional cohomology class of any topological
space, n=0. Then {x)® is defined with zero indeterminacy and {x)* = —BP"(x).

Proof. <{x)” is defined with zero indeterminacy by Lemma 9. By the naturality of
{ >? and BZ™, it suffices to show that ()= —BP"(«) where ¢ is the fundamental
class of K(Z,, 2n+1). Assume first that n=1. By S. Eilenberg and S. Mac Lane
[6, p. 94] there is a map y: C*(K(Z,, 2n+ 1)) - FC*(K(Z,, 2n)) of differential
algebras which induces an isomorphism in homology. By D. Kraines [11] the
hypotheses of Theorem 13 are satisfied. Hence {«)?= —BQ(:)+adf 1(:)(B:). We
will now show that A=0. Let Y be a topological space with u; € H™(Y) represented
by #: Y — K(Z,, m) for i=1, 2. In H¥(K(Z,, n,) x K(Z,, ny)),

M(e, ® 1) ® (1 @ 1) = 0

by Theorem 17(d). Hence A(u; ® ug)=(i xdg)* o M(t, ® 1) ® (1 @ 1)) = 0.
Thus, ()= —BQ(:). It remains to show that BQ corresponds to BZ" under y,.
Reasoning as in the proof of Theorem 19, one sees that y, commutes with the
suspension map and the external product. It is well known that H*(K(Z,, 2n)) is an
exterior Hopf algebra on odd degree elements tensored with a polynomial Hopf
algebra on even degree elements. Hence by Theorem 18, 8Q(:) =B#"(:). If n=0 then
in H*(K(Z,, )X K(Z,, 2)), <11)” @ 5=C11 @ 120" = —BP (1, ® 15)=—P1; Q@ 4§.
Hence {¢;>?= —B,.
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