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SET-VALUED MEASURES

BY
ZVI ARTSTEIN

Abstract. A set-valued measure is a o-additive set-function which takes on values
in the nonempty subsets of a euclidean space. It is shown that a bounded and non-
atomic set-valued measure has convex values. Also the existence of selectors (vector-
valued measures) is investigated. The Radon-Nikodym derivative of a set-valued
measure is a set-valued function. A general theorem on the existence of R.-N.
derivatives is established. The techniques require investigations of measurable set-
valued functions and their support functions.

1. Introduction. Let (7, J") be a measurable space, and S be a finite-dimensional
real vector space. A set-valued measure ®© on (T, ) is a function from T to the
nonempty subsets of S, which is countably additive, i.e. ®(U, E))=272, P(E)
for every sequence Ej, E,, ..., of mutually disjoint elements of . Here the sum
251 4; of the subsets A4,, A,, ..., of S, consists of all the vectors a=>%, a;,
where the series is absolutely convergent, and a; € 4, for every j=1,2,....

The calculus of set-valued functions has recently been developed by several
authors. (See Aumann [1], Banks and Jacobs [3], Bridgland [4], Debreu [7],
Hermes [11], Hukuhara [15], and Jacobs [16].) The ideas and techniques have
many interesting applications in mathematical economics, [2], [7], [13]; in control
theory, [11], [12], [16]; and in other mathematical fields (see [3] and [4] for exten-
sive lists of references). Also, set-valued measures have been discussed in connection
with applications and for their own interest. See Debreu and Schmeidler [8],
Schmeidler [19], and Vind [20]. It is our purpose in this paper to extend the basic
theory of set-valued measures. We shall take special interest in the following three
subjects: convexity of bounded set-valued measures, existence of selectors, the
Radon-Nikodym derivative of a set-valued measure.

The main results in the three branches are as follows.

The values of a nonatomic and bounded set-valued measure are convex sets.
(I found this question in Schmeidler’s paper [19]. Schmeidler proved the theorem
under the additional assumption that ®(T) is compact.)

If @ is a set-valued measure with convex values, which is absolutely continuous
with respect to a finite measure, then for every £ € J and x € ®(E), there exists a
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selector p of @ such that u(E)=x. We show that none of the conditions can be
removed.

The Radon-Nikodym derivative of a set-valued measure is a set-valued function,
while the integration of the latter is in the sense of Aumann [1]. Following Debreu
and Schmeidler [8], we investigate those set-valued measures which have deriva-
tives with convex and closed values, and respectively, with convex and relatively
open values. Our contribution is to set the results for set-valued measures which
might have values not only in the positive orthant. We also give counterexamples
when the result in [8] cannot be generalized. Finally, we introduce a general theorem
on the existence of derivatives. In this theorem we use the Continuum Hypothesis.

In order to obtain the results we have to develop some techniques concerning
integration and differentiation of the support function of a set-valued function and
a set-valued measure. These results are formulated as lemmas.

The article is organized as follows. In §2 we give notations and conventions
which will be used throughout the paper. Each of the other sections begins with
more definitions and notations which are needed there. In §4 we deal with bounded
set-valued measures. §§5 to 7 are the sections of the lemmas. Their subjects are
measurable set-valued functions, support functions, and integration of set-valued
functions respectively. In §8 the existence and properties of selectors are investi-
gated. The Radon-Nikodym derivatives are treated in the two final sections.

2. Notations and conventions. The empty set is denoted by @. The euclidean
norm on S is | ||. The scalar product of two elements p and x of S is denoted by
p-x. We do not distinguish between S and its dual, but we try to use the letters p
and g for dual vectors, while x and y are elements of S. If 4 is a subset of .S then
cl A is the closure of 4, and co A4 is the convex hull of 4. If 4 is convex then ri 4
is the relative interior of A. For two sets A and B, and a real number o we denote
A+B={a+b:ac A, be B}, and ad={ca : a€ A4}.

A measurable space (T, ) consists of a set T, and a o-field ~ of the *“measur-
able” subsets of T. No topological structure on T is required. By a measure on
(T, 7) we mean a real signed measure which might have + o as a value. We shall
speak on finite measures and on nonnegative measures. If A is a measure then
|A|(E) denotes the total variation of A over E. In particular || is a nonnegative
measure. The measure v is absolutely continuous with respect to A if [A|(E)=0
implies ¥(E)=0. We denote this by v« A. An atom of the measure A is a set E, with
[A|(E)>0, such that if E;< E then either A(E;)=0 or A(E\E;)=0. A measure with
no atoms is nonatomic.

3. Two basic properties. Let ® be a set-valued measure on (T, J) and let
peS. For every Ee€J denote vy (E)=sup{p-x:xec®E)}, and O, E)
={x € ®(E) : p-x=v,(E)}. (The set-function v, depends, of course, on the set-
valued measure ®.)
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The two propositions below are well known and have appeared in the literature
in several forms. We state them here in a form suitable for the sequel, and for
completeness we also give the proofs.

PROPOSITION 3.1. The set function v,(-) is a measure.

Proof. The set function v,(-) is well defined and has values in (—o0, o0]. It is
clear that v,(-) is finitely additive. We have to show that if E; (j=1,2,...) is a
sequence of disjoint elements of 7, and if E=\J2, E}, then v,(E)=>3, v,(E).

If xe ®(E) then x=>3, x;, where x;e ®(E,) for j=1,2,.... Then p-x
=>%,p-x; and this implies v,(E)<liminf, >¥_; v,(E;). If v,(E)=c0 there is
nothing else to show. If v,(E) <o, the additivity implies v,(E,)<oo for every j.
Given ¢>0, choose, for each j, an element y; € ®(E;) such that v,(E;)—p-y; <2 e.
Denote z"=y;+ - - - +Yn+2>;>m X;. Then z™ € ®(E) and

v(E) 2 limsup p-z™ 2 lim supj_z1 v (E;)—e.

Since ¢ is arbitrarily small, this implies v,(E) Z lim sup,, 2™ ; v,(E;). Q.E.D.
PROPOSITION 3.2. The set-valued set-function ®, is countably additive.

Proof. We do not claim that @, is a set-valued measure. Indeed, ®,(E) might be
empty. Let E; (j=1, 2,...) be a sequence of mutually disjoint elements in 7, and
let E=\J;%, E;. It is clear that >2; ®,(E,) is included in ®,(E). Conversely, if
x € ®,(E) then x= 32, x; where x; € ®(E;). Notice that

pex =j_zl px; S j_zl v(E})) = vy(E) =p-x

and since p-x;Zv,(E;) for each j this implies p-x;=v,(E;) for each j. Thus ®,(E)
is included in >, ®,(E,). Q.E.D.

4. Bounded set-valued measures. A set-valued measure @ is bounded if ®(T) is a
bounded set. The additivity implies that ®(T') includes a translation of every ®(E),
thus @ is bounded if and only if ®(F) is bounded for every E € 9. The additivity
of ® also implies that either ®(z)={0} or ®(z) is an unbounded set. Thus ® is
bounded implies ®(z)={0}.

If @ is a bounded set-valued measure then for every p in S the measure v, is
finite. Let n be the dimension of S and let ey,...,e,, be the 2n vectors
@©,..., +1,...,0). Denote v=73?2", |v,,|. Then v is a finite and nonnegative measure
on (T, 7). Also w(E)=0 if and only if ®(E)={0}. Notice that x € ®(E) implies
[x|| £v(E) £«(T). Therefore: If @ is a bounded set-valued measure, then the range
of O, i.e. Ugeg O(E), is a bounded set.

An atom of the set-valued measure @ is an element E € 7, for which ®(E)#{0},
and such that if E; < E then either ®(E;)={0} or ®(E\E;)={0}. A set-valued meas-
ure with no atoms is nonatomic. Notice that ® is nonatomic if and only if v is non-
atomic.
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LEMMA 4.1. Let I be the unit interval. Let A4, . . ., A, be nonatomic finite measures
on I. Denote A=37_, |\|. Then for every real number 0, satisfying 0<0< 1, there
exists a subset Iy of I such that

(@) N(Ip)=0x(I) for i=1,..., n.

(b) Each I, and 1\1, differs from a denumerable union of intervals only by a set of
A-measure zero.

Proof. Theorem 1* of Halkin [9] implies that one can choose I, to be even a
finite union of intervals. Anyway, we offer here a short proof of the above weaker
version. Without loss of generality A «A; for i=1,2,...,n Indeed, write Ay
=>7_, |A| and prove the lemma for Ay, Ay, . . ., A,. The case n=1 is trivial. Proceed
by induction and add to the induction hypothesis the requirement < = I,<1,.
Let J, for 0 8=<1 be an appropriate family for the measures A,, ..., A,_;. Define
IQ)=(J12\J) U (I\J1-p), for 0={=%. Then XN (§))=3A() for each {, and
i=1,...,n—1. Also A,(I({)) is continuous with respect to {. This implies the
existence of a certain {; for which A,(I(¢,))=3A,(I). Denote I,,,=1({;). Each I,
and I\I,, is essentially a countable union of intervals. Applying the above pro-
cedure to each of these intervals will lead to a construction of I;,, and I3, out of
I,; and I\l,, and for 6=1, 1, $ the requirements (a) and (b) hold. Generally,
this procedure will lead to construction of I, for every dyadic », such that (a), (b)
and the inclusion requirement still hold. Finally, define /, to be the union of all I,
such that 5 is dyadic, and o < 6. This completes the induction step. Q.E.D.

Let E be an element of 7. A dyadic structure of E is a collection of measurable
sets {E(e,eq- - -&)>, Where ¢,=0, 1 and k=1, 2, ..., such that

(@) E(ey---60) U E(ey- - e, 1)=E(e;- - -¢,) and E(0) U E(1)=E.

(b) E(ey- - &0) N E(ey- - -e,1)=2 and EQQ) N E(1)=92.

The standard dyadic structure of the unit interval 7=[0, 1) is the collection
{I(e185- - -&)> described by I(0)=[0, ), 1(00)=[0, }), I(01)=[4, ), and generally

k

K
I(ey- - g) = [21 27, 2""+‘Z1 8,2"').

THEOREM 4.2. If ® is a bounded, nonatomic set-valued measure, then for every
E €T, the set O(E) is convex.

Proof. Let x and y be two vectors in ®(F) and let 6 be a real number, 0<6< 1.
We show that 6x+ (1 —0)y € ®(E). Define v as above. Since v is nonatomic there
exists a dyadic structure (E(e, - - -&,)) of E such that v(E(e, - - -&))=2"%(E). The
additivity of ® implies the existence of vectors x(e;- - - &), ¥(e1- - - &) for =0, 1
and k=1, 2, ..., such that

(a) x(ey- - &) and y(z;- - - &) belong to O(E(e; - - - &)).

() x(e1- - - &0) + x(e1- - & ]) =x(e1- - - &) and y(es- - - &0) + y(er- - - 1) =
(e - -&).

(¢) x(0)+x(1)=x and y(0)+y(1)=y.
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Define x(E(e;- - -&,))=x(e;- - &) and p(E(ey- - -&))=Y(e;- - -&). Then x(-) and
»(+) are additive vector-valued set-functions on the dyadic structure. Since ||x(-)]
and | y(-)| are dominated by »(-), the set functions x and y are countably additive,
and have extensions to finite vector measures on the o-field 7;, which is generated
by the dyadic structure. Denote these extensions by the same symbols x and y.
Since v is nonatomic on 5, the measures x and y are nonatomic.

Consider the (2n+ 1)-dimensional vector-valued measure (v, x, y), defined on ;.
In view of Lemma 4.1 and the canonic isomorphism between the dyadic structure
{E(ey- - -&)> and the standard dyadic structure <{I(e;- - -¢,)) of the unit interval,
there exists an E; < E such that

(d) x(Ey)=06x(E) and y(E;)= 0y(E).

(e) Each E; and E\E, differs only by a v-null set from a denumerable union of
dyadic elements.

Notice that if G is a denumerable union of dyadic elements then x(G) and y(G)
are members of ®(G). This follows from the o-additivity of ® and from condition
(a) in the beginning of the proof. If G’ differs only by a v-null set from G, then
®(G)=D(G"). This follows from v(H)=0 if and only if ®(H)={0}.

The last remark implies that 6x=x(E;) € ®(E,) and (1 —0)y=y(E\E,) € O(E\E,).
Finally, O0x+(1—6)y € ®(E,)+ O(E\E,)=®(E). Q.E.D.

COROLLARY 4.3. Under the conditions of Theorem 4.2, let x € ®(E) and 0<0< 1,
then there exists an E, < E such that 6x € O(E,).

Proof. We have already proved this while proving Theorem 4.2. Notice that the
corollary is implied by (d) and (e) and the remark following them.

REMARK. Lemma 4.1 contains a stronger version of the Lyapunov convexity
theorem (see Halmos [10]). However, the convexity theorem can be easily derived
from Theorem 4.2 as follows. Let u be a nonatomic vector measure on (7, ).
Denote by ®(E) the range of u|E. It is easy to verify that @ is a nonatomic bounded
set-valued measure. Since Theorem 4.2 implies that ® has convex values, the range
of p, which is actually ®(T), is convex.

THEOREM 4.4. If ® is a bounded nonatomic set-valued measure, then the range of
D, i.e. Uges P(E), is a convex set.

Proof. Let x € ®(E,) and y e ®(E,) and 0<8<1. Denote G=E; N E,. Then
x=x;+x; and y=y,+y, where x; and y, are elements of ®(G), x, € P(E;\G)
and y, € ®(E;\G). Theorem 4.2 implies that 6x;+(1—6)y,; € ®(G). Corollary
4.3 implies the existence of G;<E;\G and G,<E,\G such that 8x, e ®(G,)
and (1—0)y, € ®(G,). The additivity implies that Ox+(1—6)y is an element of
d(GUGLUGy). QED.

REMARKS. The boundedness of ® in Theorems 4.2 and 4.4 cannot be removed.
We quote here an example due to W. Hildenbrand. Let # be the Borel o-field of
the unit interval. For each F € # with a positive Lebesgue measure, the set ®(E)
is the set of all the nonnegative integers. If E is of measure zero then ®(E)={0}.
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The nonatomicity cannot be removed either. Indeed, let T be a singleton and
define (T)={0, 1}.

The sum of two nonempty convex sets is compact if and only if both sets are
compact. Hence, if ® is a bounded nonatomic set-valued measure, and ®(T) is
compact, then ®(E) is compact for every Ee€.J. Indeed, apply the equality
O(E)+ O(T\E)=O(T) together with Theorem 4.2. See Schmeidler [19, 4.2] for a
proof that in this case the range of @ is also a compact set.

The following two propositions deal with operations on bounded set-valued
measures. Detailed proofs are omitted, since it is easy to construct them from the
hints.

PROPOSITION 4.5. Let ® be a bounded set-valued measure. Define ® by ®(E)
=cl ®(E). Then ® is countably additive.

Hint. If E=\J, E; is a disjoint union, then every series x=2%; x;, where
x; € ®(E)), is dominated by the convergent series 2%, v(E)).

PROPOSITION 4.6. Let @ be a bounded set-valued measure. Define ®* by ®*(E)
=c0 O(E). Then ®* is countably additive.

Hint. It is clear the ®* is finitely additive. In this case, this implies the countable
additivity.

Both Propositions 4.5 and 4.6 are not valid without the boundedness of ®.
However, Proposition 4.6 still holds if ® takes on values in the positive orthant of
S. See Debreu and Schmeidler [8, Lemma 5].

As a final remark of this section let us refer to Theorem 8.3, which deals also
with bounded set-valued measures.

5. Lemmas concerning measurable set-valued functions. Let (7,J) be a
measurable space. A set-valued function F, from T to the subsets of S, is measurable
if for every closed subset C of S the set

F-Y(C)={teT: Ft)nC # @}

is a measurable subset of T. Note that, for F to be measurable, it suffices that
F-1(C) is measurable for every compact C in S. Indeed, every closed set is a
countable union of compact sets, and the operation F~! has the property
F~-Y (U, C)=Ux, F~}(C,). Notice also that a point-valued function g is
measurable if and only if the set-valued function G(¢)={g(#)} is measurable.

We do not assume that a set-valued function has only nonempty values. In
particular, if F is measurable, then the set {t : F(¢)#@}=F ~*(S) is measurable.

The lemmas below will be used in the sequel. They are not given in the most
general form, since we prefer here a simple proof of a special case to general
results with complicated proofs.
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LEMMA 5.1. Let F be a measurable set-valued function, and let p be in S. Denote
s(p, t)y=sup{p-x : xe€ F(¢)} (sup g = —0). Then s(p, -) is a measurable function.

Proof. Let r be a real number. Denote C, the closed subset of S defined by
{x:p-xzr+1jk}, thisfork=1,2,.... Notethat s(p, t)>rif and only if F(t) N C,
# @ for some k. Thus, the set

(s t)>rr= U {t: F() 0 C, # 2}

is measurable. Q.E.D.

REMARK. Some authors call a set-valued function measurable if its graph is a
measurable set in the product o-field. See [1] and [8]. The definition which we
adopt here enables us to prove Lemma 5.1 without T being a complete o-field.
Compare with [7, (4.5)] and with [8, Lemma 1]. Debreu proved (see [18, Theorem
2]) that a measurable set-valued function with closed values has a measurable
graph.

LeMMA 5.2. Let F be a measurable set-valued function. Define F by F(t)=cl F(t).
Then F is measurable.

Proof. Let C be a compact subset of S. Let C,,=C+(1/k)B, where B is the closed
unit ball of S. Then F(#) N C# @ ifand only if F(t) N C,# @ foreveryk=1,2,....
Thus the set

{t:F&)NnC # @} = kri{t : F(t) N Cy # @}

is measurable. Q.E.D.

LemMA 5.3. Let F; (j=1,2,...) be a finite or countable family of measurable
set-valued functions, such that each F; takes on only closed values. Then the set-
valued function F(t)=("\, F(t) is measurable.

Proof. See Rockafellar [18, Corollary 1.3].

LEMMA 5.4. Let F be a measurable set-valued function with closed values, and let
g be a measurable point valued function. Then the set {t : g(t) € F(t)} is measurable.

Proof. Denote G(¢)={g(¢)}. As was noted above, G is measurable. In view of
Lemma 5.3 the set-valued function H(¢#)=G(t) N F(t) is measurable. Finally, the
equality {¢ : g(t) € F(¢)}={t : H(t)# @} completes the proof.

LEMMA 5.5. Let {p}i;-1 be a sequence of vectors in S. For every k let s(k, t) be a
measurable real-valued function. Then:

(@) For each k the set-valued function F(t)={x :-p-x<s(k, t)} is measurable.

(b) For each k the set-valued function G(t)={x : p-x=s(k, t)} is measurable.

(©) The set-valued function H(t)=\F-1 {x : p-x<s(k, t)} is measurable.
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Proof. Let C be a compact subset of S. Denote r=min {p-x : x € C}. The set
{t : F)n C#z}={t: s(k,t)=r} is obviously measurable. This completes the
proof of (a). Part (a) together with Lemma 5.3 imply parts (b) and (c) as follows.
Note that G@t)={x: p-x=<s(k,t)} N {x : p-x=s(k, t)}. Thus G(¢) is the inter-
section of two measurable set-valued functions with closed values. On the other
hand, H(¢) is the intersection of a countable family of measurable set-valued
functions with closed values. Q.E.D.

LEMMA 5.6. Let F be a measurable set-valued function with nonempty, closed and
convex values. Then the set-valued function ri F (ri F(t)=ri (F(2))) has a measurable
selection, i.e. there is a measurable point-valued function f such that f(t) € F(t) for
every teT.

Proof. We first prove the lemma for set-valued functions with bounded values.
Let ey, ..., e, be the n vectors (0,..., 1,...,0). Define the set-valued functions
Fy, Fy,..., F, as follows. Define Fy(t)=F(t). Fori=1,...,nlet

s(t) = sup{e;-x : xe Fi_1(¢)}+inf{e;-x : x € F,_1(¢)}

and define F(t)={x € F,_1(t) : e;-x=3%s,(¢)}. If F,_, is measurable then s,(¢) is a
measurable function (Lemma 5.1), and thus F; is a measurable function (Lemma
5.5(b)). If F,_, has nonempty, closed, and convex values, so does F;, and ri F;
<ri F,_,. Since F,=Fis a measurable set-valued function, with nonempty, closed,
and convex value, it follows that F, is measurable and ri F,(¢)<ri F(¢). Finally,
notice that F,(¢)={f(¢)} is a singleton, for every t. Thus, f(¢) is the required
selection.

The next step is to prove the lemma in the general case. Let Dy, D,,... be a
sequence of open subsets of .S, whose union is S. Every open set is a denumberable
union of compact sets, thus 7, = F ~1(D,) is a measurable subset of T. If t € T}, then
ri (F(¢) N cl D)<ri F(¢). Apply now the first part of the proof to the set-valued
function F(t) N cl Dy, restricted to Ti,\U,;<x Tj, in order to get an appropriate
selection f(¢) for t € T\, <« T;. This for k=1, 2,.... Finally, ¢t — f(¢) is the re-
quired selection. Q.E.D.

LemMmA 5.7. If F is a measurable set-valued function with closed and convex
values, then ri F is also measurable.

Proof. Let f be a measurable selection of ri F. Define
F(t) = A=1/k)F@)=f() +1(0).

It is easy to verify that each F, is measurable, and since ri F(t)=Jr-1 Fi(?) it
follows that ri F is also measurable.

REMARK. Since each F, has a measurable graph, the equality ri F(#)=|Ji=1 Fi(?)
implies that ri F has a measurable graph.
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6. Lemmas concerning support functions. Let 4 be a nonempty set in S. The
support function s(p, A) of A is defined for every p € S by

s(p, A) = sup{p-x : x € A}.

The reader can verify that we have already dealt with support functions. Thus,
in §3 the function p — v,(E) is the support function of ®(E). In Lemma 5.1 the
function s(-, ¢) is the support function of F(¢).

Let A be a nonempty set in S. Denote P(4)={p € S : s(p, A) <oo}. We shall see
later that P(4) is a convex cone. Denote L(4)=P(4)—P(A), then L(4) is a sub-
space, and P(4) has full dimension in L(4).

Let (T, 7, X) be a measure space. A set-valued measure @ on (7, ) is absolutely
continuous with respect to A (or A-continuous) if A(E)=0 implies ®(E)={0}. We
denote this by ®«A. It is clear that ®« A implies v, <« A for every p € S.

LeMMA 6.1. The support function s(-, A) is a convex, lower semicontinuous and
positively-homogeneous function from S to (— oo, ). Conversely, if s(p) is a convex
Sfunction from S to (—oo, ], which is positively-homogeneous and lower semi-
continuous, then it is the support function of a certain closed and convex set A.
Namely A=Npes {x : p-x=s(p)}.

Proof. See Rockafellar [17, Theorem 13.2 and Corollary 13.2.1]. (For Rocka-
fellar’s notation see [17, p. 52].)

Since s(-, A) is a convex and positively-homogeneous function, it follows that
P(A) is a convex cone.

LeEMMA 6.2. Let s(-) be the support function of a certain set. Let p and q be two
vectors in S, and suppose s(q) <. Define q,=(1/k)g+(1—1/k)p for k=1,2,....
Then s(p)=lim s(q,).

Proof. The convexity of s implies s(g,) < (1/k)s(q) + (1 —1/k)s(p). The right side
of the inequality converges to s(p). Thus, lim sup s(g,) <s(p). On the other hand,
the lower semicontinuity of s implies lim inf s(q,)=s(p). Q.E.D.

LEMMA 6.3. Let A be a closed and convex set in S. Let Q={q;}>, be a dense se-
quence in L(A). Then A=N%1{x : q;-x=s(g;, A)}.

Proof. In view of Lemma 6.1, it is enough to show that the sequence of in-
equalities g;-x=<s(g;, A) implies that p-x<s(p, A) for every peP(4). Fix
geri P(4) and define g,=(1/k)g+(1—1/k)p for k=1,2,.... Then g, eri P(A)
for every k (see [17, Theorem 6.1]). According to Lemma 6.2, s(q,, 4) — s(p, A).
Since s(-, 4) is continuous in ri P(4) [17, Theorem 10.1], there exists a subsequence
{@}i2, of Q, for which ¢, — p and s(g;, 4) = s(p, A). Indeed, Q N P(A) is dense
in P(A), since P(A) has full dimension in L(A). Finally, notice that ¢,-x <s(g;, 4)
for I=1,2,... implies p-x<s(p, A). Q.E.D.
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LEMMA 6.4. Let Q={q;};>, be a dense sequence in a relatively open cone P. Let
s(+) be a function from Q to (— o0, o). Suppose that the positively-homogeneous
extension of s is well defined and convex on the set {eq : =0, q € Q}. Then there
exists a certain closed and convex set A, such that s(q, A)=s(q) for q € Q, and such
that P(A)<cl P. The set A is given by A=(\j%1{x : q;-x<5(qy)}.

Proof. The idea of our proof is based on a proof of a similar theorem, due to
Fenchel, where Q is a convex and relatively open cone. Only a few modifications
have to be done. Without loss of generality P is an open cone. It is obvious that
s(q, A)=s(q) for each g € Q. Let U be the set in the S @ R space given by

U=clco{(g,r) :qe Q,r 2 s(9)}

We claim that g€ Q implies that (g, s(q)) € 9U. Otherwise, (¢,r)e U for a
certain r <s(q). Also (g, r) is a convex combination X% _; (g, rr) Where r,25(q;)
and ¢, € Q. Thus

1 1
s(@ >r= Z oyl = Z S (q1)
K=1 K=1

while g=>% _; «.q,. This is a contradiction to the convexity condition on s.

Thus (g, s(q)) € U, and there exists a support hyperplane (u, ), to U at (g, s(g)),
i.e. u-p+ugr<u-q+uys(q) for every (p, r) € U. Without loss of generality uo=—1.
Indeed, since P is open, u,<0. Now, for every (p,r)e U

M) —rtup £ —s(@)+uq.
Substitute p=«q in (1), and get
(I-9)s(g) = (1—cu-g.

Use this for e<1 and o> 1 in order to show that s(q) <u-q and s(g)=u-g, respec-
tively, thus s(g)=u-q. Subtracting this from (1) implies »-p <r for every p € Q and
rzs(p). Thus, u-p<s(p) for every p € Q. Hence u € A4, and this together with the
equality s(q)=u-q implies s(q) <s(g, A). Finally, it is easy to verify that P(4) is a
subset of the closed and convex cone spanned by {g€ Q : s(g) <o}. Q.E.D.

COROLLARY 6.5. Let Q={q;};>, be a dense sequence in a certain subspace L.
Let s(-) be a function from Q to (— o0, o©]. Suppose that the positively-homogeneous
extension of s is well defined, and convex on the set {aq : «20, g € Q}. Denote P the
convex cone spanned by {q€ Q : s(q)<oo}. Then there exists a certain closed and
convex set Ay, such that s(q, A;)=s(q) for every q in Q N i P, and such that P(A;)
<cl P. The set A, is given by A;=%1{x : ¢;-xZ5(g)}.

Proof. By applying Lemma 6.4 to the sequence Q Nri P and to the relatively
open cone ri P, we get a set 4, such that P(4)<cl P and s(q, 4)=s(q) for every q
in Q N ri P. We claim that A= 4;. In order to see this it is enough to show that the
set of inequalities q-x<s(g, 4) for geri P implies that g-x=<s(q) for every
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ge Q NclP. The function s(g, 4) is lower semicontinuous, and is equal to the
convex function s(g) on a dense sequence, thus s(g, A) is less or equal to s(g) for
everyq. Q.E.D.

Throughout the following three lemmas, (7, 7, A) is a measure space such that
A is a finite and nonnegative measure.

LEMMA 6.6. Let F(t) be a measurable set-valued function and let s(g,t)
=s(q, F(t)) be its support function. Suppose that for every q, the integral
f75(g, t) dX(t) exists, and is finite or + 0. Let A be a subset of S. Let Q={g}3, be
a dense sequence in P(A). If [,s(g,t)dNt)=s(q, A) for every qe Q, then
z5(q, A) dX(t)=s(g, A) for each q in cl P(4).

Proof. Notice that the measurability of s(g, -) follows from Lemma 5.1. The
function s(g, ?) is a convex function for each ¢, thus its integral [, s(q, t) dA(¢) is a
convex function, which is finite on a dense subset of P(A), thus it is finite and
continuous at least in ri P(A); hence, [, s(q, t) dA(t)=s(g, A) for every g € 1i P(A).
Let p € P(A) and g eri P(A), and define g,=(1/k)g+(1-1/k)p, for k=1,2,....
According to Lemma 6.2, s(gy, A) — s(gq, 4). We show now that

5o A) = f 5(@er 1) dNE) > f s(g, 1) dX(z)

and this will complete the proof. The convexity of [, s(g, ) d\(z) implies

f s(g, 1) dA(t) 2 lim sup f 5(qur £) ).

According to Lemma 6.2, s(gy, t) — s(q, t) for every t; thus Fatou’s Lemma
implies

[ s(g, 1) d\e) < lim in f s(gw ) d\(#). Q.E.D.
JT k T

LEMMA 6.7. Let ® be a set-valued measure such that ®<<A. Suppose that there
exists a certain subspace M such that L(®(E))= M for every E € J with a positive
A-measure. Then there exists a measurable set-valued function F, with convex and
closed values, such that if s(q, t) is the support function of F(t) then for every E€ T
and every p € S it is true that

L 5(p, 1) dN2) = v(E).

Proof. Let Q={g;};>, be a dense sequence in M and suppose that Q has the
structure of the vectors with rational components, i.e., if ¢ and p are in Q and «
is rational, then ep+ (1 —a)q is in Q. For each g in Q, the measure v, is absolutely
continuous with respect to A. Let g(gq,t) be a Radon-Nikodym derivative, i.e.
f £ 8(q, ) d\(t)=v,(E) for every E in J. In particular, g(g, t) > —oo for A-almost
every t. The following two properties hold A-almost everywhere.
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(a) The positively-homogeneous extension of g(g, t) is well defined and convex
on the set {¢q : «20,q € Q}.

(b) If S(t)={q : g(g, t) <o} then S(¢)+S(:)=S(¢), and «S(t)=S(z) for every
positive rational number «. Also the linear space spanned by S(t) is M.

The proof of (a) and (b) is as follows. The function g — v, (E) is positively
homogeneous. This implies that g(eq, t)=cag(g,t) for «20 and g€ Q is well
defined. The convexity of v, (E)=s(q, ®(E)) implies the convexity of g(g, t).
Indeed, if g(q, t)> k-1 «.8(qx, t) on a set with a positive A-measure, then for a
certain Ee I

B = [ g0 D0 > 3 o[ 8 dO) = 3 awalE),

and if g=> «.q; is a convex combination, this leads to a contradiction. It is clear
that S(¢)+S(t)=S(¢) and that «S(t)=S(¢) for a positive rational number .
Finally, notice that X-a.e. the set S(z) includes Q N P(®(T)). With this we finished
the proof of (a) and (b).

We claim that S(¢) is a measurable set-valued function. Indeed if C is a closed
subset of .S then the set

{t:80nC#ot= U {t:8(1) <o}
qeQNC

is obviously measurable. Denote by P(¢) the closed and convex cone spanned by
S(2). Then S(¢) is dense in P(¢), and according to Lemma 5.2 the set-valued func-
tion ¢t — P(t) is measurable.

Without loss of generality all the above properties and discussion are valid for
every t. For each ¢ the function g(-, t) satisfies the conditions of Corollary 6.5;
hence, let F(¢)=(\4eo {x : ¢-x=g(g, 1)} be the closed and convex set derived from
this corollary. We shall show that F(z) is the required set-valued function. In view
of Lemma 5.5(c), the set-valued function F is measurable. Let E€J be with
positive A-measure. Then A-a.e. in E, the set P(¢) includes P(®(E)). Thus (see
Corollary 6.5) s(q, t)=g(g, t) for every g € ri P(®(F)). Hence,

L 5@, ) dX0) = | ¢@0 D) = w(B)

for every g e ri P(®(E)) and, according to Lemma 6.6, the equality holds also for
every q € cl P(®(E)). The next step is to verify the equality for every p ¢ cl P(P(E)).
We have to show that if p ¢ cl P(®(E)) then [ s(p,?)d\(t)=c0. Denote E;
={teE: peP(t)}. According to Lemma 5.4 the set E; is measurable. On
E\E,

f SO = [ g(p,1) de) = w(E\E)
E\E; E\Ey
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and if A(E,)=0 we are finished. If A(E,)>0 we have to analyse E; separately. Fix
geri P(D(E)), and define ¢,=(1/k)g+(1—1/k)p. Then g, eri P(t) for teE,.
Thus for every k

[ s@and0 = [ sann e = vE.
1 1
Since s(qy, t) — s(p, t) for every t € E;, it follows from Fatou’s Lemma that

f s(p, £) d\(t) < lim inf j 5(@es 1) ANE) = lim vy (EY).
E1 k E Kk

Since s(p, t) is convex for every ¢ € E, it follows that

f s(p, £) d\(¢) 2 lim inf f 5(@es 1) ANE) = lim vy (EY).
E: k Ey K

Thus
[ s, @) = timw (B = wy(E)

Since the required equality holds for F; and E\E, it holds also for E. Q.E.D.

LEMMA 6.8. Let ® be a set-valued measure such that ®<KA. Then there is a
measurable set-valued function F with convex and closed values, such that if s(p, t)
is the support function of F(t), then for every E€J and pe S it is true that

[z 5(p, 1) dX(1) =v,(E).

Proof. Note that the present lemma generalizes Lemma 6.7 by dropping the
requirement that M exists. The proof is to reduce the general case to the former.

Notice that if E, < E, then L(®(E,))>L(DP(E,)). Also, Lemma 6.7 will still hold
if we replace the condition L(®(F))=M for every ECT with positive A-measure
by the requirement that T=\J;2, T; and, for each j, the equality L(®(E))=M
holds for every E<T; with a positive A-measure.

Let no=max rank L(®(E)), where the maximum is over the sets E with a positive
A-measure. Let (L,), be the subspaces of rank ng, for which there exists an E,,
with A(E,)>0, and such that L,=L(E,). Notice that if E<E, and A(E)>0 then
L(®(E))=L,. This follows from the maximality of n,. We show that L,#Lg
implies A(E, N Ez)=0. Indeed, L(P(E, N Ey)) includes both L, and L, and thus
it has strictly greater rank. Hence, the family (L,), is countable or finite. Applying
the standard exhausting procedure in order to define for each « a set T, which is a
countable union of sets E;, for which L(®(E,))=L,, and T, is maximal in the sense
that L(®(E))=L,, implies A(E\T,)=0. It is clear that (T},), is a countable family of
disjoint measurable sets, and as was pointed out before, the lemma holds for each
(To T\ Ty, AN|T).

Denote T'=T\\J, T,. The set T’ is measurable and n; =max rank L(®(F)) is
strictly less than n,, provided the maximum is taken over all the sets ECT’ with
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A(E)>0. By applying, for instance, an induction process (or by doing the above
analysis for 7', and by completing the procedure after a finite number of steps)
we have decomposed T into a countable number of measurable sets T}, and the
lemma holds for each (T}, 7 |T;, A|T;). Finally, the o-additivity of each v, completes
the proof. Q.E.D.

7. A lemma concerning integration of set-valued functions. Let (7,7, ) be a
measure space, where A is a finite and nonnegative measure. Let F be a set-valued
function from T to the subsets of S, and suppose that the set {¢t : F(t)=2} is A-
null. An integrable selection (with respect to A) of F is a A-integrable function
such that f(¢) € F(¢) A-a.e. The integral of F over a set E is defined by

L F(t)d\t) = {L f(®) dX(f) : f|E is an integrable selection of F}.

For simplicity, we write [, F and [, f instead of [, F(¢) dA(t) and [ f(z) dX(t)
respectively.

LEMMA 7.1. Let ®@ be a set-valued measure on (T, T) such that © takes on only
convex values and such that ®< . Let F(t) be the set-valued function originating
in Lemma 6.8. Denote G(t)=ri F(t), for every t € T. Then for every E € T it is true
that [, G(t) dN(t)=ri O(E).

Proof. It is enough to prove the lemma for E=T. The set-valued function G has
convex values, thus [, G is a convex set. First we show that [, G is included in
ri ®(E). Let g be an integrable selection of G, and suppose that y= j r & is not in
ri ®(T). Then there is a vector p € S such that

Py 2 v(T) > —v_y(T).

Since A-almost everywhere p-g(¢) <s(p, t), and since
[, 280 = [ s,y dde) = 51
it follows that p-g(¢t)=s(p, t) for a.e. t. Since
JT s(py 1) dN(t) = v(T) > —v_y(T) = — L s(=p, 1) dX(t)

it follows that s(p, t)> —s(—p, t) on a set E with positive A-measure. For ¢t € E
the equality p-g(¢)=s(p, t) implies that g(¢) ¢ ri F(¢), a contradiction.

In order to prove the inverse inclusion we show that s(p, [, G) 2 v,(T) for every
p in S. Then the closure of [ G includes the closure of ®(T), and since both are
convex it follows that [ G includes ri ®(T). We show that s(p, [, G)2v,(T) by
constructing (for every p) a sequence g, of integrable selections of G such that
7z P-8k— vi(T). Let x(t) be an integrable selection of G. Later we shall prove the
existence of such a selection. Let us treat the following two cases separately.
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(i) The set E={t : s(p, t)=0o0} is null.

(ii) The set E={t : s(p, t)=00} has a positive A-measure.

In case (i) define F,(t)=F(t) N {x : p-x=s(p, t)—1/k}. Then F, is a measurable
set-valued function (Lemmas 5.3 and 5.5(a)) with closed and convex values, and
thus (Lemma 5.6) ri F, has a measurable selection 4,. Notice that ri F(t)<ri F(¢);
thus, A, is a selection of G. Finally, define

glt) = h(®), ()] £k,
= x(2) otherwise,

then it is easy to verify that [, p-g. — [, s(p, 1) =v,(T).
In case (ii) define Fi(t)=F(t) N {x : p-x=k}, for ¢t € E. Then F, is measurable,
and ri F,<ri F has a selection 4. For m large enough, the function

g = h(t), M) = m,
= x(t), otherwise,

is an integrable selection of G, and

[prez i®-1-[1p-51.

Thus, [ p-gx — 0=v,(T).

Finally, as was promised before, we show that G has an integrable selection x.
Let ey,..., e, be the 2n vectors (0,...,0, +1,0,...,0). We shall construct
successively 2n set-valued functions, Fy, ..., Fa,, such that F,, will be measurable,
with convex and closed values and such that ri F,,< F. Also the functions s(e;, Fa,)
will be integrable for i=1, ..., 2n; thus, any measurable selection of ri F,, will
be integrable, and according to Lemma 5.6 there exists a measurable selection.
The construction of F; is as follows. The function s(—e,, t) is measurable and
[ s(—ey, t)> —o0. Let A={t : s(—e,, t)>0} and define

F@)=Ft)n{x:e-x 20}, te A,
=F@t)N{x:e;-x £ —s(—ey,t)+1}, te A

Then it is clear that F, is measurable, with convex and closed values, ri F,<ri F
and if s,(g, ?) is the support function of F, then

L si(ey, 1) = L si(ex, )+ L\A suen 1) < 0+ L\A (=si(—e1, )+1) < o0,

The construction of F; is the same, but replacing F by F;, e, by e, and s by s;.
After a finite number of steps the construction of F,, will be completed. Q.E.D.

The following corollary can be regarded as the integral generalization of the
similar theorem which deals with sums (see [17, Corollary 6.6.2]).

COROLLARY. Let F be a measurable set-valued function with convex values, then
[riF=ri[F.
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Proof. Consider the set-valued measure ®(E)=[, F and apply the proof of
Lemma 7.1. Q.E.D.

8. Selectors. Let ® be a set-valued measure on (7, 7). A vector-valued measure
pon (T, ) is a selector of ® if w(E) € O(E) for every E€ 7.

We investigate in this section the existence of selectors, and their properties.
In particular, the following problem is interesting: Give conditions implying that
for every E € J and every x € ®(F) there exists a selector u of ® such that u(E)=x.

Recall that @ is absolutely continuous with respect to the nonnegative measure
A if M(E)=0 implies ®(E)={0}.

THEOREM 8.1. Let (T, 7, X) be a measure space, A is finite and nonnegative. Let
D be a set-valued measure, with convex values, and such that ®<A. Then for every
x € O(E) there is a selector u of ® such that u(E)=x.

Proof. It is enough to consider the case E=T. If ®(T) is a singleton then ®(E)
={u(E)} is a singleton for every E € 7, and p is a measure. Thus p is the required
selector. Proceed by induction on the dimension of ®(T), and suppose dim (T
>0. Let x be in ®(T). If x ¢ ri ®(T) then for a certain pe S

px=sup{py:ye®T)} > inf{p-y:ye®T)}
Thus the countably additive set-valued set-function @, (see §3) is a set-valued
measure. Indeed, since x € ®,(T) it follows that ®,(E)# 2 for every E. Obviously,
®,(T) has dimension less than ®(T"). According to the induction hypothesis there
is a selector p of @, such that u(T)=x. It is clear that u is also a selector of ®.

If x eri ®(T), consider the set-valued function G constructed in Lemma 7.1.
Then [, G(t) d\(t)=ri ®(E) for every E€ J. In particular, there exists an in-
tegrable selection g of G such that [, g(t) d\(t)=x. Define u(E)= [, g(t) dA(1).
Then u is the required selector. Q.E.D.

REMARK. Neither the convexity condition, nor the condition ®«A, can be
omitted. Let (7, %, A) be the unit interval, with the Borel o-field and the Lebesgue
measure. Consider first Hildenbrand’s example, introduced in §4. Then ®(E)={0}
for every A-null set, and ®(E)={0, 1, 2,...} for E with A(E)>0. It is clear that
O« If p is a selector of @, then p« A and thus p is nonatomic. If also u(I)=1,
then the whole interval [0, 1] is in the range of u, a contradiction. Thus the only
selector of @ is the measure which is identically zero. The second example is as
follows. If E is a denumerable set, define ®(£)={0}. Otherwise, set ®(E)=(0, o).
For any finite measure p on (7, #) one can construct an uncountable, measurable,
p-null set (something like the Cantor set). Thus ® does not admit a selector at all.

In the presence of atoms, the convexity condition on the values of ® can be
weakened. A complete characterization in the case @« A is as follows.

THEOREM 8.2. Let (T, 7, X) be a measure space, where A is finite and non-
negative. Let ® be a set-valued measure such that ® <. A necessary and sufficient
condition, that for every E and x € ®(F) there exists a selector p of ® such that
w(E)=x, is that O, restricted to the nonatomic part of A, has only convex values.



1972] SET-VALUED MEASURES 119

Proof. Since the measure A is finite, it has only X, atoms. Thus the expressions,
atomic part and nonatomic part, of A, have meaning. It is clear that we can treat
separately each of these parts. Let E,, E,, ... be a finite or countable collection of
disjoint atoms of A, and let E={J; E,. If x € ®(E), then x=73, x,, where x, € O(E,).
Define a measure u on E as follows. For each i define w(E))=x;, and let E, be an
atom of u, or x;=0. Then p is a selector of ®. This proves the “sufficient” for the
atomic part of A. The “sufficient” for the nonatomic part follows from Theorem
8.1.

In order to prove the ‘““necessary” for the nonatomic part let x and y be in
®(E) and let 0 satisfy 0<f<1. Let n;, and pu, be two selectors of @ such that
w1 (E)=x and py(E)=y. Since p,; <A and p,«A, it follows that both are non-
atomic. Consider the 2n-dimensional vector-valued measure (u,, po). According
to Lyapunov’s convexity theorem there exists a subset E’ of E such that u,(E’)
=0, (E)=0x, and py(E’)=0uy(E)=0y. Since u(E\E")=(1—6)y it follows that

Ox+(1-6)ye O(E)+D(E\E') = O(E).
Thus ®(E) is convex. Q.E.D.

THEOREM 8.3. Let (T, 7)) be a measurable space, and let ® be a bounded set-
valued measure on it. Then for every E € I and x € ®(E), there is a selector p of ®
such that p(E)=x.

Proof. Consider the measure v defined in §4. Then v is finite and nonnegative,
and ®«v. As was noted above, ® is nonatomic on the nonatomic part of v.
According to Theorem 4.2 the values of @, on the nonatomic part of v, are convex.
Thus, the sufficient conditions of Theorem 8.3 are fulfilled. Q.E.D.

We complete this section with some remarks on the atomic properties of the
set-valued measures, and their selections. Recall that ® is nonatomic if for every
E with ®(E)#{0}, there exists E'<E such that ®(E')#{0} and ®(E\E')#{0}. If
®«A and A is a finite, nonatomic measure then ® is nonatomic. Indeed, suppose
that E is an atom of ®. Denote §=A(E), then 8> 0. There exists E; < E such that
A(E})=2718 and ®(E,)={0}. There exists E,=(E\E;) such that A(E,;)=2"28 and
®(E;)={0}. Proceed by induction, there exists E,,;<(E\\U¥-, E;) such that
MEc41)=27%"18 and ®(E.,,)={0}. Finally denote E,=E\|JZ-, E,. Then
AMEp)=0 and since ®«A it follows that ®(Ey)={0}. This implies that ®(E)
=>%-0 P(E,)={0}, a contradiction.

If w is a selector of @, and ®« A where A is nonatomic then u<« A, thus also u is
nonatomic. The following example shows that a selector of a nonatomic set-
valued measure might be atomic. Let T be [0, 1]¥ and let J be the Baire o-field,
i.e. the o-field generated by the compact G, subsets of 7. Define ®(E)= [0, o) for
every nonempty E in 7. Then ® is a nonatomic set-valued measure. Let t € T and
define w(E)=1 if 1€ E, and p(E)=0 otherwise. Obviously, p is a purely atomic
selection of @,
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9. The derivative of a set-valued measure. Let (7, .7, ) be a finite, nonnegative
measure space, and let ® be a set-valued measure on (7, ) such that ®«A. The
set-valued function F, from T to the subsets of S, is a Radon-Nikodym derivative
of @ (with respect to A) if

f F(t) d\t) = O(E) forevery EcJ.

A general theorem on the existence of derivatives will be introduced in the next
section. Here we give two theorems concerning set-valued measures which have
derivatives with convex and closed values and, respectively, with convex and
relatively open values. Following Debreu and Schmeidler [8], we use the following
terms. For two set-valued measures, ¥, and ¥',, we write ¥, < ¥, if ¥, (E)<=Wo(E)
for every E€ . Let @ be a fixed set-valued measure, with convex values. Denote
by # the collection of all the set-valued measures ¥ with convex values such that
cl ¥(E)=cl ®(E) for every E. (Notice the difference between Debreu-Schmeidler
notation, and ours. They required only that ¥(E)<cl ®(E).) Denote by ® and
d, respectively, the greatest and smallest elements in .#, with respect to the order
<, if such elements exist.

The following theorem was proved by Debreu and Schmeidler [8], for the case
® takes on values in the nonnegative orthant. (They have actually proved more;
see the remark which follows the theorem.)

THEOREM 9.1. Let (T, , )) be a finite, nonnegative measure space. Let ® be a
set-valued measure with convex values, and ® < A. Then M has a greatest element ®,
and & has a measurable Radon-Nikodym derivative, with closed and convex values.

Proof. Let F be the set-valued function, constructed in Lemma 6.8. Then F is
measurable, with closed and convex values. It is clear that [, F is included in
cl ®(E) for every E€ J. On the other hand, Lemma 7.1 implies that ri ®(E) is
included in [, F. Thus the set-valued measure

&(E) = [E F(t) d\(©)

is in . We show that & is the greatest element in .#. Let ¥ be in .# and let
x € ¥(E). According to Theorem 8.1 there is a selector » of ¥ such that u(E)=x.
Let g(¢) be the Radon-Nikodym derivative of u with respect to A. Then for every
peSand E'e T

P £ dde) = p-uE) S w(B).

This implies that p-g(¢) <s(p, t) for almost every . The next step is to show that
g(t) e F(t) X-a.e. Let T; for j=1,2,... be the decomposition of T into disjoint
sets obtained in Lemma 6.8. For every Tj there exists a sequence Q={p;}r-, such
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that for almost every ¢ in T;
F@) = k01{x :perx = s(py, 1)}

Since p;-g(t)<s(p, t) holds for every p,, almost everywhere, it follows that
almost everywhere p,-g(¢) <s(ps, t) for every p,. Thus almost everywhere in T}
it is true that g(¢) € F(¢). Finally, since g is an integrable selection of F, it follows
that x= [ g(t) dA(¢) belongs to ®(E). Q.E.D.

ReMARK. Theorem 9.1 shows that if @ is the greatest element in ./ then it has a
derivative with closed and convex values. Is the “only if” part true? The answer
in the general case is negative. The answer is positive if ® has values in the positive
orthant. This was proved by Debreu and Schmeidler in [8]. The proof is based on
the following fact (see [8, Lemma 7)). If @ is defined by ®(E)= [, H, where H is
measurable, and its values are closed convex subsets of the nonnegative orthant,
then a.e. F(t)< H(t). (If H is not measurable, one can show that every integrable
selection of F is a selection of H.) Thus

&(E) = L Fc L H = O(E).

Hence ® = ®. If H might have values not in the nonnegative orthant, the situation
is different. Consider the following example.
Let T=[0, 1] and define H(¢) in the two-dimensional plane by

H(t) = {(x,tx) : —00 < X < 00}.

It is easy to see that if A(E)>0 then [, H=S. Thus F(¢) is identically S, and
obviously it is never true that F(r)< H(¢). However, in this example it is true that
fe H= ®, and this is what happens in all two-dimensional cases. In order to find a
counterexample to the “only if”” part we must pass to the three-dimensional space.
Let T=(0, 1). Consider the sets

A@) = {(x, tx,2) : x > 0,z = x(1+1%)Y3},
B(t) = {(x, —(1/t)x,0) : —o0 < x < 00},

and define H(t)=A(t) @ B(t). Then it is easy to see that if A(E)>0 then
J' H(t)d\(t) = D(E) = {(x,7,2) : z > O}
E

Hence ®(E)={(x, y, z) : z=0} strictly includes ®(E).

THEOREM 9.2. Let (T, 7, X) be a finite and nonnegative measure space. Let © be
a set-valued measure with convex values, and ® <« . Then # has a smallest element
®, and & has a measurable Radon-Nikodym derivative with relatively open and
convex values.
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Proof. Let G=ri F, where F is the set-valued function constructed in Lemma
6.8. Then G has convex and relatively open values. In view of Lemma 7.1, for every
Eed,

j G(t) dNt) = ri D(E).

Thus ri ®(E) is a set-valued measure, and hence the smallest element ® in /.
Also G is the required derivative for . Q.E.D.

ReMARK. The “only if”” part of Theorem 9.2 is also true. Indeed let H(¢) be
measurable with convex and relatively open values and let ®(E)= [ H. It is easy
to see that H(t)<=G(t) a.e. Thus

O(E) = L Hc L G = ()

and @ is the smallest element. Without the measurability condition on H it might
happen that @ strictly includes ®. Consider the following example. Let Ej for
k=1,2,... be the standard decomposition of the unit interval into disjoint non-
measurable sets with inner measure zero and outer measure one. For ¢ € E, define
H(t)=(0, 1+ 1/k). Then ®(E)=(0, A(E)] strictly includes &)(E)=(0, ME)).

As a final remark to this section, notice that in both Theorems 9.1 and 9.2, if
® has values in the nonnegative orthant, then the derivatives obtained for ® and
for @ have values a.e. in the nonnegative orthant. This is an immediate conclusion
from the construction of F in Lemmas 6.7 and 6.8.

10. The general theorem on derivatives. In this section we prove that every
set-valued measure @, with convex values, has a Radon-Nikodym derivative with
respect to the finite nonnegative measure A, provided ®«A. The proof uses the
Continuum Hypothesis. It will be interesting if one can provide a proof without CH.

The convexity of @ is needed only for the nonatomic part of the measure A.
If A is purely atomic then every set-valued measure ®, such that @« ), has a deriva-
tive with respect to A. Just define H(¢t)=®(E)/A(E) for every ¢ in the atom E. On
the other hand, if A is nonatomic then the convexity of the values of ® is necessary
for the existence of a derivative. (See Theorem 8.2.)

In the sequel, (T, 7, A) is a finite nonnegative measure space, ® is a set-valued
measure with convex values and ®<«A. We shall use the set-valued function F,
constructed in Lemma 6.8, and G(¢t)=ri F(¢) is as in Lemma 7.1. The support
function of F(f) is s(p, t), and remember that [ s(p, t) d\(t)=v,(E) for every
EeJ. Let p be in S. Denote F,(t)={xe F(t) : p-x=s(p, t)} and recall that
D (E)={xe€ O(E) : p-x=v,(E)}. Finally, denote by My(t) the hyperplane
{x :p-x=s(p, 1)}

LemMA 10.1. Suppose @,(T)#2 and let H,(t) be a Radon-Nikodym derivative
of ©,. Then H,(t) N F,(t) is also a derivative of ®,.
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Proof. Itis clear that | H, N F, is included in [, H,. Conversely, let x € ®,(E).
Let & be an integrable selection of H,. See the last paragraph in the proof of
Theorem 9.1 in order to be sure that 4 is a selection of F. The equality [, s(p, t) dA(¢)
=vy,(E), together with p-h(¢) <s(p, t), a.e. imply that h(t) € F,(t) a.e. Q.E.D.

THEOREM 10.2. Assume the Continuum Hypothesis. Let (T, J, X) be a finite,
nonnegative measure space, © a set-valued measure with convex values, and ®<A.
Then @ has a Radon-Nikodym derivative with respect to A.

Proof. If ©(T) is a singleton, the problem reduces to the existence of a Radon-
Nikodym derivative of a vector-valued measure. Proceed by induction on the
maximal dimension of ®(E), where E € . It will be convenient to adopt an in-
duction hypothesis also for set-valued measures which might take on the empty
set as a value, and then to prove the induction step for a set-valued measure @,
such that ®(T)# = . A standard use of the exhausting procedure will complete the
induction step also for @ such that ®(T)=g. Notice that if ®(T)# 2z, then the
maximal dimension of ®(E) is obtained by ®(T’). Indeed, ®(T) contains a transla-
tion of each ®(E). Without loss of generality ®(T’) has full dimension in S. Other-
wise ®(T) is contained in a hyperplane {x : g-x=v,(T)}, for a certain q where
lgll=1. Then it suffices to consider the set-valued measure ¥(E)= O(E)—v(E)q,
which is contained in a proper subspace. ,

Let A4 be the vectors in the unit sphere. Then for every p € 4, the set-valued set-
function @, is countably additive (Proposition 3.2), and dim ®,(E) is strictly less
than dim @(T), for every E € 7. According to the induction hypothesis @, has a
Radon-Nikodym derivative H,, and without loss of generality (Lemma 10.1)
Hy(t)<F,(t) for every te T.

Suppose that A4 is well ordered, and in view of the Continuum Hypothesis every
set {g : g<p} is denumerable. For each p € 4, define a set-valued function A, as
follows. If p=p; is the first element of 4 define H,(t)=H,(t). Otherwise, define

A(0) = Hy(O\ (Hi1) 0 | M(0)),

Finally, define H(1)=G(t) U U, H,(t). We claim that H is a Radon-Nikodym
derivative of ®.

We show first that |, H includes ®(E) for every E € 7. If x € ri ®(E) then already
x€ [ G (see Lemma 7.1). If x ¢ ri ®(E) then for a certain p in 4 it holds that
x € O,(E). Then there exists an integrable selection & of H, for which [ h=x.
Proceed by induction on p. If p=p, then H,= H, and h is actually a selection of H.
If p#p, define a sequence of measurable subsets of E as follows. For g=p, define
E,={tc E : h(t) € M (t)}. For g#p, and q<p define

E,={teE:h(t)e Mq(t)}\ U E,.
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Each E, is measurable. This follows from Lemma 5.4 and the fact that M, (¢)
={x : g-x=s(g, t)} is a measurable set-valued function (Lemma 5.5(b)). Notice
that | &, h belongs to @(E,) for every ¢ < p. By the induction hypothesis, there is an
integrable selection & of H, defined for ¢ € E, such that | Eq h={ £, - The definition
of A, and the care we have taken while defining E, imply that A(¢) € H,(t) for
t € E,. Thus h is an integrable selection of H and [, h=x.

The next step is to show that [, H is included in ®(E). Let h be an integrable
selection of H and denote x= [, h. It is clear that x € cl ®(E). If x € ri ®(E) then
there is nothing else to show. Otherwise, there exists a pe.S such that
xe{y : p-y=v,(E)}. In this case h(¢) € M,(¢) almost everywhere in E. Define the
sequence of sets E,, for ¢g<p, as was done above. Then it follows that A(z)
€ H(t) U G(¢) for t € E,. It is easy to verify that {t : h(t) € G(¢)} is a measurable
set. Thusj'Eq h belongs to ®,(E,) for g=<p. Finally, ® is a set-valued measure and
{g : ¢<p} is a denumerable set, thus [, » belongs to ®(E). Q.E.D.
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