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A CONSTRUCTIVE ERGODIC THEOREM

'BY
J. A. NUBER(})

Abstract. As discussed by Bishop, Birkhoft’s Ergodic Theorem is not constructively
valid. In this paper we present an hypothesis which is necessary and sufficient for the
constructive almost everywhere convergence of the Césaro averages of the translates
of an integrable function by a measure preserving transformation. In addition
necessary and sufficient conditions are given for the limit function to be constructively
integrable. Also we present a necessary and sufficient condition that the averages
converge to a constant function and give an equivalent formulation of this condition
for finite measure spaces. Several interesting examples are given which satisfy these
conditions.

Introduction. As shown in [1, pp. 232-233], Birkhoff’s Ergodic Theorem is not
constructively valid. In the same reference it was shown that the sequence of
averages do satisfy, however, certain inequalities (first introduced by Doob in the
study of martingales and called upcrossing inequalities). These inequalities (essen-
tially generalizations of Hopf’s Maximal Ergodic Inequality) are a good equal-
hypothesis substitute for the Birkhoff Theorem. That is, under the hypotheses of the
Birkhoff Theorem, the upcrossing inequalities are constructively true and these
inequalities classically imply with an easy argument the conclusion of the Birkhoff
Theorem. Yet, as discussed in [2], there remains the important problem of pro-
viding an equal-conclusion substitute for the Birkhoff Theorem. That is, we seek
hypotheses such that, in the presence of the original hypotheses of the Birkhoff
Theorem, they are satisfied classically in a trivial fashion and they constructively
imply the conclusion of the Birkhoff Theorem.

The purpose of this paper is to present a condition on measure preserving trans-
formations, which is a necessary and sufficient condition that the conclusion of
Birkhoff’s Theorem be constructively true. This condition is shown to be trivially
satisfied classically and it is shown to be satisfied constructively in a number of
important examples.

In addition a constructively necessary and sufficient condition is given that the
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limit function be in L,, this condition being also satisfied classically in a trivial
fashion.

All statements of this paper, unless otherwise noted, are to be interpreted in the
constructive sense. The necessary background is provided by [1].

1. Principal results.

1. Measure preserving transformations. Throughout X will be a measure space
whose measure we denote by x. An integrable subset A4 of X will be called null if
u(A)=0 and will be called full if — 4, the complement of A4, is null. Two measurable
sets 4 and B are equal, 4= B, if they differ by a null set.

With these conventions in mind a measure preserving transformation T is a
function whose domain Dy is a full subset of X and which takes values in X in
such a way that

(i) if A is a full subset of X then the set {x € D; : Tx € A4} is a full subset of X,

(ii) and if fis any integrable function on X, the function fo T [which, by (i), is
defined almost everywhere according to the rule fo T(x)=/(Tx)] is also integrable
and [ foTdu=]fdp.

In particular, specializing (ii) to the characteristic function I, of an integrable
set A, we require that the set T-14={x : Tx € A} be integrable and

WT4) = [ oo Tda = [ Tyds = (a).

In addition we must require

(iii) that for every integrable set A the set TA={Tx : x € A} is integrable.

And (iii) implies, for every integrable A, u(TA)=u(T~1TA)= p(A) since, up to a
null set, T-1TA> A.

The proof of the next proposition is the main result of this paper.

PROPOSITION. Let T be a measure preserving transformation on the measure space
X. Then the following two statements are equivalent constructively:
(1.1) For each integrable f, the sequences of averages

S"x) = (+ D)+ (Tx)+ - - - +/(T"x))

converges for almost all x in X as n — oo.
(1.2) For each pair A and B of integrable subsets of X and for each ¢ >0 there are
disjoint partitions

A=AOUA1U"‘UAnUA*, _B=BouB1U"'UBnUB*

and integers {t(1),1(2), ..., t(n)} such that A,,..., A, and B,,..., B, are all in-
tegrable; such that T*® A, =B, for k=1,...,n; such that the sets A, N T'By=o
for all integers j; and such that u(A4y)+ p(B,) <e.

It is perhaps wise, at this point, to prove that condition (1.2) is always satisfied
classically in a trivial fashion.
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Suppose T is a measure preserving transformation and 4 and B are integrable
subsets. Define integrable subsets {4, : —o0o <k < +o}of 4 and {B, : —o0 <k < +00}
of — B inductively in the following fashion. If n=0 is an integer and the sets
{Ay : |k|<n} and {By : |k| <n} have been constructed, define the sets Ay=4
—UJ {4k : |k| <n} and By=—B—|J{By : |k| <n}. Now define

A, = 4. N T"B,, B, = T"4,,
B_,= T"(A;,—An) N (Br:_Bn)’ A, =T "B_,.

Since A is integrable, the sets {4 : k =0} are all integrable, and the sequence
{u(4;) : k=0} is a bounded nonincreasing sequence of real numbers which has,
classically, a limit. This limit is the measure of the therefore integrable set
(N {Ax : k=0}. Denote this intersection by A, and denote the intersection
(M {Bx : k=0} by B,.

Now let >0 and choose the integer N=0 so that u(Ady— A4) <e/2. Since T is
measure preserving the sets 4, and B, have equal measure, for each integer k.
Consequently

wAy—A44) = Z{/"(Ak) : |k| 2 N} = Z{#(Bk) : 'kl 2 N} = w(By—By)
and it follows that the partitions

A=(Ay—A4) V{4, : |k| < N}U 4,,
—B = (By—By)U{B,: |k| < N}V B,
together with the integers {k : — N <k <N} have the properties required by (1.2).

This procedure does not work constructively because the requisite limit may fail
to exist constructively. (See for example [1, p. 233].)

As a simple example where (1.2) is satisfied constructively, let X be a locally
compact topological group with left invariant Haar measure u. Let ¢ be an element
of X such that for every pair of compact subsets K and K’ of X there is an integer
k for which K and t*K’ are disjoint. Let T be left translation by ¢, Tx=tx (x in X).

Let 4 and B be integrable subsets of X and let ¢ > 0. Since 4 and B are integrable
there are compact subsets K'< 4 and K< B of X such that w(4—K')+u(B—K)<e.
Let k be any integer for which K N t*K’=g. Then define

Al = K,—T_kB, B1 = TkAl,
Ao = (A—Al), Bo = Q,
A* = Q, B* = —B"—Bl.

Since t*K'c —K and K'— A4, =K' n T~*B we have
WK’ —A4y) = W(T"(K'— 4,)) £ p(t*K’ 0 B) < w(B—-K)

and so p(A4y)<e.
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Therefore the partitions
A=AOUA1UA*, B=B0UBIUB*

together with the integer {k} satisfy the requirements of (1.2).
The preceding example actually satisfies a stronger hypothesis than condition
(1.2) and the result is summarized in the following corollary.

COROLLARY 1. The following conditions on a measure preserving transformation T,
on a set which has a subset of positive measure, are constructively equivalent:

(2.1) for each integrable f the averages {f™(x)} converge for almost all x to a
constant,

(2.2) for every pair of integrable sets A and B and every >0 there are disjoint
Dpartitions

A=AOU~..UA’” —B=B0U...UBn

and integers t(1), ..., t(n) such that A,, ..., A, and By, ..., B, are all integrable;
the sets T"® A, =B, for k=1, ..., n; and at least one of A, and B, is integrable with
measure less than e.

It would be good to conclude at this point that if a measure preserving trans-
formation satisfying (2.1) and (2.2) then the a.e. limit of the averages {f™} of an
integrable function fis the space average of that function. Unfortunately the space
itself may not be a constructively integrable set, and even if the space is integrable,
the limit function may fail to be constructively integrable. The following corollary
is directed toward this problem.

COROLLARY 2. Let T be a measure preserving transformation satisfying (1.1)-(1.2).
Then equivalent constructively are:

(3.1) For each integrable f, the limit f* of the averages {f"} is integrable.

(3.2) For every increasing sequence {X, : 0=q<oo} of integrable subsets whose
characteristic functions converge almost everywhere to 1, the following holds.

For every integrable set A and every ¢>0 there is a partition A=A, U A,, into
disjoint integrable sets, for which

(i) there is an integer q 2 0 such that for all integers k we have u(T*A4, — X,) < e and

(ii) for all integers p >0 there is an integer n>0 such that u(Az— Uy < T*(— X))
<e.

Classically the condition (3.2) is trivially true since if {X, : 0<g<oo0} is any
increasing sequence of integrable sets whose union is X then the set

A=4n U () TX)

q=0k=~-o

is integrable and the partition A=A, U (4 — 4,) has the properties desired in (3.2)
for every e>0.
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In the event X has finite measure (that is, X is integrable) then (3.2) is trivially
true for if A is any integrable set we may take 4, =4 and 4,=¢ to get an appro-
priate partition.

The example preceding Corollary 1 satisfies (3.2) since if 4 is any integrable set
the partition 4; =2, and 4,=A will always satisfy the needs of (3.2).

In order to discuss some further examples, it is convenient to introduce the
following finite measure space version of Corollary 1.

COROLLARY 3. Let X be a finite measure space and let T be a measure preserving
transformation on X. Then constructively equivalent are

(4.1) For every integrable f, the sequence {f"} of averages converges almost
everywhere to w(X)~* [ f du.

(4.2) There is a nonnegative monotone increasing function r defined for nonnegative
real numbers such that

(i) for all ¢>0 there is a §>0 so that x<e if r(x)<3; and

(ii) for every pair of integrable sets A and B and every >0 there is an integer k
for which (4 N T*B) > r(u(A)u(B))—e.

As an immediate application of this corollary, let G be a compact topological
group with left invariant Haar measure u, normalized so that u(G)=1. Let ¢ be an
element of G such that the powers {t* : k=0, +1,...} are dense in G and let T be
the left translation Tx=tx (x in G). Let 4 and B be integrable subsets of G and let
I, and I, denote their respective characteristic functions. Let £>0 be given. The
function Ip(x)I4(yx), defined for almost all (x,y) in GxG, is integrable, and
therefore, by Fubini’s theorem and the unimodularity of G,

wA®) = [ {[ ) i} i

Define f(y)=[c Is(x)Is(yx) du.. The function f is continuous in G. Therefore,
since the set of powers {t* : k=0, +1,...} is dense in G, there exists a finite set J
of integers such that min [|f(¢¥)—f(y)| : k € J1<¢/2 for all y in G. Choose ¢’ with
e>¢ >¢f2 such that the sets O,={y : |f(t*)—f(y)| <¢’}, k€J, are integrable.
Then define, for each k €J, the set U,=0,—\J {0, : jeJ,j<k} and denote its
characteristic function by 1.

It follows from the definitions that 3 {I, : k € J}=1 almost everywhere and that
if T(y)=1 then |f(t)—f(»)| <¢'.

As a result,

> f(tk)lk_f’ S DN E)—flh <&
keJ keJ
almost everywhere. Therefore

<& <e

w(4)-w(B)— %f(t")#(Uk)
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This implies
(1) +e—p(Du(B)In(Uy) > 0

keJ

and thus there is an integer k such that
L(t) + e = (Du(B)(Uy) > 0.

Since f(t*)=u(4 N T*B) it follows that w(4 N T*B) > u(A)u(B) —e.

Consequently left translation on a compact topological group by an element
whose powers are dense satisfies (1.3) with r(x)=x.

As another application of Corollary 3, let n be a positive integer and let
Z,={0,1,...,n—1}. Let X be the Cartesian product of countably many copies of
Z,. Thus the elements of X are the bilaterally infinite sequences of elements of Z,,,
x={..., X_1, X0, X15 ...}

Define a normalized measure in Z,: u(0)=p,, ..., u(n—1)=p,_;, > p;=1, and
let p be the induced product measure on X. Let T be translation to the right by 1:

Tx = x’ where x; = x;_4.
i i

It is an easy result that T is measure preserving.

For each subset J of integers, let Z; be the algebra of integrable subsets, generated
by sets of the form {x : x;=j} for i in J and j in Z,. If J and [ are disjoint subsets
of integers and 4 € %, and B € %,, then u(4 N B)=pu(A)u(B).

Therefore if I and J are finite subsets of integers and k is so large that I and
{j : j+k eJ} are disjoint, then

AN T *B) = w(A)u(T~*B) = u(A)u(B)

whenever 4 € %, and Be %,;.

Let ¢>0. Let A and B be integrable subsets of X. Then there are finite subsets /
and J and sets A’ in %, and B’ in %, such that u(4’ A4)+u(B’ AB)<e. If k is any
integer such that u(4’ N T*B’) = u(A")w(B’), then

WA A\ T*B) > w(A' N T*B)—e = p(A)u(B)—e > p(A)u(B)— 2e.

Therefore the shift transformation on this measure space satisfies (3.2) with
r(x)=x.

The examples so far described have all satisfied the constructive ergodic con-
dition (2.2). The next corollary will yield examples satisfying the more general
(1.2) and not (2.2).

COROLLARY 4. Let T be a measure preserving transformation on a measure space
X such that there is a disjoint partition X=X'U X20U .. -U X" by measurable
subsets of X for which

(i) T’X? N X*=g for all integers j, p, and q with p+#q, and

(ii) the restriction of T to X? satisfies (1.2) for p=1,...,n.
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Then T satisfies (1.2) on X, so that for every integrable function f on X the sequence
of averages {f™} converges almost everywhere.

As an example of the application of Corollary 2, let X be the disjoint union of
two copies of the unit circle. Let T be the measure preserving transformation on X
which on one copy of the unit circle is the rotation by 27, and on the other is
rotation by 27«, where both «; and «, are irrational. Then T, satisfying (1.3) on
each copy of the unit circle, satisfies (1.1) on their union, X. More interesting
examples could presumably be obtained by replacing the finite decomposition of X
in Corollary 4 by a countable, or even continuous, decomposition.

2. Upcrossings. Before proceeding to the proof of the proposition, it is neces-
sary to introduce some conventions, some notation, and some results concerning
upcrossings.

It is proven in [1] that if g is a measurable function, then for all except countably
many real numbers « (the exceptional values) there is a measurable set 4 such that
g<a(a.e)on 4 and g2« (a.e.) on —A. In the interests of simplicity, the following
conventions treating this situation are adopted. If g is a measurable function, the
notation {x : g(x) < «} will mean that 4={x : g(x) <«} is a measurable set such that
g<a(a.e.)on 4 and g2« (a.e.) on — 4. Statements containing phrases of the form
“for all « such that ...{x : g(x)<e}...” or “let « be a real number such that
..o {x  g(x)<ea}...” will implicitly assume all exceptional values of « are omitted.

Let n be a positive integer and let {a,, . . ., a,} be a sequence of real numbers. For
every pair of real numbers «<p, the number of upcrossings of the sequence
{ai, ..., a,} over the interval (e, B) is defined to be the maximum integer 4 (if it
exists) such that there are integers 1=<u(1)<v(l)< --- <u(h)<v(h)<n for which
Ay <o and a,, 2B for k=1,..., A

Let {f; : 0=k <oo} be a sequence of measurable functions and «<f be real
numbers. Let f_;=«. Let n= —1 and m =0 be integers. Then for almost all x the
maximum integer A such that there are integers n<u(l)<v(l)< - - - <u(h)<v(h)
Sm+n with

xe jn & fun®) S ) O (x 2 fun(®) 2 B)

is well defined. Denote this maximum integer h by U, .(x[{f.}, o, B).
Let T be a positive operator from L, to L; which is bounded by 1. Let

{fi:j=0,1,..}
be a sequence of measurable functions such that f;* is integrable for each j and

1(35) 23 0m @e)

for each finite subset Q of nonnegative integers. For each nonnegative integer n
write f*=(n+1)"(fo+fi+ - +/).
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In [1], a general result is proven which specializes in the present case to

THEOREM (UPCROSSING INEQUALITY). With the above definitions, U, ,(x|{f*}, «, B)
is integrable and

U1, B do < gz [ fom)* .

In particular, the linear operator from L, to L, induced by a measure preserving
transformation T, together with the sequence {T7f : j= 0} of iterates of a measurable
function f with f* in L,, satisfies the hypothesis of the theorem.

For the purpose here the sequence {f;} will always be a sequence of iterates
{T’f} and U, .(x|f, o, B) is written in place of U, .(x|{f*}, «, B).

Also, in the sequel, reference to U, ,(x|f, «, 8) willimply « and 8 are real numbers
which are not exceptional values for any of the functions f* for n<k<n+m.

3. Proof of the proposition and corollaries. The proof proceeds through a series
of lemmas, the first of which is a reformulation of a result in [3].

LeMMA 1. Let T be a positive linear operator from L, to L, that is bounded by 1.
Let {f,}2-, be a sequence of uniformly integrable functions which converges to zero
in measure. Then {maXo<,<y |fn|}n=1 converges to zero in measure uniformly for
nonnegative integers N.

Proof. Let ¢>0. Let §>0 be such that if 4 is integrable and u(4)<$é then
{4 | fa| du<€%/2 for each positive integer n.

Let M be a positive integer for which n> M implies u({x : | f,(x)| >¢/2}) < 8. Then
if N is any nonnegative integer and n= M

p{x :max [f}(x) :0 S v SN2 &) £ IU-l,Nu(xlfm ¢/2, €) dp.
Thus, by the Upcrossing Inequality,
2 e\t 2
Wl max (R 105 v S N> e <2 [ (fimg) dw < 2] fud

where 4={x : f,(x)>¢/2}. Similarly, for each nonnegative integer N and integer
nzM,
p({x: min [fY(x) : 0 £ v £ N] £ —¢))

=t max (Y@ 0y SN2 S 2| (~fde

IIA

where A’ ={x : —f,(x)>¢/2}. Putting these two together yields
2
€2

= &

W max (R 0Svs N z) s 2| Ifilde <

for each nonnegative integer N and integer n= M.
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LEMMA 2. Let f be a bounded nonnegative integrable function. Then, under the
hypothesis (1.2), for each pair of real numbers o and B, with 0 <« <pB, and for each
e>0 there is a nonnegative integer N such that there are disjoint partitions

x:f'x) 2Bt =4 VAdy, {x:f%x) S o} =B VB,

for which A, and B, are integrable and pu(A;)+u(B;)<e, and Ay N T'By=@ for
every integer j.

Proof. Let o, 8, and A be real numbers such that 0<a<fB and 0<A<3(B—a).
Let m be a nonnegative integer and let £>0. Define the sets

={x:fm"x) 2 -2, B={x:f"(x) S et}

By hypothesis (1.2) on T, there are disjoint partitions A=A4, U---U 4, U 4, and
B=B,u---U B, U B, and integers v(1),.. ., v(r) such that the {4,} and {B,} are
integrable, u(4,)+u(B,)<e, for every integer j the set 4, N T’B,=@, and
T'®A4,=B, fork=1,...,r

Set to=max [|v(k)| : k=1,...,r] and let M be a bound for f. Choose n>m so
large that 270M/(n+1) < A. Then for each integer ¢ with 1 <t<1¢,,

T ™(x)—f(x)| < + :::1f(Tkx) Z ST (x)) 2t0A1{ sA
Thus,
p(T"®fx : fr(x) 2 B—{x: f(x) 2 B-A) =0
and
p(T~"®x : fr(x) S o} —{x: fM(x) S a+A) =0
fork=1,.--,"

Define the sets .
A={x:"(x)z B, B={x:f"(x)=aq.

Again by the hypothesis (1.1) on 7, there are disjoint partitions, A=A, U---U 4,
U Ay, B=B,U---U B, U B, and integers u(l), ..., u(s) such that the {4,} and
{B} are integrable, u(4,)+u(B,)<e/3, for every integer j the set A, N T/B, =,
and T*® 4, =B, for k=1,...,s. Define the sets

4.

A =A4A-4, = B,

s s
U Ay, B, = B-B, = U B,,
k=0 k=0

r _ ro_
Uz B-B, =\ B.
k=0 k=0

Estimating u(4.)+ p(B,) in terms of the sets 4 and B gives
wAde)+m(By) = p(4. N Z) +u(4.— Z) +u(B. N E) +u(B.— E)-
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Now
w4 N Z)+P'(Bc N E) = ud. N Zc)'l'.“'(Ac N Z*)"'V'(Bc N Bc)'*'l"'(Bc N E*)

Since
w4 N Ay)+pu(B. N By) = é:o (1A, N A,)+ (B, N B,)]
< 3 @ 0 ) +uT 0B B+
= 3 B 0 TOL) e 0 TRB ] +5
S 3 (B~ Bo a1+

< W(B,~B)+p(Ac~A)+3
it follows that
F'(Ac N Z)'}'l-"(Bc N E) < l"(Bc N Ec)""}"(Ac N Zc)'l'l-"(Bo_B*)+F(Ac_z*)+e/3

< 2{u(B. N By)+p(Ac N Aoy + (B, — B)+ (4. — A) +¢/3.
Therefore

(1) w(Ao)+m(B:) S 2Au(B.—B)+p(A.— A)+p(d. N A)+p(B: N B} +ef3.
Now
2 P'(Bc_E)‘*'F'(Ac_Z) < wW(B—-B)+u(A4—-A4)

and

WA O A)+ (B 0 B) = 3. [ude 0 B+ (8. 0 B)
< 3 [T 0 B+ T~ #(B. 0 B +3
< ,21 @™ 4, 0 B+ (T B, 0 A1+
3 $ 5 BT ) 2 B 0B+l 1) S o) 0 A1+

< 5 /) 2 BN 0 BY+allx /1) S N 0 A+
< w(fx 1 M) 2 B—N N B)+p({x : f1(x) £ et X} N A)+ef3.
Define
S(m, n) = (A—A)+p(B—B)+p({x : f*(x) 2 -2} N B)
+p(fx : fY(x) S e+ A} N A).
It follows from (1), (2) and (3) that u(A4.)+p(B:) £25(m, n)+e.
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These estimations have given us the following result:
(4) for each nonnegative integer m and for each >0 there is an integer n>m
such that there are disjoint partitions

x:fMx)2f =AY 4y, {x:f"x)So}=BUB,

where 4. and B, are integrable, u(4.)+u(B.) <2S(m, n)+e, and for each integer j
we have A, N T/B,=2.

To complete the proof of this lemma let ¢ >0 and use the result (4) inductively to
obtain a sequence

0=n0)<nl)<---<nk) <---
of integers such that for k=1, 2, ... there are disjoint partitions
{x:fr90x) 2 B} = AU 4y,  {x:f"™(x) £ «} = B¥U B}

for which 4¢ and B¥ are integrable and u(A4%)+u(B¥) <2S(n(k—1)+1, n(k))+¢/2
and 4§ N T’Bf =g for each integer j.
Let K be an integer so large that

i+ G| [ < K2

Now
k; (w(A8) +p(BE) —e] = kzl [28(n(k— 1)+ 1, n(k))—¢/2].

Since
2 S(nk—1)+1, n(k))
< j UsmaX1f; B— M, B) du+ f U somar e1(X1fs o @) ds

+ j Us maoX|fs &+ A, B— 1) dyu+ f U- s s (XIS, at A, B=2) dis

and since (f—B+A)*, (f—a—A)*, and (f—«)* are all integrable, by Bishop’s
Upcrossing Inequality

3 Sete=1) 41,06 53 [-8+0* dut [ -0+ d

t g | F—a=N* da

1 1
= 2[x+m] f S .
Therefore '
1

K
’gl(ﬂ(A’cc)‘H"(Bf)_E) < 4[%4‘['3_—“_-2—)‘ fd/.t—K% < 0.



126 J. A. NUBER [February

This implies there is an integer k with 1 <k =< K such that u(A4%) + u(B¥) < e. Setting
N=n(k), the proof of the lemma is complete.

For each pair of nonnegative integers n and m, for each pair of real numbers «
and B with «a <8 and for each measurable function f define

Ur:m(xlf; o, B) = max [Un,m(xlf; o, B)a Un,m(xl —f; _B’ —a)]°

In the lemmas that follow, a certain property of U* will be important. Let f be a
measurable function and let «, B, and A be real numbers with «<fB and 0<A
<3(B—«). Let n and m be nonnegative integers. Let g be a measurable function
and let x in X be such that max [|g*(x)| : nSv=<n+m]<A. Then

Udim(x|f, @, B) < Udm(x|f—g, a+ 2, B—A).

Also note that if UX,(x|f, «, B) is measurable then 0 is not an exceptional value
since UX.(x|f, o, B) is integer valued.

LemMMA 3. Let f be a bounded nonnegative integrable function. Then, under the
hypothesis (1.2), for each pair of real numbers « and B with 0 < o <P there is a sub-
sequence of the sequence {Ug'(x|f", «, B)}w-1 which converges to zero in measure
uniformly for nonnegative integer n.

Proof. Let «, B, and A be real numbers such that 0<A<4(8—«). Let £>0. By
Lemma 2, for each positive integer n there is an integer N(n) such that there are
disjoint partitions

fx: fNP(x) 2 B—A} = AT U 4}
and

{x:f"™(x) £ a+A} = B U B}
for which 4% and B} are integrable and u(A4%)+u(BF)<1/nand A} N T’By = for
each integer j.

Define
&i(x) = f¥™(x)—3(B—«) if xe 43U B,

=0 if xe — (4% v B?)
for each positive integer n.

The sequence {g,} is uniformly integrable (being bounded) and converges to
zero in measure.

Let A’ be a real number with 0<A’<A. Then by Lemma 1 there is an integer N
such that for integers n= N

p(x: max [[g3() 0 S oS mZ X)) <e

for each nonnegative integer m. On the set where max [|gi(x)| : 0Sv=m] <X, we
have

U(:m(xlfmn)’ o,p) = U(;':m(xlfmn)"gm a+X, B+X).



1972] A CONSTRUCTIVE ERGODIC THEOREM 127

Define
h(x) = fM™(x)—gu(x) = (B+)/2 if xe A7 U B,
=f¥"(x) if xe —(4% Y B}).
If there are integers u and v with A*(x) S o+ A" and A¥(x) 28— X, there are integers
r and s with A(T"x) >B— X and A(T*x) <o+ A. With h(x) defined as it is, this would
imply T"x € A and T°x € B}. Since A} N T’B; =& for all integers j, it follows that
Uo m(x|h, «+ X', B—X)=0 (a.e.) for each nonnegative integer m. Therefore,
W U] 7, 0, B) > 0)) < p({x : max [|g2(x)] 1 0 < v < m] 2 X))
+u{x : Ugn(x|hy e+ X, B—X) > 0}) < &
for each nonnegative integer m.

LeMMA 4. Let f be a bounded nonnegative integrable function. Let o and B be real
numbers with 0 <« <pB. Then, under the hypothesis (1.2),

lim p({x : Ugn(x|f, o, B) > 0}) = 0
uniformly for nonnegative integers m.

Proof. For each positive integer n, f can be written f=f"+g,—g, o T where g,
is defined for almost all x in X by

-1

gn(x) = Z n;k

k
k=0 n+1f(T X)'

Let A be a real number with 0<A<3(8—«). Let e>0. By Lemma 3, there is an
integer N such that

p(fx 2 Udn(xlfY, e+, =) > 0}) < &

for each nonnegative integer n.
Since gy is bounded, there is a nonnegative integer n, such that n=n, implies

l(gn—gn o TV'(x)| = (n+1)7*|gn(x)—gn(T*'X)| < A

for almost all x in X.
Then, for each nonnegative integer m and each integer n=n,,

Uftm(xlf’ o, B) é Un‘:m(xlfN, a+ /\, B— )\) (a.e.).

Therefore u({x : Un(x|f; «, B)>0})<e for each pair of nonnegative integers n
and m with nZn,. This implies the claim of the lemma.

PROPOSITION. Let T be a measure preserving transformation. Then constructively
equivalent are

(1.1) for each integrable function f the averages { ™} converge almost everywhere,
and

(1.2) for every pair of integrable sets A and B and every ¢>0 there are disjoint
measurable partitions A=A,V A; V- --U 4, U Ay, —B=ByUB, U.--.UB,UB,
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and integers t(1), . . ., t(n) such that T*®A,,= B, (1 £k <n) such that T*A, N By=@
for all integers k, and such that u(A,)+ p(By) <e.

Proof. Assume (1.2). Let fbe an integrable function. Since {f™} converges almost
everywhere if {(f*)"} and {(f~)"} converge almost everywhere, it is sufficient to
assume f is nonnegative.

Let e>0 and let 0<A<de.

For each positive integer n the functions f,(x)=min [f(x), n], g.(x)=f(x)—f.(x)
are defined for almost all x in X. The sequence {g,} uniformly integrable (being
dominated by the integrable function f) and converges to zero in measure.

By Lemma 1 there is therefore an integer N, such that for integers N> N,

u(fx : max [[gh(x)] 0 S v < n] 2 X)) < ¢f2

for each nonnegative integer ».

Let ¢ =¢—2A. Suppose f**™(x)—f™(x) 2 ¢ for some nonnegative integers n and
m and for some x in X such that max [|gy(x)| : 0Sv=n+m]<A. Then f#*™(x)
—fi(x)Ze—2A=¢". Let k be an integer such that |3f;}(x)/¢' — k| < 1. Then ¢'(k—1)/3
<fMx)<e'(k+1)/3 and fi*™(x)=e' +&'(k—1)/3=¢"(k+2)/3.

Similarly, if f™(x)—f"*™(x) £ ¢ for some nonnegative integers n and m and for
some x in X such that max [|gk(x)| : 0Sv=n+m]<A then there exists a non-
negative integer k such that f} *™(x) <ke’/3 and f7(x) = (k+1)¢'/3.

Let M be any nonnegative integer such that (M +1)¢’/3= N and let A be any real
number with 0< A< ¢/6. Then from the reasoning above we conclude

p(x s max [|f*0) —f@)] 1 n £ j < k < mtn] > )
= kzof‘({x : Un"fm(xlf,{,‘, kTe'_*_A’g%l)e'_)‘) > 0})+§

for every pair of nonnegative integers » and m.
By Lemma 4, for each integer k with 0 <k < M, there is a nonnegative n, such
that

p({x : Ufa(x|fi¥, ke'[3+ A, (k+1)e'/3—2) > 0}) < &/2(M+1)
for each pair of nonnegative integers n and m with n=n,.

Define i=max [n, : 0=k =< M]. Then if n and m are any nonnegative integers
with n=n,

p(x cmax [[f*(x)—fi(x)| :n £ jS kS n+m] > ¢}) <e.

Let {e,}2=1 be any sequence of positive real numbers for which lim, ., ,, ¢, exists
and is equal to 0. For each pair of nonnegative integers n and m define the set

Ay = {x: max [[f50) =) 11 S j S k S ntbm] > o).

We have shown above that lim,_, , u(4, ,)=0 uniformly for nonnegative integers
m.
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Since
0= :U'(An.m+k)_i"(An.m) = :U'(An+m,k)

for all nonnegative integers n, m, and k we have

lim IP(An,m+k)_I"'(An,m)l =0

m—

uniformly for nonnegative integers k, for each nonnegative integer n. Therefore
the sequence {u(A, m)}im=o is @ Cauchy sequence for each nonnegative integer n.
Define the set A,=\J {4, » : 0<m <o} for each nonnegative integer n. Since the
sequence {u(4, n)}m=o is a Cauchy sequence, it follows that 4, is integrable and
lim,,., o p(An,m)=p(4,) for each nonnegative integer n.

Define the set A=(){4, : 0=n<oo}. Since lim,_, u(4, »)=0 uniformly for
nonnegative integers m it follows that A is integrable and

wA) = lim p(4,) = 0.

Therefore the sequence {f*} is Cauchy almost everywhere.

Now assume that (1.1) holds.

If £* is the almost everywhere limit of the sequence of averages { "} of a bounded
integrable function f, Lebesgue’s Dominated Convergence Theorem [, p. 200]
implies that f*.1, is integrable whenever I, is the characteristic function of an
integrable set and, moreover,

im [ f"dy = f f*du.
A A

n— o

A straightforward argument based on Lemma 1 and the uniform integrability of
the sequence {f™} together with the convergence theorems in [1, pp. 197-200]
generalizes this result to not necessarily bounded functions.

It follows directly from this that if E is invariant under T (i.e. if I o T=1I; a.e.)
if A is any integrable set, and if f=0 is any integrable function,

Let A and B be integrable sets and let ¢>0. Let >0 be such that
28+ 4/(28) max {u(4) +u(B), 1} < &/2.

Inductively define sequences {4, : 1<k<oo}, {By : 1<k<w}, {4} :0Zk<oo},
and {B;, : 0=k <o} of integrable sets and a sequence {¢(k) : 1 <k <oo} of integers
so that T%® 4, =B, (k=1) and there are disjoint partitions
A=A,Y---UA, U A k=z1),
B, =B, Y---UB,UB (kz1),



130 J. A. NUBER [February

and the following inequality is satisfied:

p(Bp NTHE+V4) < | I¥du+8 (kK 20)
Bj
where I} is the almost everywhere limit of the averages {I¢*} of the characteristic
function I, of A;, by proceeding as follows.
Let Ag=A and By= B. Having found the required sets and integers up to index
k=1, let N=0 be any integer so that

f If_ldy—J I,:’_ldp.‘<8.
By Bj

k-1

Then

I,;"_ldp—S} <0

k-1

cPA(] J
—_— TI. ., du—
N+ljzo B;‘_l k-1 F’ B:

so that, for some integer j, with 0<j< N,

f Ty du = By N T A4 < j By du+d.
Bi_3 B,

-1
Let #(k)=j and define the integrable sets
B, =T 74;_,—By_,, A, = T'B,,
B; = B;_, Y B, A = A1 Ay

Now let n be any integer for which u(4)<n-8. Then

nd > ) 2 3 p4) 2 > IO L B
n—-1
2”3 [uan-[ 12 du-i]
k=0 B
or
n-1
S [,u(A;‘)— J by d/.L—ZS] <0
k=0 B,
so that for some integer K, 0 K<n-—1,

5) pldy) < I dp+28.
By
Define E={x : If(x)>+/(28)}.
To show E is integrable let n=0 be integer and E’ an integrable set so that
[Ig(x)—I#(x)| <3v/(28) if x€ —E’ and uw(E')<1.
Then E€E"={x : I}(x)>44/(28)} U E’ and E" is integrable. Since a measurable
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subset of an integrable set is integrable, it follows that E is integrable. It is an easy
consequence of the properties of Césaro averages that E is invariant. Consequently

©) M&nErif&@;jzpm
E E

Define the sets
Ay = Ax—E, B, = E— By,
Ay = Ax N E, B, = —E—Byg.

Since E is invariant, we have T*(4x N E) N B,=o for all integers k. In addition
(5) and (6) imply
w(do) = p(Ax—E) = p(dx)—m(dx N E)
<[ d,c+2s-j I¥ du
E

By

<25+ f IE du < 254++/(28)u(BY)
By-E

< 28+4+4/(28)(u(A)+p(B)) < ¢f2
while (5) and (6) also imply

If du+28 > J I¥ du
E

By
so that

m>f I¥ du 2 v/(28)u(E—BY)
E-By

and

#(Bo) = p(E—Bg) < 1/(28) < ¢/2.
It follows that the partition A=A, U A, U---U Ay U Ay, —B=B,UB,U.--
U By U B,, together with the integers #(1), . . ., #(K) satisfy the condition (1.2).

COROLLARY 1. For a measure preserving transformation T on a set which has a
subset of positive measure, constructively equivalent are

(2.1) for each integrable function f, the sequence of averages {f™} converges a.e. to
a constant, and

(2.2) for each pair of integrable sets A and B and for every ¢>0 there are disjoint
integrable partitions A=A, U A, V---U A,, —B=B, U B, U---U B, and integers
t(1),..., t(n) such that T*® A4, =B, (1<k=n) such that T*A, N\ B,=@ for all
integers k, and such that at least one of A, and B, is integrable with measure less than e.

Proof. The proof that (2.1) implies (2.2) is identical to the proof that (1.1)
implies (1.2) with the additional observation that if the limit function I¥ is constant
a.c., then the integrable set E or its complement may be taken to be a null set and
thus either 4, or B, is null.

To show (2.2) implies (2.1), first consider a nonnegative bounded integrable
function f. Without loss of generality assume 0 < f<1 a.e. Since (2.2) implies (1.2),
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the proposition implies the sequence of averages { ™} converges a.e. to a measurable
function f*. Since 0= f"<1 a.e. it follows that 0 f*<1 a.e. Let £>0. We now
construct sequences of real numbers {«;} and {8,} to satisfy the inequalities «; <, ,
<B;i1=B;and (B;,1—;41)=3%(B8,— ;) and also, except on a set of measure less
than (1 —277), the inequality «; < f* <8,, these to hold for all positive integers j.
Set «; =0 and B, =1. Let n be a positive integer. If ¢; < -+ - S, <B,=--- B, have
been defined, let a and b be any real numbers such that 4«, + 18, <a<b=<1«,+%B,
and such that the sets A={x : f*(x)<a} and B={x : f*(x)2 b} are measurable.
The sets B and — A are integrable. Thus by (2.2) and by the fact u(4 N T7B)=0
for all integers j, we have either u(B)<e/2"*! or A is integrable and u(A4)<e/2"*+1,

In the first case take «,,.,=«, and B,,;=>b. In the second take «,,;=a and
Bn +1 =ﬁn- Then in either event o, Say 4y <Bn +j élgn and (Bn +1 7 %y +1) = %(Bn —ay,)
and a,,;Sf*<PB,., except on a set of measure less than ¢(1—-2""4+2"""1)
=g(1-2"""1).

Having completed the inductive definition, it is trivial that {«;} and {B;} are
Cauchy converging to a common limit L, and f*(x)=L, for all x except in an
integrable set E, of measure less than e. Suppose A4 is a set of positive measure in X;
then L,=L, whenever 0<e, ¢’ <3u(A4). Thus f* is constant a.e.

By linearity, the result follows for all bounded integrable functions f and if fis
not necessarily bounded, Lemma 1 implies the result in a straightforward fashion.

COROLLARY 2. Let T be a measure preserving transformation such that for all
integrable functions f the averages {f"} converge a.e. to a measurable function f*.
Then constructively equivalent are

(3.1) for each integrable function f, the a.e. limit f* of the averages {f"} is
integrable; and

(3.2) for every increasing sequence {X,} of integrable subsets whose characteristic
functions converge almost everywhere to 1, the following holds:

for every integrable set A and >0 there is a disjoint partition into integrable sets
A=A, VU A, such that

(i) there is an integer q such that, for all integers k, W(T*A, — X;) <e and

(i) for all integers p there is an integer N such that (A, —\J{T*(X,) : |k| SN})<e.

Proof. To show (3.2) implies (3.1) it is sufficient (by linearity) to consider the
case of a nonnegative integrable function f.

Let {X; : 0<g <00} be an increasing sequence of integrable subsets of X whose
characteristic functions converge to 1 a.e.

We shall show that the sequence of real numbers {[x, f* du} is Cauchy and it will
follow from the monotone convergence theorem that f* is integrable.

Let ¢>0. By the monotone convergence theorem

i [ S = f fdu.

q— ©
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Let g, be so large that |_, fdu<e for A= X, and let >0 be so small that if E
is an integrable set for which u(E) <8 then f gfdu<e.

Define a sequence {X,} of integrable subsets of X inductively as follows. Let
Xo=0. Having defined X, for0<k<n,let A=4, U A, U A,, - X=Y,U Y U Y,
be disjoint measurable partitions of 4 and — X, so that u(4,)+u(Y,) < 8/4, the
sets T*4, N Y= and T: A, — Y,, where the latter symbolism means that there
are disjoint integrable partitions 4,=4, V---UA4,, Y,=Y,U--.U Y, and
integers #(1), . . ., #(n) such that T*® 4, =Y, (k=1,..., n).

Define X, ,1=Xg 4n+1V Yo U Y. U X,

The sequence {X,} thus defined is increasing and converges a.e. to 1. In light of
(3.2) there is an integrable partition 4= A4, U A4, such that

(i) there is an integer ¢ =0 for which u(T*4, — X,) < 8/4 for all integers k, and

(ii) for every integer p =0 there is an integer N0 such that

p(d:—UA{TH(— X;) : [k| = N}) < 8/4.
Let p=q be an integer. We now show that
j r* d,L—J f*du < 8.
Xp Xq

Let f=f1+/f2+/fs where fi=f-I, for i=1 or 2 and fy=f-1_,. Then f*=f}4f*
+f a.e. First

[ mas| mravs[fid=| rau<s
Xp—Xgq Xp A
by choice of 4= X,,. Now let N be so large that

J * du < f ¥ dute.
Xp—Xq Xp—Xq

Then from

1 X J‘
Ndu £ —— T*f d,
jx,-x, S dp N+1 k§=:o —XgNT k4, S

and u(— X, N T%4,)< 8 for all k, and from the choice of 8 it follows that
* 1 3
fx,,—xq ffdu < (N+l kzoe)+e = 2e.

Finally to show [ f* duu < 5¢ we construct a sequence {g;} of integers as follows.
Let go=¢ and ¢, =p. Having defined ¢, . . ., ¢, so that

f frdu> j ¥ du—de
Xq,—Xa,_y Xp—Xq

we proceed to construct measurable partitions -X,=XoU X, U X,, X,—X,
=Xo U X; U Xg where u(Xg)+u(Xg)<38/4, the sets TX, N Xq=o for all
integers k, and T: X; — X_.
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Let g, ., be an integer such that u(X;— X, ,,)<8/4. Then

J

To complete the induction it is therefore enough to show j’ x f& du < 2eand for this
it is enough to show u(Xy N T¥4,) <8 for all integers k, since then an argument
identical to that used to estimate [y, _x /3 du will give the desired inequality.

By construction of the sequence {X,} there are disjoint measurable partitions
X4 =YoUY UY, and A=4,U A, U A, where Y, NT'4,=2 for all
integers j, and u(Y,)+pu(A4o)<é/4, and T: A, — Y., and additionally Y,> X,
where §=q,.,+1. Let N be an integer such that u(4d,—J {T"(—Xy) : [j|SN})
< §/4.

Then 8/4>p(A; N Ay— U {T'(— Xy) : |j| £ N})=p(4z N Ay). Consequently

p(Xa N T*Az) < 82+pu(Xs N T (42 N Ac)).

For some integrable subset Y.< Y.< — X, . wehaveT: (T-¥Xg{ N A, N A)— Y.
Since Xx N T’ Xy = for all integers j, we must have Y.< Xg U (X;— X, ,,). Thus

n(X; O TAy 0 A) < p(Xs U (Xi= X)) < /2.

Putting all together, u(X; N T*A4,) < as was to be shown.
This completes the inductive definition of the sequence {q,} and for k=1

pau> [ pra-e> | gra-ez|  gpa-2e-[ pra.
Xe ¢ X Xeo

an 41~ Xap p—Xq

* du > J * du—de.
Xp—Xq

Jx"k—x“k—x

Summing this inequality for k=1, ..., n yields

j f¥du > n( f 1 d/.l.—4e)
Xq,~Xq Xp-Xq

and so, for all integers n=1,
j 2*d,u.—4e<1f fz*dp.gljfdp..
Xp—Xq n Xp, n

Taking n so large that (1/n) [ f du <e, it follows that [y _x, f3* du < 5e. Consequently,
for the given >0 and the modified sequence {X,} there is an integer ¢ such that,
for p2q, [x,-x,/* du<8e. Let r be an integer such that u(X,— X;) <8. Thus for
suitably large integers n

j f*d,u<f f"dp.+e<LZ(e)+e=26
Xq-X; g n+14

Xo-X,

and consequently since X, ., < X, we have, for p>gq,

s

P+qg Xp—Xq

f*d;t+J‘ f*dp < 10e.

-X; Xq-X;
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It follows that the sequence {[x;f* du} is Cauchy and therefore that f* is
integrable.

To prove (3.1) implies (3.2), let {X,} be an increasing sequence of subsets of X,
whose characteristic functions converge to 1 a.e.

Let 4 be an integrable set and let e>0. Let g, be an integer such that g=g¢,
implies, for f=1I,, [x,-x,, f* du<e/5.

Let A;={x: f*(X)2¢/5u(X,,)} and let g be an integer such that u(4, N X,)
>u(A;)—¢/5. Then u(T*A4, — X,;)<e for all integers k showing that (i) of (3.2) is
satisfied. Let p >¢g,. Choose an integer n such that

f frdu < j f*du+e/S and frd < f F* dutefs.
Xp—Xqqo

Xp-Xqq Xgo— 4, Xoo— 4,

Then [x,_x,, /™ di<2e/5. We can write

WA = [ fdu = 1 du = f_xpf“dwf frdut( frdn.

Xp=Xqo Xqo

Setting A;=A— A4, and fi=1,,~, for i=1 or 2 it follows that

j St du > WA =L~ L= 245
—~4p

where
b= s 0 A= [ fr iz w0 = [ frdu =0
0
and
I; = s dp =f fFdu < J f*du+elS < 2¢/5
Xqo Xgo—A Xgo— 4,
and finally
14 = flﬂ dp, = % Z k(A N Al)—X < —l— i 6/5) = 3/5,
- 1) 0
Thus

1 n
TS MT e X) = [ fidu > uda)—e
0 -Xp

so that for some integer k, 0<k<n, u(T*A4,— X,)>u(A4;)—e and so part (ii) of
(3.2) is satisfied.

COROLLARY 3. If T is a measure preserving transformation on a finite measure
space then equivalent are
(4.1) for every integrable function f, the sequence of averages {f"} converges a.e.

to 1/(u(X)) [ f dp,
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(4.2) there is a nonnegative monotone increasing function r defined for nonnegative
real numbers such that

(i) for all >0 there is a >0 so that x<e¢ if r(x) <8, and

(ii) for every pair of integrable sets A and B and every >0 there is an integer k
Jfor which

#(A4 N T*B) > r(u(A)-p(B))—e.

Proof. Without loss of generality take u(X)=1.
Assume (4.1). Let 4 and B be integrable sets and let £¢>0. Since {I}} converges
a.e. to u(A), there is an integer N 20 such that [ (u(4)—I}') du<e. Thus

NLHz (u(B O T~*A)— w(BYu(A) &) < 0

which directly implies (4.2) with r(x)=x.

Assume (4.2). We first show that (2.2) holds.

Let 4 and B be integrable sets and let ¢>0. Let 8> 0 such that x < &2 if r(x) < 28.
By induction construct a sequence {n,}r-, of integers and sequences of disjoint
integrable subsets {4,}7-, of 4 and {B,};-, of B as follows.

Let n,=0 and 4,=B,=A4 N B. Having constructed integers {n, : 1 Sv<k} and
sets {4, : 1 Sv<k} and {B, : 1 Sv<k} for some integer k> 1, define

Zk=A—'U{Av:l§V<k}, Ek=B'—U{Bv:1§V<k}.

By hypothesis, there is an integer ¢ such that w(4, N T¢B,) > r(u(4,)w(By)) — 8.
Let n, be this integer and define A4, =4, N T*B,, B, =T "A,.

Having completed the induction, let K be a positive integer so large that
n(A)/K< 8. Then, as a consequence of the induction construction,

WA Z 3 wA) > 3 [AIBY) -]

> K[r(w(Ak +)u(Bx +1) - 8]

That is 8 > u(4)/K > r(u(Ax+1)w(Bg.1))— 8 and therefore r(u(Ax . 1)m(By 1)) < 28.
By the choice of §, this implies

[min {u(4g + Jp(Bx + )}? £ p(Ag)(Bg+1) < &

and therefore that at least one of u(Ag.,) and u(Bg,,) is less than e.

Define Ag=A, 1, Bo=Bg.,. It follows that the partitions A=A, U (JE-, 4,
B=B, v |J¥., B, together with the integers n,, . . ., ng satisfy the requirements of
(2.2). Therefore (4.2) implies (2.2).

Let f be an integrable function. By Corollary 2, the sequence of averages {/™}
converges a.e. to a constant «. Consequently, since the space X is an integrable set
and p(X)=1

ffdp, —lim [frdy =

n— o
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