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STRONG CONVERGENCE OF FUNCTIONS
ON KOTHE SPACES

BY
GERALD SILVERMAN

Abstract. Let A be a rearrangement invariant Kothe space over a nondiscrete
group G with Haar measure u. For a function f € A and relatively compact 0-neighbor-
hood U in G the function

Tof) = =g [, fan

is continuous and also belongs to A. The convergence Tyf— f (as U — 0) for the
strong Ko6the topology on A is involved in establishing compactness criteria for
subsets of a Kothe space. The main result of this paper is a necessary and sufficient
condition for convergence Tyf — f in the strong topology on A.

1. In [3], [4] and [5] Kothe studied pairs of subspaces of real sequences that
were in weak duality. Dieudonné later generalized the theory to subspaces of
locally integrable functions over a locally compact measure space E with Radon
measure p. If E is a o-compact, locally compact Hausdorff space with regular
Radon measure p, we let Q be the space of all functions which are integrable on
each compact set in E. For a subset I' of Q, the K6the space associated with T' is
A=AD)={feQ: [, |fg| du<oo for all g € I’} and the Kothe dual is A*=A*{T)
= A(A(T")). The pair (A, A*) is in weak duality; an example of such a pair is
(L?, L9). The set A can be made into a complete locally convex topological vector
space under the strong topology S(A, A*)=S defined by the seminorms

Sulf) = sup [ Ifel d
geH

as H runs through the weakly bounded subsets of the Kothe dual A*,
For E=G an additive topological group, f€Q, and U a relatively compact
0-neighborhood in G, we define the continuous function

In [2] these functions were used in giving compactness criteria for subsets of K&the
spaces over G. The importance of the convergence of Tyf to f (for the strong
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topology) as U runs through the relatively compact neighborhoods of 0 in G for each
function fin a Ko6the space will appear in papers by Welland and Goes which are as
yet unpublished. In this paper a necessary and sufficient condition is established
for the convergence of Ty f to f for the strong topology on a rearrangement in-
variant K&the space.

2. Two functions f and g are said to be equimeasurable or rearrangement
invariant if

wlx s | fX)] > r}) = p(fx: [ex)] > r}

for all nonnegative r. A Ko6the space A is rearrangement invariant if f' € A when-
ever f* is equimeasurable with some f€ A. It is known that such a A is contained
in the direct sum of LY(E, p) and L*(E, r), and that the Kothe dual A* is also
rearrangement invariant (proved in [7]).

A set of functions H is normal if g € H and |h| <|g| implies 4 € H. In [6] it was
proven that if E has no atoms (i.e. a set S<E of positive measure such that S;< S
implies u(S;)=0 or u(S;)=pu(S)) there is a fundamental system of normal, re-
arrangement invariant, weakly bounded subsets {H} of A* for which the semi-
norms Sy, which generate the strong topology of A, have the property that Sy(f)
=Sy(f’) for f equimeasurable with f”.

In this paper G will be a s-compact, locally compact, Hausdorff, nondiscrete
topological group; p will denote invariant Haar measure on G. The family of
relatively compact neighborhoods of 0 in G will be denoted by #. In addition, we
will often write [ f(x) dx to mean [ f'du, and f, to be the function f,(x)=f(y+x)
for fe Q and y e G.

3. The following lemma will enable us to use the information we know about
rearrangement invariant KGthe spaces over a nonatomic space G.

LemMA 1. If G does not have the discrete topology, then Haar measure p is non-
atomic; that is G has no atoms.

Proof. We first show that if G contains an atom S, then u(S) must be finite.
If not, and {K,}-, is the increasing sequence of compact sets whose union is G,
then w(K, N S) is finite (n=1, 2,...) and strictly less than u(S)=oco. It follows
that p(K, N S)=0 for each n, and p(S)=0; this is a contradiction. Therefore we
must assume that u(S)<oo. Now since u(S)=sup {u(K) : K<S, K is compact}
and Sis an atom, there is a compact set K which is an atom satisfying u(K)=pu(S).
By the nondiscreteness of G, there is a nonempty open set U containing 0 such that
p(U)<u(K). Since {U+x : x € K} is an open cover of the compact K, there must
be a finite number of elements {x;, X, ..., X,} in K such that (J{-, U+x,>K.
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But w(U+x; N K)Suw(U)<u(K) (i=1,2,..., n) implies w(U+x; N K)=0. It then
follows that u(S)=p(K)=0.

LEMMA 2. If A is a rearrangement invariant Kothe space over G, U is a compact
neighborhood of 0 in G and f is a function in A, then
(i) Tufe A
(ii) Tyf is a uniformly continuous function on G,
(iii) p(Tyf) = p(f) as p runs through a certain family of seminorms that generate
the strong topology of A.

Proof. If fe A and U is compact in G, we show that Ty f g is integrable for
every g € A*; thatis, Tyfe€ A. As A* is rearrangement invariant, there is a normal,
rearrangement invariant, weakly bounded subset H of A* which g belongs to,
and satisfying Sy(f’)=Sy(f) whenever f’ is equimeasurable with f. Since f, is
equimeasurable with f for each y € G, we have

[ 1muso-gel s = | [ fox)e)-y |-
=Aw . 1fx9) g0l dy-de
= 55 |, | s ax-ay
< ﬁ L ig}gflf(xﬂ)-h(x)l dx-dy
- 5] sum @y

1
75| Sul du = Suh) < .

Thus Tyf e A. Furthermore, it is clear that [ Tyf-g-du < Su(f) for all functions
g € H. Taking the supremum on all g € H, we obtain Sy(Tyf)= Su(f). Since the
seminorms Sy generate the strong topology of A, (iii) is proved. In addition, this
also shows that T;: A — A is a strongly continuous linear function.

In order to show that Ty f is uniformly continuous for U compact and fe A,
we observe first that f=h+g where he LY(G, 1) and ge L*(G, n) (since A is
rearrangement invariant); we then have Tyf=Tyh+Tyg. We must show that for
any e>0 there is a O-neighborhood V in G such that x—ye ¥V implies
| Tuf(x)—Tuf(y)| <e.

Let ¢>0 be given. Since 4 is integrable, there is a § >0 such that 4 measurable
and p(A4) < 8 implies [, |h| du < e/4. By the compactness of Uin G and the regularity
of u, there is a symmetrical O-neighborhood V such that w(V+U\U)
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<min {}-¢/||g| »; 8}. Then for x—y € ¥, we will have

p(U): | Tuf(x)—Tuf(y)]
= p(U)-|Tyh(x)—Tyh(y)+ Tyg(x)—Tug(y)|

f h(e) dt— f h(z).dt\ + f g(t) di— f 2(t) dt'

U+x U+y U+x U+y

< j \h(0)| dt+ f |h(e)) de+ f 20| dt+ f |g(t)| dt
x+U\w+U y+U\x+U x+U\w+U v+ U\x+U

=f |h(t+y)|‘dt+J |A(t+x)| dt+(
x-y+U\U y-x+U\U

Jx=-y+U

<

- lg(t+y)|-dt

>

+J |g(t+x)| dt
y-x+U\U

< f |A(t+)| dt+J‘ |h(t+x)| dt + f |g(t+y)| dt
v+ U\U \u v+U\U

V+U

+f |g(t+x)| dt
v+ U\U

e € e 1
<ztzt2lele 73

Thus Tyf is uniformly continuous.
REMARK. On the real line such functions Ty, f are of the form

l x+h|2
() = 5 L _fwdt forh>o0.

The T* operation takes a function f and smoothes it out to a function that
approximates the original function; in fact, lim,_, , T"f(x)=f(x) a.e. whenever f
is locally integrable. As an example let us consider f=y;,, Where a and b are real
numbers with a<b. Then

T*(x) = (x—(a—h/2))/h fora—h/2 < x < a+h/2;
=1 for a+h/2 £ x £ b—h/2;

= (b+h/2—x)/h  for b—hj2 < x < b+h/2.

Obviously, lim,_., T"/(x)=1 for x € (a, b).

_ We now give an example of two locally integrable functions fand g on R! such
that 1 f()-g(1)=0, but [, T"f(t)-g(¢) dt=co for all h>0. This example will show
that there is a Kothe space over R', A=Ll={fe Q: [, |fg| du<oo}, such that
fe A, but T"f ¢ A for any h.

For each integer n2> 5 we choose numbers a,, b,, ¢, and d, such that n<a,<b,
<c,<d,, b,—a,=c,—b,=d,—c,=1/n, and n+1—-d,=a,—n<%}. Set 4,=(a,, b,)
U (cns dn); Bp=(by, ca) (n25), f=27-s n-Xa, and g=>7.; N XB,e Clearly,
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21 f(1)-g(t) dt=0. However, choosing <4, we obtain
@ * 00 ] h|2
[ ooy = [ 5[ ocrn)-ge)deax

}l,f J Slx+1)-g(x) dx dt
1
il

h/2 © n+l

= niz ZJ 1 xan(X+ 1) X5,(x) dx dt

© | [hi2
=2 Z'J n?-w(d,—t N B,) dt

n=6/ J-ns2

- % £3m o f duti0 By) di

n
_ 1 2 1/n _ 1 . 1 1 B
—Tlngzlhn Jo tdt—zngzlhn 2Z3=®

In the following theorem C,=Co(G) will denote the continuous functions of
compact support on G and S(A, A*)=S will denote the strong K&the topology
on A generated by the rearrangement invariant seminorms

S(f) = sup [ fedu (forfe )

where B runs through the normal, rearrangement invariant, weakly bounded
subsets of A*, Recall that limy.a Ty f=f for the topology S means that for each
weakly bounded B< A* there is a relatively compact 0-neighborhood U, in G such
that Sy(Tyf—f) =1 for all 0-neighborhoods U< Uj,.

THEOREM. If A is a rearrangement invariant Kothe space over G with the strong
topology S, then the following are equivalent:

(1) C, is dense in A;

(2) limyeq Tyf=f foreach fe A;lim,_, , - xx, =@ for each nonnegative uniformly
continuous ¢ in A.

Proof. The implication (1) implies (2) will be proven first. We begin by showing
that limy.4 Typ= ¢ for each ¢ € C,. Let ¢ € C, have its support on K compact, and
let B be a normal, weakly bounded subset of A*. If U is a compact and symmetric
0-neighborhood in G, then U+ K={u+k : ue U, k € K} is compact, d=Sg(xv+x)
is a finite number, and the support of Tye is contained in U+ K. In order to see this
last statement we observe that for x € E\U+ K we will have U+x N K=g ; for
if there was a u € U and k € K satisfying u+ x=k, we would have x=k—ue K+ U
(as U is symmetrical), a contradiction. Thus for x € E\U + K, we obtain

TU'P(x) (U) Ut tP(.y) dy F-(U) Ut K <P(y) dy 0
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If d=0 the above argument shows that Sg(Typ—¢)=0 for all 0-neighborhoods
V< U. We can then assume that d>0. Now since ¢ is uniformly continuous, there
is a symmetric O-neighborhood ¥ with V+V<U such that x—y e V implies
|p(x)—@(y)| <1/d. The O-neighborhood V is relatively compact, and for any
0-neighborhood V'<V we have

Se(Tve—9) = Sp(xx+ v (Tve—9))

= sup [ x4 o0~ (Typ0)— 9(0)-600) dx
< sup [ xwe o0 { gy [ I9CO—pCr49)] d}-g)

1 1
<sup [, xeougade = 3 S = 1

Thus limyea Typ=¢ for each ¢ € C,. Fix fe A. We now show Tyf— fin A. Let
B be a normal, rearrangement invariant, weakly bounded subset of A* whose
associated seminorm Sj is rearrangement invariant. Since C, is strongly dense in
A, there is a ¢ € C, such that Sp(p—f) <1.

The convergence of Tye to  implies there is a relatively compact 0-neighborhood
U, such that Sg(Typ—¢) <% for all 0-neighborhoods U< U,. By Lemma 2 we have
Se(Tuf—f) S Se(Tuf—Tup)+ Se(Tvp— @)+ Se(p—f) =2 Sp(f— )+ Se(Tvp— @) <1
for U< U,. Thus limy.qy Tyf=f for each fe A.

For the second part of (1) implies (2) we suppose that ¢ € A is a nonnegative
and uniformly continuous function. If B< A* is weakly bounded and normal,
there is a function ¢ € Cy such that Sg(—¢)<1. Suppose the support of ¢ is
contained in K, for some integer m. If n=m we have

0 = |P(x)—xx, ¥(x)| £ |p(x)—(x)| for any x € K,;
[$(x) = x, P (X)| = [$(x)] = [$(x)—p(x)| for x € E\K,.

Therefore, for n=m we have

Sp(—xk, ¥) = Ss(@—9) < 1,
which was to be shown.

In order to prove (2) implies (1) we must first prove that if B is a normal, re-
arrangement invariant, weakly bounded subset of A* whose associated seminorm
S'p is rearrangement invariant, and ¢ >0 is arbitrary, then there is a 8 >0 (dependent
upon &) such that Sp(x,) <e for any measurable set A satisfying u(4) < 8. Since G
is nondiscrete, there is a compact set K with nonempty interior K° for which the
boundary of K, K=K | K°, contains a point x, with the property that every open
set about x, has a nonempty intersection with the open sets K° and E\K. Since we
have assumed limyea Tyxx=xx for the strong topology of A, there is a compact,
symmetric 0-neighborhood U, in G such that Sp(Tyxx—xx)<e/2 for any O-
neighborhood U< U,. Now we show that there is a 0-neighborhood ¥, < U, such
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that Ty xx(x) >} for all x in some nonempty open set contained in E\K. As U, + x,
is an open neighborhood of x, meeting K° in a nonempty open set and p is a regular
measure, there is a symmetric O-neighborhood U’'cU, such that 0<u(U’)
<u(Up+xo N K). The 0-neighborhood Vo=(U'+x, N E\K) U (Us+x, N K)—x,
S(U'+xo N E\K)U (U +x, " K)—xo,=U"is contained in U,,.
Since w(U’+xo N E\K) S (U’ +x0)=pu(U") < p(Up+ x, N K), we have
1 p(Vo+xo N K)
Ty xx(x0) = —=- dp = —————"——2
X0 = T e W T Vo)
_ #(Vo+x0 N K)
}L(U,+x° N E\K)+H(Uo+xo N K)
_ #(Uo+x0 N K)
w(U"+x0 N E\K)+p(Us+x0 N K)
w(Us+x0 N K) 1

WU+ %0 N K)+@(Uot %N K) 2

The fact that Ty xx is continuous and Ty xx(x,) >4 implies that there is an open
set ¥ (xo) about x, such that Ty xx(x)>% for all x € V(x,). By the choice of x,,
V=V(x,) N E\K is a nonempty open set contained in E\K for which x € ¥ implies
Ty xx(x)>1. It follows that 4-xy < Ty xx - xe\x- Since Vo< Uy, for any measurable
set A<V we have

‘}'SB(XA) < Sp(ww) = SB(TVOXK'XE\K)
= SB(XE\K'(TVOXK_XK)) = SB(TVOXK_XK) < ¢/2.

Set §=4u(V) >0, and let A be a measurable set with u(A4) < 8. Since G has no atoms,
there is a measurable set 4’ contained in V satisfying u(4)=pu(4). The equi-
measurability of y,. with x, implies

Sp(xa) = Sp(xa) S Splxv) < e.

We now show that C, is dense in A. Let fe A; we assume without loss of general-
ity that = 0. Given B< A* normal, rearrangement invariant and weakly bounded,
there is a compact O-neighborhood U, such that Sp(Ty f—f)<3. The function
¢=Ty,f is nonnegative, uniformly continuous and contained in A. By the hy-
pothesis of (2), there is an integer n for which Sg(p—@xk,)<3. Setting
d=SUpyex, ,, P(X), We can find a §>0 such that u(4)<8 implies Sp(x,)<1/3d.
Let U be an open set such that K,=U<K,,, and u(U|K,)< 8, and let g be a con-
tinuous Urysohn function with its support contained in U and having the properties
that g=1 on K, and g(x)<1 for all x € G. The function g-p=14 is a continuous
function whose compact support is contained in U satisfying

Sp(P Xk, — %) = Se(p xx,—98) = Se(-(§—xx,)) = Sp(®-xv-(8—xx,)

d 1
= Sp(g-pxvix,) = d-1-Sp(xuix,) < 3d~ 73
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We finally have

Sa(f—¥) = Sp(f— @)+ Sa(e—exx,) + Sa(exk,—¥) < 1.
Thus C, is dense in A for the strong topology. The Theorem is proved.

COROLLARY. If A is a rearrangement invariant Kithe space over G which contains
all the constant functions, then Tyf — f (U € %) strongly for each f € A if and only if
the uniformly continuous functions are strongly dense in A.

Proof. To show sufficiency we observe that Sp(ys)<oo for B< A* weakly
bounded. From this we can show, as in the Theorem, that Typ — ¢ for any uni-
formly continuous ¢ € A. We again use the denseness of the uniformly continuous
functions and the fact that Sg(Tyf)=Sz(f) for seminorms Sy generating the
topology on A to show Tyf— f (U € %) strongly. The necessity part of the Corol-
lary is obvious since Ty f is uniformly continuous for U compact.

REMARK. The L? spaces for 1 £p < +oco are spaces in which Tyf— f (U € %).
L~ is a space which does not have this property; the continuous functions are not
dense for the strong (norm) topology. We now give an example of a Kothe space
that is not rearrangement invariant, in which the continuous functions of compact
support are dense, and for which f'e A implies Ty f € A, but Ty f does not converge
to f for the strong topology.

Let G=R* and let ¢ be Lebesgue measure on R'. Construct sequences of positive
numbers {a,}7- 1, {ba}7-1, and {c,};>-, such that the following is true:

a,<b,<c,<an;q...;

¢cn—by,=b,—a,=1/n? for each n;

if A,=(a, b,) and B,=(b,,c;,) (n=1,2,...), then U1 4,V U1 B, is
contained in a compact interval.

Set f=27_,n**x,, and g=37_, n®*-xp . Both fand g are integrable, of com-
pact support, and f-g=0. Thus f € L} which is K&the space in which the continuous
functions of compact support are dense, and in which T"f’ € L'g whenever f’ € L'g
(as L*g contains all the continuous functions). We show lim,_, |2, T"f(x)-g(x) dx
=o00. Choosing A sufficiently small, we will have

0 " 0 1 hi2
f’mTf(x)-g(x) dx = ’;Ln E'J_,.,z fCx+1)-g(x) dt dx

[

)
> %f f n2.y, (x+1) dx dt
—ni2 JB,

1\%

n=1

[\

, %J_om Lbn“XA,.-t(x) dx dt (where n(h) = [v/(2/h)]+1)

n<n(h
1 (o h 11

_ na/z__f tdt == n?2 2 —-—— >0 ash—>0.

n=<n(h) h —hi2 né%h) 10 A7

1A
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