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THE STRUCTURE OF CERTAIN UNITARY
REPRESENTATIONS OF INFINITE SYMMETRIC GROUPS

BY
ARTHUR LIEBERMAN

Abstract. Let S be an infinite set, B an infinite cardinal number, and Gg(S) the
group of those permutations of S whose support has cardinal number less than 8. If T
is any nonempty set, ST is the set of functions from T to S. The canonical representa-
tion A% of G5(S) on L%(S7) is the direct sum of factor representations. Factor represen-
tations of types I, II;, and II, occur in this decomposition, depending upon S, B,
and T; the type II, factor representations are quasi-equivalent to the left regular
representation.

Let G4(S) have the topology of pointwise convergence on S. G4(S) is a topological
group but is not locally compact. Every continuous representation of G4(S) is the
direct sum of irreducible representations. Let I' be a nontrivial continuous irreducible
representation of G4(S). Then I is continuous iff I" is equivalent to a subrepresenta-
tion of A% for some nonempty finite set T iff there is a nonempty finite subset Z of S
such that the restriction of I' to the subgroup of those permutations which leave Z
pointwise fixed contains the trivial representation of this subgroup.

I. Introduction. The representations of the symmetric group on a finite set have
been studied in great detail. Little has been done toward analyzing and classifying
the representations of the symmetric groups on an infinite set. Thoma [7] has
found all type II, factor representations of the group of finite permutations of a
countably infinite set; he did this by explicitly constructing the characters of the
group.

If S is an infinite set and B is a cardinal number, let G4(S) be the group of all
permutations p of S such that the cardinal number of {s € S : p(s)#s} is less than 8.

Below we analyze the canonical representation A% of G4(S) on L%(ST), where T
is any nonempty set and ST is the set of functions with domain 7T and range con-
tained in S. AJ is the direct sum of factor representations of G4(S). The factor
representations in the decomposition are of types I, II;, and II.,, depending upon
S, T, and B; the type II, factor representations are all quasi-equivalent to the left
regular representation of G(S).

Assume now that T is finite and nonempty. Then the von Neumann algebra
generated by AZ(G,(S)) is the same for all infinite cardinal numbers B. Aj is the
direct sum of finitely many infinite-dimensional irreducible representations of

G4(S). The set of equivalence classes of irreducible subrepresentations of the
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representation A of G4(S), as the cardinal number of T varies over the positive
integers, is in a canonical one-to-one correspondence with the set of equivalence
classes of irreducible representations of the symmetric group on n symbols, as n
ranges over the positive integers.

Let G4(S) have the topology of pointwise convergence on S. G4(S) is a topo-
logical group but is not locally compact. We will say that a representation of
G4(S) is continuous if it is continuous with respect to this topology.

A% is continuous if T is finite. We show that any continuous representation of
G4(S) is the direct sum of irreducible representations. Any nontrivial continuous
irreducible representation of G,4(S) is equivalent to a subrepresentation of A for
some nonempty finite set 7.

We further characterize the continuous irreducible representations of G4(S) by
showing that the following are equivalent if I' is an irreducible representation of
G4(S):

1. T'is continuous.

2. 3S,< S such that S, is finite and the restriction of I to the subgroup of G4(S)
of those permutations which leave S; pointwise invariant contains the trivial
representation of this subgroup.

3. There is a nonnegative integer n such that condition 2 holds for any subset
S, of S if S, has cardinal number =n.

The results in this paper are contained in the author’s doctoral thesis, which was
written at the Massachusetts Institute of Technology under the supervision of
Professor I. E. Segal. The author wishes to thank Professor Segal for suggesting
this topic and for supervising the thesis. This research was supported by a National
Science Foundation Graduate Fellowship.

II. Lemmas and notation. The following lemmas will be needed. Lemma 3 is
well known; we include it for completeness.

LEMMA 1. Let G be a group. Let H,, i=1, 2, be a Hilbert space. Let T';, i=1, 2,
be a representation of G on H,. Let Z< G. Assume

1. I')~T,.

2. dve Hy, v#0, such that I'(glv=v if g€ Z.

Then 3w € Hy, w#0, such that Ty(g)w=w if ge Z.

Proof. Since I';~T',, there exist cardinal numbers «,, o, such that o, I'; > a,I',.
oIy acts on Pgeq, Higy Where Hy, = H, for all a € o;. Let V be a unitary operator
which implements the equivalence between o, I'; and «;I's. If b € o, for i=1, 2, let
Py, be projection onto the subspace Hy, of Moo, Hia-

Let v € H, be chosen as in hypothesis 2. Let w in (P,eq, Hiq be chosen so that
Pyow=vand P;,w=0if a € «; and a#0. Note that (P,c,, P2, is the identity operator
on Piea, Hao- Therefore there is an element ¢ in «p such that P, Fw#0. Let
x=P,.,Vw. Let geZ. Then Ty(g)x=Ty(g)PsVw=Py.Iy(g)Vw=P, VT (2w
=Py Vw=x.
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LeEMMA 2. Let G be a group, H a Hilbert space, and " a representation of G on H.
Let J be a closed subspace of H, P be projection onto J, and G,={g € G: ['(g)J=J}.
Assume

a. IXSG: H=Prex T'(x)J.

b. If g€ G, then I'(g)J=J or I'(g)J 1 J.

c. PeI'(G)".

Then T — TP is an algebraic *-isomorphism from I'(G)’ onto T'(G)'|J.

I(G)|J = T(G,)|J.

Proof. T— TP is an algebraic *-homomorphism from I'(G)' onto I'(G)'|J.
T=Pxex [(x)TPT(x~)|(x)J. Therefore T=0 if TP=0, so that T— TP is one-
to-one.

If g e G—G,, then PI'(g)P=0. Therefore I'(G)"|J=T'(G,)"|J.

LemMA 3. Let H be a Hilbert space, G a group, and T" a representation of G on H.
Let Q be a subset of G, J={ve H : I'(g)v=v if g € Q}, and P be projection onto J.
Then P € T(G)".

Proof. Let veJ and TeI'(G)'. Let g be an arbitrary member of Q. Then
I'(g)Tv=TT(g)v=Tv. Therefore Tv € J. The conclusion follows immediately from
the double commutant theorem.

Notation. Let S be an arbitrary infinite set. S will remain fixed for the remainder
of this paper. If 8 is an infinite cardinal number, G, is the set of permutations p of S
such that the cardinal number of {s € S: p(s) #s} is less than B. Note that G, is the
group of all permutations of S if 8 is sufficiently large.

Let T be any set. Then |T| will denote the cardinal number of T. L%(T) is the
Hilbert space of all complex valued functions f with domain 7 such that | f]| < oo,
where | f]*= Zter [ f(1)[%

Let Z be any set. T2 will denote the set of functions with domain Z and range
contained in T. T#={fe T?: fis 1-1}. T?®={fe TZ : fis 1-1 and onto}.

A partition of T is a collection of nonempty disjoint subsets of T whose union is
T. Z(T) will denote the set of partitions of T.

G(T) denotes the group of all permutations of T. If 8 is an infinite cardinal
number, G4(T) denotes {w e G(T) : |{t € T: m(t)#1}| <B}.

Recall [3, pp. 21-31] that a cardinal number « is also an ordinal number, and
that o ={ordinal numbers y : 0=y <a}.

III. The representation of G; on L2(S”). Let « be a nonzero cardinal number and
B be an infinite cardinal number. Let Qf be the representation of G, on L?(S®)
defined by Qg(g)u(f)=v(g~%f), for g€ G, veL*(S%), and fe S% If ge G,, let
Aj(g) be the restriction of Qf(g) to L%(S*™); Aj is a representation of Gj,.

The following theorem reduces the study of the representations Q% of G, to that
of the representations A§ of Gj.
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THEOREM 1. Let « and 2 be cardinal numbers such that «>0 and B=R,. Then
Q> Prerw AY'=Dixys151 L)AL, where {()=[{P € P(): |P|=y}| if y is a
cardinal number and 1 <y <|S|.

Proof. The equivalence of Pgepw AP With P <, <5 {(¥)Aj is obvious.

If fe S let Z(f)={f"(s) : sis in the range of f}. Z(f) € P(«). Let 6(f) be the
unique element of SZ¢* such that 6f~*(s)=s for all s in the range of /. 8 is a one-
to-one mapping from S¢ onto | Jgcp@ SZ'.

Let U be the mapping from L%(S®) to Pgea@ LA(S?') defined by Uv(h)=v(8~1h)
for v e L%(S®) and h €| Jpepy S?'. U is unitary and implements an equivalence
between Qf and Prerw A7

Notation. If TS S, let P¢ be projection onto the subspace L%(T°) of L3(S*).

If 0<a<|S|, define a representation ® of G(«) on L%(S*) by ®(m)v(f)=uv(fn),
for 7 € G(«), v € L3%(S*), and fe S*.

LeEMMA 4. Let « and B be cardinal numbers such that «>0 and Bz R,. Let T<S.
Assume |T|=a and |S—T|ZR,. Then P§ € AYGy)".

Proof. PELA(S™)={v e LA(S™) : A%g)v=v for all ge Gy,(S—T)}. Therefore
P% e A§(Gg)" by Lemma 3.

LEMMA 5. Let |S|Za>0.

1. Let TS S and |T| =c. Then ®|L3(T*®) ~ the right regular representation of G(«).

2. O is quasi-equivalent to the right regular representation of G(c). If a = R, then
D is a type 11, factor representation of G(c).

3. Let B be an infinite cardinal number. Assume B> «. Then A§(Gg) = P(G(a))".

4. Let B be an infinite cardinal number and assume B> . Then AY(Gy(T))|L*(T*)
is equivalent to the left regular representation of G(T) if T< S and |T|=«.

5. Let B be an infinite cardinal number and assume B = «. Then AY(G4(T))|L¥(T*?)
is quasi-equivalent to the left regular representation of Go(T) if T< S and |T|=«.

Proof. 1. Note that L%(7*) is invariant under ®(G(«)).

Let fe T**. Let an operator W from L%(T%) to L*G(«)) be defined by Wu(p)
=v(fp), for v e LAT**) and p € G(«). W is unitary and implements an equivalence
between ®|L*(T*°) and the right regular representation of G(«).

2. The first statement is immediate. The second follows from [4, pp. 483-486].

3. Assume B>a. Let T< S and assume |T|=«. Let Y € A§(G;)'. By Lemma 4
and Lemma 2, to show that Y e ®(G(«))", it suffices to show that Y|L*(T%)
€ O(G(«))"|LHT™).

Let W and f be defined as in the proof of part 1 of this lemma. If p € G4(T), then
WA%(p)W ~! is the image under the left regular representation of G(a) of the
permutation £~ pf of «. Because B> «, every permutation of « is of the form f~'pf
for some p € G4(T). Therefore WA§(G,(T))W ~* generates the same von Neumann
algebra as the left regular representation of G(«). However, the ring generated by
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the left regular representation of G(e) is the commutant of the ring generated by
the right regular representation of G(«).

4. Let T<S and |T|=«. Clearly L*(T*) is invariant under A§(G4(T)). Let
fe T, Let an operator W be defined from L%(T%) to L%(G4x(T)) by Wo(p)=v(pf),
for v e L(T*®) and p € G4(T). W is unitary and implements an equivalence between
A§(G4(T))|LA(T**) and the left regular representation of G(T).

5. Assume a2B2N,. Let 7= S and |T|=«a. Let W be defined as in the proof of
part 4 of this lemma. Let I'; be the restriction to G4(T) of the left regular representa-
tion of G(T). W implements an equivalence between A§(Gy(T))|L%(T*®) and TI;.
Let ', be the right regular representation of G(T)).

Let RC be the set of right cosets of G4(T) in G(T). Let C; be the right coset
which contains the identity. Pick an element p. from each member of RC. Then
Iy =@cerc T1|LAC)=Pcerc To(pc )T Ta(pc)| LA(C)~ T |L*(C,) = the left regular
representation of G4(T).

Notation. Let « and B be cardinal numbers such that «=0 and B=N,. Let
St ={fe SISI: |S—f(S)| =c}. Note that L2(S#*) is a subspace of L%(S'5!) and is
invariant under A (G;). If g€ G;, let Af%(g) be the restriction of Af!(g) to
L3(S#),

Note that if T< S, |T|=|S]|, and |S—T|=«, then T'S'°c S#,

In the following theorem, we will express the representations A§ of G, as the
direct sum of factor representations. The reader is referred to [8, Chapters III and
IV] for a discussion of maximal symmetry types and the properties of the regular
representation of the symmetric group on « symbols, where « is a positive integer.

THEOREM 2. Let « and B be cardinal numbers, where o >0 and B=X,.
1. Assume Ro> . Then
a. A§(Gp)" is the same von Neumann algebra for all infinite cardinal numbers B.
b. A§ is the direct sum of irreducible representations of Ggz. The irreducible
subrepresentations of A% are in a canonical one-to-one correspondence with the
irreducible subrepresentations of the left regular representation of the full symmetric
group on o symbols. This one-to-one correspondence and its inverse both preserve
equivalence.
2. Assume |S|>a2R,.
a. If B> «, then A§ is a type 11, factor representation of Gg.
b. If B<«, then A§ is the direct sum of infinitely many disjoint type 11, factor
representations.
3. Assume a=|S]|.
a. Aj=Dosysisi A
b. If B>y2Ro, then A3 is a type 11, factor representation.
c. If |S|zy2B, then A3 is the direct sum of infinitely many disjoint type 11,
factor representations.
d. If Ro>y20, then A3 is quasi-equivalent to the left regular representation

of Gg.
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4.2. If0<a, o’ <|S|, then A§ & AY if asta'.
b. If0<y<|S| and Ro<y'<|S| then A} & A3,
C. If 0=y, y' SR, then Af'~ AgY.

Proof. 1a. By Lemma 5, part 3, A§(G;)"=®(G(«))'.

Ib. By Lemma 5, part 3, A§(G;)' = ®(G(«))". By Lemma S, part 2, ® is quasi-
equivalent to the right regular representation of G(e). Since « is finite, G() is a
finite group and ®(G(«))” is generated by its minimal projections. Consequently,
Aj is the direct sum of certain of its irreducible subrepresentations.

Let T< S be chosen so that |T|=«. Then A§(G(T))|L*(T*) is equivalent to the
left regular representation of G(T') by Lemma 5, part 4. Let P vary over the set of
minimal projections in ®(G(a))”; then A§|PL(S*) «— A§(G(T))|PL¥T*) is a one-
to-one correspondence between the irreducible subrepresentations of A§ and the
irreducible subrepresentations of the left regular representation of the symmetric
group on « symbols.

2a. By Lemma 5, part 3, A%(Gs)' = P(G(e))”. By Lemma 5, part 2, ®(Ge))" is a
type II, factor. Therefore Aj is a type II factor representation of G;.

Let T<S and |T|=«. By Lemma 4, P§ e A§(G,)". For each Z< S such that
|Z|=«, pick g; € G4 such that g,(T)=Z. Then P§=A%(gz)PfA%(gzY). PEPE=0 if
Z #T. Therefore A§(G,)” contains infinitely many mutually perpendicular nonzero
equivalent projections and consequently cannot be of finite type.

2b. Let S ={T<S : |T|=q}. Define an equivalence relation L on ¥ by T L Q
iff |(T— Q) U (Q—T)| <B iff 3g € G, such that g(T)= Q. Let {C;: & € A}, where A
is an index set, be the set of equivalence classes of _L in S. A is an infinite set be-
cause B<a. If €A, let Hy=Pres LA(T®). Clearly L*(S™)=Psea Hs. Hj is
invariant under A§(Gy). Therefore A§j=Pscn Aj|Hs.

By Lemma 4 and Lemma 2, A%(G,)'|H, is algebraically *-isomorphic to
AY(G4(T))'|L¥(T*?). By Lemma S, part 5, A%|H, is a type II factor representation.
The proof that Ag|H, is type 11, is similar to the last part of the proof of part 2a
of this theorem and is left to the reader.

Let Te & and v e L3(T). Then A%g)v = vif g€ G4(S—T). Let Y € & Then
A§(pv=v for all peG(S—7Y) iff Y2T. If 6 A, T, €8, T, €, T;€ ¥, and
T,2T32T,, then clearly T; € 8. It follows from Lemma 1 that A§|H; 4 A§|H, if
8,8 eAand §+#9'.

3. Part ais trivial. The proofs of parts b and c are similar to the proofs of 2b and
2c and are left to the reader.

3d. Let y=0. By Lemma 5, parts 4 and 5, U#° is quasi-equivalent to the left
regular representation of Gz and so is a type II; factor representation.

Assume 0 <y <X,. Let 8 be any mapping from S#"* to S#° such that, if fe S#,
then (6f)(8)=/(8) if 8 is an ordinal and |S|> 8= R,, and 6f(8)=f(8+y) if 8 is an
ordinal and 8 <X,. 6 is one-to-one. Let W be the unique operator from L%(S#")
into L3(S#%) such that Wx({f})=y!"""2 Zseccn P(x{O(N)}), for fe S#, where x
denotes characteristic function.
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W is an isometry from L2(S#"") to L%(S#"). Therefore, W implements an equiva-
lence between A%’ and a subrepresentation of A%°. Since A%° is a factor representa-
tion, it is quasi-equivalent to any of its subrepresentations.

4a. Assume Q< S and |Q| <. Let v e LA(S*), v#0. Then 3g € G4(S— Q) such
that A§(gv+#v.

LA(S*)=@ PfL*(S*"), where the direct sum is taken over all subsets T of S such
that |T|=c. If I is any subrepresentation of A§, then there is a subset Z of S with
| Z| =« and a nonzero vector w in the subspace on which I' acts such that Pgw=w.
Then I'(g)w=w for all w e G4(S—Z). The conclusion is an immediate consequence
of Lemma 1.

4b. The proof of 4b is similar to the proof of 4a and is left to the reader.

4c. This is trivial.

IV. The continuous unitary representations of the infinite symmetric groups. Give
G, the topology of pointwise convergence on S. If s € S, then {g € G, : g(s)=s}is a
subbasic open neighborhood of the identity. G, is a topological group in this
topology but is not locally compact. Gy, is dense in G;. G is complete as a uniform
space iff G, is the group of all permutations of S. A representation of G; is con-
tinuous if it is continuous with respect to this topology on G, and the weak operator
topology on the unitary group of Hilbert space.

We define the trivial representation of any group as the one-dimensional rep-
resentation which maps every element of the group to the identity operator. AJ
will denote the trivial representation of Gj.

THEOREM 3. Let B8 be an infinite cardinal number. Let T be a continuous irreducible
representation of G on the Hilbert space H. Then there is a nonnegative integer n such
that

1. T' is equivalent to an irreducible subrepresentation of A}.

2. There is a subset Z of S such that | Z|=n and the restriction of T to G4(S—2Z)
contains the trivial representation of G4(S—Z).

3. If Z is any subset of S such that |Z| Z n, then the restriction of T to Gx(S—2Z)
contains the trivial representation of Go(S—Z).

Conversely, if the irreducible representation T' of G, satisfies condition 1, condition
2, or condition 3, then T' is continuous.

THEOREM 4. Let T be a continuous representation of Gg. Then T is the direct sum
of irreducible representations of G.

Two lemmas are needed to prove these theorems. If n is a positive integer, %,
will denote {Q<S : |Q|=n}.

LEMMA 6. Let H,, i=1, 2, be a Hilbert space and let T'; be a representation of G,
on H;. Assume
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1. There is a positive integer n such that, for i=1,2, Hiy=Pqes, Hiq, Where
Hy,={ve H,: T'(g)v=v for all g€ G4(S— Q)}.

2. There is a subset T of S such that |T|=n and T'\(G4(T))|Hir = T'2(G4(T))|Hyr.

Then ', =T,

Proof. In Lemma 2, let G=Gy, H=H,® H,, '=T, ® 'y, and J=H,; @ H,;.
Then Pis projection onto H,r @ H,r, and, by assumption 1, G,={g € G5 : g(T)=T}.

Assumption a of Lemma 2 follows from |T|=n <X, <8 and assumption 1 of this
lemma. Assumption b follows immediately from assumption 1 of this lemma;
¢ follows from Lemma 3.

Let W be a unitary operator from H, onto H,; which implements the equiva-
lence in assumption 2. Let U be the unique operator on H;; @ H,r such that
Ux=Wx if x € H;; and Ux=0 if x € Hyr. Then U € I'(G;)’|J. By Lemma 2, there
is an operator U, € ((T'; @ I'y)(Gy))" such that U,|J=U. Let Wy=U,|H,. W,
implements an equivalence between I'; and T',.

LEMMA 7. Let T" be a representation of Gz on the Hilbert space H. Let n be a
positive integer. Assume
a. The subspace spanned by \ Jqc s, Hg is dense in H, where

H, = {xe H:T'(g)x = x for all ge G4(S— Q)}.

b. H;=0ifZ<S and |Z| <n.
Then H=Pqes, Ho-

Proof. Let T;, T,< S, |T:|=|T,|=n, and T, #T,. Assume H, is not orthogonal
to Hr, Let R=T, N T,. Note that |R| <n. Pick a sequence T3, Ty, . . . of members
of &, such that T, N T, =R for j#k, j, k=1,2,3,4,.... Let P;be projection onto
Hy, For j23, pick g; € G such that g,(7;)=T), and g, leaves T; pointwise fixed.

Because H;, and Hy, are not orthogonal, 3w e Hy such that P,w#0. Let
x=P,w. The unitary operator I'(g,) maps Hr, onto Hr, for j= 3, and consequently
maps (I—P,)H onto (I—P;)H for j=3.

Let j=3. Then Pw=P;I'(g)w=P;I'(g;)x+P;I'(g)(w—x)=T(g)x+0=T(g,)x.
If Pw=P,w for some j, k such that j#k, then P;w € H a1, = Hp. This would
contradict assumption b. Since |P;w|=|x|#0, for j=3, {P;w|j=3} has a
weak limit point y. y#0 because |(y, w)|2 lim inf; |(P;w, w)| =lim inf; | P;w]||?
=lim inf; ||x||2= | x|%#0.

Let g € G, (S—R). Since g is finitely supported and T, N T, =R if j#k, g leaves
T; pointwise fixed for j sufficiently large. Therefore I'(g)P;=P; for j sufficiently
large. This implies that I'(g)y=y.

By assumption a, there are scalars a, and vectors xg such that xq € Hy, ||xo] =1,
and y=2gcx, GgXq. Let p € G4(S—R) and ¢>0 be given. Let # be a finite subset
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of &, such that |Secs, - o aoxo| <¢/2. Pick h € Gy (S— R) such that gh~* leaves Q
pointwise fixed if Q € %. Then

IT(®)y—y| = IN(@TR ) y—y| = [T(gh™")y—yl

- | @0 3 aoxe

QESn

< N (X(gh™)=D) 3, aoxe

< 0+4+2(c/2) = c.
Since c is arbitrary, ['(g)y=y for all g € G4(S— R). This contradicts assumption b.

Proof of Theorem 3. Assume I is a continuous irreducible representation of G,
on the Hilbert space H. Let & be the directed set of all finite subsets of S with set
inclusion as the partial order relation. Let v € H, ||v| =1. Assume that for each
Te Z there is a permutation g; € G4(S—T) such that re (I'(gr)v, v) £4. Then
lim supr. o re (L'(gr)v, v) <4. However lim;. 2 gr=e, where e is the group identity.
Therefore, limpea (F'(gr)v, v)=(I'(e)v, v)=1, yielding a contradiction. Therefore,
there is a finite subset Z of S such that re (I'(g)v, v) =3 if g € G(S—2Z).

Let % be the directed set of all finite subsets of S—Z with set inclusion as the
partial order relation. If Te %, let Pr=|T|!"! Jseca I'(g). Pr is a projection and
P; e I(Gy)". Py Pr=P; if T, €% and T, 2T. ['(g)P;=P; if g€ G(T).

Let J=(Uqew (I—Py)H)* and let P be projection onto J. Let xeJ. Then
(I—Py)x=0 for all Q€ %. Let yeJ* and ¢>0 be given. There exist 0,, Oy, .. .,
Q. €%, where m is some positive integer, such that |P'y—y| <c, where P’ is
projection onto the subspace spanned by ( 7=, (I—Po)H. Let Q'={Jj-, Q;. Then
|({=Pg)y—y| <c. Therefore || Py y| <c.

Let Q € % and assume Q= Q. Then Poy=P,P,.y and |Pyy| < c. Consequently,
limgew Po(y)=0 and therefore P=limga Py.

re (Py, y)2infyo.e (Poy, y) 2 4. Therefore Py+#0. Let v=Py, Te %, and g € G(T).
Then I'(g)v=T(g)Py=T(g) limgew (Poy)=limgea (I'(g)Poy)=limgee (Poy)=Py
=y, since I'(g)Py =P, if Q 2T. By continuity, I'(p)v=vif p € G4(S—Z).

Without loss of generality, we can assume that Hyo=0 if Q< S and |Q|<|Z]|,
where Ho={x e H : T(g)x=x for g € G4(S— Q)}. Let | Z| =n. Conclusion 2 of the
theorem has been demonstrated; conclusion 3 is an immediate consequence.

The closed subspace spanned by | Jgcs, Ho is invariant under I'(Gy). Since T' is
irreducible, this subspace must be equal to H. By Lemma 7, H=Pqcs, Ho.

By Lemma 3 and Lemma 2, I'(G)' ~ I'(G(Z))'| H. Since T' is irreducible, I'(G)’ is
the set of scalar multiples of the identity operator and I'(G(Z))|H is irreducible.

If Z=2 then H,=H and '~ A}. If Z+# @, let i be the subrepresentation of A}
which corresponds to I'(G(Z))|H; as defined in Theorem 2 part 1b. Let J be the
Hilbert space on which ¢ acts.

In Lemma 6, let H,=J, Hy,=H, I';=4¢, I';=T, n=n, and T=Z. The assump-
tions of Lemma 6 are satisfied, and consequently y ~T'.

+ H Tgh-I) 5 agxq
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We now prove the converse of the theorem when condition 2 is satisfied. The
remainder of the proof will then be immediate. Assume that I' is an irreducible
representation of Gy, Z € %, and I'(G4(S—Z)) contains the trivial representation
of G4(S—Z). This implies H;#0. Without loss of generality, we can assume
H;=0if T< S and |T| <|Z|. The closed subspace generated by (Jres, Hr is #0
and is invariant under I'(G,); consequently, this subspace is all of H. By Lemma 7,
H= @Te.?’,. H;.

Let xe€ H and ¢>0 be given. We can find sets T, € 4, and vectors x; € H,,
1<i<m, m some positive integer, such that |x—>", x;| <c/2. Let 0={ge G, :
g(s)=sfor all s € (i, T}}. 0 is an open neighborhood of the identity. If g € 0, then

IT(g)x~T(e)x]| =[(T(g)—Dx| = (P(g)—l)(x— fxs) +(T(g)—D) Zx

i=1

+0<2-¢/2 =c.

sIr@-1] [+~ 3

Therefore I' is continuous.

Proof of Theorem 4. It suffices to show that I' contains an irreducible sub-
representation. An application of Zorn’s lemma will then complete the proof.
Assume I' acts on the Hilbert space H.

The proof of conclusion 2 of Theorem 3 never used the hypothesis of irreduci-
bility. Consequently, we can assume there is a finite subset Z of S such that H,#0
and H,=0 if Q<S and |Q|<|Z|. G(Z) is a finite group, and consequently
I'(G(Z))|H is the direct sum of irreducible representations of G(Z). Let T, be an
irreducible subrepresentation of I'(G(Z))|H;. Assume T, acts on H,;. Let H, be
the closed subspace of H generated by I'(G)H,;. By Lemma 3 and Lemma 2, I'|H,
is irreducible.
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