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UPON A CONVERGENCE RESULT IN THE THEORY
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Abstract. The main theorem of this paper is the following: Let M,, b, (v=1, 2, .. .,
n) be two sets of finite positive real numbers, with b, >b,> - - - > b,, and let o(s) be a
bounded nondecreasing function for a<s=b where 0<a=<b<b,; denote the Padé
quotients derived from the series expansion of the function

_ N M, b do(s)

f@ =2 a5t ). Tozs

in ascending powers of z by {R; ;(2)}; let D be the open disc |z] <b~! cut along the
real segment (— b, — b1 *]; define a progressive sequence of Padé quotients to be one
in which the successor Ry ;-(z) to Ry ;(z) is such that either i”>i’ and j” >’ ori” =i’
and j” >j’; then any infinite progressive sequence of quotients {R; ;(z)} for which i=n
and j=n converges uniformly for z € D to f(z).

The proof proceeds in a number of stages; we first consider those progressive
sequences bounded by the main diagonal sequence R, ,(z) (r=n,n+1,...) and the
row sequence R, n..(2) (r=0,1,...). It follows from a result of Markoff that all
diagonal sequences of the form Ry ., . n- +:(2), where n’ is a finite nonnegative integer
andr=0,1,...,converge uniformly for z € P to f(z). From a theorem of de Montessus
de Ballore the row sequence R, ...(z) (r=0,1,...) converges uniformly for z € D
to f(z). From a result of the author the backward diagonal sequences Ry +y,2m-n-1(2)
(r=0,1,...,m—n) and Ruirom-n-r+1(2) (r=0,1,...,m—n+1), where m is a
finite positive integer, are, when z is real and positive, respectively monotonically
decreasing and monotonically increasing. Hence the result of the theorem is true for
the restricted progressive sequences in question when z is real and positive. Using the
result of de Montessus de Ballore, and extending a result of Nevanlinna to the
theory of the Padé table in question, it is shown that there exists a finite positive
integer r’ such that all quotients Ry sy nsr-4r r=0,1,...;r"=r,r'+1,...) are uni-
formly bounded for z € Q’, where ¥’ is that part of D from which points lying in the
neighborhood of the negative real axis have been excluded. Thus, using the Stieltjes-
Vitali theorem, all progressive sequences of Padé quotients taken from the latter
double array converge uniformly for z € D’ to f(z). That the diagonal sequences of
the complementary set Ry irn+r+:(2) (r=0,1,...;r"=0,1,..., r'—1) each converge
uniformly for z € ®’ to f(z) follows from Markoff’s result. Hence the result of the
theorem is true for the restricted progressive sequences when z € Q’; that this result
also holds for values of z € D lying in the neighborhood of the negative real axis (and
not, therefore, belonging to ®’) is proved by the use of a theorem of Tschebyscheff.
The Padé quotients lying below the principal diagonal can be associated with a function
f(2) having many of the properties of f(z), and the proof outlined above may be
extended to the progressive sequences bounded by the principal diagonal and the
column sequence R, ., .(z) (r=0,1,...). The two partial results are then combined.
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The main theorem. In this paper we prove the following result:

THEOREM. Let M,, b, (v=1,2, ..., n) be two sets of n (1 =n <) finite positive
real numbers, with b, >b,> --->b,, and let o(s) be a bounded nondecreasing real
valued function for a<s<b, where 0=a<b<b,; denote the Padé quotients derived
from the series expansion of the function

M, ® do(s)
M 1@ =2 1+bvz+L 1+zs

v=1

in ascending powers of z by {R; [(2)}; let D be the open disc |z| <b~* cut along the
real segment (—b~1, —bi']; define a progressive sequence of Padé quotients to be
one in which the successor Ry» ;(z) to Ry ;(2) is such that either i" Zi' and j" > j', or
i">i" and j"Zj'; then any infinite progressive sequence of quotients {R, (z)} for
which iz n and j2n converges uniformly to f(z) in D.

Some theory. Since the above is a rather deep result, we preface its proof by
some definitions and lemmata. (For the theories of the Padé table and of continued
fractions derived from power series, the reader is referred to the standard works of
Perron [1] and Wall [2].)

We are concerned with rational functions of the form

i i
P R2) = ( S 199"’2”) / (2 Kg"hzv) (i20,/20)
v=0 v=0
derived from the power series
3 Az) = ZO 12" (t # 0).

The coefficients {«{"}, {¢:} are obtained from those of #(z) by solving the set of
i+j+1 equations

T
D=0 (i), z 7, =0 (r=j+1,j+2,...,j+i+1)
v=0
— 55_1.!) (r=0,1,...,j)

for &P (v=0,1,...,i) (not all zero) §» (v=0,1,...,j), and reducing the
quotient
(4) (i 5(vi.1)zv)/(§‘: ;('(vi.i)zv)

v=0 v=0
to its irreducible form (2) in which «§?=1. The series expansion of R, ,(z) in
ascending powers of z agrees with /(z) to a certain number of terms; in particular,
if (4) is itself irreducible, such agreement holds at least for the terms #,z* (v=0,
1,...,i+j). R (2) is the Padé quotient [3] of order (i, ) derived from /(z). The
formal derivation of the rational function R; ,(z) was first carried out by Jacobi [4];
the theory of its derivation was placed upon a rigorous basis by Frobenius [5]; a
systematic study of the functions {R, ,(z)}, with particular reference to their sig-
nificance in the theory of continued fractions, was carried out by Padé [3].
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The quotients R, /(z) (i=0,1,...;j=0, 1,...) may be set in a two dimensional
array in which i denotes a row number and j a column number; this is the Padé
table. We shall append to the Padé table the quotient R, _,(z)=0. The quotients
R, (z) (r=0, 1, ...) lie upon the principal diagonal of the Padé table. We shall call
the diagonal upon which the quotients R, ,_,(z) (r=0, 1,...) lie the subprincipal
diagonal.

We are principally concerned with Stieltjes functions [6], i.e. functions having the
form

v s
) g = [ 26

oot (0sa<bso),
v

where 6(s) is a bounded nondecreasing real valued function for a<s<b such that
the integral expressions

y
©6) ) = (-1)VL Sdis) (=0,1,...)

are well defined. g(z) is regular throughout the z-plane cut along the segment
[—a'~1, —b'~1] of the negative real axis and, depending upon the nature of &(s),
may also be defined at points belonging to this segment. The series #(z) of formula
(3) whose coefficients are given by expressions (6) represents g(z) asymptotically for
—m<arg (z)<m; if b’ <00, /(z) converges to g(z) for |z| <b'~1.

LeMMA 1. The Padé table generated by the Stieltjes function (5) has the following
properties:

(i) if 6(s) is not a simple step function with a finite number of salti in the range
a' £s2b', each Padé quotient R, j(z) has the irreducible form (2) in which i=i, j=j,
kB #£0, 340 £0, 89 #0, and the quotients {R, (2)} are thus distinct;

(ii) if 6(s) is a simple step function with salti of magnitude M,>0 at the distinct
points s=s, (a<s,£b) (v=1,2,...,n") and one (none) of the {s,} is zero, then all
quotients R; [(z) for which both izn'—1, jzn'—1 (izn',j2n'—1) reduce to the
rational function g(z) of which (5) is then the integral representation; all other
quotients have the irreducible form described above and are distinct.

For a fixed finite positive real value of z the numerical values of the above Padé
quotients lying upon and above the subprincipal diagonal form two diagonal meshes
of nonincreasing and nondecreasing sequences: for a fixed finite value of m=0 both
the forward diagonal sequence R, o, ,(z) (r=0,1,...) and the backward diagonal
sequence R, s _A(z) (r=0,1,..., m) are nonincreasing and have the value of g(z)
(>0) as a lower bound, whilst both the forward diagonal sequence R, sp.,,_1(z)
(r=0,1,...) and the backward diagonal sequence R, 5,,_,_(z) (r=0,1, ..., m) are
nondecreasing and have the value of g(z) as an upper bound; furthermore, distinct
consecutive quotients of these sequences have distinct values.

Proof. The result of clause (i) is due to Van Vleck [7] (see [8] for an analysis of
the convergence behavior of the Padé table in this case); clause (ii) is a trivial ex-
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tension of clause (i). The second main result of the lemma is due to the author [9]
(a slightly more complicated result holds for the quotients lying beneath the
principal diagonal).

The function f(z) of formula (1) is a Stieltjes function: in the notation of formula
(5), &(s) is the function obtained by setting a’=a, b'=b;, 6(s)=0 (0<s<a);
6(s)=a(s) (ass=<b); a(s)=0o(b) (b<s<b,);

)=o)+ > M, (by1Ss<bir=n—1,n-2,..,1),

v=r+l
a(s) = "(l’)'l'vz1 M, (by =5 = ).

LEMMA 2. Let f(2) be the Stieltjes function of formula (1), and f(z) be the function
defined by the relationship

(M f@) = t/(1+2/(2));
then f(z) has a representation of the form
LM, b dé(s)

®) VZI 1+sz+ e 1+zs
where 0< M, < (v=1,2,...,n), b,,,<b,<b, v=1,2,...,n—1), b,<b,, b<b,
dza, and (s) is a bounded nondecreasing function for 6<s<b.

Denote the Padé quotients generated by f(z) by {R, (z)} and those generated by
J@) by (R [2)}; then

.Rj+1'5(2) = to/(l'*‘ZRg,j(Z)) (i = 0, l, e ;j = O, 1, .. .).
Proof. The first result was given in [9]. The second is a special case of a more

general result holding for functions satisfying a relationship of the form (7), due
to Padé [3].

LEMMA 3. Let h(z), where h(0)#0, be a function which is analytic in the circle
|z| = ¢ except in the neighborhood of n simple poles at the points z=z,(v=1,2,...,n
< oo) within this circle, and denote by {R; ,(z)} the Padé quotients generated by h(z);
then the sequence R, (z) (j=0, 1,...) converges uniformly to h(z) in the punctured
disc obtained by excluding the poles {z,} from the region |z| < §; if h(z) has a singu-
larity upon the circle |z| =¢, the above sequence of Padé quotients diverges when

|z] > €.

Proof. The above is a special case of a more general result relating to functions
that are meromorphic in the neighborhood of the origin, due to de Montessus de
Ballore [10], whose theory derives in great measure from Hadamard’s thesis [11]
on functions represented by their Taylor series expansions.

LEMMA 4. Let r21 be a fixed finite integer. If 0<u,<o (v=1,2,...,r) then

_ otz uz
® @ =115 T
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is a well determined irreducible rational function of the form

Corla) = (Z W ) / (§ "(”mzv) (kG = 1, k3 £ 0, 37 0, 98 £ 0)
v=0 =0
if r=2r', and of the form

C2T,+1(z) _ (rz+1 ,95,2""'1)2“)/( rz K$2r’+1)zv)
v=0 =0
(K(zr +1) — 1 K(2r +1) # 0 19(2:' +1) # 0 (2r +1)¢ 0)

if r=2r"+1. If the series /(z) of formula (3) is generated by the Stieltjes function
&(2) of formula (5), then the continued fraction whose successive convergents have the
Sform (9) withr=1, 2, ... may be derived from ¢(z) by imposing the condition that the
series expansion of C,(z) in ascending powers of z should agree with £(z) as far as the
term t,_1z""! (r=1,2,...). If g(z) is a rational function, this continued fraction
terminates with the convergent (of odd or even order depending upon the nature of
g(2)) equivalent to g(z); if g(z) is not a rational function the continued fraction is
nonterminating. In either case those of its coefficients that are defined satisfy the
inequalities 0 <u, <.

Furthermore, the even order convergents that are defined may, in particular, be
expressed in the form

(2r )

r
Cor(2) = Z B(zr 'z

where u?™ >0, a' <BF<b’ (v=1,2,...,r"), 25., p¥=t,.

In the case in which the continued fraction is nonterminating and, in formula (5),
b’ <00, the sequence of convergents {C/(z)} converges uniformly to g(z) in any open
domain of the z-plane lying within finite distance of the origin and not including any
point of the real segment (—a’' =%, b’ ~*) as an interior point.

Proof. The first result concerning the nature of the function C,(z) is an elemen-
tary result in the theory of continued fractions with nonzero coefficients. A con-
tinued fraction derived from a power series as described in the theorem is said to
correspond to the power series in question. The result concerning the existence of
a corresponding continued fraction deriving from a Stieltjes function and the
nature of its convergents is due to Tschebyscheff [12] and Stieltjes [3]. The last
result, concerning convergence, is due to Markoff [13].

LEMMA 5. Let m=0 be a fixed finite integer. Denote the Padé quotients generated
by the Stieltjes function of formula (5) by {R; (z)}. Let {C{™(2)} be the convergents of
the corresponding continued fraction generated by the Stieltjes function

s™ do(g)
1+2zs

(10) g™(z) = f
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and set C{™(z)=0. Then, in the notation of formula (9),

m-1
Remir-1(2) = 2 4,2°+2"C(2),

(11) ;”_"1
Ry nir(2) = Zo 1,2 +z"CE1(2)

v=

for values of r for which the convergents {C{™(z)} are defined.

Proof. The above are special cases of more general results relating Padé quo-

tients and convergents of corresponding continued fractions, established by
Padé [3].

LEMMA 6. Let g(z) be the Stieltjes function of formula (5), and let the successive
convergents C/(z) of its corresponding continued fraction have the form (9). Set
C.(A)=A"1C,A™Y) for the functions Cz) that are defined, so that, for such con-
vergents,

— Mt Y2 Usr-gUproa = Yz Ui Uor
Cara(¥) = A+ 1+ I+ A Carl¥) A+ 1+ A+ 1
Set Co(\)=0. Then, when —mn<arg (X) (£0) <, the functions {C,(\)} furnish a
sequence of convex inclusion domains {&,} for the function

¥ da(s)
o Afs
&, is bounded by arcs of &, and R, ., successive members of a sequence of circles
{&,}: &, is the line joining the origin and the point C,()); &, and &, , , intersect at the
points C,_.(X) and C\()), the tangents at the points of intersection forming an angle of
larg (A)|. When arg (A\)=0, the values of the convergents {C,(A)} constitute an
oscillating sequence of positive real numbers and provide a sequence of nested inclusion
segments {&,} for the value of G(\): &4, is the segment (Co, _o(N), Cor_1(N)], Ly, is
the segment [Cy(2), Car_ (V) (r=1,2,...).

For a fixed finite value of r2 1 the domain &, of either type described above is an
inclusion domain for the convergents C,(A) (r'=r,r+1,...).

(12) G =2A7g(A7Y) =

Proof. The even order convergents {C,,(A)} may be expressed as

U V2 .U .
Adrwi+ Atwet  Atw,
they may be determined in this form by imposing the condition that the series
expansion of Cy,(}) in descending powers of A should agree with the series #())
=32 o t,A"" "t as far as the term #,,_,A"2" (r=1, 2, .. .). The continued fraction of
which the functions {C,,(A)} are the successive convergents is said to be associated
with the series #(A). If #(A) is generated by a function of the form
" da(s)
o Ats

CZr(’\) =

FQ) =
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where (a”, b") is any segment of the real axis and o(s) is a bounded nondecreasing
function for a”"<s=<b" (G(}) is, of course, such a function) and Im (A)#0, the
functions {C,,(\)} furnish a sequence of nested circular inclusion domains {§,,} for
the value of F()). & is the real axis; &, lies inside &,,_, touching the latter at
Cor_2(N) (r=1,2,...). (The existence of these circular inclusion domains was first
discovered by Stieltjes [6]; they were used systematically by Hamburger [14] in his
study of the moment problem for an infinite interval; their significance in the theory
of functions of a complex variable was fully investigated by Nevanlinna [15].)
If " 20 (and this is so for the function G(A) of formula (12)) the function

is of the same type as F(X). The successive convergents {C¥(A)} of its associated
continued fraction generate a similar sequence of nested circular inclusion domains
{3 for FO(X): { is the real axis; & lies inside ®_,, touching the latter at
D) (r=1,2,...).
Since F(A)=t,A"t1—A~1FY(}), the latter inclusion domains yield a further
system of circular inclusion domains {&,,,} for F(A); each point of the circle
§2,, 1 is obtained from the symbolic equation

'§2T+1 = toA-l—/\_lﬁg}) (r = 0, l, .. .).

Furthermore, it follows from the conditions defining corresponding and associated
continued fractions that

Czr+1(’\) = tOA-l_’\-IC(ZJ;')(A) (r = 09 L.. )

Hence &, is the line through the point 7,A~! making an angle —arg () with the
positive real axis (i.e. the line joining the origin and C;(X)); $,,, lies inside
4,1, touching the latter at Co,_;(A) (r=1,2,...).

It may easily be shown that &, ; intersects &5, at Cp/(A), and R, 5 at Cayy1()
(r=0, 1, ...), the tangents to the intersecting circles in both cases making an angle
of |arg (V)| at the points of intersection. If the circular domains &, and &,,, have
been determined, that part of &, lying outside &,,, and that part of &,,, lying
outside ®, are both excluded from consideration as inclusion domains for F(}).
What remains is the inclusion domain &,.

When A tends to a finite positive real value and arg () tends to zero, the convex
inclusion domains {&,} tend to nested segments of the positive real axis, each
containing the point F(A).

Since the domains {&,} form a nested sequence, &, is an inclusion domain for
Co) (r'=rr+1,...).

An alternative derivation of the above theory was given by Henrici and Pfluger
[16].
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LEMMA 7. Let g(z) be the Stieltjes function of formula (5), denote the Padé
quotients generated by g(z) by {R, (2)}, and let m=0 be a fixed finite integer. Then
when —w <arg (z) (#£0) < the values of distinct consecutive quotients (vide Lemma
1) of the sequence

(13) Ro.m—l(z)’ Ro.m(z), Rl,m(z)’ Rl.m+1(z)’

lie at the vertices of nested convex inclusion domains ™ (r=1, 2, ...) for the value
of g(z). 8™ is bounded by arcs of ™ and K, consecutive members of a sequence
of circles {R™}: &™ is the line joining Ry n-1(z) and Ry .(2); K§P passes through
Ri_1mir-22)s Rioimir-1(z) and Ry pyr-1(2), and G, passes through
R, 1 msr-1(2), Remir-1(2) and R, . (2) (r=1,2,...); at the points of intersection,
the tangents to the intersecting circles make an angle of |arg (z)|. When z is real and
positive, the values of the quotients (13) constitute an oscillating sequence of real
numbers, and provide a sequence of nested inclusion segments {&™} for the value of
g(2): if mis even &Y., is the segment [R,_1 pmyr—2(2), Re—1.mer-1(2)], L is the
segment R, myr-1(2)s R 1mer-1(2)])(r=1,2,...); if m is odd, the limits defining
these segments must be reversed.

For a fixed finite value of r=1, &§¥., is an inclusion domain for the Padé quotients
Riiv 1msrsr-22)y Riyv-imirsr-1(2) and 8§P is an inclusion domain for
Rr+r'-1,m+r+r'-—1(z)’ Rr+r'.m+r+r'—1(z) (r,=0’ 1’ o )

Proof. Substituting A=z"! in the formulae of Lemma 6, we first obtain a
sequence of nested inclusion domains {&¢™} for the function zg"™(z), where g™(z)
is defined by formula (10); the vertices of these inclusion domains occur at the
points {zC™(z)} where C{™(z) is as defined in Lemma 5. The inclusion domains
{8¢™} are obtained by use of the symbolic equations

. m-1
m = > 24" M (r=1,2,...).
v=0
The vertices of the inclusion domains (™ occur at the points
m-1
> 1,2 +z" " HzCm(2)}
V=0

and these are, successively, the values of R, n1r-1(2), Ry, m+.(2) given by formulae
(11).

It has only to be remarked that the closed segment of the real axis joining the end
points «, B is conventionally denoted by [«, 8] if 8>« and by [B, «] if B<a.

Finally, we remark that when g(z) is a rational function, only finitely many of the
initial quotients of the sequence (13) are distinct, and (13) terminates with an
infinite sequence of quotients identical with g(z); the values of each of those
identical quotients are, however, contained in ™,
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For the sake of completeness we mention that, although we have no need of
them, inclusion domains &™ for g(z) may also be determined from the quotients
lying below the subprincipal diagonal of the Padé table generated by g(z): we first
obtain a sequence of inclusion domains {&;"™} for the function g(z) defined by the
formula

8(2) = to/(1+28(2))
and submit these to the symbolic transformation

to

my — ___*0 |
X (142zg,™)

However, it is possible that £, includes the point —z-?, and hence the {{™}
may not be finite regions.

Proof of the main theorem. We first consider those progressive sequences of the
theorem that are restricted to lie in that part of the Padé table bounded from below
by the subprincipal diagonal.

For nonnegative real values of z belonging to the cut disc D, i.e. for 0<z<b"?,
we know from Lemmata 1 and 4 that the values of R, ,_,(z) (R, (2)) (r=0,1,...)
form a nondecreasing (nonincreasing) sequence of numbers converging to the
value of f(z).

The function f(z) has simple poles at the points {—b; '} (where —b;1<---
< —bs 1< —bi ') on the negative real axis, and further singularities confined to the
segment of the negative real axis (—a~!, —b~!) (where —b~!< —b,;?) the nature
and distribution of which depend upon the structure of o(s). Lemma 3 can be
applied to the Padé table generated by f(z) and, in particular, when 0<z< b1, the
sequence R, ,,,-1(2) (r=0, 1,...) converges to f(z).

For a fixed finite value of r=0, the backward diagonal sequences proceeding
from Rn.n+2r—1(z) to Rn+r.n+r——1(z) and from Rn,n+2r(z) to -Rn+r,n+r(z) are, when
0=<z<b~1, nondecreasing and nonincreasing respectively (Lemma 1). Since the
end points of these sequences themselves belong to sequences converging to f(z),
it follows that when 0<z<b~?* all progressive sequences of Padé quotients re-
stricted as described above converge to f(z).

Any point of D not belonging to the negative real axis lies in D’, the intersection
of D and the sector —w+ 3 <arg(z) <= — 8, where 8 is an arbitrarily small positive
real number. The row sequence R, ,.,-1(z) (r=0, 1,...) converges uniformly to
f(z) in D (Lemma 3) and, therefore, in D’. Thus given any finite positive nonzero
real number , a finite positive integer r’ can be found such that | f(z) — R, ., .(2)| <7
for r=r',r'+1,... and for all z in D'". Hence |R, ,,/(2)— Ry nsr41(2)| 29 for
r=r'yr'+1,..., Ry n.r(2) and R, ,,,,1(z) are the vertices of an inclusion domain
for f(z) and all the quotients R, ,ir4r(2); Rosromsrer+1(2) (r"=0,1,...)
(Lemma 7). This inclusion domain is bounded by arcs of circles intersecting at
R, (z) and R, ,,(z), the tangents to which at the points of intersection form an
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angle of |arg (z)|. A circle of radius 27/sin & about f(z), therefore, includes this
inclusion domain. In short we have shown that

|/@) = Rusinsrsinf@)| < Mfsind  (i=0,1,...5j=0,1,...)

for all zin ®’. Within and upon the boundary of ®’, f(z) is analytic. Thus, if M’ is
the maximum modulus of f(z) upon the boundary of ®’, and we set M"=M"'
+ 27/sin 8,

(14) |Rn+£.n+r'+i+j(z)| =M i=0,1,...;j=0,1,...)

uniformly for all z in ®’.

We must now consider the points of D not belonging to ®’, i.e. those points of
D lying in the neighborhood of the negative real axis. Such points satisfy the
condition |z| £b;1— &', where &' is a fixed arbitrarily small positive real number.
From Lemmata 4 and 5, the quotients R, ,,,,-:(2) (r=n,n+1,...;m=0,1,...)

have a representation of the form
(m)

m-—1 T
Hr,v
R _1(2) = t,z'+2z" 2
r,m+r 1() VZO 1% + VZ]. 1+B$'.nv)z

where (—1)"w{h >0, a<fW<b (v=1,2,...,r) and 3} _, uiW=1,, the series A(z)
of formula (3) being the expansion in ascending powers of z of the function f(z).
Since #(z) converges for |z| £b; 1 — 18, we have 0= |D7o¢ 1,2°| S My, 0L |t,2™| S M,
(m=0, 1,...) for all such values of z, M, and M, being two finite constants. Fur-
thermore, when |z| b7 — &', a positive real number 8" can be found such that
[1+Bmz| 28" (r=n,n+1,...;v=1,2,...,r;m=0,1,...). In short, there exists
a finite positive real number M” such that an inequality of the form (14) with M”
replaced by M” holds uniformly for |z| £b71—8".

Setting M=max (M", M"), it follows that an inequality of the form (14) with
M replaced by M holds uniformly for z in ®. We have shown that the quotients
of any progressive sequence of the Padé table generated by f(z), formed from the
quotients lying on or above the forward diagonal sequence R,,, ,.r4.(2) (r=0,
1,...) and on or below the row sequence R, ,,.+(z) (r=0, 1,...), are uniformly
bounded in modulus for all zin ®. Since the quotients of such a sequence converge
to f(2) for all nonnegative real values of z in ®, it follows from the Stieltjes-Vitali
theorem that this sequence of quotients converges uniformly to f(z) in D.

For r"=0,1,...,r" all diagonal sequences R,y n1,4+,-1(z) (r=0,1,...) con-
verge uniformly to f(z) in ® (Lemma 4). Hence all progressive sequences restricted
as described at the commencement of the proof converge uniformly to f(z) in D.

The above analysis can be extended to the Padé quotients {R, ,(z)} generated by
the function £(z) related to f(z) by formula (7) and having the representation (8).
It follows from Lemma 2 that we have proved the theorem in its entirety.

In conclusion we remark that the theorem of this paper contains by implication
a number of subsidiary results obtained by replacing n by a lesser integer and in-
corporating one or more of the terms {M,/(1+b,z)} into the integral expression of
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formula (1) by extending the range of integration and suitably modifying the
function o(s). Again, depending upon the nature of o(s), the theorem is itself capable
of extension.
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