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APPLICATIONS(")

BY
DAVID ELLIS

Abstract. A generalization of the classical energy inequality is obtained for
evolution operators (9/9t)I— H(t)A%*—J(¢t), associated with higher order linear
parabolic operators with variable coefficients. Here H(t) and J(¢) are matrices of
singular integral operators. The key to the result is an algebraic inequality involving
matrices similar to the symbol of H(¢) having their eigenvalues contained in a fixed
compact subset of the open left-half complex plane. Then a sharp estimate on the
norms of certain imbedding maps is obtained. These estimates along with the energy
inequality is applied to the Cauchy problem for higher order linear parabolic operators
restricted to slabs in R"*1,

1. Introduction. We present a Hilbert space treatment for proving existence
and uniqueness in the Cauchy problem for a general linear 2k-parabolic differential
operator. We shall follow in rough outline the Hilbert space approach to the
Cauchy problem for parabolic operators of the form

9 0 .
P = 'a—t'—‘L(t) = 5['—' z aa(x, t)D .

laj=2k

where L(z) is uniformly strongly elliptic on R* (here x=<x,..., X,
a={oy, ..., 0, |a|=0;+---+a, and D*=((1/i) 8/ox,)* - - -((1/i) 8]0x,)*), as
given in [5]. As in [5] we shall make use of the Hilbert spaces #"* (=%, in the
notation of [4, Chapter II], where k(¢, 7)=k, (¢, 7) is the temperate weight func-
tion defined for (&, r)=(¢,,..., &, 70 € R**1 by k. (& 7)=0"(¢, 7)¢°(¢). Here
g(&)={1+ €%}/, with |£|2=37_, &, is the usual elliptic weight function in R"
and Q(¢, 7)={r2+q*(¢)}/*¥). H® is the usual Sobolev space on R".
We assume P is of the form

P(x,t,D, D)) = > a,x,t)D*D}

lal +2kj<2km
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with a, , nonvanishing, and that the functions {a, J(x, 1) : || +2kj < 2km} belong
to the class C¥(R"*?) of complex valued functions having bounded (and therefore
continuous) partial derivatives of all orders for all {x, ) € R"*'. Moreover, we
assume P is uniformly 2k-parabolic on R**1, i.e., there exists >0 such that

PO(x9 L §9 Z) = Z aa_j(x, t)f“zj =0

|| +2kj =2km
for (x,t> € R*** and £ € X implies that Im z2§, where X={( € R" : |¢|=1} and
E¥= ¢4 - €%, We call 8 a module of parabolicity for P. By means of a change of
variables we can associate with P the evolution operator R=20/9t— H(t)A%* —J(¢),
where H(t) and J(t) are matrices of singular integral operators uniformly of order 0
and 2k — 1, respectively on R™

In §§2 and 3 we establish a generalization of the classical energy inequality for R
applicable to test functions on R"*!, We prove this inequality by using the fact
that the spectrum of the symbol of H is contained in a compact subset of the open
left-half complex plane (a trivial consequence of the parabolicity of P). We also
apply certain estimates from [6] for pseudo-differential operators.

In §§4 and 5 we first introduce the S#7 ¢ spaces and the space 5#"5(Q) of restric-
tions to Q of elements of #™5, where Q=Q, ,={{x, ) € R"*! : a<t<b}. Then by
employing a form of the energy inequality applicable to distributions (Theorem 3),
we deduce that

THEOREM 4. If —oo<a<b< +o0, if r>(2m— )k, and if s is any real number, the
mapping
¢ — P = (P, $(a), (0/0t)$(a), (0/01)*¢(a), . . ., (0/o1)"~$(a)>
is one-to-one from H#"(Q) into
HT-2ms(Q) @ HT s~k @ HT+5~3% @ . .@ Hr+s-@m-Dk,

In §6 we show that R+ Al is a topological isomorphism of {3} onto
{s#r-2esim provided A is sufficiently large (by A™, where A4 is a nonempty set, we
mean 4 x A X - -+ x A, m times). To prove this result we employ our estimates from
[6] and a commutator estimate from [S]. By employing the energy inequality once
again we deduce that

THEOREM 7. If —c0o<a<b< 4+, if r>k, and if s is any real number the mapping

u — Ru={Ru, u(a)) is a topological isomorphism of {#"*(Q)}" onto
{%r—2k,s(Q)}m @ {Hr+s—k}m.

In §7 we show that Z: #"(Q) — H7~ %M (Q)P H™**~*@.--@ HT+s-@m-k
is an onto mapping for all r>(2m— 1)k, r not an odd multiple of k and s any real
number. We prove this by first showing that the inclusion mapping
i: H(Q) — A~ 2k5(Q) has operator norm less than or equal to C,(b—a) (Theorem
9), where r is not an odd multiple of k, Q=Q, ,, and then applying Theorem 7 to
the evolution operator corresponding to a certain truncation of P.
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2. The basic inequality.

Notation. For {,ne€ C™ we use the usual notation ({,n)=>"_, {,4; and |{|?
=((, {). If A=(a;) is a complex m x m matrix, the norm of 4, denoted by || 4], is
given by {3 ; |a,;|?}2.

Let 0< 8 <1 be a module of parabolicity for P which shall remain fixed through-
out this paper. Let A be a compact subset of C satisfying the property:
ze A = Rez=< —38. We define TI(A) to be the class of complex m x m matrices %
of the form

0 1 0
0 0 1
@.1) f=i
1
—Pmn  —Pm-1 — D1

such that the eigenvalues of # are contained in A.

THEOREM 1. Let 8 and II(A) be as above. Then there exists a constant Cy>0
(depending only on A, & and m) such that given any matrix % € I1(A) there exists a
nonsingular matrix N (%) with the following properties:

(@) Re (R7IN(A)"YN(ARL, ) = —(8/8)|L|2 for all L € C™ and t € (0, §/2], where

1 |
t 0

and
®) [NA|+[NEH | = Co.

LEMMA 1. Suppose m is a positive integer, and suppose 0 < 0 <%. Let the function
T be defined by 1(p)=0p™ where M=m(m—1)[2. Then there exists e=e(6, m)>0
with the following properties: if A is any set of complex numbers with no more than
m elements, then either
(a) there exists N\, € A such that A\e A = |A—),| <0, or
(b) there exists Ay, Ay, ..., A€ A (1 <k =m) such that
(@) p=min{|\—A| : 1Zi<j}>e¢, and
(ii) for every X € A, there exists N, 1 Zi<k, such that |A— )| < 7(p).

Proof. See §8 below.

Proof of Theorem 1. First we fix 8¢ (0, 1), and let e=¢(0, m) from Lemma 1.
Let II,(A) be the collection of matrices # in I1(A) having the property that 4 has
at least two distinct eigenvalues (thus m=2) and that the minimum distance
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between the distinct eigenvalues of /4 is greater than (6, m). Now let £ e I (A)
and suppose A, ..., A, 1 <k <m, are the distinct eigenvalues of # with multipli-
cities p, ..., py, respectively. Let p=p(4£)=min {|N— ;| : 1 Si<j<k}>e(0, m);
we may assume p<1.
Let N(%4) be the m x m matrix
e V()

_ , , e%e=(\,)
N = (e -+ 280 ey - S0)

whose column vectors are defined starting from
1
e(d) =
Am-—l

and differentiating with respect to A € C. Considering N(#) as a linear transforma-
tion of C™ into C™ on the standard basis {e,, e, . . ., £n}, &; has 1 as its jth compo-
nent and zeros elsewhere, we have that

N(#£)er = e(X), N(£)ez = €'(A), - - -,
N(#ey, = {1/(p =D P(Ay), . .., N(B)ew = {1/(me—1) Je®eD(Ay).

Since e(X) and its derivatives are bounded on A, there exists C >0 (depending only
on A and m) such that |[N(#)| <C for all 4eII(A). Silov [8] shows that if
T1, T2, . . .5 T AT€ m arbitrary complex numbers having a subset of distinct points
Tis Ti> Tis - - -5 Tp, Where 1 <k <l< ... <p<m, then

oy ) ry .. €V )
det (e(ri)e () - Sy - e () -+ o)

("'1—":)
1=Si<j<m

= lim
( (r5—m) I | (= T “'tk) ce ("'J, - 7’4,))
15i<j<k PSip<fp=<m

k<tp <<l

where the limit is taken as v, — 7,, 7, — 7, . . ., 75, = 7,. It is easily seen that the
above limit is equal to a polynomial in =, 7, ..., 7, of the form

(7j— )%
1,i=1,k,l,...,pii<]
where the «;’s are positive integers satisfying 2; oy;<m(m—1)/2=M. Taking
A =7y, Ag=1y, . .., A, =T, With the appropriate multiplicities u,, pg, . . ., u We see
that |det N(4)| = p(£)" > &(0, m)™ for all 4 € I1(A). Thus, there exists C >0 (depen-
ding on A and m) such that

22 INA™| = Clp(A)™ < C[e™
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for all # € I1,(A), e=e(6, m). The matrix form of N(#£)~14N(%) with respect to the
basis {e,, . . ., &} is easily determined by considering how # acts on the basis

N e i

The characteristic polynomial for £ is given by p(z)=z"+>7_, p,z2"~7, where the
py’s are the entries of # in the form (2.1). Since

(2.3) fe(N) = de(N) —p(Nen

we obtain, by differentiating with respect to A,

e’V eP(N) eV 1,
S R B L

foreachj=1, 2, ..., m. Since A is an eigenvalue of # of multiplicity x,, we have that
pA)=pP(N)="---=p“~Y()=0. Thus

(2.4)

ée()\,) = )\,e()\,), and
2.5 y eN(N) _) eN(N) N 9= D))

J! iyl G-Dn!
foreachj, 1 <j<u,—1wherel=1,2,..., k. Thus, the matrix form of N(%) 14N (%)
is easily seen to be the Jordan form:

AL

N(#)"'4N (%) =

where each A, appears p, times, I=1,2,..., k.
We assert that

(2.6) Re (R7IN(A)N(#HRL §) = —(3/2)|¢
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for all {e C™ and 1< 8/2. Since R;N(%#)"'4N(%)R, is a sum of matrices of the
form:

00 0

0 0
where A, appears p, times, we shall first consider estimates on Re (9, {), 1 </<k.
Without loss of generality we may assume /=1. Since A; € A we have that

Re (914, ) = Re M([4)2+] 8|2+ - - - + 18D+ Re (Ll + Lolot - - + 84,80, -1)
< =842+ -+ D+ 1t Re (Gl +Galot -+ +Culfu1-1)-

Since {Ay, Ag, . . ., Ap}S A, we obtain
k
Re (R7IN(A)UN(AHRL, 0 = zz Re (., 0)
=1

for all { e C™. Thus (2.6) holds for all 4 € I1(A), e=e(0, m). We remark that the
estimate (2.6) is independent of 6.

We now wish to treat those matrices s € I1(A) having the property that the
minimum distance between the distinct eigenvalues of 4 is less than (6, m) (see
Lemma 1). It is easy to see that N(h), as constructed above, will not satisfy state-
ment (b) of our theorem since, in general, | N (k)| — co as the minimum distance
between the distinct eigenvalues of 4 approaches 0. By taking 6 sufficiently small
(depending on A, § and m) we shall show that for each / € [I1(A) we can find a
matrix 4 € Il () satisfying the following:

(1) the eigenvalues of # are “close” to the eigenvalues of 4 by a distance less
than (6, m);

(2) the choice of N(#), instead of N(h), satisfies statement (a) of our theorem.
N(#) satisfies statement (b) of our theorem by our previous argument for matrices
#% € I1(A), where e=¢(8, m).

Let #eTI(A) and let A be its set of eigenvalues (counting multiplicities). By
Lemma 1 there exist two possible configurations for the set A:
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Case 1. There exists A; € A such that [A—A;| <6 for all Ae A, or

Case 2. There exists Ay, Ay, ..., A, € A (1 <k <m) such that

() p=min{|;—A}] : 1=Zi<j=Sk}>e=¢(0, m),

(ii) for every A € A, there exists ), 1 £i<k, such that |A— | < 7(p)= 0p¥, where
M=m(m—1)/2.

Let T11(A) and IT2(A) be the sets of matrices 4 in II(A) whose eigenvalues satisfy
Case 1 and Case 2, respectively. Thus [1(A)=11}(A) U T13(A). Let & € I13(A) and
suppose h has eigenvalues Ay, ..., A, (note that m>1). If k=m, we have, by our
previous argument, that the matrix N(£)=(e(},)- - -e(A,)) satisfies (2.6) with £=h
and that | N(h)~1| < C/e™, where e=¢(8, m) and C >0 depends only on A, 8 and m.
Now if k<m, then p,=min {|{\,—A;| : 1=Si<j<k}>e(0, m). Let us consider open
disks Si, S, . . ., Sy of radius 7(p,) centered at the points Ay, Ay, . . ., A, respectively.
By Case 2(ii), each of the points A, 4,..., A, is contained in one of these disks;
moreover, since 8<%, each of the points A, 4,..., A, is contained in only one of
these disks. Assuming that for each /, 1 S/<k, S, contains exactly p, eigenvalues
of h, we have that >¥._, u,=m. Define the complex numbers j,, . . ., p, by

k m
bz = 111 (z=A) = z'"+jzlﬁ,-z""j.

If we define 4 by
0 1 0
0 0 1
2.7 =1
0 0 1
~Pn —Bn-r 0 —Pr

then # e I1,(A) by our previous argument, and we say that 4 is a perturbation of 4.
We remark that N(#) is only defined for £ € I1,(A). Thus N(%) is given by

w1=D(),) eWie=D(),)
N4 =(eAe')\ ...e—_l...eAe'A ...—k_).

( ) ( 1) ( 1) (#1_1)! ( k) ( k) (}Lk—l)!
Considering N(%) as a linear transformation of C™ into itself on the basis
{e1, .. ., &n}, We know by our previous arguments that there exists C >0 (depending
on A, m and &) such that |N(£)| £C and |N(#)~ || < C(e(8, m)~™) for %4 e I1,(A).
Returning to # given by (2.7) and its perturbation 4 we know that the matrix form
of N(#)~*hN(#) with respect to {e;, . . ., ¢,} is determined by its action on the basis
B. Letting p(z)=z"+>7., p;z"~7, where the p,’s are the entries of 4 in the form
(2.1), we have that he(A) = Ae(X) — p(A)e,,, and

(9) (9) (j—1)
€ N _ N (/\)+e N 1

ji VI

PPNen
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for each j=1, 2, ..., m. Thus, by definition of N(#), we obtain he(A;)= Ae(};), and

eP(X) eP(\) e9"D(N) 1 ) (e(uk—l)( A ]
/R LRy B S —.—“)/\Nﬁl——), 1<j<pm—1,
F R TR e I LA e JEm

for each /=1, 2, ..., k. Thus the matrix form of 4 in the basis B is

+E(h),
(2.8)

1
A
where A, appears y, times, /=1,..., k, and the column vectors of the “error”
matrix E(h) are either 0 or of the form (pP(X)/jHN(4)~(e“r~ V(N )/ — 1)),
15jsw—1,1=1,2,..., k, u,;> 1. If h € II,(A), we have, by our previous argument,
E(h)=0. Since N(#)~hN(%) has the form (2.8), by (2.6) we obtain

(2.9 Re (R7IN(#£)"*hN(£)RL, ) = {|E(h)| —8/2}|¢|?

for all { € C™ and ¢ < 8/2. Since e’ (A)/u is bounded for A € A we have that | E(h)|

is bounded by a finite number of terms of the form C|N(#)~*|{(1/i)]|pP(N)|},

where 1 Sj<u,—1,;;>1and /=1, 2,..., k. In general, for 1 £/<k, we know that
k

M)\
2N _¢, 3 [T -d, 1svsm
. ki1,K2,...0ky—1  157<k,7#1,
F#k1,.e.., ky-1

Since each of the points A.,4,..., A, is contained in exactly one of the disks
Si, Sa, . . ., Sk, each having radius 7(p,), we obtain

A/DpPA)| £ Cur(pn)'s™7 = Curlpn)

for 15jsw—1, w;>1 and /=1,2,..., k. Since p,=p(%4) we combine the above
estimate with the estimate |N(#)!|<C.p(%4)~™ to obtain |E(h)| = Cip(£)~™
- 0p(#£)M = C,0 where C; >0 depends only on A, 8 and m. Taking 8 such that
(2.10) 0 < 6 < min {}, 6/4C,}

we see that (2.9) yields

Re (R7IN(A)T'RN(ARL, §) = —(3/4)|¢|*



1972} AN ENERGY INEQUALITY FOR EVOLUTION OPERATORS 175

for all {e C™ and t=<8§/2. Letting N(h)=N(%) our theorem is proved for all
h € I12(A) where e=¢(8, m) with 0 fixed and satisfying (2.10).

Now suppose # € IT3(A) with eigenvalues {A,, ..., A,}. By renumbering we may
assume that |\, — ;| < 6 for each i=2, ..., m; thus k=1. Since

(m—1)
N = (eer) -+ T 5)

it is easily seen that there exists C>0 (depending on A, & and m) such that | N(h)|
< C for all h € IT}(A), e=&(, m). Since |det N(%)|=1 we have that |[N(h)~!|=C
for all helll(A), where C>0 depends only on A, 8§ and m. Expressing
N(h)"hN(h) in the form (2.8) we see that the “error” term |E(h)| is easily
estimated by C,0, where C, depends only on A, § and m. Taking 8 such that
0< 60 <min {4, 8/4C,, 8/4C,} our proof is complete.

3. The energy inequality for test functions.

The H* spaces on R*. (i) For ¢ € 2(R")=C§(R"), the space of infinitely differ-
entiable functions with compact support, ¢ denotes the n-dimensional Fourier
transform of ¢:

Ke) = @me [ emengn dx

R"

(here <¢, x)=27_, €;x,). L(R*) denotes the space of infinitely differentiable and
rapidly decreasing functions on R*; &'(R¥) denotes the space of tempered distribu-
tions on R*. For real s we define

He = {u € PR : fie LL(R") and fm {4+ |¢[2F|a(o)? dé = Jul? < oo}.

H¢ is a Hilbert space with the scalar product ( , ), defined in the obvious way;
here, we use the usual extension to &'(R") of u ~ i on R

(ii) The topological inclusions 2(R")< ¥ (R")< H* are dense.

(iii) For ¢, ¢ € D(R"™) we write (¢, )o= [z $(x)(x) dx. Also for ¢ € D(R™) and
any s,

@G.1 I$lls = sup {{($, ¥)ol/ ¢l -5 : € D(R™), § # O}

Thus H*® and H ~* are dual Hilbert spaces, the duality being given by the sesqui-
linear form (which we again denote by ( , ),) obtained by extension.

(iv) If s<t then H'< H® and |ju|,< |u||;- Given s, <t<s, and any >0, there
exists C(e) >0 such that

(3.2) lull? = elul,+Cllul;

for all u € H®2. Note that H* =", H’<C*~.

(v) Let L be a linear operator from <(R") into H*. Following Kohn and
Nirenberg [6], we say that L has order r if for each real number s there exists a
constant C;>0 such that ||Lu|;< C,||u|;,, for all u e #(R™). The infimum of all
orders of L is called the true order of L. Let L be an operator of order r. Then L
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can be extended to a bounded operator L; from H® into H*~" for any real s.
Since L,=L, on H* N H' for all s and ¢, we shall denote all these extensions of L
by L. We also denote the extension of L to an operator on H® by L. If L and L*
are linear maps of £(R") into H®, and (L, ), =(¢, L*), for all ¢, € F(R"),
then L* is called the formal adjoint of L. Since #(R™) is dense in ( J, H®, L* is
unique. If L is of order r, then its extension L; has an adjoint L¥ which is bounded
from H ~**"into H ~°. Thus L has a formal adjoint L* of order s whose restriction
to F#(R") is L¥. If L and M are operators of order r and s, respectively, then the
composite operator LM has order r+s.

If a(¢) is a complex valued measurable function on R*~{0} such that, for some
number r and C>0, |a(¢é)| = C{l+|¢|?"2 for all £ € R"~{0}, then the operator
a(D) defined by F(a(D)u)(é)=a()a(¢) for ue L(R™) is of order r. In particular
we define the operators:

As = X(D), where A\(¢) = [€|5, where s = 0,
and
R* = r¥(D), where r*(¢£) = (¢/|€])>

The operators AS and R have orders s and zero, respectively, and D*= Al*IR®,
Operators of the form a(D) are called multipliers.

(3.3) DerINITION. We say a(x, €) € C°(R" x R"~{0}) is a symbol on R" x X if

(i) a(x, &) is homogeneous in ¢ of degree zero, and

(i) for each multi-index o there exists C,>0 such that | DZa(x, ¢)| < C, for all
{x, £ € R*xX. (Note that a(x, £) is not a symbol in the sense of Kohn and
Nirenberg [6], since we do not insist that a(x, £) converge rapidly to a unique limit
a(oo, £€) as x —00.) We associate with the symbol a(x, £) the formal operator
A=a(x, D) defined by

Au(x) = (2m)-2 fm ¢ Da(x, HUE) dE,  ue F(RY).

We say A is a singular integral operator on R™ with symbol a(x, £). 4 is of order
zero (see [7]). If a(x, £)=a(¢) then a(x, D) is easily seen to be the multiplier a(D).
If a(x, £)=a(x) (thus a € CF(R")), then a(x, D) is the operator multiplication by a
which we denote by a-.
Let a(x, £€) be a symbol on R" x Z. Then, for k, p nonnegative integers, we define
lall, = > sup {| D% ofa(x, §)] : xe R, £ ).

la|<k

We define the pseudo-adjoint of A=a(x, D), denoted by A#, as the singular integral
operator with symbol a(x, ). If B=b(x, D) is another singular integral operator,
we define the pseudo-product of A and B, denoted by A o B, as the singular integral
operator with symbol a(x, £)b(x, £) (thus 4 o B=B o A).

PRrOPOSITION 1. Let A=a(x, D) and B=>b(x, D) be singular integral operators.
Then for every integer m there is a constant C,, >0 such that
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(i) A is of order zero and
|4ulln = Callalumi+1,n+l#]m
(ii) A*—A# is of order —1 and
[(4* =AYl 11 < Cllallimi +2,2n+ 31 %l ms
(iii) AB— A o B is of order —1 and
[(AB—A o B)u|m+1 S Crllallumi+2.20+ 21 0lumi +2,20+ 31 4] m
forallue H™.
Proof. See §5, 6 and 7 of [7].

COROLLARY. Let A and B be singular integral operators as above. Then for every s
there is a constant C;>0 such that

® [4uls = Colallgmi+ 1,0+ 11l 4lls
(ii) H(A*"‘A#)u"sﬂ = Cs"a”urnl+3,2n+31”u"s’
(iii) [(AB—A4 o Bulls+1 = Collallgmi+3,20+ 310l cimi +3,20+31]1 s

for all ue H¢, where m={s] (the integral part of s).

Proof. The proof is an easy consequenee of Proposition 1 and an application of
Calder6n’s multilinear interpolation theorem [2].
Let k(x, t; £),<{x, t,; £) € R**! x R"~{0} satisfy

(i) k(x, t; ¢&) is homogeneous in ¢ of degree zero, and
(3.9 . for each multi-index « there exists C, > 0 such that
ii
| Dtk(x, t; )| < C, for all {x, t; ) € R*"** x Z.

Then, by the corollary to Proposition 1, for /, p nonnegative integers there exists
C=C(l, p)>0 such that

3-3) 1k(*)|up < C forall teRY,

where k(z) is the function on R*x R"~{0} given by <x, &) ~ k(x, t; £). Let
k(x, t; €) satisfy condition (3.4) above. For each ¢ € R* we define K(¢) to be singular
integral operator k(x, t; D). Thus, by Proposition 1(i), | K(¢)u/s< Cyl|uls, for all
ue H® and all ¢t € R, s real.

Let ¢(x, t) be a complex valued function on R**1; by ¢(¢) we mean the function
on R" given by x ~ ¢(x, t).

Reduction of P to first order in t. We call

Py(x, t; D, Dy) = Z a,,(x, t)D* D}
|e| +2kf=2km

the principal part of P. Since a, ,=1 we can express P in the form P=P,+P,+ Q
where

Py(x, t; €, 1) = 7"+ Z pf(xs L f)Tm-ja
i=1
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with
pj(x’ L f) = Z aa,m—i(x, t)fa’
lal =2k

Py(x, t; ¢, 1) = > a,,(x, 1)¢r

2k(m - 1)=S|al +2kj < 2km

m
—_ -1
= Z aa.!-l(x: t)fa‘rj s
i=1 2k(m-j)S|a|<2k(m-j+1)

Ox, t; ¢, 7) = > ag (x, )¢

@] +2kj < 2k(m-1)
m-1

= aa,j—l(x’ t)faTj_l
j=1 |a|l<2Kk(m-7)

(here we assume m> 1, if m=1 we define P, = Q=0).

We use a method of Calderén (see [3]) to reduce the study of P to the study of an
evolution operator 0/ot— H(t)A%*—J(t), where H(¢t) and J(¢) are matrices of
singular integral operators depending on ¢ € R™. Let ¢ € C°(R™*1) and let u be the
vector of functions u=<u,, u,, ..., u,y where

(3.6) u; = A*m-2pi-14 forj=1,2,...,m.
We have that Dy, = A%*u; ., for j=1,2,...,m—1, and
Dtum = D;"qs

= (Bo+P)$= 3 pix, 1; DIDP

- Z z aq,;-1(x, t)D* D}~ ¢

j=1 2k(m-Ns|a|<2k(m—7+1)

= (Po+P1)¢—jZIP,(t)A2"u,,,_,+1

m

m

{ Ay 5-1(DA _2"("'_”}“1
i=1 \2k(m-=lej<2k(m—7+1)

where P(t) and A4, ,t) are singular integral operators on R" whose symbols are
pAx, t; £/|€|) and a, (x, £)(¢/|£])%, respectively. Thus we have that

Z_'; = H@E)A*u+J(Ou+i((Po+P))em,
where
0
0
en :
0
1

and the /th component of J(¢)u is given by
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(J@uy =0 ifl+#m,
(3.7) m

= —i

{ Aa,,_l(t)A'“'“W'"'”}u, ifl] = m,
i=1 \ 2k(m-i=|al<2kim-7j+1)

and H(t) is the matrix of singular integral operators whose symbol #(¢) is given by

0 1 0

0 01
(3.8) A(x,t;6) =i 0 0
0 1
—pn(X, t; E[|€E])— - - - —pa(x, ;5 €[|€])

for {x,t> e R**! and ¢ € R"~{0}. We define the order of a matrix of operators
in the obvious way. Since the coefficients of P are elements of CF(R"*?), we have,
by (3.5), that H(t) and J(¢) are uniformly of order zero and 2k — 1 respectively, for
te R.

By definition of 8, a module of parabolicity for P (which we have fixed in §2), we
know that the zeros of Py(x, ¢; ¢, z) in z are contained in a compact subset of
{ze C: Im z= 8} independent of {(x,t; &) € R***xXZ. Also we observe that the
eigenvalues of —i%(x, t; £) are precisely the zeros of Py(x, ¢; £, z) in z. Thus, there
exists a compact subset of C, call it A, having the property that Ac{z : Re z< — 8},
and that for <x, t; £) € R*** x X the eigenvalues of 4(x, ¢; £) are contained in A.
A shall remain fixed throughout the remainder of this paper. If we let

(3.9 R = 8Jot— H(t)A* —J (1)

we have that Ru=i[(P,+P;)¢len=1i[(P$— Q)le,. This fact will be used in §5
where we will take ¢ to be a distribution on R"**. In this section we shall confine
our study to the operator R.

Suppose R is of the form

(3.10) R(A) = 0/ot— AN —J(¢),

where J(¢) is given by (3.7) and £ is a constant matrix of the form (2.1) having all
its eigenvalues contained in A. If we let = 35/2 and denote N(%)R,;; by simply N (%)
in Theorem 1, then we can find constants C;=Ci(A, 8, m)>0, i=1, 2, such that for
each 4 € II(A) there exists a nonsingular matrix N (k) satisfying

CoIN()| < L] = CiINY,

(3.11)
Re (N(h)*hAN(h)L, §) < —(8/4)[¢|?

for all { € C™. For operators of the form (3.10) we have the following form of the
energy inequality:
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LEMMA 2. Let R(h) be of the form (3.10) and suppose —oo <a<b< +o0. Then
there exists C=C(8)>0 such that

S 1®s-S W@iz+ L [ ar [ 1e™iace, ol de+c0-0) [ ol a

< Re [ " (N ) RO+ MDu(t), NB)u(2))

Jor all ue {CF(R** )" and A >0, with Cy, C, as in (3.11).

Proof. Let N=N(h) and R=R(h) and for u € {CS(R** 1)} let v(¢t)=N ~u(t).
Since N ~Y(R+ADu(t)=(0/0t— A**N ~*hN— N YN+ A)u(t), we obtain

Re f " (N-YR+ADu(t), N - u(t)), dt

— Re f ’ (2—'; o), v(t)) di+A f " o()|3 dt
(.12) L ° ’
—Re j (AZN = hNo(t), o(1))o dt

_Re f " (N-U(NE), (1)) dt.

Let us estimate from below the last two terms in equation (3.12). Since
Re (N ~*hN{, ) < —(8/4)|L|?, we obtain, using Plancherel’s Theorem,

—Re (AN ~*hNo(t), o(t))o = —Re (N ~*hNA*u(t), A*u(1)),

3.13 b
@13 > f dtf 5, )2 e, te R
a R™

Since J(¢) is uniformly of order 2k—1, we can apply (3.1), (3.11) and (3.2) to
obtain, for arbitrary >0,

[N = (@Nu(@), ()| = [(J(@No(2), (N =) *0(2))o]
= ClIONo@)]| - (N = *uo(D) i
= Clo@) -2 lv@li = elo@)i+C()]e()3

for all ¢ € R. Thus, for arbitrary >0, we obtain
(G149 (VRONW, o0 S (Co [ |11 0I? de+ COROS

for all v € {C?(R***)}™ and all ¢ € R*. Combining (3.11), (3.13), (3.14) and letting
e=28/8C;, our proof is complete.

In order to prove a similar energy inequality for operators R of the form (3.9),
we shall use a special partition of unity on R**! and X and certain estimates from
Kohn and Nirenberg [6]. Since our symbols are not symbols in the sense of Kohn
and Nirenberg, we shall have to modify their proof slightly.
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PROPOSITION 2 (COMPARE WITH THEOREM 5 OF [6]). Let k(x, t; €) satisfy (3.4),
let K(t)=k(x, t; D) and suppose |k(x, t; £)| <7 for all {x,t) € R* and ¢ € X. Then,
for any >0 there exists C(e)>0 such that

IK@)¢DIE = (+2)?[ D)5+ C(e) (D)2
for all te R* and all $ € CF(R™+1Y).

Proof. See §8 below.

Partitions of unity on R**' and Z. Let h(x, t; £) be given by (3.8). Since the
coefficients of P are uniformly continuous on R**! and since A(x, t; £) is homo-
geneous in ¢ of degree zero we have that for any 5 > 0 there exists y >0 such that

(3.15) IA(x, t; @) —h(y, 75 )| < 7/2

for |[x—y|®+|t—7|?<y® and all w e X. Let d>0 be such that v/(n+1)d<y/+/2.
For each (n+ 1)-tuple of integers («, ) =(ay, as, . . ., o, B) let

Oup =X, t)eR™ ¢ |x;—doy| < d, |t—dB| < d,j=1,...,n}.

Choose { € Cy(Qo,0) such that 0={<1 and 3, 4 {{(x—de, t—dB)}*=1 on R**+1,
Thus, if we define {, 4(x, t)={(x —de, t —dB), then {, s € C(Qu,p) and D, 4 L2 5=1
on R**!. Enumerate the cubes Q, ; and the corresponding functions ¢, , in some
order: Q;, Q,, ... and {;, {,,.... We remark that the cubes Q, overlap in such a
fashion that any fixed point in R**?! is contained in exactly 2"*! distinct cubes
except for points on |_J; 2Q;, a set of measure zero. Thus

(3.16) Z lilx, ) =1, {x,tye R,
i
and for any nonnegative integer m there exists C,, >0 such that
(3.17) 2 2 |D%jor)lx, 1)|* £ Cp
lel+l<m i

for all {x, t> € R**1. Also, if we let {x;, #,> be the center of the cube Q;, we see that
(3.18) IACx, £5 €)—h(xi, ti; ) < /2
for all {x,t> e @, and all (e Z.

Since the coefficients of P are bounded on R***, we can find points &, &, . . ., &
on X and neighborhoods Q,, Q,, ..., Q,on Z of &, ..., &, respectively, such that
(3.19) [ACx, t; &)—h(x, t; €)] < /2

for all <x,t>eR"*! and £€Q,, j=1,2,...,s Let ¢, ¢, ..., 4 be functions
defined on X such that 0=¢;<1, ¢, C5°(Q,), and >3_,; ¢(w)?*=1 on Z. Extend
¢, to all of R"~{0} so that ¢; is homogeneous of degree zero. On R* we define the
operators ®,=¢,(D), j=1, ..., s. By Parseval’s formula we have that

S GO LD = 3 (@ O = (1 0y

for all te R* and u, v e HO.
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REMARK. Since the choice of {Q}, {¢}, {Q,}, {¢;} and s depends on the number

7 satisfying (3.15) we have that for each nonnegative integer k there exists
C=C(k, 5)>0 such that

(3.20) > S D@L 1)) < ¢

lal+1sk i

for all {x, t> € R**!; using Leibnitz’s rule we obtain
(3.21) Zj lL@)ou|? < Ck, ’7),21 [Pul2 = C(k, m)|ul?

for all £ € R* and u € H*. To estimate >, ||{;(¢)u||2 in terms of |u|2, k a positive
integer, we use the following

PROPOSITION 3. Let k be a positive integer and suppose {{;}i, is a set of functions
satisfying:

(@) e CQ(RM, i=1,2,...,

(b) for each positive integer m there exists C,, >0 such that 5; | D*{(x)|2< C,, for
all |«| <m and x € R™.

Then there exists C>0 such that 3, |{u|% < C|u|%y for all ue H~¥, in fact,

C=0C. > supy |DUx)2
le|<k xeR™ i
Proof. See §8 below.
Let hy;=h(x;, t;; €), i=1,2,...,j=1,2,..., s, where h(x, t; £) is given by (3.8).

Define R by
RY = 9[ot— hy; A% —J (1)

where J(¢) is given by (3.7). Define N;;= N(h;;) (see Theorem 1). We now state and
prove our first generalization of the classical energy inequality for operators of the
form &/ot— H(t)A%** —J(t) (see (3.9)).

THEOREM 2. Let R be of the form (3.9) and let —oo<a<b< +o0. Then there
exist constants C'(8) and C"(8) >0 such that

S Ju) 13- @3
(3.22) +C'(8) f "t L” |€]2¢| (€, 1)|2 dE+ Co(A—C"(8)) f: lu(e)||3 dt
< SRef "V U R+ADu(r), Ny L) D u(t))o d
i,7 a

Jor all u e {CP(R** )™ and all A>1/C,.

Proof. We have R=0/ot— H(t)—J(t) where J(¢) and H(t) are given by (3.7)
and (3.8), respectively. Consider the sesquilinear form A defined by

Alu, 0] = S @(®), oo~ (@), va)o

+CTSJ d [ |epace, 0FE 1) de+ G- | (u(t), o(t))o dt
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for u, ve {C&(R**)}™ where A>0 is fixed, and the constants C;, C; and C are
those from Lemma 2. By Lemma 2 we know that for each i/ and j, i=1,2,...,
j=1,...,s,

Alu,u] £ Re jb (NG Y(RY 4+ Mu(t), Nj7u(t)), dt

for all u € {Cg°(R***)}™. Since ®,u(t) € C> for all u e {CL(R** )}, we obtain
b
AR O, L 0] S Re [ (N7 (RI+ AL Ou(r), Ni LDt dt

for all u € {C>(R"*1)}™ (here {;®; denotes the operator {;- ®,).

We shall estimate > ; A[{;®;u, {;®,;u] from above by the right side of (3.22) and
an “error’ term. By subtracting this “error’ term from a certain lower estimate
on >, ; A[{i®,u, {®u] we shall arrive, with the appropriate choice of constants
C’ and C”, at inequality (3.22).

A trivial computation yields

R0, = L0+ [ L]0~ 4% L0,
(3.23)

+ 4P, HOIA + LD, J()]+L(H(8) — hi)A* O,
where [B, C] denotes the commutator of B and C, i.e., [B, C]=BC—CB. We
remark that, by (3.11), |N;![| £ C, for all i and j.

Consider the following estimates corresponding to the last five terms on the
right side of (3.23).
(1) Since [0/ot, {]=20L;/ot we have, by (3.20),

b
> j (V' [0]ot, L1, Ny O )| dt

b
a3

b
< Co) [ ulgdn e (CRR
(2) Corresponding to the third term on the right side of (3.23) we observe that
20
Azk, il = a(
[ l] lal=k O<;:§2aa B

where the a,’s are positive integers. Applying Theorem 1, Proposition 2, (3.20) and
(3.21) we obtain, for arbitrary ¢>0,

b
‘Z J |(Ni7 *hi (DPL) D, D%~ Fu, N1 (D ju),| dt
»JJa

% ()0 u(t) szt+C S j 1L u(e) |3 de
8[ 7! 0 1 “ ). i 7! 0

IA

)Dﬂli' D2a—B,

I\

b
€ 3 [ 1020, 0%l | 0yl d

IIA

o[ iz ac cye [ 1o, ds
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where |a| =k, 0 <B=2a. Thus, for arbitrary £>0,

b b b
3 [ 1m0, 110 N5 00l di 5 ¢ [ Ju)2de+ ) [ Tu0) 121 d
> a a a

for all u € {C*(R™*)}™.
(3) For the fourth term on the right side of (3.23) we apply Proposition 3, (3.1),
(3.20) and (3.22) to obtain, for arbitrary £>0,

> (VL[5 HOWu(e), N5 LD
S el ]3+CEOCE) 3. [OHE) - HOO)AMUO]2,

for all te R, ue{Cg(R**)}™. By Proposition 1(ii), the commutator ®;H(¢)
— H(t)®, is uniformly of order —1 for ¢ € R! and we obtain, applying (3.5), that

jzl I(@;H(£)— H(#)®)A%u()|2, < C)|u(®)|f-,
for all ¢t € R, Thus, for arbitrary >0,
b
> || 10va a0, HOW, N30 d

<o [ olzae cCE [ oz, d

for all u € {C{(R™*1)}™.
(4) For the fifth term on the right side of (3.23) we apply (3.1), (3.22), Proposition
3 and the fact J(¢) is uniformly of order 2k —1 to obtain, for arbitrary >0,

b
;Z, f [(N; (5@, J(2)lu, Niz LD ju),| dt

IA

o [ oz ar+ e [ I, J()u(e) |2 de

IA

[ oizae Cence [ 1ol

for all u € {CP(R**1)}™.

(5) Corresponding to the sixth term on the right side of (3.23) we observe that
A* =3 . - a, D%, where the a,’s are positive integers. Using integration by parts
we obtain, for |«| =k,

|(Ni7 18t )(H (t) — hi) @, D*u(t), Niz*Li(2)Du(t))ol
< [N GOH () — i) @;D%u(t), Nig* Li(e) D D*u(t))o
(3.29) + ““a finite sum of remainder terms of the form
|(Ni7 DOL(t)(H (t) — hi) @, Du(t), Niz* D*L(t)®; D"u(t))o| and
|(Ni5* D°(2) & H (1) @;D*u(t), Ni* DL(8) D, D"u(t))ol,”
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where |8|, |7], |p|Sk—1, 0<|7|, |y|<k—1 and &"H(¢) is the matrix of singular
integral operators whose symbol is given by (D h)(x, t; £€), <x, t; £ e R**1x Z. It
is clear that the number of nonzero remainder terms depends only on k.

We now estimate the second type of remainder terms in (3.24). Since |y| <k —1,
we can apply Proposition 1 and (3.5), (3.1) and (3.20) to obtain, for arbitrary >0,

,2, |(Ni32D°L(2)e"H (1)@, D“u(t), Niz* D*L(1)®;D"u(t)),|
' < eu(t) |2+ CECu(®)|2-1 for all t& R,

Now consider the second type of remainder term in (3.24). We observe that since
the coefficients of P are uniformly bounded, there is a constant C=C(P)>0 such
that || < C for all i and j. Since |{—7|2=2|¢|?+2|n|? for all {, n € C™, we can
use the fact that H(t) is uniformly of order zero along with (3.5) to obtain for |«|
=k, |y| £k—1 and arbitrary ¢>0,

’zj: |(Ni;* DOL(t)(H (t) — hy)@;D*u(t), Ni;* D°L(t) @, Du(t))o|

IA

1/2
CIOI 3 12400, Dur]3}
eu@®) i+ CECWu@)|E-;, teR.

IA

Thus
> [ 0¥ 11 0= hy@, 0%, N L))
62 sef o+ [Tz, d

b
+G. 5 S j (N LH (2)— ) ®, D%, N ®, D), db.

le|=k
Let us estimate the last term in the right side of (3.25). We have that H(¢)— Ay,
=h(x, t; D)_h”. I.zet h—h”=k;+su Where
k;(x, t; g) = h(x9 t; f)_h(x, t; gi), Sij(xa t) = h(x’ t; fl)_h(xh ti; fj)'

Thus H(t)—h;;=Kj(t)+s,(t)- where Kj(t)=kj(x, t; D). For each j, 1<j<s, let
Y€ C(Q,) with ;=1 on the support of ¢; with 0=y, <1. Extend ¢, to all of
R"~{0} so that ¢; is homogeneous of degree zero. Define k/(x,t; ¢)
=Y(Ekix, t; §) for <(x,t)e R**Y, e R*~{0}, j=1,...,s. If we let K(¢)
=k/x, t; D), then

(3.26) K(®, = KB)®, j=1,...,s

Now since, by (3.19), |k(x, t; §)| =7/2 for all {x,t; {) e R**1xZ, we can apply
Proposition 2 to obtain, for arbitrary p >0,

(327)  |K()®;D°u(t)||3 = (9/2+ p)?||@;D°u(t)||3+ C(p)| ®,D°u(t) |2,
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for j=1,...,s and t € R . Letting p=7/2 in (3.27) and using (3.26) we obtain, for
arbitrary ¢>0,

tzj |(N5 28K () D, Du(t), Niz*Li(2)@;D%u(t))ol
= 121: |(N7 1 L(@)K (), D%u(t), Niz*Li(t)®;D%u(t))ol

IA

ADUOE+CE) 3 1K Du0)IB

(r* +o)[u(®)]F+ CCE)u(®)]i-1

for each ¢ € R'. We now consider the terms involving the multiplications s;;-.
By (3.18) we obtain

5 140050, D)
(29 = 3 [ e 0210x 6 €)= s 15 £)IP10,Dutx, O dx

= PP Du@3, e R

IIA

Applying the Cauchy-Schwarz inequality and (3.28) we obtain, for |«| =k,

g |(Ni7*8i(2)s:,(t)®; D°u(t), Niz*Li(8)@; D°u(t))o| = C-u(t)|3

3.29
(3.29) te R.

Combining the above estimate with (3.25) and (3.29) we obtain, for arbitrary ¢ >0,
b

> [ 103 L H O~ h) @, D%, N 00|

i,j Ja

< Cletn) [ )l dr+C@OCE) [ 1Oz d

for all u € {CP(R™*1)}™, where C depends on k and m. Thus, for arbitrary ¢ >0, we
obtain

Z A[L,Qju, D u]
i b b
< SRe f (N31L®,(R+ M, N L@, di + Cle+n) f lu(r)|2 dt
1,7 a a

+COC) [ ol dr+ e [ ol e

for all u e {CF(R** 1)},
We shall now obtain a lower estimate on > ; A[{i®,u, {®u] by an expression
similar in form to the left side of (3.22). We use the following

LEMMA 3. There exist constants C,,>0 and C(n)>0 (see (3.20)) such that

Cu [ 161106, 01 dg = Coplutol < 3 161200 de
for all t € R* and u € CE(R**Y) (for convenience we denote ¢ by F.4).
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Assuming Lemma 3 we see that there exists Co=Cy(5, A, k, m)>0 and C;
=Cy(8, A, k, m, n)>0 such that

(Ca/2)|[u(®)3—(C1/2)|u(@)[13
b b
(3.30) +Cof dt fm [€]2a(¢, 1)|* dé+ Ca(A—Co) f llu(t)]3 at
= ‘Z}A[Q(Djua £t®j“]

for all u € {CZ(R™*1)}™. Since
@331) O)I2 S e[ | 1610 1 dé+Coluto)

for all € R! and u € CP(R™*!), combining (3.30), (3.31) with (3.1) we obtain, for
arbitrary >0,

(Ca/2)[u®) |3 - (C./2)|u(a) |3

b b
+Co f dtfm |€]2+[a(¢, 1)]? dé+ Co(A—Cg) f lu(t)|2 dt
b
s ‘Zj RCJ (NG DR+ M )u, N Du), dt

sctetn [ @[ (e o de+cC [ ol d

for all ue{Cy(R**)}", where C depends on k and m. Letting e=%=C,/3C
completes the proof of Theorem 2.
Proof of Lemma 4. Since

C, D &< |f* < Czl £

lej =k ai=k

for all ¢ € R*, we have that

L» €| F ) Du(1))(é)|? dé < Cll |Zk ID*C()Pu(t)]3,  te R
Applying the inequality |z+w|22|z|2—2|z| |w| for all z, w e C we obtain, using
Leibnitz’s rule,

| DXL, @u)|? = |c,<1>,.z)“u|2—c,co ZS [¢,®,D%| | DPL,®,D%2u|.

For |£|=k and 0 <B =<« we use (3.20) to obtain, for arbitrary ¢>0,
‘Zj 128(2)®;D%u(t)| o | D°Li(2) @, D%~ 2u(t) ||

s e 16l 0P de+ COCEIl  re R,
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Thus, for arbitrary >0,
G 5 S IDEOeun)s
2C 3 [Dunli—e | 161, 0] de=~CEOEmIO,
te R, ue{Cy(RM1Y)m.
Letting e=C,/2C, completes our proof.

4. The energy inequality for distributors.
DErFINITION. Let Q(¢, 7)={72+¢**(£)}*/** where q(¢)={1+|£|?}*/, then for real
rand s, k, (¢, 7)= 0"(¢, 7)¢°(¢) is a temperate weight function.

s = {u e SR : de Ll (R and [ul?,

- J Q%(¢, g (&)|i(¢, 7)|? d¢ dr < oo}

is a Hilbert space with the scalar product (v, v), ; defined in the obvious way; here,
we write

Fu(¢, 7) = G(€, 1) = (2m)~ @+ D2 f e H<E D ¥y (x 1) dx dt

Rn+1l

when u € #(R"*') and extend to &’(R**!) in the usual way. We refer the reader
to §2 of [5] for the various properties of ¢ spaces. For —co<a<b= +o0, we
set Q=0Q,,={x,t> e R"*! : a<t<b}. Then H#(Q)={uc ¥'(Q): there exists
ve s such that u=v|Q} is a Banach space with the usual quotient norm:
lulss.a=inf {|v|, s : v € ™ and u=0|Q}. The spaces H#(Q) are studied in §4
of [5].

PROPOSITION 4. Let p be a positive integer. #%*°={ue D'(R**') : u, D}u,
Du e LA(R**?) for all o, || =2kp} and |ul|axp,o is equivalent to the norm

1/2
{ Z ” Dau||%2(nn+ 1)+ " D?u"%z’(gn-i- 1) + "u"%2(nn+ 1)}
la| = 2kp

Proof. The proof is a trivial consequence of the inequality
4.1) {1+ 2%+ 72 < Cpp{l +| €] + 727}

for all (¢, > € R*+1,
REMARK. If || +2kj< 2kp, then D*Dj is bounded from " into £~ 2k for
all real r and s.

PROPOSITION 5. Let j and p be integers with j positive. Then u € 5# =250 if and
only if u has a representation

U= uy+ Z D*u,+ Diu,
|a| = 2kj
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where ug € H ~HI®-D0 y e H-2I@-D.0 for |o| =2kj, and u, € H ~HIP-DO_ iy

such a way that ||u| _gy;p.0 is equivalent to

( 1/2
i 4ol 2xcjcp - 23,0 +|a| ij [el|% 2500 - 13,0 + 14512 250 - 1).0} .

Proof. Define

d&r)={1+ S fW+4@71 (& > e R,

|| = 2k]
For u € 2~ 2470 we let uo =o(D, Dy)u, uy=[D%(D, D;)u for each a, |e| =2kj, and
u;=[Dio(D, D,)]u. Our results follow by a simple calculation.
Notation. As in [S] we write

mm=L B(x, W(x, 1) dx dt

n+1

where ¢, ¥ € CF(R**1). By Proposition 3 of [5], #"* and s~ ¢ are dual Hilbert
spaces, the duality being given by the sesquilinear form (which we again denote
by [ , ]) obtained by extension.

Let {if;};>, be elements of C(R™*?) satisfying the following condition: for each
nonnegative integer m there exists C, >0 such that

4.2) Z, . Z | D¥(0/oty(x, )|* < Cn

lel+7=

for all {x, ) € R**1. We recall from §3 that if {{;}°, and {p;}* satisfy (4.2) and if /
is a nonnegative integer, then

Z |CG()b(0), p()f())o| = Cll(O) ()] -

for all te R, ¢, e C(R**1) where C>0 depends upon {{;}?, {p;}©° and I Inte-
grating with respect to ¢, it is easily seen that

(4.3) |;m¢mqgcwmwh4

for all ¢, e Co(R**Y). Thus X, [{;- , p;- ] extends uniquely to a continuous
sesquilinear form on %! x #° ! satisfying (4.3) with ¢ € 5#°! and ¢ € #° 1.
By Proposition 1 of [5], > [{u, p;v] does not depend on . We wish, however, to
show that 3, [{;- , p;- ] can be defined in a continuous way on 575 x # ~"~* for
general r and s.

PROPOSITION 6. Let {{;}7 and {p;}7 satisfy condition (4.2) and suppose r and s
are real numbers. Then the form 3, [Lib, pib], ¢, ¥ € CF(R™*?Y), extends in a unique
way to a continuous sesquilinear form on H"SxH " ~% (which we denote by

24 [Gu, piv]).
Proof. See §8 below.
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Using the notation of [5, §4], we have that the mapping which assigns to
¢ € C5\(Q) the function ¢ — ¢(-, t) taking [a, b] into C5°(R™), extends, in a unique
way, to a continuous embedding of #75(Q) into C([a, b] : H™~**%), provided r > k.
For ue#"(Q), r>k, and tela, b], we write u(t) for u(-,t)e H ~**s, If
¢ € C(R"+1) define

H p(x,t) = $(x,¢t) ift = a,
=0 ift <a.

By Proposition 11 of [S}, if |r| <k then H,¢ € 5#™; moreover there exists C=C, ,
>0 such that |H,¢|, <C|4|,s Thus, H, defines a continuous projection of
7 onto Hy%(Q,, + ») (see [5] for definition of H#73(K) where K is closed in R**+1).

PROPOSITION 7 (COMPARE WITH PROPOSITION 12 OF [5]). Let {{;}Y and {p}?
satisfy (4.2). Then given real ry and r,, satisfying ry+r;20 and min (ry, ry) > —k,
any real s, and s,, and —0 Sa<b= + 00, the form

S [[@oso, somon a4 4ecs@,

extends in a unique way to a continuous sesquilinear form on H#"1*1(Q) x H2*2(Q)
(which we denote by 3 [° (Liu, piv), dt), provided ry+s;+rz+5320.

REMARK. Proposition 12 of [5] shows that the form [ (6(2), ¥(1))s dt, ¢, $ € C(Q),
extends in a unique way to a continuous sesquilinear form on #7151 (Q)
x #"2%2(Q) (which is denoted by (3 (u, v), dt), provided that 8 < 3(r, +s,+ra+52).

Proof. Suppose first that ¢, € C&(R**?). Choose r real such that |r| <k and
—rySr=ry; then let s=1(s, +r, —s,—ry)—r which implies that —(so+r5)<r+s
<s,+r;. Thus, by Proposition 6,

- ] S (Ha—Ht, pim} - ]Z [L(Ho— H)b, pif]
< Clélrallorrs S Clblrusalblrns

Thus 3 jz (L, piv)o dt extends to a continuous sesquilinear form on S#"1%
x 722 which vanishes when u € #51-51(%¥Q) or when v € H#52°2(¢¥Q) and our
proof is complete.

Note. For p;={; we write >, [2 |Lu|3 dt for 3, % (Lu, Lu)o dt; if 3, G3=1 it is
obvious that 3, [° |{u|3dt=|u|3 0. Also, for 8=<4(r,+s,+ry+s:) We write
[ | u|| dt for [2 (u, u), dt (see Proposition 12 of [S]); it is easily seen that [, [u||7 dt
=[ul3.0.0-

DErFINITION. Let r and s be real numbers. As in [5] 4, is the unitary iso-
morphism of 5#*:° onto 5#*~°~* (for each real p and o) given by F(A, $)(é, 7)
= Q'(¢, Ng(O)(£, 1), when ¢ € CP(R™*Y), and extended.

My, maps H#(Q) continuously into #7°~°(Q) for all real r, s, and o (see §4
of [5]).

|3 [} @oso, pomon,a
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In the following theorem we take {{;}; to be the square partition of unity used
in Theorem 2.

THEOREM 3 (COMPARE WITH THEOREM 3 OF [5]). Let R be given by (3.9).
Given real r and s, r>k, and —c0 Sa<bs< 400, there exists C3, C, >0 (depending
on o, r and s) such that

(CDI - (2@ -
) 4G [ ultsodir A= C [ il d

b
< Re f (Nij 2@ My ,(R+ Yty Nij LDl o di
i,1 a

Sfor all u e {S£75(Q)}™ and A\>1/C,, where p=r+s—k.

Proof. First suppose r+s=k. By Theorem 2 and (3.31), (4.4) holds for
u e {Ce(R"* Y™ with C3=C"(8)/C,. and Cy=C"(8)+ C'(8)/C,. (4.4) extends to the
case where u € {5£"(Q)}™ by application of Proposition 9 of [5] and our Proposition
7 as follows:

b
) j (N33 L, N3 Lo)o dt

is continuous on {37~ 2-s(Q)}™ x {3#"5(Q)}™ by Proposition 7; since R: {#"5(Q)}™
— {7~ 2s(Q)}™ is continuous it follows that

b
S f (N7 @R+ Ay, N5 L, ®,0)o dt
i,j Ja

is continuous on {5 (Q)}™ x {H#(Q)}™.

Now let r+s—k=p. We have that RA#, ,=.M, ,R+ (M, ,H— HM, ,)A%*
+ (M, ,J—J M, ,). Choosing 6 between 0 and 1, and applying our Proposition 7
and Proposition 5(ii) and Proposition 2(i) of [5], we obtain, for arbitrary >0,

b
Z Re f (Ni; lgi(pj[ﬂo,pH— HMO'D]Azku, N{?lctq)j./”(),ou)o dt
1,7 a

= Ck"[‘//{O,DH_H'/”O,D]AzkuHO,—k,Q""”O,puHO,k,Q = C”u"o.p+k—o,n||“||o,k+p,n
b b
S EDIulfrnat COMlBna = 5 [ Tulfocdi+CE [ ul3 ar.
A similar calculation yields, for arbitrary >0,

b
] 5 Re [ (NG 0,1, Tl i, N5 LDt ) dt|
o7 a

b b
<5 [ Wigdirco [ i
a a

Let ¢=Cj3/2 and our proof is complete.
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S. Uniqueness of the Cauchy problem for P.

THEOREM 4. Givenrealr and s, r>(2m— 1)k, and —o0 <a<b < + o0, the mapping
¢ ~ (P, $(a), (0/ot)d(a), . . ., (B]ot)"~1d(a)> is one-to-one from H#™(Q) into
AT Q)@ HT+ R @ H 7% @@ H™+5-@m= Dk where Q=0 .

Proof. We write 2¢={Pé, $(a), (9¢/0t)(a), . .., (0/0t)"~*¢(a)) for ¢ € H#(Q).
For each ¢ € s#7%(Q) let u,=<uy, us, . . ., u,y be defined by u;= A2m-»pI-14
j=1,2,...,m; clearly u,e{#7~2km-D5(Q)im By definition of R (see §3) if
¢ € H#75(Q), then f=Pp € #"~2*™5(Q) and R(uy)=i(f— Qb)en, Where e, € R™ has
1 as its mth component and zeros elsewhere. Throughout the remainder of this
proof C, C,, C;, C,, Cs, C,, Cs will denote positive constants depending only on
A, 8, k and m, not necessarily the same at each occurence.

If, in the energy inequality (4.4), we let A=max {2C,, 1/C;} and replace u by
ey, we obtain, for arbitrary >0,

C; exp (= Cob)|u(b)|2— C, exp (— Coa)|u(a)| 2
b b
G.1) +C, exp(—Cob)J |24 di+Cs exp(—Cob)f u|2 dr

< e Mo u|3,0,0+ C(e) exp (— Coa) | Mo, ,(f— QB)3,0.0

for ¢eH#(Q) with u=u,, f=P¢ and p=r+s—(2m—1)k. If we choose
e=C;5 exp (— Cob)/2 in (5.1) we obtain

Call(®) 13- C, exp (Colb—a) @[3+ Co [l dr+(Cof2) [ ul3 a
< G exp (Co(b—a)){ | #6,, 08|80, | 113,00}

(5.2)

Since .
0= ,Z | > Ay, j-1(x, t)DED} 1
=1

a|<2k(m-7)—-1

has its coefficients in C¥(R"*?1), we have, for arbitrary small ¢>0,

m-1

|-#0,,Q818.0.0 = & > | D*Di My $)]30.0
=1 1ai=8km-p

(5.3) et
+C(e) j_Zl | DL~ (Mo, o$)[3,0.0
where C(e) is independent of a and b, and 0< C(e;) < C(ey) if &) > &,. Using Poin-
caré’s inequality :
b b
[ oz e < 26-a) [ | Do) 3 i+ 2@

for all u e CZ(Q), and extended to #"(Q2), we obtain

m-—1
jZ | D}~ (Ho,0$)(3,0,0
=1

5.9 1
< xa(b—a)| D~ (Mo, ,8)|3.0.0+ x2(b—a) 121 | D}~ (Ao, ,$)@) 3
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where y;(b—a) | 0 as b—a. We observe that there exists 4;=A,(k, m)>0,
i=1, 2, such that
(5.5 Ayllus|3.0 éjZ . > )IID“D{*«#II%.o < Azfusllf.0

=1 |«

=2k(m—7j

for all ¢ € S where r+s=(2m— 1)k. Applying (5.3), (5.4) and (5.5), we obtain,
for arbitrary £>0,

|-#6,,0413.0.0
(5.6) . no1g2 ST pr-1gog 2
< efuglld 0.0+ C(e)d x2(b—a)| DY 8|3 5.0+ x2(b—a) 121 | Di~¢(a)||3

Letting e=C; exp (— Co(b—a))/4C, in (5.6), it follows from (5.3) that
b b
Call(®) 3~ C: exp (Clb=a)|u(@) |3+ Ca || Jul3. i di-+(Cod) [ Jul3

6D 5 C.uCoexp (Cob=a) (b= D7 linatrib-a) 3. | DI 4013}

+Co exp (Co(b—a))| f13,0.0

for ¢ € #75(Q) where u=u,, f=P¢ and C,,=C(e(b—a)). We observe that if
0<f0<b—a then C(«(0))<C,,. Also, by (5.5) we have that |Dr-14|3,q
< A,|lus|3.,.0, 4> independent of a and b. Thus, by choosing §>0 so small that
6<b—aand C, ,CoA; exp (Cof)x:1(6) < Cs/8, we obtain, by (5.7),

a+6 a+6
Callat O)13+Ca [ Julon dr+(Cof®) [ ful3

58) S CosCoexp Colal®) 3, D190
+C, exp (Cob)|[u(a)[|3+ Co exp (Co)|| f113.5.0

for all ¢ € #"(Q), u=u,, f=P$ and Q=Q, ,,o. Thus, if ¢ e #"(Q,,) and
P¢ =0, then $=0 on Q, ,.,,. Applying the estimate (5.8) for the slab Q, 4 ., 20, We
see that $=0 on Q,, .. 2. Repeating this argument we obtain $=0 on Q, , and
our proof is complete.

6. The Cauchy problem for R.

LEMMA 4. Let R=0/0t—hA%*, where h is a constant m x m matrix of the form
(2.1) having its eigenvalues contained in A. Then there exists C>0 depending on A,
8, k, m and ||h| such that

[ e A, JF de di s CIR+ Ml
R+

for all u e {C(R** )™ and all A>0.
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Proof. Let R(¢, 7)=irl—|£|%*h; thus R=R(D, D). R(¢, 7)+ Al is invertible
for all <¢, > € R**! and A>0; moreover, for £#0
{R(, 1)+ A1 = €] 72| €] 2 (ir+ ) —h} 1.

For fixed £ € R*~{0}, 7€ R* and A>0, the function z — {A+ir—z|£|?}-1 is
holomorphic in {ze C : Re z<0}. Thus, if I' is a closed contour surrounding A
such that Re z< —§/2 for all z e T', then

R, )+ M} = ﬁfr (A+ir—z|€|?) Yzl —h) ! do.

Thus
KD =k
©.1) KRG, D+ = 52 sup R e

for all ¢ € R"~{0} and 7 € R?, where /(I") denotes the length of I'. We assert that
there exists C=C(A, 8) >0 such that
6.2) C{|€]* + 724+ A%} < inf {|(A+it)—|€|?*z|2 : ze T}
for all (x,7ye R**! and A>0. For z=x+iyeI' we have that |A—|¢|%x|?
= (82/4)(A2+ | £|**). Thus

|(A+ir)—[€]%z]? 2 (/A +|€[*)+ |7 — [£]*y |
for all z=x+iyeI. Letting y=sup {|{Im z| : ze I} it is easily shown that there
exists C=C(y)>0 such that (y2/2)x%+|7—xy|22 C(x2+y?) for all x € [0, ),

7€ R, ye[—vy,y]. Thus (6.2) holds. Now by choosing I' sufficiently close to A,
say 8/8 <dist (A, I') < 8/4 for each A € A, we obtain, by (6.1),

KR, D+ADL-H = C{r>+[§]* + A%~ V2 sup |(z2I-h) ],
zel
where C=C(4, 8)>0. Since h is of the form (2.1), (zI—h)~! is equal to

(det (zI—h))~* times a matrix whose entries are polynomials in p,, ..., p, and z.
If we let B=dist (A, I), it follows that

|det (zI—h)| = B = (8/8)" and sup |(z[—h)"t]| £ C& ™
zell
where C>0 depends on A, 8, k, m and a polynomial in p,, ..., p, whose degree
depends only on m. Writing #i={R+ AI}~"*{R+ AI}ii we obtain
[a(¢, 7)|> = CH{R(E, 7)+ ALY, 7)|*{|€]** + 7+ A%}
for A>0, (¢, ) € R**! and our proof is complete.

LEMMA 5. Let H(t) and J(t) be given by (3.8) and (3.7), respectively, and suppose
R=0/ot— H(t)A%*—J(t). Then there exist constants C,, Cy>0 depending on P,
A, 8, k and m such that

[ sl anlice, I de dr < Cl(R+MDulg o+ CalulB.

for all ue {CF(R**1)}™ and all X sufficiently large.
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Proof. We refer the reader to §3 for the definition of (Q;, {), (Q;, {;), h; and
Ny, i=1,2,...,j=1,...,s, in which (Q;, {))T, (Q;, $,)} are determined by the
number 7 satisfying (3.15). We define RY=20/0t— h;;A%** and the operator @, by
F(Pu)(¢, 7)=¢,£)i(¢, 7) for ue CP(R**?) and extended. Since the matrices A;;
are uniformly bounded, there exists, by Lemma 4, C=C(A, §, k, m, p) >0 satisfy-
ing, for each i and j,

63 [ A, Dl e dr s CIRY Al

for all u e {CP(R"**)}™ and all A>0. Our proof shall be roughly like that of
Theorem 2. Employing the above estimate (6.3) and the identity in (3.23) we shall
estimate 3, ; [(RY+AD({®u)|3,0 in terms of ||(R+Al)u|d, and various “error”
terms.

Consider the following estimates on the L2 norms of the last five terms on the
right side of (3.23) applied to u € {C{(R"*1)}™ ([4, B] denotes the commutator of
A and B):

(1) Since [9/ot, {;]1=20L,/ot, we apply (3.20) to obtain

izj [[0:/ot]1Pu||3,0 < C(’))"“"g,o-
2) Since |A;;| is bounded independent of i/ and j (see Theorem 1), we obtain
7
Z ||h,,[A2", é]%uII%,o =C Z z ||(D3§t)D2a_B¢j“"3.o
i, lal=k;0<B=2a 1i,j

< C) | D> =20 ,ul3

lel=k;0< B2
< Cluld ze-1

(3) Since coefficients of P, are elements of C(R"*1!), we obtain, by Proposition
1 and (3.5),

g 1415, H]AZu|3,0 = g 1@, H1A*u|3,0 < Cm)|ull3 21

(4) Since J(¢) is uniformly of order 2k —1 for ¢ € R*, we have, by (3.21),
g 116y, J(O)I]3,0 < Clm)ufl3 2 1-

(5) To estimate x=3, ; | L[H(t)—hy;]A%*®u|3, we apply the techniques of
Theorem 2; thus we write H(t)—hy;=ki(x, t; D)+s,(t)- where ki(x,¢t; £
=h(x, t; &)—h(x, t; ) and s;(x, t)=h(x, t; £)—h(x;; t;; £;). For each j=1,2,
... 8 let ¢, € C(Q)) with ¢;=1 on the support of ¢, and 0=, < 1. Extend ¢, to
R*~{0} and define k,(x, t; £)=y(E)ki(x, t; £). Letting K,(t)=k,(x, t; D), we have
ki(x, t; DY®,=K()®,, j=1,...,s Thus

(6.5) x < 212 ||K,<D,A2"ul|3,o+2tz [1£81, @, A%u)3 .
=1 N

i=1
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To obtain an estimate on the first term on the right side of (6.5) we recall, by (3.19),
that |k,(x, t; €)| <n/2 for all (x,t; £€) € R*** xX. Letting e=1/2 in Proposition 2
and integrating with respect to t € R' we obtain

,Zl |K;®;A%ul3.0 < 72 ulldon+ Clplulf ze- 1.
For the second term on the right side of (6.5) we apply (3.18):

2
Z [15i8:,@; A% u3 o < %Z 15:@;A%u(3 0 < Cien® |43, 2x-
i R}

Thus x < Cen?||u|§ 2+ C(n)llullﬁ,zk-l.
Combining estimates (1) through (5) and applying (3.1) we obtain, for arbitrary
£> 0,

g [(RY + AT)(&:@u) (13,0

IR+ AD)u|3,0+{Cn*+ C(n} |ull3.an+ CDC()ul3.0

(6.6)

IA

for all u € {C&(R™**)}™. Thus, by (6.3), (6.6) and the proof of Lemma 4 we obtain,
for arbitrary ¢>0,

6.7) [, e+ 0 ace, o1 de dr - Ciluli
< Cyl|(R+ADull3,0+{Cr% + Ca(n)e} |u]|3 26+ Co(m)C(e) |u)|3.0-

Applying (4.1) with p=1, we obtain Q*(¢, 7)< C,. {r>+|€|**+ 2%} for all A<1.
Since ||ul|o ok < ||u] 2,0, We can take n=(4CCy ;) "2 and e=(4Cy,,Cs(n))~* and
our proof is complete.

REMARK. It is easily seen that ||u] 5.0 < C|[(R+Al)ul,,o for all u € {CZ(R**)}™
and for all A sufficiently large.

THEOREM 5 (COMPARE WITH THEOREM 2 OF [5]). Given any real r and s, for
X real and sufficiently large (depending on r, s and R) R+ M is a topological iso-
morphism of {S}™ onto {HT~2s}m,

Proof. The continuity of R+ Al for all A follows from the results of §§3 and 4;
here I is the inclusion mapping of {s#"}™ into {5~ 2*}™. We next establish the
following: there exists C=C, ;>0 such that

(6.8) s+ 2c,s < Cl(R+A)ul,,s

for all u € {CP(R**Y)}™ and all A sufficiently large. By Lemma 6,

f AP+ BT (M )&, 7P dE dr = Co|(R+AD) M 30+ Collu2e
RN+
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We write (R+ M)A, u=M, (R+\)u+[M, , HIA®*u+[A, , J]u. Fixing a 0
between 0 and 1, and applying Propositions 4 and 5 of [5], we obtain, with
C=C(,r,s)>0,

"(J/[r,sH—H-/”r,s)Azku"o,o = C"u”r,s+2k-8~

Applying Proposition 2(ii) of [5] we obtain, for arbitrary ¢>0,
(A s H— HAM, JAZu| 0 = (6/2) )75 2+ C() |76 = (e/2) ]2 2,5+ Ce) ] 5.
Similarly

(M T —TM, Jul|F 0 < (e/2)|u]? 42,5+ C ()| ]|

Thus, for arbitrary >0,

6.9 L {72+ |£]*+ A2 Q> (¢, T)g>(E)|i(¢, 7)|2 dE dr

S Cill(R+ADu|7.o+elu] 4 21,5+ C (&) ] 7.

By (4.1) we have that Q%(¢, 7)< Cp . {m*+|£|*+1}. Letting e=1/2C,,, and
A= {1 +2C,}*'2 completes the proof of (6.8).

If R* is the formal adjoint of R, i.e., R*= —8/ot— A?*H* —J*, then we assert
that for every real r and s there exists C=C, ;>0 such that

(6.10) "u”r+2k,s < C|(R*+ )\I)u",.,s

for all u e {C&(R**)}™ and all A sufficiently large. We write R# =R, + R, where
R,=—0/ot—H*A%*—J and R,=H#A%— A?H# By Theorem 3 no. °7 of [7],
we have that for any real s
|H@)# A% — A H (t)#| oo - o -0 < C||H(@E)FA~ AH(2)#]| o e
S CllA®) | timi +5,20 431

for all 1€ R', m=/[s] (here |A|x.y denotes the operator norm of the bounded
linear mapping A). Thus, by (3.5), we see that H#¥A%— A?*H# is uniformly of
order 2k—1 for t € R'. Applying (6.9) (with R replaced by R;), (3.2) and the in-
equality |#]o,2x = ||| 2«0, We obtain, for arbitrary &> 0,

f {72+ |€|*F + 23| F (M, u)(¢, )| dE dr

S Gi|(Ry+ A A, ul|F 0+ Ca|ul|?
= Gf|(R* +AD)M, u |30+ Co |[(HE AT — A2*HE)M, ul|§ o+ Collul?,
= Gf|(R*+ADu|? s+ elul)? s+ C @) ul?s.

We write

M, (Rt +AI) = M, (R*+A])+ M, N*(H*— HF)+ M, (J*—J#),
and

M N(H* — HY) = A*(H*— HY)M,  + N[ M, ;, H*|+ A*[HE, M, ).
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Consider the following estimates:
(1) Applying Proposition 1, (3.5) and Propositions 2(i) and 2(ii) of [5], we obtain,
for arbitrary >0,

[ AZS(H* — H#)M, ul§,0

IA

Ciol| A, u|| 21 -1
= Cyllu|?sian-1 = eflul|?sae,s+ C(e)|ul|Zs

(2) Fixing a 6 between 0 and 1, and applying Propositions 2(i), 2(ii) and 5(ii)
of [5], we obtain for arbitrary ¢>0,

|A(H My o~ M H Y30 < Clul?sion-o S elulProns+C@)uls

(3) We observe that A?(A, H*— H*M, )= A**(HM, ,— M, H)*. Fixing a 0
between 0 and 1 we have, by Proposition 5(ii) of [5], that H.4, ,— 4, H is con-
tinuous from s#°° into " ~s*® which implies that .#, H*— H*4, , is con-
tinuous from H#75~¢ into s#°:°. Applying Proposition 2(ii) of [5], we obtain, for
arbitrary ¢>0,

| A2K( M, H* — H* M JulB o0 < Cllu|Zsian-0 S ellulFons+ C(e)|ul?s.

Similar estimates for 4, (J* —J#) yield, for arbitrary >0,

[ e 07 g lace, 7 de e
< Cil|(R*+Mul?s +ellul 7o+ C (o) ] 2.

As previously shown, we need only take ¢ sufficiently small and the proof of (6.10)
is complete.

As a consequence of (6.8), we conclude that the range of R+ Al is closed in
{s#7~2k5ym - thus all we need show is that the range of R+ A/, for A sufficiently large,
has trivial orthogonal complement in {5#7~2ks}™. Now suppose v € {#" 25} s
such that for all u e {CF(R**)}™, 0=((R+ A])u, v), s=[(R+ AD)u, M,, o). Then
=My, o0 €{H 7" ~5}m and (R*+AM)w=0, which, by (6.10) applied to o,
with —r—2k and —s replacing r and s, implies that w =0 and therefore v=0.

For any closed set K< R"*1, we set H#{(K)={u € #™* : supp uc K}. Letting a
bar denote closure and writing €4 for the complement of 4, we have that C(€Q)
is dense in Y€ Q) for all real r and s, with Q=Q, ,, —c0Za<b= +oo (see §4
of [5]).

THEOREM 6 (COMPARE WITH THEOREM 4 OF [5]). Given any real r, s and c,
R+M is an isomorphism of {#7%(Qq . o)}" onto (Y 25(Qy, 4 o)™ for all A
sufficiently large (depending on r, s and R).

Proof. First choose po >k, po>r. Next, choose A, so large that

(i) A2 C, (C,, the constant in Theorem 3), and

(i) A=A, implies that R+ Al is an isomorphism of {3} onto {5#"~2*-*}" and
{s#P0sy™ onto {H°o~2%5}m (applying Theorem 5 in both cases).
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We assert that for A=Ay, R+ Al has the desired property. By Theorem 5 it is
clear that we need only show that if u € {##"*}" and v=(R+ Al)u has its support
in Q. ., then so does u. Since {CF(Q,, , »)}™ is dense in {7~ 2*(Q,. , »)}", then
there exists a sequence {v;} in {CF(Q,, ,»)}™ converging to v in {#"~2s}m By
Theorem 5, for each j there exists a unique u; € {#"5}" satisfying (R+A)u;=v;;
however, there also exists u; € {#°0*}" such that (R+Auj;=v;. Thus u;=u;j
€ {s#os}™; applying Theorem 3 with a= —oo and arbitrary b<c we see that
u(b)=0. Thus each u, has its support in Q,, . ., and the same remains true for u.

THEOREM 7 (COMPARE WITH THEOREM S OF [5)). If s is real, r>k, and
—w<a<b< 4o, the mapping u ~ (Ru, u(a)y is a topological isomorphism of
{7 (Q)}™ onto {HAT~2S(Q™ D {HT ¥ +5}™, where Q=Q, ;.

Proof. With only slight modifications the proof is exactly like that of Theorem 5
of [5] with R replacing P, our form of the energy inequality replacing Theorem 3
of [5], and our Theorem 6 replacing Theorem 4 of [5].

7. Existence in the Cauchy problem for P.

Notation. (i) We assume that —co<a<b< +o0. Let r>k; for 6 € [a, b] we let
E, be the evaluation map u — u(f) of S#£5(Q) into H"™+*~*, where Q=Q, ,.

(ii) For r and s real, r>(2m—1)k we define the Banach space H=H"+*"k
@ Hr+s-3k @ . @ Hr+s—(2m—1)k. Let

Z$ = L(Po+P1)¢; $(a), (9/01)$(a), . . ., (9/0)"~ $(a))>.

(iii) If X and Y are Banach spaces and T is a bounded linear mapping of X into
Y, we denote the operator norm of T by

ITlxsy = sup {ITx]y : |x]x = 13-

LEMMA 6. Let r, s and o be real, r>k. If ue #™° and supp A2uc€Q then
supp u<%Q.

Proof. Since A2°(Eu)=E(A%*u)=0 for all t € [a, b] we see that E,=0 for all
t € [a, b]. Thus by Proposition 9 of [S], u|Q=0.

THEOREM 8. If r and s are real numbers with r >(2m— )k, then £ is a topological
isomorphism of H#7*(Q) onto 7~ 2¥™(Q) @ H, where Q=Q, ,.

Proof. By Theorem 4 we have that & is a one-to-one mapping. By the open
mapping principle it remains only to show that % is onto. Let {f, ,..., >
eHT- %M (Q)P H where ¢, H'*s-@+bk ;=0 1,...,m—1. We must find
¢ € H3(Q) satisfying

(7.1 (PotP)d =1, oty '$(a)=¢, Jj=12,....,m.

We recall, by Theorem 7, that Z={0/ot— H(t)A%*—J(¢); E,> is a topological
isomorphism Of {”r - 2k(m - 1),8(Q)}m onto {.9?' - 2km,s(Q)}m @ {H[r—2k(m -Dl+s- k}m. If
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¢ € H#(Q)and if we define uy=u={u}7 € {s#"~2m-D:5(Q)" by y,=A2*m-Hpi-14
Jj=1,..., m, then Zu={i(Po+ P,)en, {uj(a)}7>. In particular if ¢ satisfies (7.1) then
Ru={(if Jom {i =97 PAM-DG AT T et

2 U = A3 o, {1707 PAT 41,

It suffices to find ¢ € H#"*(Q) such that u,=U, that is, such that AZm-»pI-14
=U;, j=1,...,m. For in that case Zu,=2U which implies (P,+P,)¢=f and
A2em=ng — A2Km-D(9]or) = 14(a), j=1, . .., m. Thus (2/ot) - ‘(@) =y, j=1, .. ., m.

Assuming m =2 we use an induction argument on Theorem 9 of [5] to see that
the mapping

T = (@fot+ A*)" "¢, $(a), (3/01)p(a), . . ., (8]0t)"~2$(a))

is a topological isomorphism of S#75(QQ) onto "~ 2km-Ds(QYP H ™+~ *P.- .-
@ Hr+s-@m-3k Thus there exists a unique element ¢ € #75(Q) satisfying

m-—1 _l
0/ot+ A2kym—1g — (m . )'(m—j—l)Um__ ,
(1.3) @ re=2 0 s

©fory¢@) =¢,, j=12,...,m—1L
We assert that A2k"-Yg={,. By (7.2)
(7.4 oU,jot = iIA*U,;,,, j=1,...,m—1.

Employing (7.3) and (7.4) we obtain, by an easy calculation, (99t + AZ¥)m 1 A2km=1g,
=(0/ot+ AZ¥)"-1U,, and (9/ot)y ~1 A -D(a)=(9/oty ~1Uy(a), j=1,...,m—1.
Thus by the one-to-one property of 7 our assertion holds.

We now assert that if AZ¥m=0(5/ot) ~1¢=iY-DU, then AZm-I-1(g/ot)¢
=i?U;,,, j=1,...,m—1. Applying A%* to both sides of the above equations
yields the truth of our assertion. Thus U=u, and our theorem is proven.

Let |Q denote the operation of restriction, that is, (| Qu=u|Q.

PROPOSITION 8. Let Q,=Q,, and Q;,=Q, ;.4 where 0 €(0,b—a). Let &%, and
%, be the restrictions of L to H%(Q,) and H#75(Qy), respectively, where r and s are
real numbers with r > (2m— 1)k. Then the following diagram commutes:

P-1
HT-2ms(Q) D H it SN H(Qy)

<|Q23 >l] 1'92

HT-Hn(Qy) @ H—gpmr> ()
2

Proof. This is a trivial consequence of the one-to-one property of £, on
H(Qy).
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COROLLARY. The operator norm of %52, as bounded mapping from "~ 2ms(Q,)
into H"(Qy), is less than or equal to the operator norm of £, mapping
HT~2ms(Qy) continuously into H75(Q,).

PROPOSITION 9. Let s be any real number and r any nonnegative real number
which is not an odd multiple of k. Then there exists C=C(r)>0 such that
il -3k.0.0.5 CBlll 5.0 for all u € H7H(Q) where Q= 4o and 8 € (0, b—a).

Proof. Since .#, , is an isometric isomorphism of #"5(Q) onto #7*~°(Q) for
all r, s, p and Q (see §4 of [5]), we may assume without loss of generality that s=0.
Then |u(t)||o < lu(®)];-x = Cilulr 0,0 for all tea,a+6] and ue CGHQ) (by
Proposition 9 of [5]). Thus

a+6
lulon < [~ I3 dr S Colulzon
a

and
lul;-2k.0.0 S COlul,0.q forall ue#m(Q)

(assuming 0< 8<1).

We remark that in general S#75(Q) and #;,~"~%(Q) are dual Hilbert spaces with
respect to an extension of the sesquilinear form [u, v]g= fn u(x, t)o(x, t) dx dt,
ue C3(Q), veCF(Q). Clearly the operator norm of the inclusion map
it HO(Q) — H#Y~29(Q) is bounded by C,0. Since the dual map of i is the in-
clusion i*: #2-"9%(Q) — # ~"°(Q), the operator norm of i* is also bounded
by C,8. Thus the operator norm of the inclusion map i: #7%(Q) — H#7~29(Q) is
bounded by C.,0 where r € [0, k) U (k, 2k].

Note that r can be written in the form r=2kj+A where j=1,2,..., and
A€ (—k, k). We shall now prove the remainder of the proposition by induction on
J- For j=1, we distinguish two cases: (a) For A € (—k, 0] we have already shown
the result. (b) For A € (0, k) we observe that r—2k € [0, k) which implies, by our
previous results and Proposition 2(i) of [5],

"u"r—4k,2k,ﬂ = "'//{o,zkll"r—m,o,n = Cren-//lo,zku"r—zk,o,a = Cr0”u||r,o,n

for all u € s#7°(Q). Also

ou

ot

ou

ot

<Co

r—4k,0,Q

< Chlulr 0.0
r—2k,0,Q

for all u € #°(Q). Thus by Proposition 8 of [5]

ou

ar =< Cronu"r.o.ﬂ

r—4k,0,Q

lelr-2k,0.0 £ Nullr-an.ox0+ ‘

for all u e H#7°(Q).
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Suppose now our assertion is true for j=1,2,...,/—1, where />1, and
u € H2+10(Q), with A e (—k, k). Then

"u"zka-z)n,zk,n = ||-/”o.2ku||2k<l—2>+7\.o.n
= Croll/{o,zkuuzka—1)+A.o,n = Cr0||u1|2k1+)\.0.0,
and

ou
ot

ou

=Co P

2k(1-2)+A,0,Q

S Cronu"2kl+)\.0,ﬂ’
2k(1-1)+A,0,Q

which was to be shown (see Proposition 8 of [5]).

REMARK. Since Q (see the definition of P) is a bounded mapping of
H(Qq,q40) into HT2HM-15(Q, ), its operator norm, as such a mapping, is
bounded by the product of C,, (>0) and the operator norm of the inclusion
mapping i: 7 2KM-DS(Q, o) — HT2™(Q, 1). Thus by Proposition 9, the
operator norm of Q as a bounded mapping of H#7%(Q, ;) into 7~ 2*™(Q, ;. 4)
is bounded by C, 6.

By OD0@D 0@ --@D 0 (m zeros) we mean the mapping u — {Qu;0,0,...,0>
of #75(Q) into #"~2k™35(Q) @ H. By Proposition 8 and the above remarks we
have that

""g— 1(Q @ 0 G-). : '@ 0) " x"'(na,a +0)*M's(na.a +0)
= r,s"g_ 1"x""*’"’”"(Q,,_,,)@H-.M"(na,,,)‘ 6.

However - (0@ 0® - -®0)=2L"'P—1, where I is the identity map on
H5(Q4,0+6)- If we choose

0, = {2C,'3|| gt "at" - 2""‘"«1,._9@5—-ar"-'(n.,,w} -t

then £ -1 has a bounded inverse on S#"%(Q, ,.,) for all 8 € (0, 6,). Thus & has
a bounded inverse from 57~ 2™s(Q, , . ,) @ H into #7(Q, 4 +¢) for any 6 € (0, 6;);
we conclude with

THEOREM 9. If —o0o<a<b< +oo, s is any real number and r is any real number
greater than (2m— 1)k which is not an odd multiple of k, the mapping

¢ ~ (P, $(a), (9/01)p(a), (2/01)*$(a), . . ., (8]o1)"~¢(a))

Of fr,s(Q) into .}fr-mcm.s(g)@Hr+s—k®Hr+s-3k @ . (_D Hr+s—(2m—1)k has a
bounded inverse.

8. Some technical details.

Proof of Lemma 1. For m=1 there is nothing to show. For m =2 we define the
numbers po, p1, - - -» pm BY po=1, p;=7(p;-1), j=1,..., m. Let e=p,. We define a
finite sequence of subsets of A, 4, j=1, ..., k, where 1 <k <m, as follows. Choose
any A, € A. Let A;={ e A : |A—A;|Zp,}. If 4, is empty, our proof is complete,
since p;=0 and (1) holds. If 4, is nonempty, we choose A; € 4;, and define
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As={de A : min (JA= X[, [A—=2Ag|) = po}. If A, is empty, we see that (2) holds with
k=2, since p=|A;—Xy|Zp; = 7(p)=7(p;)=ps, and given any de A, we must
have either |A— ;| < pg or |A—Ay| < p,. If A, is nonempty, we choose A; € 4,, and
define A;3={Ae A : min,<;<5 [A—A,| 2 ps}. If 45 is empty, we see that (2) holds
with k=3, since |A;—Ay|Zp;>py = p=min;<;c g3 |A— A 2 ps = 7(p) 2 7(ps)
=pg, and given any A € A, we must have either |A—A;| < ps, [A— A3 < pg, Or |A— A4
< pg. If A4 is nonempty, we define 4, in the obvious way. Assume 4, is nonempty ;
we have, after some k steps, 1 <k <m, that 4, _, is nonempty and 4, empty. Since
Ay, ..., A, _, are nonempty, we have points Ay, ..., A, in A such that

p=min{A=A|: 1 Si<jsSk}2pey=7(p) 2 m(p-1) = pr.
Since A, is empty, if A € A we must have either [A— ;| <p,, or [A=X;| <py, ..., or

| A= A] < px, and our proof is complete.

LemMMA (COMPARE WITH LEMMA 6.1 OF [6]). Let a(x, £) be a symbol on R* x X,
let A=a(x, D) and suppose Re a(x, £) 2 X, for all {x, £&) € R* x . Then for any ¢>0
there exists C(e)>0 such that Re (Ag, #)o=(Ao—e)|9|3—C(e)|p]|2, for all
¢ € C3(R").

Proof. Let b(x, £)=Re a(x, £)— Ay +¢/2 2 ¢/2 and let g(x, £)={b(x, £)}*/%. Clearly
b(x, £) and g(x, £) are symbols on R*x Z, we let B=b(x, D) and G=g(x, D). Since
B—G*G is of order — 1 we obtain

Re {(Bg, ¢)o—(G*G, $)o} =2 —Ci |8 -1] 4o
which implies that
8.1) Re (B, $)o 2 —Cil|$] -1 [0
for all ¢ € CP(R"). We have that Re (44, ¢)o=(3(4 + A*)¢, $)o. However, since
A+ A*)=R+ 3(A* — A*), where Z=(Re a)(x, D) we obtain

(8.2) Re (49, $)o = Re (%4, )o— Ca| 8] -1]4o-

Since ¢ = Bd+ (X, —¢/2)¢ we have that (£, ¢)o=(Bé, $)o+ (Ao —¢/2)|$| 2. Using
(8.1) and (8.2) we obtain

Re (44, ¢)o 2 —C'|8] -1$]0+(Xo—¢/2)[ 43
Taking

I8l -1l¢llo = (/2C)[$18+ C()])2,

for all ¢ € C&(R™) we are done.

Proof of Proposition 2. Let A(t)=(n+¢)?—K(¢1)*K(¢). Then A(t)=(n+e)?
—K(#)* o K(t)+ R(t), where R(¢) is of order —1 and the operator norm of R(t),
as a bounded mapping of H ~* into H®, is by Proposition 1, bounded by a constant
C, independent of t€ R'. Let b(x, t; £)=(n+e)*— |k(x, t; £)|?; clearly b(x, t; &)
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satisfies condition (3.4) and b(x, ¢; £)= % Let B(t)=b(x, t; D); by our lemma we
have that for any 8 >0 there is C(8) >0 such that

Re (B(1)$(1), (1)) Z (=) ()5~ C(d)$(1)]21
for all € R! and ¢ € C$(R*+1). Also, for arbitrary 8 >0,
[(R@)$(1), $(1))o| = 3] DI3+ CE)H()3
for all t € R™. Since A(t)=B(t)+ R(t) we have that
Re (4(1)(1), $(1))o 2 (2—28)[$(1)|3— C ()] $(1)]2 1
for all t € R*. However, since
(A1), $(1))o = (n+2)*[ O3 | K()(D)]3,

we can take =¢/2 and we obtain our desired result.

Proof of Proposition 3. We shall employ the well-known fact that ue H ~* if
and only if there exists wug, uy,...,u,€ H-¥*! such that u=u,+>?., Dju,
(D;=(1/i) 8fox;) and C’[lu|%y =370 |u;|3<C"|u|2,. Since

fiu = {gtuo—jé:l (D8, +j§:1 Dj({,u,)}

we obtain
ltalts s C{ s+ 3 10 Gwls+ 3 1asla)
and
3 iz 5 € 3 Jwld s Clulzs
where

C=C, > sup Z | D*Z(x)|2.

le]<1 xeR"

We now assume the proposition holds for k=1, ..., /—1. There are constants
C’, C">0 such that for each u e H ! there exists uy, uy, ..., u, € H'*! with
u=uo+37-1 Dju;and C'|u|2, =370 |4;]2i+1= C"|u|2,. Thus

n n
[Gm)2, < Cz{ﬂctuollz—a-l)’*'jzl ||(Dj§t)u:'"%(t-1)"‘jz1 ||§1“j"2—a—1)}’

Applying our induction hypothesis we obtain

Z 18w 2 = CiZo lus| 2042 = Clu,

where
C=C z sup Z | D*C(x)|2,

lel<l! xeR™

and our proof is complete.



1972] AN ENERGY INEQUALITY FOR EVOLUTION OPERATORS 205

Proof of Proposition 6. First we assume r =4kp and s=0 where p is a nonnegative
integer. In this case our proof will proceed by induction on p. For p=0 the result
is immediate from (4.3) with /=0. Suppose now that our assertion is true for
p=0,1,...,9—1whereg21, and suppose u € #**% and v € S ~*¥2-°, By Proposi-
tion 5, with j=2 and p=gq, we know that » can be expressed in the form v=y,
+ 2121 =4 D0y + Div,y, Where vy € A ~4@=2:01 y g ¢ ~4k@-1.0 for |o| =4k and
vy € A~ @~ D0 in such a way that |v] _ 4,0 is equivalent to

1/2
{192 a-mat 3 oul et sl e-nno} -
Thus
[Lu, piv] = [Ls, Pivo]"'| Z . [Liu, pi D*v,]+ [Lu, piDivs).
['4

Since by our induction hypothesis, >; [+, p;- ] is continuous on H#*@-2.0
X S~ 4k@=2.0 we obtain

| Z [Liu, piv] , = C||u"4k(a-2).0"l70”—4k(q—2),0

where C>0 depends upon {{;}{°, {p;}7°, and g. Now for each «, |«| =k, consecutive
integrations by parts yield

[Liu, piD%v,] = Z Cs,5,,[(D*L) DPu, (D7p))v,],

the sum being taken over a finite number of multi-indices 8, B and y with
max {|8|, |B|, |y|} <4k and |Cs 4,| =1. By our induction hypothesis and condition
(4.2) we have

| ; [(D°L) DPu, (D%y)v,]

S C||D%ul|axia-1y,0llval - sha-1,0 = C"u"«ikq,o"l’a"—4k<q-1>,o-

Thus
|§¢: Z [Liu, piDv,]

la| =4k

< Clullska,o 2 102l - sxca-13,0-
lal =4k
A similar procedure yields
| 2{: (¢, pi Div,)

where C depends upon {{;}{°, {p;}° and q.

For general r and s, we employ the multilinear interpolation theorem [2].
Observe that, in the notation of [2], #7+* = [#"151, H#72-%2)° where r=(1 — 6)r, + Or,,
s=(1—0)s,+0s; and 0 € [0, 1]. Given any real r and s, we may write r=2k(p + 0,)
and s=/46,, where p and / are integers, and 0= 6,, 6, < 1. Then since

= C"“"yca.o”v” - 4kq,0

TS — 2r,0 0,2s71/2 -, =S -2r,0 0, —
X = [f s f ] Py f = [” 2 Py f 28]1/2,
2r,0 4kp,0 #4’()(9""1 ,016 -2r,0 l —4kp,0 f"4k p+1),0 1
f = [f Py ) ] 1, % = W ) ( D ]0 >
0,25 0,21 0,2(1 +1)16. 0,-2s _ 0,21 s = +
” = [X Py X ( )] 2, % = [” ’ %0 20 1)102,

our proof is complete.
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AUTHOR’S NOTE: Many of the techniques employed in this paper can be sub-
stantially improved by the use of pseudodifferential operators. In particular, the gap
in Theorem 7 (r not an odd multiple of k) can be eliminated. These improvements
will be presented in a separate paper.
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