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SUCCESSIVE APPROXIMATIONS IN ORDERED VECTOR
SPACES AND GLOBAL SOLUTIONS OF NONLINEAR
VOLTERRA INTEGRAL EQUATIONS

BY
TERRENCE S. MCDERMOTT

Abstract. Conditions are found under which a nonlinear operator in an ordered
topological vector space will have a fixed point. This result is applied to study a non-
linear Volterra integral operator in the space of continuous, real valued functions on
[0, o) equipped with the topology of uniform convergence on compact subsets. Two
theorems on the global existence of solutions to the related Volterra integral equation
as limits of successive approximations are proved in this manner.

Introduction. In the first section of this paper, we establish conditions under
which an operator equation Fx=x in a partially ordered topological vector space,
X, will have a solution, unique in a certain class, as a limit of successive approxima-
tions. The conditions involve a related operator, G, for which certain inequalities
hold, guaranteeing F is contractive in an appropriate space.

The second and third sections are given over to two examples in which this
general method is applied to establish existence of global solutions for the scalar
nonlinear Volterra integral equation

©.1) X0 = 30+ | ko )05, (6) ds,

where X will be the space of continuous functions on [0, c0) under its natural
ordering.

In the example of §1, the related operator, G, is effectively linear, while f of (0.1)
is required to satisfy a loose local Lipschitz condition similar to the type considered
by Miller and Sell [7]. The example to which §2 is devoted involves a nonlinear G,
and the Lipschitz condition is replaced by a condition of the form

|£(t, x1) —f(t, x2)| < @()(|x1—x2])

where ¢ is continuous, monotone increasing, and f,“: (1/¥(x)) dx= + oo for some
K>0.

The work in this article relates to some earlier work as follows. The underlying
method is related in concept to the works of Corduneanu [2}, [3], Lakshmikantham
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and Leela [4, Chapter 5], and the author [6]. The criterion obtained in §2 is related
to, but in certain respects less restrictive than, that given by A. Strauss [10]. The
results of §3 are, in special cases, related to some results of Nohel [8].

1. A fixed point theorem. In this section, X is a partially ordered, real, Haus-
dorff linear topological space in which the symmetric order-closed intervals
[—x0, Xxo]={x€ X : —xo<x=x,} are bounded and sequentially closed. The real
numbers will be denoted by R, the null vector of X by 6.

THEOREM 1.1. Let X be sequentially complete and F: X — X a sequentially con-
tinuous mapping such that, for some x,=0, F([—xy, x.])<[—x;, x;]. Suppose
G: X — X is a mapping satisfying

(@) G(x)=0Vxe X.

(b) G([—x, xD<=[6, G(x)].

(©) Im,0<m=2, such that 0 A<m = G(Ax) £ AG(x).

(@) Vx, y € [—x1, x1], —G(x—y) S F(x)— F(y) £ G(x—y).

(e) 3x,20 satisfying the inequalities (1/8)G(x3) < xz, (2/m)x, < x, for some 8,
0<é<l1.

Then the equation x = F(x) has one and only one solution in [— x,, x,].

Proof. First, notice from (e) that x; < (m/2)x, and that, consequently, [—x;, x;]
< [—(m/[2)x,, (m[2)x,]. Let X, be the subspace of X spanned by [— x,, x,] equipped
with the norm (since [— x,, x;] is bounded, balanced and convex)

[x]ls = inf{X > 0 : x € [—Axs, Ax2]}, x € X,.

If x,y are in [—X,, x;], then (x—y) € [—mx,, mx,]. Hence |x—y|,<m. Let
0 < A=< m, then, using (a), (b), (c), and (d), if (x—y) € [— Ax;, Ax,], we have
—AG(xz) £ —G(Axg) = —G(x—y) £ F(x)—F(y) = G(x—y) = G(Axz) £ AG(x2).
Consequently, since G(x;) =< 6x,,

[F(x)=F(p)||z < 8| x—y|. for all x,y e [—x;, x;].
The usual argument shows that the sequence

X0 = F(0) € [ x5, x1], Xy = F(x,_1), nzl,
is Cauchy with respect to || - ||.. By hypothesis, the sequence lies in [—x;, x;]. Since
[—x1, x,] is bounded in X, x, is therefore Cauchy in the topology of X, hence con-
verges by the sequential completeness of X to some point x,. Since F is sequentially

continuous, and [—x;, x,] is sequentially closed, we are finished except for unique-
ness in [—Xx;, x,], which follows by the standard argument.

THEOREM 1.2. Suppose G: X — X satisfies conditions (a) and (b) of Theorem 1.1
and F: X — X satisfies —G(x)<F(x)—F(0)<G(x) for all xe X. Then, if the
inequality x3+ G(x) £ x has a solution x=x, Z 0 for some x3 2 6 with —x3 < F(0) < x3,
F: [—xy, x1] = [— X1, x1].



1972] SUCCESSIVE APPROXIMATIONS IN ORDERED VECTOR SPACES 59

Proof. —G(x) < F(x)—F(60)<G(x). Hence, —G(x)+ F(0) < F(x) £ G(x)+ F(6).
If —x, Sx=x,, then G(x) = G(x,) by (b). Therefore

—X1 2 —G(x)—x3 £ —G(x1)+F(6) = F(x) £ G(x;1)+F(0) = G(x1)+x3 < xy.

2. In this section, we shall be concerned with functions that are locally L? or that
are locally L? kernels (see Smithies [9]). In the way of notation, the norms of
L2[0, t] and L%([0, £]x [0, £]) will be denoted by |- |, and ||-||.x, respectively.
C(R*) will denote the vector space of continuous functions on [0, c0) with values
in R under the topology of uniform convergence on compact subsets, where R
denotes the real numbers, and R* ={xe R : x=0}. If x, y € C(R*) we may write
x2y instead of x(¢) = y(t),t € R*.

DErINITION 2.1. A function g: R* — R will be called locally L2-compatible with
k: R* x R* — R if g is measurable and

(2.1) YT>0, k(t, s)g(s) is an L? kernel on [0, T} x [0, T].

(2.2) VT>0, lim;7 [3 [(k(t, 5)— k(T, 5))g(s)]? ds=0.

LemMa 2.1. If g is locally L?-compatible with k, then
23) sup [lk(t, -)g(-)|; < oo.
t<T

Proof. The proof follows by observing that (2.2) implies that the map
t > k(t, -)g(-) from [0, T] into L[0, T'] is continuous, while [0, T'] is compact and
&G, -)g()lle= Ik, g(-)|rif t<T.

THEOREM 2.1. Let g: R* — R be locally L*-compatible with k and suppose
y € C(R*) is nonnegative. Then, the linear integral equation

2.4) X0 -30) = [[ 1kt 9g(0)lx6) s

has a unique nonnegative solution in C(R*).

Proof. Let H denote the integral operator defined by the right-hand side of
(2.4). 1t suffices to show that x—y=Hx has a unique continuous solution on
[0, T'] for arbitrary T>0. The L? theory for linear Volterra integral equations
guarantees on [0, T'] (see Smithies [9]) that the unique solution of (2.4) in L2[0, T')
can be written

(2.5 x=y+ > H%,

n=1
where H™ is the nth iterate of H, and that the kernel K, of H" satisfies
(2.6) |Ka(s, )] < ([k(2, )@= 3/((n— 1)) ks (t)ko(s),
where

ex) ki) = [[[ 1k, 986 as] = 1kt Jel
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and

T 1/2
2.8 k@ = [ ke 9g0rar] ™.

The solution x is continuous, since H: C(R*) — C(R") and the convergence of
(2.5) is uniform on each [0, T']. The first assertion follows from the fact that if
xe C(R*) and t, € R* then

| Hx(t) — Hx(to)| < |k(t, -)g(-) —k(to, -)g(-)|32]| x>+

[ Wt 91861265 ds

The first term will be small by (2.2) if [t—1,| is sufficiently small. If t<ty+e=1y,
>0, then

f |k(t, 5)8(s)| x(s) ds

~t

< [ ft : Ik(t, 5)g(5)]? ds]m[ J,., Ix(s)|? ds] v

< 1, g 1xo1as]

which tends to 0 as ¢t —t,. Thus H: C(R*) — C(R*). That the convergence of
(2.4) is uniform on [0, T'] follows by the Weierstrass M-test, since for all 17,

0] = [[ 1K 01 o)l ds s LU 1ol [ 1] 1) ds,

and, by Lemma 2.1, 3M >0 such that |k,(#)| M for t<T. Hence, using the
Cauchy-Schwartz inequality,
[H™y(@)| £ M| K| 752] yI3/(n— 1))

THEOREM 2.2. Let f: R* x R— R be measurable and suppose there exists a
Sfunction, , locally L?-compatible with k: R* x R* — R such that

(2.9) |t 0| = o(0)]x|.
Then, the operator F defined on C(R*) by
(2.10) Fx(t) = J‘t k(t, 8)f(s, x(s)) ds+y(2), x € C(RY),

takes its values Fx in C(R*).

Proof. That Fx is defined follows from the measurability of f and k and the
integrability of k(z, s)e(s)|x(s)| for each z. The proof that Fx is in C(R*) is similar
to that for Hx in Theorem 2.1.

THEOREM 2.3. Let the hypotheses and notation of Theorem 2.2 hold. If, in addition,
for each pair S>0,T>0 there exists a function mgr: R* — R that is locally L*-
compatible with k such that

(2.11) |f(t, x1)=f(t, x2)| < msr(2)|x1— X,
for all t€ [0, T}, x;, x;€ [—S, S], then F: C(R*) — C(R*) is continuous.
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Proof. Let x, € C(R*). For any x € C(R"),

|Fx(t)— Fxo(t)] = | [[ Kt 916 6 116, )

= [ It s () 5o ds

< U: |k(t, s)msr(s)|? ds] e Uot |x(s) — x4(s)|2 ds] e

for any given $>0, T>0. Fix T>0 arbitrarily and let S=T. If ¢>0, and

Sup, |x(2)—xo(2)| < ¢ / [T Sup, ( J: |k(2, $)mzro(s)|? ds)m],

| Fx(t)— Fxo(t)| <e. We have used, again, Lemma 2.1.

THEOREM 2.4. Let the notation and hypotheses of Theorems 2.2 and 2.3 hold.
Then there exists one and only one solution x* € C(R*) of the equation (0.1). Further,
x* is the limit in C(R") of the sequence of successive approximations x,,,=Fx,,
xo = 0.

Proof. Condition (2.9) implies f(z, 0)=6. Hence F6=y. Choose x3 € C(R*) such
that 0= |y(¢)| £x3(t), t € R*. Let H be the operator defined in Theorem 2.2, and
define H,x=H(|x|). It is easy to see that

(i) Hix=20 and H,: [—x, x] = [0, H,x] Vx € C(R").

(il) |Fx—F8| < Hyx.

(iii) The equation x3+ Hx=Xx has a solution x; € C(R*) with §<x, and hence
X3+ Hx;=x4.

By Theorem 1.2, F:[—x;, x;] = [—X;, x;]. Now, for each n=1 set S(n)
=SUPos¢<n |*1(2)|. Consider the sequence of functions mg,, determined by the hy-
pothesis stated in Theorem 2.3 with S=S(n), T=n. Define

m(t) = mgn(t) forn—1=t<n,n=1,2,3,....

By the properties of the functions mg,,, it is immediate that m(¢) is locally L2-
compatible with k. Moreover, if x’, x” € [—x;, x;], then

L@, x'(2))—f(t, x"(2))] £ m(t)|x'(£)—x"(2)| Vte R*.

Let k(t, s)=(1/8)k(t, s) for some 8, 0<8<1. Then, applying Theorem 2.1, with
g=m and k=k, we see that there is a unique x, € C(R*) with x, = 0 satisfying

1 t
520+ [ [k, () 159 ds = ().
Let G: C(R*) — C(R") be the operator defined by

6x() = [ ktt, (o] 56 .
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Conditions (a), (b), (c) (with m=2), and (e) of Theorem 1.1 hold for G, x,, x, and
x3 found above. That condition (d) holds follows from

B0~ E0)] 5 | 1kt (o) 156) (9] ds = Gx—3)0)

for all x, yin [—x;, x;]. An application of Theorem 1.1 yields a solution x* € C(R*)
for (0.1) unique in [—x;, x;]. That it is unique in C(R*) is seen by observing that
if x** were a second solution, then x; could be chosen initially so that x5 > |x**| 2 6.
In this case, then, x** would lie in [— x,, x;] as determined above, which then would
result in a contradiction.

3. In the example of this section, we will not require that f satisfy a Lipschitz
condition, but rather one similar to one considered by Nohel [8]. We will need a
lemma.

LeMMA 3.1. Let h(t)=1, o(t)=1 be continuously differentiable on R* with
h'(t)=0. Let ¢ be continuous, monotone nondecreasing on R*, and for some K>0,
assume P(x) >0 for x = K. Then, if y(x) = x and

©°
G.1) L 5% = o

there exists x, € C(R*) such that

(3.2) h(t)+h(z) J: P()p(x1(s)) ds = x5(2).
Proof. We define x, through the equation
(3.3) Lix, f) = f: (/7(1;) ds— L‘ [l+%]¢(s)h(s) ds =0,

where H2max {h(0), K}. That a unique solution x=ux,(¢) is defined for £=0 is
clear from (3.3) and the fact that (x) >0, x = H. Since éL/ox=1/(x) >0, an appli-
cation of the local Implicit Function Theorem to the equation L(x,?)=0 at
(x1(2), t) yields a unique, continuously differentiable solution in a neighborhood
of ¢. Since it must coincide with x;, x; is a continuously differentiable function.
Differentiating (3.3),

(3.4) X'(Ofp(x1(2)) = [1+H (O)[h(@)]AE)P(2).
Let u(t)=x,(¢)/h(2). It is easy to show u'(z) = u(t). Indeed,
u'(t) = (h() ~2[x1(h(t) — k' (£)x1(2)]

= (h(1)) 2 [Cer (A + K (D) [A()) (1)) 9 () — K ()x2(1)]
2 P(h(O)u(1)) + [p(hEOu(2) —uO]H (@)/h(D)],
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using the fact that ¢(¢) = 1 for the last inequality. Since ¢ is monotone and (x) = x,
and A(z) = 1 while A'(¢) 20, the last expression leads to

W(t) Z h()u(t)+ [A()u(t) —u(OW' ()[h(t) = h()u(t) = u(t).
We can now write
) 4 (t) WO @) +h@0W' () o u@)h' () +h()u'(r)
R V70) ] o) = o)
s [w®h@)) _ xi(1) _ [L+A @)W (0))hE)e(t)
2 h(t)  h(t) h(?)

Dividing, we have u'()=(x;1(2))p(?). Integrating, u(t)Zu(0)+ fb P(x,(s))p(s) ds.
Recalling the definition of u,

52(0) = hO) B D+h0) [ 406l ds

> (1) +h(r) f P01())(s) ds.

THEOREM 3.1. Let h, ¢, ¢ and x, be as in the statement of Lemma 3.1. Suppose
fiR*xR— R, k: R* x R* — R and { satisfy

(3.5) (a) 38,0<8<1, with |k(t, s)| £8h(t), s20,

(36) (6) 1A, X)—1(t, D] Sp(tWlx—y),

(3.7 (c) 3m,0<m=2 such that $(At) S M(t) if 0<AZm,
for t=0 and all x, y in R. If k is measurable, f continuous, and f(t, 0)=0, then (0.1)
has a unique solution x* € C(R*), (in fact x* € [—(m/[2)x;, (m[2)x,]), for each
y € C(R*) satisfying |y(t)| £mh(t)[2, t € R*. Moreover the solution is the limit in
C(R™) of the sequence of successive approximations x,=0, x,=F(x,_,), n21, F
defined by (2.10).

Proof. That, under the conditions of the theorem, F: C(R*) — C(R*) con-
tinuously is easy to verify. Let %, =(m/2)x;. F:[—%;, %] > [—%;, %,]. For, if
G: C(R*) — C(R*) is defined by

6x(0) = [ 1k(t Yol s,

then G satisfies (a) and (b) of Theorem 1.1 and, clearly, |Fx— F8| < Gx. Moreover,
letting x3(t) =mh(2)/2,

(3.8) X3+ G(mx4[2) £ mxy[2

by Lemma 3.1, noting that (c) of Theorem 1.1 holds by the homogeneity restriction
on . By Theorem 1.2, we see F: [—(m/[2)x,, (m[2)x;] = [—(m[2)x1, (m[2)x,]. Let
Xxg=x; 2 (2/m)%,. Then, we see easily, Gx,=Gx; < x,=08x,. Therefore, (1/8)Gx,
2 x,. Since (d) of Theorem 1.1 follows easily from (3.6), an application of that
theorem yields a solution x* € C(R*), unique in [—(m/2)x,, (m/2)x,]. That x* is



64 T. S. McDERMOTT

unique in C(R*) can be seen as follows. Suppose x** is a second solution in
C(R*). In this case, we could choose (m/2)h(t) 2 max {(1/8)|k(z, )|, | ¥(®)|, |x**(2)|}.
Since, then, (3.8) implies (m/2)x,(t) = x3(¢) =(m/2)h(t) = |x**(t)|, we have a con-
tradiction to the uniqueness of the solution x* in [—(m/2)x,, (m/2)x,] obtained by
successive approximations.

REMARK 3.1. While the condition (3.7) is a little unusual, it does include func-
tions of the form (x)=xp(x) where ¢ is monotone increasing on [0, ©0) with
m=1. For example (x)=x In (1 + x) + x satisfies all the conditions of the theorem.
Notice also that f(z, x) need not, then, be O(|x|) as was assumed in §2.

ReMARK 3.2. If A(t) is bounded by a constant, say H, the proof of Lemma 3.1
can be simplified considerably. In fact, if X,(¢) is defined by

[ ilmﬁls-j ds=H f: o(s) ds,

H

then x,(¢) = [£,(¢)h(¢)]/ H satisfies the conclusion of Lemma 3.1. Notice that if ¢ is
integrable on [0, ), then X, and, hence, x; are bounded. This will result, then,
through Theorem 3.1, in the assertion that there is a unique solution of (0.1) in
C(R*), and that solution is bounded.
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