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2-GROUPS OF NORMAL RANK 2 FOR WHICH THE
FRATTINI SUBGROUP HAS RANK 3(%)

BY
MARC W. KONVISSER

Abstract. All finite 2-groups G with the following property are classified:

Property. The Frattini subgroup of G contains an abelian subgroup of rank 3,
but G contains no normal abelian subgroup of rank 3.

The method of classification involves showing that if G is such a group, then G
contains a normal abelian subgroup W isomorphic to Z, x Z,, and that the centralizer
C of W in G has an uncomplicated structure. The groups with the above property
are then constructed as extensions of C.

Introduction. In recent years there has been interest in the class of finite 2-groups
which contain no normal abelian subgroup of rank three (cf. [3]).

The 2-groups which contain no normal abelian subgroup of rank two have been
known for some time. In classifying those 2-groups which have no normal abelian
subgroup of rank two, one may first show that if G is such a group, then the
Frattini subgroup of G contains no elementary abelian subgroup of order 4 [2,
Satz III, 7.5]. Next one shows that G has a cyclic subgroup of index 2 [2, Satz III,
7.6], and then one may easily construct the 2-groups which have no normal
elementary abelian subgroup of order 4 [2, Satz I, 14.9b].

Therefore, as a first step in the classification of 2-groups G which contain no
normal abelian subgroup of rank three, it seems reasonable to consider groups G
with the following property:

(*) Gis a 2-group and ®(G), the Frattini subgroup of G, contains an elementary
abelian subgroup of order 8, but G contains no normal elementary abelian sub-
group of order 8.

In this paper we classify all groups with property (). Such a group will be called
a (x)-group.

The paper is divided into four sections. In the first section we discuss the general
structure of 2-groups satisfying (*). We show that if G is such a group, then ®(G)
contains a subgroup W which is normal in G, and W is isomorphic to the direct

Presented to the Society, January 22, 1971 under the title A class of 2-groups; received by
the editors May 7, 1971.

AMS 1969 subject classifications. Primary 2040, 2027.

Key words and phrases. 2-group, embedding of abelian subgroups, normal abelian sub-
group, involution, normal abelian subgroup of rank 3.

(*) A portion of this paper was written while the author held a postdoctoral fellowship at
Battelle Memorial Institute, Columbus, Ohio.

Copyright © 1972, American Mathematical Society

451



452 M. W. KONVISSER [March

product of two cyclic groups of order 4. We then show that C, the centralizer of
W in G, is isomorphic to one of the groups

C(n,n,e) = {a, b|la® = b*" = 1, [a, b] = a**" ' for e€ Z, and n = 2,
or
Cn+1l,ne) =<a,bla®"' =b* = 1,[a,b] = a*® foree Z, and n = 2).

The 2-groups satisfying (*) can then be constructed as extensions of C by auto-
morphisms of C which are extensions of automorphisms of W. In §§2, 3, and 4 we
construct all 2-groups G satisfying () in which co(W)=W, |co(W)/W|=2, and
lec(W)/W|>2, respectively. The work in these sections involves quite a bit of
calculation, but I feel that it is justified since knowledge of the exact structure of
these groups may be quite useful in further research.

We summarize our result in the following theorem.

MAIN THEOREM. Let G be a finite 2-group having the following property:
(*) ®(G) contains an elementary abelian subgroup of order 8, but G contains no
normal elementary abelian subgroup of order 8.
Then G is isomorphic to one of the following groups:
1. The groups G for which W=cg(W):
1. SG,j)=<k,s | k*=s8=1, k*=ks?u' where i=j=1(mod ?2),ut*=1, u*=us*,
ub=u"1s?).
2. H={g, k| g*=k*=1,k=k u,u* =1, w0 =ur=u"ty, y* =[u, y] =1, y*=u?).
3. T(e, B, i, j)=Xt, k | t*6=k*=1,kt=k~1t2+*8y* where a=B=1 (mod 2), u*=1,
k® =kt¥ut where i=j=1 (mod 2), ut =ut?, uk=u"1t*).
4, S, ))=<r,s|rt=s2=1,r'=rs¥u* where i=j=1(mod?2),u*=1,u =us?
us=us*).
5. 8@, j)=<r,s | r*=1,rt=s%, r'=rs¥u' where i=j=1(mod 2), ut=1, ' =us?
us=us*).
6. Hi,j)=<g, r|rit=g*>=1,r=r"'u'y’ where i=j=1 (mod 2), u*=y*=[u, y)
=1, u=u"ty,u"=uy, y =uy).
7. H(S, i,j)=<{r,g | rP=g>=1, ri=r"''y where i,je Z,, y*=r, ut=[u, y]=1,
W=uy, y'=u?y, ¥ =u"1y® where 8=+ 1).
8. X(m,n,i,j,e)=<g, 5G,j)|g2=1,r'=r"u"s®>* where m=n=1(mod 2), s*
=s1*4€ where e= + 1).
9. X(m,n,i,j,e)=<g, S(,j) | g2=1,r'=r"u"s* where m=n=1 (mod 2), s°
=5'*% where e= + 1).
11. The groups for which |cg(W)|W|=2:
10. K,=<a,k | a®=k*=1, d*=au, u*=[a, ul=1, u* =u~1a%*** where a« € Z,).
11. R=<a,k | a®=1,a*=k*, d*=au, u*=[a, ul=1, u*=u"'a>).
12. Ho(i, j, B)=<g, Ko | g2=1, k°=k~y¥, i€ Z,,je Z,, W' =a’u"", a°=qa' **#
where B € Zy).
13. By, j, B)=<g, K| g*=1,k°=k ‘u'a*’ where i€ Z,,je Z,,u’=a’*u"", a®=
al*%f where B € Z,).
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14. H\(i,j, B)=<g, K1 | g2=1,k°=k~u'a* where i€ Z,,je Z,, W'=u"'a"2 a°
=a'**8 where Be Z,).

15. H(i, j, o, a)={g, K, | g2=a, k°=k~*ula=**  where i€Z, jeZ, u=
u~'a?*** where c € Z,).

16. H(i,j,a)={g, K | g*=a, k*=k~Yu'a=** where i€ Z,, j € Z,, v’ =u"'a?.

17. R,={r,a|rt=a®=1, a"=ua, u*=[u, a]=1, u =ua®*** where o € Z,>.

18. R,=<r,a|r¥=1,r*=a% a"=ua, u*=[u, al=1, W =ua®*** where « € Z,>.

II1. The groups for which |cs(W)|W|>2:

19. K(n,n, e, w)=<b, k | k*=b>"=1, wherenz3,b*=b"'a,a® =1, [a, b]=a**"""
where € € Z,, a*=b"2aw, where w € {a®" "', b¥" ")),

20. K(n,n, e, w)=<b, k | b*"=k®=1 where n=3,bc=b"1a,a® *=k*, [a, b]
=a*?""' where ¢€Z,, a*=b"2aw where we {(a® ", b*">>, but not =0
(mod 2) and w=1.

21. K(n+1,n,e,w)=<k,a | k*=a*"""=1 where n23,a*=b"'a,b*"=1, [a, b]
=at®" where ¢ € Z,, b*=b"'a?w where w € {a*", bZ"~*}).

22. R(n+1,n, e, wy=<k, a |a®*'=1,n23, k*=a®, a*=b"1a, b*"=1, [a, b]=
a*?" where € € Zy, b*=b"'a*w where w € {a®", b*" ")), for ¢=0 (mod 2) and
w=a?", or e=1 (mod 2) and any choice of w.

23. Certain extensions of the groups 20-22 of degree two (see §4.4).

Notations.

Z(G), the center of G.

®(G), the Frattini subgroup of G.

Q,(G), the subgroup of G generated by all elements of order 2%,
U*(G), the subgroup of G generated by all 2¥ powers of elements of G.
Aut (G), the automorphism group of G.

¢c(Y), the centralizer in G of Y.

Ng(Y), the normalizer of Y in G.

A(Y), the subgroup of Aut (Y) isomorphic to Ng(Y)/ca(Y).
G-normal, a subgroup H of G is G-normal if H < G.

Exn, an elementary abelian subgroup of order 2.

Z,, the integers modulo n.

C,, a cyclic group of order n.

Four group, the noncyclic group of order 4.

1. General properties of (x)-groups. Let G be a (*)-group. We now show that all
(x)-groups share certain structural properties.

1.1. Z(G) N ®(G) is cyclic.

Proof. If Z(G) N ®(G) is not cyclic, then Wy=Q,(Z(G) N O(G)) is a four group.
Let Y be a normal subgroup of G of order 8 such that W< Y< ®(G). Then
YC,~ x C,. Since the group of automorphisms A4(Y) acts trivially on W,, A¢(Y)
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is elementary abelian. Hence, cg(Y) contains ®(G). Now since ®G\Y contains an
involution, we see that ®G/W, is not cyclic and so [2, III, 7.5] we see that ®(G)
contains a G-normal subgroup W such that W/Wj is a four group. Since W, < Z(G),
Ag(W) is elementary abelian. So ®(G) centralizes W. Now we may apply a theorem
of Alperin [1] to show that the elements of order 2 which centralize W lie in W.
This contradicts the fact that ®(G)\ Y (hence, ®(G)\W) contains an involution. So
d(G) N Z(G) is cyclic.

1.2. Let W~{u,y | u*=y*=[u, y]=1) and let A be a Sylow 2-subgroup of the
automorphism group of W. Then

A= </\,03P|’\4 =ot = P2 = la[']’/\] = 02A2’ [PaA] = 029
[0’ P] = 029 [02’ ’\] = 1>

where the actions of the automorphisms of A are given by

| A g p o2 N=q o

ululy w ul w? ul uhH?
y|wy vy y oy oyt oyt
In addition, Z(A) = ®(4)=<0? 1) and | 4| =2°.
Proof. See [3, §2, Lemma 1, (ii)].
1.3. ®(G) contains no normal cyclic subgroup of order >2.

Proof. Assume < y) is a G-normal cyclic subgroup of ®(G) of order 4. Then y? is
an involution in ®(G) N Z(G), and since |G/cs({p>)| £2, we have cz({p)) = D(G).
Now ®(G)/{y?> is not cyclic so [2, III, 7.5] we see that ®(G) contains a G-normal
subgroup Y such that (y>< Y and Y/{y?) is a four group. Thus, Y~ C, x C; and
since G normalizes { y), we see that the group of automorphisms A;(Y) is elemen-
tary abelian of order 2 or 4. Thus, Y=Z(®(G)).

Let Wy=Q,(Y). Since ®(G)\Y contains an involution, ®(G)/ W, is not cyclic and
so [2, III, 7.5] ®(G) contains a G-normal subgroup W such that W= Y and
W~Cyx Cy.

Let C=cg(W). Then Qy(C)=W [1]. Thus, we can find an involution ve
®(G)\C N ®(G). Now the automorphism induced by » on W acts trivially on the
subgroups {y)» and W,. By a simple calculation, it can be seen that the automorphism
induced by v lies in the center of A¢(W). So, for all g € G, the action of v? is the same
as the action of v on W. Thus, vv’=0v""v? acts trivially on W, so vv° € C.

Now we consider the order of v?. If (v9)2=1 for all g € G, then vv? € W, (since
Q,(C)=W) and so <{v, W,» < G, a contradiction since G has no normal elemen-
tary abelian subgroup of order 8.

Thus, the order of vv? is at least 4 and so, since (vv?)°=(vv?)~!, we see that v
inverts some element of W\W,. Since v acts as an element of ®(A44(W)), we see, by
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1.2, that v acts as either y or no? (o2 inverts no element of W\W,). Thus, we have
two situations: either the automorphism induced by v is the square of some
element in Ag(W) or ®(Ax(W))=®(A). In either case, A;(W) contains an element
(X or pX) which does not fix the group (), a contradiction.

1.4. ®(G) contains a G-normal subgroup W=~ C,yx C,.

Proof. Since ®(G) is not cyclic ®(G) contains a G-normal four subgroup W, and
Wo<Z(®(G)). By 1.1 and 1.3 we see that {z)=Z(G) N ®(G) is a cyclic group of
order 2. Since ®(G/<z)) is not cyclic, ®(G) contains a G-normal subgroup Y such
that Y= W, and Y/{z) is a four subgroup. Thus, Y~ C, x C,. If ce(Y)/ W, is not
cyclic, then cq(Y) contains a G-normal subgroup W such that W= Y and W|/W,
is a four group. Thus, W~ C, x C,.

So we must show that cg(Y)/ W, is not cyclic. If coe(Y)/W, is cyclic, then
coiy(Y) is abelian (Y=Z(ce(Y))) and so must have two generators (otherwise
Qy(co(Y))isa G-normal Eg). Thus, co(Y)=<a, w | a¥*=w?=1,n22, [a, w]=1).
If n>2, then U(cq)(Y)) is a G-normal cyclic subgroup of ®(G) of order greater
than 2 which is impossible by 1.3. Thus, n=2, i.e. Y=cg(Y).

A Sylow 2-subgroup of Aut () is dihedral of order 8. So ®(44(Y)) has order 2.
Thus, ®(G/cs(Y))=P(G)ce(Y)/ca(¥)=P(G)/(P(G) N ca(Y)). So |D(G)/co(Y)]
=2 and Q®G\cy(Y) contains an involution v, and v=k?(mod Y), for some
kin G.

Let g € G; then k?=k'a’'w" where i=+1 and j e Z,, n € Z,. So, (k?)?=(k'a’w")?
=k?(@'w"*(a’'w"). Hence, (k9)?=k? (mod W,), i.e. v, Wy> is a G-normal Eg, a
contradiction.

S0 cee(Y)/ W, is not cyclic, hence, G contains a normal subgroup W~C, x C,.

1.4.1. Notation. Let G be a (x)-group. Then W will denote a G-normal subgroup
of ®(G) which is defined as

W=<duy|lut=y*=[uyl= 1.
We also define W,=Q,(W).

In addition, the generators u and y are chosen so that {y, Wy> < G.

1.5. The structure of ce(W). Let C=cg(W). Since G contains no normal Eg and
W <G, we see [1] that cg(W)=C is metacyclic.

In addition we may apply 1.3 to C to show that C' has order at most 2. Thus, C

is either a 2-generator abelian group or C is a metacyclic group with |C’|=2.
Suppose C is abelian. Then

C={ab|a*=b"=[a,bl=1,a2p822.

Now if > B+ 1, then U4(C)=<a)¥ is a G-normal cyclic subgroup of order greater
than 2, contradicting 1.3. So 8+ 12 «=p2=2, and we have the abelian groups

C=Cnn0)=<abla =b>"=[a,bl=1,n22),
C=Chn+1,n,0) = <a,b|a2"“ = p" = [a,b] = 1,n = 2).
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Now we consider the case in which C is nonabelian. In this case, C/C’ is a 2-
generator abelian group. So we can find a, b € C such that C/C'={aC") x {(bC").
Without loss of generality we may assume |a| 2 |b|. If <a) N {b)#1, then since
<ay N by < G and cyclic it follows that (@) N <by>=C". Let o, B be integers such
that a*=b%"=[a, b]. Then «a =B =2 since a, b ¢ W (otherwise C is abelian). Now
let b* =a® ~’b. Since B 22, (b*)*’ =(a** ~*b)¥ =a**b* =1. So we may assume that C
has the following defining relations:

C={ab|la*=b¥ =1,[a,b] =a* a2 B 22).

Now we consider the values of « and 8. If «=8+2, then (a®** "*>=0*"%C) is a
cyclic normal subgroup of G, contradicting 1.3. In addition 823, since C is
nonabelian.

Thus, if C is nonabelian, either

C=Cmnl)=<ab|la®=b"=1,[a,b]=a*""",n>2)
or
C=Cn+l,nl)=<ab|a®"" =b"=1,[a,b] =a®,n > 2).

1.6. The involutions of ®(G)\C. Let v be an involution of ®(G)\C N ®(G). Then
v acts on W as one of the automorphisms in ®(A), cf. 1.2. v, Wy> is an Eg, so
(v, Wo> {1 G. Thus, there is a g € G such that v? ¢ (v, W,>. Now the group {v, v9)
is dihedral so (vv?)*=(vv?)~ 1. Since ve ®(4)=Z(A), we see that v? induces the
same automorphism as v on W. Thus, vv9=v"1? € co( W)=C. Since v’ ¢ W,, the
order of vv? is greater than 2. Thus, since v inverts vv?, we see that v inverts some
element of W\W,,.

The nonidentity elements of ®(A4) are 7, no?, and o2 The automorphism o
inverts no element of W\W,. So v acts as » or ya2.

2

1.7. If |C/W|z 4, then no element of G induces the automorphism no® on W.

Proof. Suppose g € G induces the automorphism no? on W. Then g2 € C, and
since g fixes no element of W\W,, g2 € W,. Now since |C|=28, C contains a G-
normal subgroup C, of order 28 and C, has defining relations '

Co = <ay, by | a§ = b§ = 1, [a,, by] = al® where & € Z,).
Let y=aZ, u=b3. Then
$ = byltteq3**® where o, f€Z,,
af = biag 1+ where i, j € Z,.
Now
bo = bE* = (b5 ** 435 = boag*.

Since af#1, there is no element g € G which induces the automorphism 7no? on W
if |C/W|>2.
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1.8. If C> W, then no element of G induces the automorphism o® on W.

Proof. We first consider the case |C/W|>2. Suppose s € G induces the auto-
morphism ¢% on W. By 1.7 we see that G has no element which induces the auto-
morphism no? on W. However, from 1.6 we see that G must have an element v
which induces the automorphism n on W. But this means that vs induces the
automorphism 7e? on W, a contradiction.

Thus, we must only consider the case |C/W|=2. In this case C=<a, u | a®=u*
=[a, u]=1) and a®?=y. We again assume s € G induces the automorphism o% on W.
Hence, 5% € C. Now by 1.6 we see that s is not an involution.

The action of s on C is given by a*=a'**u? where i,j€ Z,; u*=ua*, and
s2 € co(s) < <a, u®.

If 52 € <u?, a®), then by replacing s by s* =sa®u® for the appropriate choices of
«, B we have (s*)2=1 which is contradictory to the fact that no involution of G
induces the automorphism o2 on W.

Thus, s2=<a, u?)\{a?, u). So let s>=a,. Then C={ao, u | a§=u*=[a,, u]=1),
and a =a, and u*=uaj.

Next we show that if |C/W|=2, G contains no element ¢ which induces the auto-
morphism o on W. If ¢ induces the automorphism o on W, then t*=a and u‘=ua?
Now G contains an involution » which induces the automorphism 7 or o) on W.
Since ne€Z(Ag(W)), t'=t(mod C). So t’=t'a’ for some integers /,j. Thus,
(12 =(ti'd’)? =120+ and a*=(1%)° =(r2uai+P)2=g! +44+9)_ Thus, a’=(r*)
=a(mod W,). But a®=a"' (mod W;), a contradiction. Thus, if |C/W|=2, no
element of G induces the automorphism o on G.

Now we complete the proof. We consider the group G/C. Let ~ denote the natural
homomorphism from G onto G/C. Since § is not a square in G and 5 € ®(G), we see
that  is a square in G. Let k € G such that k2=5. Thus, s*=s (mod C) and so
s¥=su'a’. Thus,

at = (s2F = (su'd’)? = a'*¥+ 44,21

So a**=a"*2"*=q (mod W,). However, a’=a"* (mod W,), a contradiction. Thus,
s¢eGif C>W.

1.9. If co(W)=W and 0% € Ag(W), then G contains an element s which induces the
automorphism o* on W and s*=y.

Proof. Let s, be an element of G inducing the automorphism o on W and sZ+#y.
Since 52 € cy(0?) =<u?, y), we see that s, is not an involution, for otherwise {(so, W,>
is a G-normal Eg (cf. 1.6). If s2 € W, then letting s, =squ'y’ for suitable i, j, we have
s3=1, so s% € (y, u®)\{u?, y2>. Thus, s3=y'u?, where i=+1. Let s=s4*%u’. Then
s2=y. Q.E.D.

We summarize the results of §1 in the following theorem.

THEOREM 1. Let G be a finite 2-group in which ©(G) contains an elementary abelian
subgroup of order 8, but G contains no normal elementary abelian subgroup of order 8.
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Then
(i) ®(G) contains a G-normal subgroup W=~ C,x Cj.
(ii) The centralizer in G of W is isomorphic to one of the following groups:
Cim,n,e) =<a,b|a® =b* =1,[a,b] = a®*" ")
where n+12mz=nz=2and e € Z,.
(iii) ®(G) contains an involution v which induces either the automorphism v or
ne? on W.
(iv) If co(W)> W, then no element of G induces the automorphism o* on W.
(V) If |ec(W)|W|>2, then no element of G induces the automorphism na® on W.
(vi) If co(W)=W and s € G induces the automorphism o® on W, then s*=y.

The structural conditions of Theorem 1 enable us to construct all (x)-groups as
extensions of one of the groups C(m, n, ).

2. The (x)-groups for which c;(W)=W.

2.1. If G is a (x)-group for which co(W)= W, then either G has an element k such
that k2 induces the automorphism v on W or G has an element r such that r® induces
the automorphism o®y on W.

Proof. By Theorem 1, ®(G) contains an element v which induces either the auto-
morphism 7 or o2y on W. If v is a square we are done. So assume v is not a square.
Then ®(G)/W is not cyclic and hence ®(G)/W=~{», ¢*>. Hence G contains an
element g such that g2 induces one of the automorphisms 5 or o?y.

2.2. If G is a (¥)-group, which contains an element k such that k* acts as n on W
and cg(W) = W, then one of the following groups is a proper subgroup of G:
K=<koulkt=u*=1u" =ulyy*=[yu =1,y =uyp,
R=Chyulk® =ut = 1,u% =uy,y* = k% yF = w?y, [y,u]l = D.

Let k be the automorphism induced by k on W. Then k2=x implies k € A(5, o).
Thus, <k>=(A> or k>=(Ae?). If k acts as Ao?, then let y,=y~'. Thus, u**
=u~'y~1=u"1y, and y)°*=u?y,. So by suitable choice of generators of W we may
assume that u*=u"'y and y*=u?y. Now k2 € cy(k)=<y?>. Hence, k*=y** for
a € Z,. So the group <k, W) is isomorphic to one of the groups K or K depending
on whether «=0 or «=1. We note that K has a normal Eg, e.g., <k2, u2, 2> and K
contain no Eg. So neither K nor K is a (*)-group.

Note. We will show (§2.5.2) that K is not a subgroup of any (*)-group for which
ce(W)=W.

2.3. If G is a (*)-group for which co(W)= W and G contains an element r such that
r2 induces the automorphism no® on W, then G contains one of the following groups as
a proper subgroup:

R = <raulr4 =ut = Lu = u}’,y4 = [u’y] = l’yr = u2)’>,
R=<ru|r

wt=Lu=uy,y ?=ruyl=1y =u.



1972] 2-GROUPS OF NORMAL RANK 2 459

Proof. The automorphism induced by r on W lies in the coset Ap<a?, 1) of A/Z(A).

By a suitable choice of generators of W (i.e., replacing y by [u, r], if necessary)
we may assume ¥ =uy, y'=u?y. Now rt € cy(r)=<y?>. Thus, rt=1 or rt=y2

If r*=1, then the group {r, W)>=R, and if r*=32 the group {r, W>=R. Since
(r2uty’)2=rty? for all i, j € Z,, we see that the involutions of R\W, are all elements
of the form r2u®y?, for « € Z,, B € Z,, and the involutions of R\ W, are all elements
of the form r2u®y®, where «=1 (mod 2) and «, S € Z,.

Neither R nor R is a (x)-group since R contains a normal Eg, namely, (r2, W),
and ®(R) contains no Ej.

2.4, Plan of attack for §2. From 2.1-2.3 we see that each (x)-group G for which
ce(W)=W is an extension of one of the groups K, K, R, or R by elements of
Aut (W). We will construct all of these groups by forming cyclic extensions of the
above groups and then cyclic extensions of these extensions, etc. We will denote an
extension G of K (K, R, or R) of degree 2! as an ith stage extension.

2.5. The lst stage extensions of K and K. If G is a lst stage extension of K or K,
then since the index of K (or K) in G is 2, K<I G (or K< G). Hence Ag(W)
=<A, 02, op). Thus Ag(W) is one of the groups <A, 62> or <A, o%p) where 6=+ 1.

2.5.1. The (x)-group G such that c(W)=W and Ag(W)=<A, o*. If G is such a
group, then since ®(G) contains ®(K) or ®(K), and ®(K) contains no Eg, we see
that K£ G. Let s € G such that s induces the automorphism ¢ on W. Then by 1.9
we may assume s2=y. Since A>=) we can find i, j€ Z, so that k*=ku'y’. Now
u2= [k, y] — [k, S2]= [k, s][k, s]s=u21y2(i+1)‘

2.5.1.2. So i=j=1 (mod 2).

Now we show that the mapping induced by s on K is an automorphism.

(i) (k5)2=k%u?y'+2 and so (k%)*=k*=1.
(i) [k, w]=[ku'y', uy’]=1ly=()y".

(iii) [&%, ¥’ 1=[ku'y’, yl=u*=(u*).

Thus, s induces an automorphism on X so the possibilities for G are:

2.5.1.3. SG,j)=<k, s | kt=s=1, k*=ks¥u' where i=j=1(mod2), u*=1, v’
=ust, b =u"15%).

We now show that the groups S(, j) are (x)-groups. We find the involutions of
S=8(,j). If g€ S is an involution, then g2=1 (mod W). The involutions of the
abelian group S/W lie in the group {v=~k2, s, w)/W. So g=s“"*w where o, B are
integers and w € W. Now since (sw)2=s2=y (mod W,), no element of the form sw
for we W is an involution. In addition (sv)?’=u? (mod y?) and (svw)?=(sv)?=u?
#1 (mod »?). So no element of the form svw where w € W is an involution. Thus,
the involutions of S all lie in the group <v, W).

Hence, if E is a G-normal Eg, then E<<k, W). Thus, E is either the group
v, Wy or {vy, Wy). Since v*=vy (mod W), we see that S has no normal Eg, and
so S is a (¥)-group.

2.5.2. LEMMA. Let G be a (x)-group for which W=cg(W) and A€ Ag(W). If
k € G induces the automorphism A on W, then k*=1.
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Proof. Suppose k*# 1. Then (k?w)2=k*=y%forallw € W. Hence ®(G) > <k?, W),
since ®(G) contains an Eg. So we see that G contains an element s which acts as ¢®
on W and s?=y. In addition, k*=ku'y’ where i=j=1 (mod 2). So if x is an involu-
tion of ®(G)\W, x=svu™y" for some m, n € Z,, where v==~k2

Now (sow)?=s%2=y (mod W,) for all we W. Thus, ®(G)\W contains no
involution, which contradicts the assumption that G is a (x)-group.

2.5.3. The (¥)-groups G such that co(W)=W and Ac(W)={}, ¢°p) where §=+ 1.
Let G be such a group. Then, by 2.5.2, G contains the subgroup K (cf. 2.2). So G is
an extension of K by an element g, such that g, induces the automorphism o°p for
8§=+1.So u%s=u"1y’ and y%s=y.

Proof. We begin by investigating the amalgamation of g;. Now (g,)% € cw(gs)
={y)>. If g2=)?, then (g,y)>=1 and if gZ=y, then (g,uy)*=1 and (g_u)®*=1, so
without loss of generality we may assume gZz=1.

Now k%=k~! (mod W) so let k% =k 'u®y®. Then k =k =(k~1uy?)r =ku~2,
Thus, B=0(mod 2). So let «; € Z,, B, € Z, be chosen so that k% =k~ 1u®1y?5:,

Now we consider k?-!. Let k9"'=k~uy®. Then k=k%1=(k lu®y?)s-1
=ku?*y?*. Thus, B=0a=0 (mod 2). Hence we may choose «_;, 8_; € Z, so that
kg_l=k—1u2a_1y23_1_

Now we check that the mappings induced by the elements g, are automorphisms.

(i) (k%)*=(kueyo)*=1.
(i) [, k%)= [u1y’, k= uteyPe]=uly =t =(u?y?) y = (u)%y’s.

(iii) [y, k%]=[y, k" uteyPs]=uy® = (u%).

So we may construct the groups <g;, K> =H,.

Now we check to see which of the groups H; are (x)-groups.

Suppose E is a normal Eg of H;. Without loss of generality, we may assume
W, < E. Thus, the group EW/W is a normal subgroup of order 2 of the dihedral
group H,/W. Hence, EW|W=<{v, W)|W. Now E<I<k, W) implies that E is
either the group {v, W,) or the group <{vy, W,). Since

v9s = (k2)g‘, = (k-lualyzﬁl)z = k2y%1 (mod Wo),
= (k™ 'u?%-1y?$-1)? = k? (mod W),
we see that H_, is not a (*)-group for any choice of a_;, 8_,, and H; is a (x)-group
if @;=1 (mod 2).
Thus, we have
Hy ={g,K|g?=1Lk'=k 'u,u® = u* =u"1y,
ut =yt =[u,y] = 1,)¥ = w?y).
2.6. The 2nd stage extensions of K. In this section we consider the (x)-groups G

for which Ag(W)=<2, 0%). Since A4/{s?, A) is a four-group, 4 has three maximal
subgroups properly containing {o?, X, namely, <o, A>, {p, 6%, A, and {ap, ¢*, A).
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2.6.1. The (x)-groups G for which co(W)=W and A¢(W)={A, o). Let G be such
a group. Then by 2.5.2, G contains an element & so that k*=1, and k induces the
automorphism A on W. Thus, G contains one of the groups S(i,j). So let G
={t, S=S5(,J)), where t induces the automorphism o on W. We may assume
t*=y, for if t*=y?, then ¢2y is an involution, contradicting 1.9. So we may assume
t2=s. Let k*=k~1su®y®, where o, 8 € Z,. Then for i=j=1 (mod 2), we have

ku'y' = k® = k¥ = (k= tsuty?)t = (k™ tsuy?)~ls(uy)ey®.

So ku'y’ =ku'y'u?@-#, Thus, a=p (mod 2).

Now we check the relations of S under the action of ¢.

(]) (kt)s‘ = (k - lsuayli)s = (kuiyi) - ls(uyz)uyﬁ =k lgy@+hH+20G- i)yB +i+f-2i+2a  gnd
k@) (VY =k~ 1su**iyf*1* So we must have

k-lsu(a+i)+2(j—£)yﬁ+i+j—2i+2a —_ k—lsua'+iyﬁ+i+f.

Hence, i=j=a=8=1 (mod 2).

(ii) Since (k*)?=(k~1s)2=k~2s2=k? (mod W), we see that (k})2=ovw for some
element w € W. Thus, (kY)*=(w)2=w'w=1.

(iii) [o, k)= [uy, k= *suy?]=u"2p "1 =(uy)?y = (u')*".

(iv) [V, K'l=1y, k™ 'suty?]=u?y? = ().

Thus, the groups of this type are the groups T(e, 8, i,j) where T(e, B, i,J)
=t k| 1*8=k*=1, k'=k"2**y* where a=B=1 (mod 2), ut*=1, k*=kt*u'
where i=j=1 (mod 2), u'=uz®, u*=u"1*).

We show T=T(e, B, i, j) is a (*)-group. Since ®(T) = ®(S) and ®(S) contains an
Eg, ®(T) contains an Eg. If E is a normal E; of T, we may assume E> W,. Then
EW/|W is a normal subgroup of order 2 of T/W. Thus,

EWIW = Z(T|W) = (s, k2, WH|W.
So E<S. However, S has no normal Eg, so T has no normal Eg. Thus,

T=T(817j)
is a (*)-group.

2.6.2. There is no (x)-group G such that W=cg(W) and A¢(W)=<A, o2, ap).

If there were such a group G, then G would be an extension of a group S iso-
morphic to one of the groups S(i,j) by an element g which would induce the
automorphism op on W. Since [0% op]=1 and X??=A"1 we could find integers
m,n, o, BeZ, so that s?=su"y", k%=k~'u*y#, and so that the relation (k)%
=k*w?)"(y°y for i=j=1 (mod 2) would hold. Since [s2, g]=1, m=n=0 (mod 2).

HOWCVCI’, (kg)s’=(k—1umyn)su‘yf=k—lua+iyt+1+2a+8+2m and kg(ug)i(yg)j.:k—lua—i
-y8+1*J Thus equating the exponents of u we would have a+i=a—i(mod 4)
which would contradict the condition 2.5.1.2 that i=1 (mod 2). So there is no
(x)-group for which Ag(W)=<A, o2, ap).
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2.6.3. There is no (x)-group G such that cq(W)=W and Ag(W)=<A, o, p).

If G were such a group, then G would be an extension of a group S isomorphic
to one of the groups S(i, j) for i=j=1 (mod 2) (cf. 2.5.1) by an element x which
would induce the automorphism p on W.

Since (02)* =02 and A*=As? we may assume that

s* = su™y", m=n= 0(mod 2); k* = ksu?y?, p,q€Z,.
Then the relation k= ku'y’ (for i=j=1 (mod 2)) should hold under the action of x.
So we would have (k*)** = (k*)(u*)!(y*), i.e. (ksuPy?)™™v" = (ksuPy?)(u~1)"y. So

ksut+py21+1+2p+q+2m — ksu—i+pyq+j’

i.e. i+p= —i+p (mod 4). Thus, i=0 (mod 2), a contradiction. Hence, .S cannot be
extended by x.

2.7. THEOREM. The (x)-groups G for which co(W)=W and Xe Ag(W) are
S(I,j)’ H,, and T(“) ﬁ’ iaj)‘

2.8. The 1st stage extensions of R and R. Asin 2.5 we see that if G is a Ist stage
extension of R or R, then R (or R) is normal in G so Ag(W) < N,(Ap) ={Ap, 02, op).
Therefore Ag(W) is one of the groups {Ap, 02> or {Ap, o%p) for =+ 1.

2.8.1. The (x)-groups G such that co(W)=W and A;(W)={Ap, e%). Let G be
such a group. Then either G={s, R) or G=<s, R> where s induces the automor-
phism o? on W and s2=y (by 1.9). In exactly the same way as in 2.5.1 we see that
s2=y implies that r*=ru'y’ where i=j=1 (mod 2), and we have the groups

SG,j) =<r,s|rt =5® = 1,r° = rs¥u* where i = j = 1 (mod 2),

ut = 1, u = us?, u? = us*)
and
8@, j) = <r,s| r® = 1,5* = rt, r® = rs¥u' where i = j = 1 (mod 2),

ut = 1, u" = us?, u® = us*).
It is easily seen that the groups S(i, /) and S(i, j) are (*)-groups.

2.8.2. The (*)-groups G such that coun=W and Ag(W)={Ap, o’p) for 6=+1.
Let G be such a group. Then G is an extension of either the group R or the group R
by an element g, such that r%=r ! (mod W). By the same arguments used in 2.5.3,
we see that g, can be chosen so that gZ=1 and g induces either the automorphism
o®p for 8=+ 1. Choose m,, n, so that r%=r ~lumsy"s, Since r=r%=(r ~lumsy"s)%
=ru2mstmrdym@ - we find that ns;=m,; (mod 2) and ms(8—1)=0 (mod 4). So
rfi=r " y™y" where m=n (mod 2) and r?-1=r ~'y™y" where m=n=0 (mod 2).

Now we must show that the mappings induced on R and R by g, are auto-
morphisms.

(i) (r9%)%=r ~2usy™s and (r%)*=r*.
(i) [ws, ros]=[u=y’ r=]=y=y"%.
(iii) [y%, rl=[y, r ~]=u?y?=(u%)
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Thus, we may construct the groups {gs, R> and {g,, R) for §=+1.

Now the Frattini subgroup of each of these groups is the group <{r2, W). Thus,
the Frattini subgroups of the groups (g,, R) for 8= +1 contain Ey’s. Since the
involutions of ®(g,, R)\W are of the form r2u'y’ for i=1(mod 2), the groups
{gs» R)> contain no normal E; for any choices of m; or n,. So we see that the groups
{gs R are (¥)-groups.

The groups {g;, R) for which m;=0 (mod 2) have a normal Eg, namely, {r2, Wy).
So the only ones of the groups {g;, R) which are (x)-groups are the groups <g;, R>
where m; =n,=1 (mod 2).

Thus, we list the groups of this type:

HG,j) =<g r|rt=g>= 1,1 = r~ Wy wherei = j = 1 (mod 2),

ut =yt =[uyl = Lo =u iy, u =uy,y = u’y),
HG,i,j)=<r,g|r®=g%=1,r" = r~'u'y where i, je Z,, y* = r,
wW=[uyl=1Lu =up,y = u?,u* = u'y’ where § = +1).

2.9. The 2nd stage extensions of R and R. In this section we consider the (%)-
groups G for which co(W)=W and Az(W)=<{Ap, ¢%>. All 2nd stage extensions of
R and R will be found among these groups. Since 4/{)p, o2) is a four-group, there
are three choices for Ag(W), namely {Ap, o), {Ap, 02, 0p), and {Ap, A>. Now in
2.6.3 we showed that there is no (*)-group G such that cg(W)=W and Ax(W)
={A, %, p>={Ap, A>. Hence, we need only consider groups G such that Ay (W)
={Ap, o) or A(W)={Ap, 0%, op). Each of these groups can be constructed as an
extension of degree 2 of one of the groups S(i, j) or $(i, j) for i=j=1 (mod 2).

2.9.1. The (%)-groups G for which co(W)=W and Ag(W)={Ap, 0%, op). Let G be
such a group. Then G is an extension of one of the groups S(;, j) or $(i, j) by an
element g which induces the automorphism op on W. As in 2.8.2 we see that G can
be chosen so that g2=1 and r?=r ~'y™y® where m=n (mod 2). We see that [s, g]
€ {y?, for if s9=su%y", then

5 = 59 = (sutyf)? = sy2b+e
and
y = (s2)° = (su®yP)? = p(uey2@+m),

So 284+ a=0 (mod 4) and «=8=0 (mod 2). Hence «=0 (mod 4) and 8=0 (mod 2).
So let s9=s5y?¢ where ¢ € Z,.

We now must show that the mappings induced by g on the groups S(i, j) and
S$(i, j) are automorphisms of S. Since g induces an automorphism on R and R,
cf. 2.8.2, we need only check the relation r*=ru'y’ for i=j=1 (mod 2) under the
action of g.

Now

(rg)sﬁ = (r-lumyn)s —_ r—1u1-2]+my—i+j+2m+n
and
ry(uo)i(yy)l = r—lum—iyn+i+!.
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So using the fact that m=n (mod 2) we get n=m=i=j=1 (mod 2). Therefore, the
groups of this type are

X(m,n, i, j,e) =<g SGj)|g>=1,r" = r~'u"s> where m = n = 1 (mod 2),
59 = st wheree = +1),

X(m,n,i,j,¢) =g, S, j)|g>=1,r" = r~ums> wherem = n = 1 (mod 2),
§¢ = st wheree = +1).
If G=X(m, n, i, j, &) or G= X(m, n, i, j, ¢), then G is a (x)-group. For if E were a
normal Eg of G, then we may assume W, < E and so EW|W (s, r?, W)/W. Thus,

E is a normal E; of §(i, ) (or $(i, j)). Since S(, j) (and S(i, j)) have no normal
Egs, E4G.

2.9.2. There is no (x)-group G for which co(W)=W and Ac(W)={2p, o).

If G were such a group, then G would be an extension of degree 2 of a group S
isomorphic to one of the groups S(i, j) or $(i, j) for i=j=1 (mod 2).

Let G=(¢, S) where ¢ induces the automorphism ¢ on W. Without loss of
generality we may assume ¢2=s. Since (Ap)° =(Ap) ~'o? we may choose «, B € Z, so
that rt=r~lsu®y®.

If we check the relation r*=ru'y’ under the action of ¢ we see that

(rt)s¢ — (r—lsuayﬁ)s = r—lsui-2j+ayi+j+2a+3
and
Pty = r-lsustiys+i+s,
So from the exponents of u we would have i—2j+a=a+i(mod 4), i.e. 2j=0

(mod 4) which contradicts the assumption that j=1 (mod 2). Hence, there is no
(*)-group G such that W=cs(W) and A(W)=<{Ap, o).

2.10. THEOREM. The (%)-group for which co(W)=W and Ap € Ag(W) are 8(i, j),
8G, i), AG, ), HE, i), X(m, n,i, j, ¢), and Z(m, n, i, j, ).

3. The (x)-groups for which [co(W)/W|=2.

3.1. If G is a (x)-group for which |cs(W)/W|=2, then by 1.8 o® ¢ Ax(W). Thus,
D(Ay(W)) is either the group {(n) or the group {no%>. So, by suitable choice of
generators for W, we can either find an element k € G which induces the auto-
morphism A on W (if ®(4c(W))=<{%)>) or an element r € G which induces the
automorphism Ap on W (if ®(Ag(W))={no?).

3.2. If G is a ()-group for which |co(W)|W|=2 and {n)=0(A44(W)), then G
contains one of the following (x)-groups as a normal subgroup
K, =<k,a|kt=a®=1,da"=au,u* = [a,u] = 1,u* = u='a®*** for a € Z,),

R=<k,a|k®=1,a*=k%a" = au,u* = [a,u] = 1,u* = u~'a®.
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Proof. From 3.1 we see that there is k € G such that k induces the automorphism
A on W. Now from 1.5 we have co(W)=<a, W|a%=y, [a, W]=1)>. Thus, a*
=yl+22q1*+%5 for some integers o, B; W*=u"'a>

Let uo=u'*2%q%*#, Then a*=au, and uf=ugs'a®***. In addition, a**=qa*%2,
u*=u-1, Let k, be defined by

a% = qu, e = u1a®*** for acZ,.

Now ki=Cylk,)=<a*) and (kZu'a’)2=kia***®, Thus, ki=(k}'a’)? for all
i€Z,,jeZg. Soif k=1, all elements of <k2, C)\W are involutions, and if k%=a?,
then there are no involutions in <k, C)\W.

Now (k3a'w')?=kia, so if k§=1, then all elements of <k3, W>\W are involu-
tions. If k§ =a*, then the coset (k2a) W contains all involutions of <koC>\W.

So we may construct the following groups:

K, =<a,k|a®=k*=1,d% =au,u* = [a,u] = 1,u’ = u='a®** for e € Z,,
R, =<a,k,|a® = 1,a* = k&, d%« = au, u* = [a,u] = 1, u'= = u~lq?+4¢
fOl'ocEZz>.

Now the group K, is not a (*)-group since ®(K,) contains no Eg. ®(K,) contains
the subgroup <k2, W,> which is an E; and ®(K,) contains <k2a, W,> which is an
Eg. Since [k2u'a’, a]=a® (mod W,), we see that no Eg of the groups K, or K, is
normal. Thus, K,, K, are (*)-groups for « € Z,.

It remains to show that if G is a (*)-group containing one of the groups K, or K,
then K, (or K,) is normal in G. Since o2 ¢ A4(W), the group <A> < Ag( W). Thus,
K, <G (or K, < G).

We nete that for any (x)-group G which contains one of the K, or K,, ®(G)
=Ck2, W) (since o2 ¢ Ag(W)). Thus, since ®(K,) contains no Eg, K, is not a
subgroup of any (*)-group.

3.3. The (x)-groups G which properly contain Ko, K, or K,. If G is such a group,
then since o® ¢ Ag(W), Ag(W) is either the group {op, A or the group (o~1p, A).
Thus, G contains an element g; which induces the automorphism o’p on W where
é=+1.So

a% = a1+4iu21, uds = a26u-1.
Now if (g,)® € W, then by the same argument used in 2.3, we see that we may choose
8sso that g7=1.If g, € co(W)\W, then we may choose a=g2, so in this case a%=a.
In either case a=a%=(a'**u¥)%=a'**, So j=0 (mod 2), and, hence,

a% = a'**,  y% = qa*u' ford = +1.

We let kge=k; 'u'a’ where i € Z,, j € Zg, and i and j depend on 8.
We consider two cases.
(i) The case gi=1. In this case

ka — kgg — (k; luial)gd — (ka_ luiaj) - 1(u- 1a26)£(a1 + 43)1.
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So k,=ku 7a*f+2¢-1-20_ Thys, j=0(mod 4) and i(8§—1—2¢)=0 (mod 4). So
k% =k u'a®’ where i satisfies the conditions of Table 3.3.1, and j € Z,.
3.3.1. TABLE.
) i

a
0 1 Arbitrary
0 —1 =0(mod?2)
1 1 =0 (mod?2)
1 —1 Arbitrary
We now show that the mappings induced on K, by the g, are automorphisms.
(1) (k;u'a*’)* =k (see the calculation in 3.2).
(i) [u%, k3] =[u"1a?, ki 'uta™]=u%a®* 4+ 40 = (u%)%(a%)> * %o,
(iii) [a%, k%]=[a'**%, k; ‘ulat]|=a*tou~1.
Now w%=a?*u-*, so 26=2+4«(mod 8). Hence, d=1+2« (mod 4), i.e. =0
implies =1, and «=1 implies §= — 1. Thus, we have the following groups:
HO = <g19 KO I gg = 19 kg‘ = ko-lu'a“, iEZ4,jEZz, = a2u-1’
a%1 = a'**% where B € Z,),
Hy =g, Ky | g3 = 1,kér = kg'u'a* where i€ Z,, je Z,, u%r = a®u™?,

a1t = q**%8 where B € Z,),
and

H, =<{g_1, K | g%, = 1,ki-1 = ki 'u'a* where i € Z,, j € Z,,
w-1=u"'a 2 a" = q***# where € Z,).
Since K, and K, are (x)-groups, it is easily seen that H,, H;, and H, are (*)-groups.
(ii) Now we construct the groups for which g7 =a. In this case,

a’% = a, u%s = u~a?,
and

kau_l = kz = k§2 = (k; luia!)ya = kau’az“"‘l‘z"’).
So j= —1(mod 4),i(§ —1—2«)=0(mod 4). So ks =k, *u'a~** where i satisfies the
condition of Table 3.3.1.
We now check to see if the mappings induced by g, on K, and K, are auto-
morphisms:
) (ki) =(kz "ua= ) = ke,
(ii) [uo, k) =[u"'a%, k; Lyfgl+4f] =gy =202 + 4o+ 46 — (322 +42)g,
(iii) [a%, k%]=a, ks ‘u'a~***]=a?*%%y~! and ws=a*’u"1.
Hence, 28=2+4« (mod 8). Thus, =142« (mod 4). So we obtain the following
groups:
H@, K,) = {g K, | g = a, k& = k;'u'a=**¥
where i€ Z,, j€ Z,, u? = u~*a?*** where a € Z,),
A@R) = (g R> =<8 K|g*=a,k® = k~'ua=1*¥

where i€ Zy,j€ Zy, w* = u~'a?).
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The groups H(a, K,) and A(g, K) are (x)-groups.
3.4. If G is a (x)-group for which |co(W)\W|=2 and A(W)={no*), then G

contains a normal (x)-group R, or R, where

R,={(rpa|ri=a®=1,a"% =ua,u* = [u,a] = 1, u'« = ua*** for a € Z,),

R.=<rg,a|rd=1,rt =a% a= = au,u* = [u,a] = 1, u'« = ua®*** for « € Z,,).
Proof. The proof of this theorem is essentially the same as the proof of 3.2. We

find an element r, which induces the automorphism pA on W and then by suitable
choice of generators show that

a's = ua, e = ua’*** for aeZ,.

Now (r.a'u’)* =rt and (r2a'w’)?=ria**+/*9y2 As in 2.11 we see that even in
the case ri =a* we have involutions in the group <{r,, a, u>, namely, the elements of
the coset r2ua?, u%). So we have the groups
R, ={rpa|rt=a®=1,a"% = au,u's = ua’*** for a € Z,, u* = [a,u] = 1),

R, =reya |1 =1,rt = a%, a'« = au,u'« = ua®** for a € Z,, u* = [a, u] = 1).
Now (r2u™a™)*=(r2u™a")a® (mod W;). So no subgroup of the form {r2u™a™, W,>
is normal in either R, or R,. Thus, neither the R, nor R, has a normal Ej. Since

®(R,) and ®(R,) contain Eg’s for « € Z,, we see that R, and R, are (x)-groups for
a€E Zz.

3.5. There is no (*)-group which properly contains any of the groups R, or R,.

Proof. Suppose G is such a group and R is a subgroup of G isomorphic to one of
the group R, or R,. Then by 1.7 we see that |co(W)/W|=2. Since o® ¢ Az(W)
(cf. 1.8), then as in 3.3, we see that G=<(R, g;> where g, induces the automorphism
a’p, for =+ 1, on W. Thus, we have

ris =rgzlc  forsomeceC,
s = uq? ford = +1,
a% = a****  forBeZ,.
Since g; induces an automorphism on R, the relation a”=au should hold. But
(ay‘,)rgd _ (a1+4ﬁ)r;1c = (a~1*tay)l+e8 = g-l+d@-By
and
(au)® = ql+20+46y-1,
However, a1 +26+45y~1£ - 1+%4@ -8y 50 we have a contradiction. Q.E.D.
4. The (x)-groups for which [co(W)/W|>2.

4.1. If G is a (x)-group for which |cs(W)/W|>2, then by 1.7 and 1.8 we see that
D(A4g(W))=<7), and by suitable choice of generators for W we may assume
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Xe Ag(W). If (A < Ag(W), then Ag(W) =<, po) or Ag(W)=<A, pa~1>. We begin
by discussing extensions of the group cs(W) by an element k& which induces the
automorphism A on W. Let |cs(W)| =2°. We consider the cases in which c is even
or odd separately.

4.2. The (x)-groups for which |co(W)|=22",n23, and Ac(W)={A). If G is such
a group, then there is an element k € G such that k induces the automorphism A
on W. Let e€ Z, and

ce(W) =C, ={a,b|a® =b* = 1,[a,b] = a® ).

By a suitable choice of generators for C, we can show that the automorphism
induced by k on C, is b*=b"1a, a*=b"%aw where w € (a®" ", b*""*). In addition
k* € Cy(k)=<a™™*) so either k*=1 or k*=a>""". Hence we may construct the
groups
K(n,n, e, w) = <b,k | k* = b*" = 1 wheren = 3,b* = b~'g,a®" =1,

[a, b] = a*®"~* where e € Z,, a* = b~2aw where we (a®" ™', b*""'))

and

K(n,n,e,w) = <b, k| b = k® = 1 wheren 2 3,b* = b~1a,a® " = k*,
[a, b] = a*®" "' where e € Z,, a* = b~ 2aw

where w e (a®" ", b2" ")),

None of these groups has a normal Eg, and all have an Ej contained in their Frat-
tini subgroup except K(n, n, 0, 1). So, with the exception of the group K(n, n, 0, 1),
the groups K(n, n, ¢, w) and K(n, n, ¢, w) are (x)-groups.

4.3. The (¥)-groups for which |cg(W)|=22"*1 n=3, and Ag(W)=AX. Let G be
such a group, then co(W) is given by

ce(W) = C, =<a,b|a®"" = b*" = 1,[a, b] = a®" where ¢ € Z,).

Let k € G induce the automorphism A on W. By suitable choice of generators we
can show a*=>b"1a, b*=b"1a?w where w € <a®", b*"~'). Since k* € cy(k)=<a®"),
we obtain the following groups:
K(n+1,n,e,w) =<k, a |kt =a*"" = 1 wheren 2 3,a* = b7, b*" =1,
[a, b] = a*%" where ¢ € Z,, b* = b~ 'a*w
where w e {a?, b>* 1))

and
Rn+1,n,e,w) =<k, a|a® = 1,n2 3,k* =a*,d" =b"1q,b* =1,
[a, b] = a*" where e € Z,, b* = b~ 'a’w

where w € (a?™, b¥" ).
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It is clear that the groups K(n+1, n, &, w) are (x)-groups and that those groups
of the form K(n+1,n, e, w) which contain an Eg are also (*)-groups. Since
(k2bmar)2=kiwm+Pcm, ie. (k2bmaP)?=qa®" A +mOywm+p we see that K(n+1, n, w)\W,
contains an involution if and only if 1=¢2"A*mym+2 je, for e=0(mod 2) and
w=a?" or e=1 (mod 2) and any choice of w.

4.4. The (x)-groups G for which |co(W)/W|>2 and Ac(W)><{X). These groups
may be constructed as extensions of the groups discussed in 4.2 and 4.3 by elements
gs where g; induces the automorphism o®p on W for 8= + 1. In the groups for which
|ca(W)| =2%", g, may be chosen so that gZ=1; in the groups for which [co(W)|
=22**1 ¢, may be chosen so that either gZ=1 or g7 =a. The construction of these
extensions is completely analogous to the work of §§2.5.3 and 3.3. Since the details
of the computation become quite cumbersome and the number of parameters
become exceedingly large, we will not discuss the detailed structure of these groups.
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