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ON THE DEGREES AND RATIONALITY OF CERTAIN
CHARACTERS OF FINITE CHEVALLEY GROUPS
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C. T. BENSON(*) AND C. W. CURTIS(®

Abstract. Let & be a system of finite groups with (B, N)-pairs, with Coxeter
system (W, R) and set of characteristic powers {q} (see [4]). Let 4 be the generic
algebra of the system, over the polynomial ring 9 = Q[u]. Let K be Q(u), K an algebraic
closure of K, and p* the integral closure of p in K. For the specialization f: u — ¢
mapping o — Q, let f*: p* — Q be a fixed extension of f. For each irreducible charac-
ter x of the algebra A4X, there exists an irreducible character {, ;+ of the group G(g) in
the system corresponding to ¢, such that (¢, s+, 158)>0, and y — {,,+ is a bijective
correspondence between the irreducible characters of AK and the irreducible constit-
uents of 1§{3. Assume almost all primes occur among the characteristic powers {gq}.
The first main result is that, for each yx, there exists a polynomial d,(¢) € Q [¢] such
that, for each specialization f: u — g, the degree {, ,+(1) is given by d,(q). The second
result is that, with two possible exceptions in type E;, the characters {, ;» are afforded
by rational representations of G(q).

1. Introduction. The results in this paper are concerned with the irreducible
complex characters y of a finite Chevalley group or a twisted type G, with the
property that y appears with positive multiplicity in the induced permutation
representation 1§ from a Borel subgroup B of the group G. It is proved (with
certain exceptions) that these characters are afforded by rational representations
of G, and that their degrees are polynomials in ¢ with rational coefficients, where ¢
is the order of the finite field associated with G.

These results were proved by Steinberg [17] for the general linear groups over a
finite field, and had been verified for some other special cases. Some of the methods
in this paper were introduced by Curtis, Iwahori and Kilmoyer [4], and explicit
formulas for the degrees of certain characters in 1§ for a general Chevalley group or
twisted type were derived in [4, §§9, 10].

From the point of view of Harish-Chandra’s approach to characters of finite
Chevalley groups using cusp-forms, the results in this paper deal with a special case
of problem (b), p. C-19 of Springer [16], that is, splitting up an induced representa-
tion Q(c, w)=1§, where c is the equivalence class of the cuspidal pair (B, H) where
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H is a maximal torus in the Borel subgroup B, and w is the trivial class in the discrete
series of the torus H.

Here is a sketch of the contents of the paper. §2 contains precise statements of the
main results, together with most of the definitions and notations used later in the
paper. §3 contains a proof of the result about the degrees of the characters, which is
independent of the classification of the Coxeter systems of the groups. §4 contains
some general results about the generic rings of Coxeter systems, which, together
with some results in §2, achieve a reduction of the proofs of the main theorems to
verifying certain facts about finite Coxeter groups. These facts seem to be of
independent interest, and are proved for the various types of Coxeter groups using
a case-by-case analysis, in the subsequent sections.

It is a pleasure to acknowledge the help we received from Professors J. S. Frame
and R. Carter, who furnished us with preprints or proof sheets of some of their
forthcoming articles.

2. Statements of results. In general, the notations in [5] will be used. In order
to discuss the results from a uniform point of view, we axiomatize the situation as
follows (see [4]).

(2.1) DeriNITIONS. Let (W, R) be a finite Coxeter system, with finite Coxeter
group W and set of distinguished generators R. For w e W we denote by /(w) the
length of w, i.e. the minimal number of factors among all possible expressions of w
as a word in the distinguished generators. A system & of (B, N)-pairs of type (W, R)
consists of the Coxeter system (W, R), an infinite set €2 of prime powers {q},
called characteristic powers, a set of positive integers {c,},cz, and for each charac-
teristic power g, a finite group G =G(q) with a (B, N)-pair, (B(q), N(g)), such that
(W, R) is the Coxeter system of G(g), and:

() ¢,=cg, for r, s € R, if r and s are conjugate in W;

(ii) for each group G=G(q) € ¥, the index parameters

ind r = [B(q) : B(q) N B(q)'],

for r € R, are given by ind r=qg°;

(iii) if (W, R) is of type G,, we assume that ¢, +c¢; is even, for r and s in R.

To such a system corresponds a generic ring A= A(u), which is an algebra with a
free basis {@,}wew, Over the polynomial ring o= Qfu], satisfying, for we W, r € R,

Ay, = Ay I(Wl‘) > l(w),
Ay, = U@y, + W' —1ay, I(wr) < I(w).

For each homomorphism f: 0 — Q, we can define the specialized algebra over Q,
A/ = Q ®D A9

which has as a Q-basis the elements {a,,} given by a,,=1® a,, w € W. The map
f13 uya, —> 3 f(Uy)auy, 4y €0, can be viewed as a homomorphism of algebras
over o, if we view A4, as an o-algebra, with ra defined to be f(r)a, r € v, a € A;.
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Let f be the specialization u — g for a characteristic power ¢g. Then
A(q) = Af = HQ(G’ B)’
for G=G(q) € &, where Hy(G, B) denotes the Hecke algebra (or centralizer ring)
eQGe, for e=|B|~! 3.5 X, and is isomorphic to Homgg (1§, 1§).
For the specialization v — 1, we have A(1)~ Q W, the group algebra of W over Q.
Let K=Q(u), K, Q algebraic closures of K and Q respectively, and o* the

integral closure of o in K.
The first result to be stated is proved in [4, Proposition (7.1)].

(2.2) PROPOSITION. Let x be an irreducible character of the generic algebra AX.
Then x(a,) € o*, for allw e W. Let f: u — q or u — | define a specialization belonging
to a characteristic power q or 1. Let f*: 0* — Q be an extension of f. Then the linear
map ;.. A2 — Q defined by

Xr(@ws) = f*(x(aw))

is an irreducible character of A%. For a fixed extension f* of f, the map x — x. is a
bijection between the irreducible characters of A¥ and those of A%.

From [3] we have

(2.3) ProPOSITION. With the notations as in (2.2), each specialized character y;.,
viewed as a character of Hy(G, B), is the restriction to Hgz(G, B) of a unique
absolutely irreducible character L, ;. of G(q) (or W), such that {, ;. € 1§9. Every
irreducible constituent of 1§ is obtained in this way. The degree of {, ;. is given by

deg Ly = [G:B) deg x{ 3 (ind ) buy-(dur (@)}
where G,; is the basis element of A, corresponding to w™* and
indw = [B: Bn BY], we W.
For the specialization f,: u — 1, the formula becomes deg {, ;; =deg x.

(2.4) DerINITION. With the notation as above let

4= | 3 )] degx| 3 vad un@ )

wew wew

where v: 4 — o is the homomorphism such that v(a,)=u’, r € R. d, is called the
generic degree associated with y.

(2.5) PROPOSITION. For each y and f*, as above, d, belongs to the specialization
ring of f*, and f*(d,)=deg (L, ,+).

Proof. From [4, Lemmas (5.2) and (5.9)], we have f(3 yew v(a,))=[G:B], and
f((a,))=ind w. The rest of the proof is clear, taking into account the formula for
deg ¢, ;. given in Proposition (2.3), and Proposition (2.2).
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(2.6) THEOREM. Suppose the set of characteristic powers of £ contains almost all
primes. Then for each irreducible character x of A¥, the generic degree d, € Q[u].

Note that this theorem does not apply to twisted G,, B, or F,, but the conclusion
is true for twisted G, or B, since in these cases, the representation of G on the cosets
of Bis doubly transitive. In the case of twisted F,, the generic degrees do not belong
to o (see [4, §9]).

DEFINITION. A character x of A% is said to be rational in case x(a,) € o for all
we W.

Note that if y is rational, then the specialized characters y,. defined in Proposition
(2.2) have the property that y,. is independent of the extension f* of f; and x,.(a,,)
eQforallwe W.

(2.7) THEOREM. Suppose x is an irreducible character of A¥ and J<R. Set
€= uew, Au, E;=v(e;) and let m,(x) be the nonnegative integer such that x(e;)
=m,(x)E,. Suppose for each irreducible character x'#y, there exists a J=R such
that my(x) #my(x"). Then x is a rational character of Ag, i.e. x(a,) €0, we W.

Proof. For each specialization f: u — g or 1, m,(x)=(1§,, {.,») where G, is the
parabolic subgroup BW,B (see [4, §7]). Suppose x is not rational; then y#x° for
some field automorphism ¢ of K over K. But m,(x)=m,(x°) for all subsets J=R,
contradicting the hypothesis. This completes the proof.

Using Theorem (2.7), the following theorem can be proved.

(2.8) THEOREM. Suppose (W, R)is of type A, (n21), B, (or C,) (n=2), D, (n=4),
Gy, Fy, Es, Eq, Eg. Then every irreducible character of the generic algebra A% is
rational, with the possible exception of the two irreducible characters of degree 512,
in case (W, R) is of type E,.

In case W is of type Ey, it is the direct product of a cyclic group C of order 2 and
the Chevalley group B;(2). If 1 and e are the two irreducible characters of C and {
is the Steinberg character of B;(2), the characters 1o ® £ and ¢ ® { of W occur
with the same multiplicity in 1¥ for every parabolic subgroup P of W. The two
characters of A% corresponding to 1¢ ® ¢ and e ® ¢ fail to satisfy the hypothesis
of Theorem (2.7) and account for the exception in Theorem (2.8).

We remark that Theorem (2.8), combined with the formula for generic degrees
(2.4), gives an independent proof of Theorem (2.6) (on the rationality of generic
degrees) for generic rings of the type listed in Theorem (2.8), with the possible
exception of the two characters of degree 512 in the case of E;.

Before stating the next theorem, some new concepts have to be introduced. An
irreducible character y of a finite dimensional algebra A over a field X is said to be
afforded by a primitive idempotent e € 4 in case y is the character of the irreducible
representation of 4 on the minimal left ideal Ae in 4. Now suppose K is the quotient
field of a principal ideal domain R, and that 4 has a K-basis {a,, . . ., a,} for which
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the structure constants all belong to R. For each a € 4, we let 8(a) denote a genera-
tor of the ideal in R consisting of all elements x € R such that xa € 3, Ra;; 8(a) will
be called the denominator of a.

(2.9) THEOREM. Let & be a system of groups with (B, N)-pairs of any one of the
types A, (n21), B, (or C,) (n22), D, (n=4), Gy, Fy, Eg, E;, or Eg. Then every ir-
reducible character x of the generic algebra AX is afforded by a primitive idempotent
a, € A%, with the possible exception of the two characters of degree 512 in case & is
of type E,. Thus, except for the case of E,, K is a splitting field for A*. Let a, be any
one of these rational idempotents, and let f be a specialization associated with a
characteristic power q or 1. Then f(8(a,))#0, and f(8(ay) 'f[8(aya,)=a, is a
primitive idempotent in the group algebra QG(q), affording the irreducible complex
character {, ;. of G. Thus every irreducible character { € 1§, for G € <, is afforded by
a rational representation of G, with the possible exception of two characters of G
associated with the characters of degree 512 of the generic algebra, in case & is of

type E,.

The methods to be given below provide explicit formulas for the idempotents
a,, in terms of the characters of 4% and its subalgebras A¥=<a,; r e )X, J<R.
As a corollary to the proof of Theorem (2.9), the following results can be stated.

(2.10) CoroLLARY. Let (W, R) be a Coxeter system of type A, (nz1), B, (n=2),
D, (n=4), or Gy, Fy, Eg, E;, Eg. Let x be an irreducible complex character of W.
There exist subsets R=J,>J,> - - - 2J; of R, for s=2 or 3, and irreducible characters
X1=X>X2> - - -» Xs Of Wi, ..., Wy respectively, such that (x;, ngfi =1,for1Zi<s—1,
with xs a linear character of W,. Let e, be the idempotent e(x,)e(xz) - - - e(xs), where

e(x)) = x(D|W,|~* z xi(x~H)x.

xeWyy

Then e, is primitive, belongs to QW, and affords x. Thus each irreducible character of
W is afforded by a rational representation.

The statements about the existence of the characters {y;} and their multiplicities
are proved in subsequent sections. The fact that e, is a primitive idempotent
affording y follows from a result of Janusz [11]. The third statement, that e, € QW,
is a consequence of the known result that all the characters of W are rational
(without exception).

We remark that the proof of Theorem (2.8) given below for (W, R) of type A,,
B, and D, gives a new proof of the rationality of the characters of Coxeter groups
of these types. The last statement of Corollary (2.10), on the rationality of the
representations of the Coxeter groups of the types listed, is not a new result. The
last open problems on the subject were settled by Benard [1] for types Eg, E; and
Eg, by an analysis of the elementary subgroups of these Coxeter groups and using
some results about Schur indices. The result was already known for the other types
(see [1] for references).
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(2.11) CorROLLARY. Let the hypothesis of Theorem (2.9) be satisfied. Then
Hy(G(q), B(q))~ QW, except possibly for W of type E;.

To prove this corollary, one first observes that by the Deformation Theorem (see
Steinberg [18, p. 249]), both Hy(G(g), B(g)) and QW have the same numerical
invariants. It then follows immediately from Theorem (2.9) and Corollary (2.10)
that, with the possible exception of E, the field of rational numbers @ is a splitting
field for Ho(G(q), B(g)) and QW, and the corollary follows.

We conclude this section by calling attention to two of the combinatorial
methods and results used in later sections to discuss the various types of Coxeter
groups. The first is the systematic use of Clifford’s theorem in the form given by
Gallagher [10, Theorem 2] on characters of semidirect products, for computation
of characters of B, in §§6 and 7. The second is the following result about characters
of the symmetric group (Theorem (6.7) below).

(2.12) PROPOSITION. Suppose w and o' are characters of the symmetric group S,
n=3, with the property that w(p)/w(l)=w'(p)/w’(1), for all cycles p of lengths
2,3,...,n—1.Then v=0w'.

3. Rationality of generic degrees. This section contains a proof of Theorem
(2.6). Let x be an irreducible character of 4%, and let

Cy = Z V(aw)_IX(dw)X(aw)-

wew

We assert first that it is sufficient to prove that ¢, € K= Q(u). For if that is the case,
then d, € K, and is a rational function in Q(u) which becomes an integer upon
substitution of infinitely many integer values of u. An elementary argument (which
is omitted) then shows that d, € Q[u].

From Proposition (2.2), we have x(a,) € 0*, we W, where o* is the integral
closure of o in K. Therefore, letting ¢ = [lcm e ¥(a,,)]c,, We have c¢; € 0*, and it
is sufficient to prove that c, € K. Since ¢} € o*, we have Irr (¢}, K, t) € o[¢]. Letting

F(u,t) =Trr (¢, K, 1) = "+ @)™+ - +on(u), @) eo,

we see that F(u, t) is an irreducible polynomial in Qfu, ¢].

Now let f: u — g be a specialization, for some g € €2, and let f*: 0* — 0 be an
extension of f. Then f*(c;) € Q, since f*(d,) € Z, by Proposition (2.5).

Suppose the theorem is false, and that c; ¢ K. Then m=deg Irr (¢}, K, t)> 1. Let
f:u—>q be a specialization, for g € €%, and f* an extension of f to o*. Then the
rational number f*(c}) is a zero of the polynomial F(g, t) € Q[t], where F(q, t) is
monic, and of degree m> 1. On the other hand, the Hilbert Irreducibility Theorem
(Lang [13, p. 148]) implies that for infinitely many primes p, the specialized poly-
nomial F(p, t) is irreducible in Q[¢]. Some such p must belong to ¥, by the assump-
tion that €2 contains almost all primes, and we have arrived at a contradiction.
This completes the proof of Theorem (2.6).
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4. Primitive idempotents and multiplicities in generic algebras. In this section,
some general results about idempotents in generic algebras will be proved, which
will provide the means of establishing Theorem (2.9) for each of the individual
types of systems of groups with (B, N)-pairs. We begin with some general (and
presumably well-known) lemmas. Let K be the quotient field of a principal ideal
domain o. Let A be a finite dimensional algebra over K, with a basis {a,, .. ., a,}
whose constants of structure lie in 0. Let B be the subring 3, og; of 4. As in §2, for
a € A we let 8(a) be a generator of the ideal consisting of all x € R such that xa € B.
An element b € B is said to have unit content if b=} ra;, r;€o, and ged {r;}=1
(1=ign).

(4.1) LEMMA. Let e be an zdempotent (#0) in A. Then e’ =38(e)e € B, and has unit
content.

Proof We have (¢')2=38(e)e’. Let d be the g.c.d. of the coefficients of e’. Then
(d, 3(e))=1, otherwise [5(e)/(d, 5(e))]e € B, contrary to the definition of 8(¢). We
have e’ =de”, with e” of unit content, and (e")%2=8(e)e’ =d?(e")?, which implies that
8(e)e” =d(e")?. Then d is a unit, since e” has unit content. '

(4.2) LEMMA. Let b be an element of unit content in B. Then Kb N B=ob.

Proof. Let s~'rb=>b" € B, where r, s € 0 and (r, s)=1. Then rb=sb’, and since b
has unit content, s|r. Therefore s is a unit, and s™r € 0.

We turn now to a system of groups with (B, N)-pairs of type (W, R) in the sense
of Definition (2.1), and let 4 be the generic ring associated with the system. We
shall apply Lemmas (4.1) and (4.2) to the pair (4%, A) with A4 playing the role of B,
and K= Q(u), the quotient field of o= Q[u].

(4.3) LeMMA. Let J<R. Then

(i) A,=<a,, r €J) is a generic ring of a system of type (W, J), with the same set of
characteristic powers, where for each g € €2, the corresponding group with a (B, N )
pair is the parabolic subgroup G,q)=B(q) W;B(q) of G(q).

(i) For each specialization f: u —> q or 1, A, is isomorphic to, and will be identified
with, Hy(G(q), B(q)) or W respectively.

The proof of this lemma is entirely routine and will be omitted.

(4.4) PROPOSITION. Let A, A; be as above. Let x and o be irreducible characters of
AF and AF respectively, and suppose ¢ is afforded by a primitive idempotent e belong-
ing to A" Let e’ =8(e)e. Then

x(e)=m(x, p)3(e),
where m(x, ¢) is a nonnegative integer. For every specialization f: u— q or 1, let f*
denote a fixed extension of f to the integral closure o* of 0 in K. Then from §2, there

are corresponding irreducible characters Ly ;., 1, of G(q) and G,(q) respectively.
For every specialization f such that f(8(e))#0, we have

mx, ) = y.r0 155).
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Proof. For a€ A or A, let a; denote the image in the specialized algebra 4, or
Aj; of a, under the homomorphism of o-algebras defined by f. We prove first that in
case f(8(e))#0, e;/f(8(e)) is a primitive idempotent in A;;=Hy(G,(q), B(q))
affording the character 7, ..

We have e'A;e'’=Ke’ N\ A;=ve’ by Lemma (4.2). Moreover (e')2=238(e)e’.
Applying the homomorphism f to these equations, and using the fact that ¢;#0
since ¢’ has unit content (by Lemma (4.1)), it follows that e;/f(8(e)) is a primitive
idempotent in A4,;.

Finally, since p(e) =1, we have p(e’)=8(e), and hence

No.r:(e) = @ruley) = f(8(e)) # 0.

This completes the proof that e}/f(8(e)) is primitive and affords 7, ,..
We next have from x(e') =m(x, ¢)8(e) the result that

Liso(€p) = xrer) = mlx, 9)f(3(e)).

From this formula we conclude, in case f(8(e)) #0, that m(x, ) =({,, /v, 75%), and
the proposition is proved.

For an irreducible character y of A%, we shall denote by e(x) the central primitive
idempotent corresponding to y.

(4.5) PROPOSITION. Let A, A, x, ¥, e be as above, and suppose that the irreducible
character x of A% is rational, in the sense that x(a,,) € o for all w € W. Finally suppose
the multiplicity m(x, p)=1. Then e(x)e is a primitive idempotent in A¥ affording x.
Let f: u—>q or 1 be a specialization such that f(8(e))#0. Then f(8(e(x)e)) #0, and,
letting &= 8(e(x)e)e(x)e, &[f(8(e(x)e)) is a primitive idempotent in A; = H(G(q), B(q))
affording L, ;.

Proof. From Corollary (5.12) of [4], with J=2, we know that 4% is a split
semisimple symmetric algebra, with dual bases {a,} and {»(a,) ~'4,} with respect to
the bilinear form defined in [4]. From Fossum [6], the block idempotent e(y) is
given by ’

e(x) = x(De;? WZW W(aw) " x(dw)aw,

where ¢,=> ew ¥(@y) “*x(dy)x(a,) € K. These remarks show that e(y) € A% if y is
rational. Let m=Icm,y {v(a,)}. Then f(m)+0, mc, € o, and f(mc,) #0 because of
Proposition (2.5), and the formula for the generic degree d,. It follows that

mc,- 8(e)ee(x) € A,

and hence 8(ee(x)) #0 since f(mc,5(e)) #0.

Next, e € A¥ affords ¢ and x(e)=1, by our hypothesis. This means that if E is a
primitive idempotent in A affording y, then dim e4¥E=1, and by [5, (54.16)], the
number of composition factors of 4XE isomorphic to 4%e is one.
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We can now state the following lemma, which is an immediate consequence of
Theorems 6, 7, and 8 of Nakayama [15], and the facts that A% and A are semi-
simple algebras over an algebraically closed field K.

(4.6) LEMMA. Let A%, A%, e and E be as above. Then the number of composition
factors of AXE which are isomorphic to A¥e is equal to the number of composition
factors of eAF isomorphic to EA¥.

Applying the lemma, we conclude e(x)e4¥ is a minimal right ideal in A%, and
hence Afe(x)e is a minimal left ideal affording the character y. Now let f be a
specialization such that f(8(e))#0. From what has been proved, and from the
proof of Proposition (4.4), it follows that &:/f(8(e(x)e)) is a primitive idempotent
in A;. It remains to check that it affords the character {, ;.. Since &/8(e(x)e) affords
x> we have y(&)=8(e(x)e). Therefore

xr+(&) = f(8(e(x)e))

and hence, for a specialization f satisfying our hypotheses,

Lr.14(&)) = xs4(&) = f(3(e(x)e)) # 0.

This completes the proof of the proposition.

In the applications of these results in subsequent sections, the construction of
idempotents via Proposition (4.5) will always begin with some subset J<R for
which the character ¢ of A, is either »: 4, — o or &: 4; — o, given by ¥(a,) = u*,
re R, and e(a,)=—1,r€e R, respectively. The idempotents e affording these
characters are

|3 we] 3 a

weWy weWy
and

|3 #a]” 3 a1y,

wewy wewy

respectively, and thus f(8(e)) #0 for all specializations f: u — ¢ or 1. This means
that the hypothesis about f needed to apply Proposition (4.5) will automatically be
satisfied in the applications given in later sections.

The rationality of an irreducible character of a generic algebra 4%, when it is
needed to apply Proposition (4.5), will follow from previously checked cases of
Theorem (2.8), and the following result.

(4.7) PROPOSITION. Let A be a generic ring of type (W, R), and suppose that
R=J, U --- U Jy, with {J} indecomposable, (J,, Jy)=1, and J, N J,=a for s#s'.
Then A~A;, ® -+ ® Ay, If all the irreducible characters of A,;,1=s<k, are
rational, the same is true of AE.

The proof is omitted.
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5. Proof ‘of Theorems (2.8) and (2.9) for A,. We first remark that since
my(x)=(1%,, {,.;+) (see the proof of Theorem (2.7)) for all specializations f: u — g or
u — 1, the proof of Theorem (2.8) is reduced, using Theorem'(2.7), to shéwing that
an irreducible character w of W is determined by the multiplicities m;(w)=(w, 1},).
Theorem (2.8) for W of type A, thus follows from the following proposition.

(5.1) ProposITION. Let (W, R) be of type A, and let R={wy; . . ., w,}, indexed so
that (ww;1)®*=1,i=1,...,n—1;(ww,)2 =1, |j—i| > 1. Then, for irreducible charac-
ters w, ' of W, my(w)=my(w’) for all J< R implies w(w;)=w'(w;) where wy is the
product in any order of the elements in J. Moreover w=w'. ' ‘

Proof. In this case W is the symmetric group S, ,, and the w; are the trans-
positions (i, i+1). For a given subset J=R, the possible choices of w, are all
conjugate, and every element of W, which is not conjugate to w; is conjugate to a
wy., for J'<J, J'#J. The proposition follows by induction on |J|, using the fact
that '

my(w) = w(ey), e; = |W,|™! z‘:v w.
weWy

We now prove Theorem (2.9) for the case 4,.

(5.2) DeriNiTION. The irreducible character £, ;. is said to be of parabolic type if
(l, + 1) =1 for some J=R.

. Using Proposntlons 4.4), 4.5) and (4.7), Theorem (2 9) for the case W= A,
follows from the following proposition.

(5.3) PROPOSITION. Every irreducible character w of (W, R) of type A, is of
parabolic type.

Proof. To w we associate a standard Young tableau D, [7]. Then the group R(D)
of row permutations of D coincides with W, for some J. Moreover 1}, is a
Frobenius compound character [7], and (1}},, w)=1 [7] (or [11]).

6. Rationality of characters of a generic algebra of type B,. If (W, R) is of type
B,, we may consider W as the group of signed permutations of » letters [2], and
W=NS,, the semidirect product of an elementary abelian 2-group N by the sym-
metric group on n letters. Moreover, N has a basis over Z, consisting of the negative
I-cycles {—(1), —(2),..., —(n)} and we may take the set R to be {ws,..., w,},
wi=3,i+1),i=1,...,n—1, and w,= —(n). From [2], two elements are conjugate
in W if and only if they have the same signed cycle type.

By one of Clifford’s theorems in the form given by Gallagher [10, Theorem 2], the
irreducible characters of W are constructed as follows. Each irreducible character
appears with positive multiplicity in a unique induced character 4", where {¢} are
representatives of the different equivalence classes, under conjugacy by W, of
linear characters of N. For the representatives {¢s}, we may select characters {{;}
for k+I=n, such that J,(—(@))=1, 1=5i=k, and ¢ (—(@))=—1, k+1=Zi<n. For
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such a character i,,, the centralizer T, in W is the semidirect product NS, where
S<S,, and S~ S, xS, the direct product of symmetric groups on {1, ..., k} and
{k+1,..., n}. We shall write S=S,x.S,. Every irreducible constituent of ¥ has
the form ’ ‘

] =:(V~‘ktw)w = (Prawpw)¥,

where §,, is the extension of i, to T}, such that ¢,,|S=1, and w is an irreducible
character of S= S, x S, and can be expréssed in the form w,w;, where w; and w, are
uniquely determined irreducible characters of the symmetric groups S, and 'S,
respectively. We ask the reader to live with the possibility that £ =/ does not imply
that the characters w, and w, are the same.

The subgroup T, is the direct product of the groups of signed permutations on
{l,..., k}and {k+1, ..., n} respectively, and we shall use the notation T}, = B, x B,.
The meaning of the notations S, x B;, Sy X S, etc., for subgroups of T}, will be clear.

. For complementary subsets K and L of {1, . . ., n}, define s, : N — {+ 1} to be the
character such that ., (=(@)=1, i€K, and ¢g (—())=—1, ieL. Then
YrrPixr, iz, and S =) 1)

As in §5, to prove Theorem (2.8) for the case W= B,, it is sufficient to show that
the irreducible characters n of W are determined by their multiplicities (1}, n). Thus
assume, for Lemmas (6.1) and (6.4), that 7= (Jw,w,)¥ and o' =(fy wpw;)¥ and
that (1¥, n)=(1¥, »') for all parabolic subgroups P of W.

(6.1) LeMMA. k=K', I=1" and wi(1)w(1)=w(Dw(1).
Proof. If P={1}, we have

6.2 7(1) = [W:Talw(De(1) = 7'(1) = [W: Ty Jop(Dwi(l).
Letting P={1, w,} we have y(w,)=7'(w,). But

n0w) = LADD 5 g (o)
(6.3) " [Tal  &™ "

= (|Cw(Wn)|/| T ) oo Do, (1) (k = 1)
where Cy(w,) is the centralizer in W of w,. Setting n(w,)=7'(w,) and using (6.2)
yields k—I/=k’'—1" which implies k=k’,I=1' since I=n—k,l'=n—k’'. Then
w(Dw (1) =wi(Dw(1) from (6.2).
We write p for a cycle of length p in either S, or S, and set @,(p) = wy(p)/w(1),
@(p)=w(p)|w(1), etc.

(6.4) LeMMA. @,(p) =@y (p) and &,(p)=@(p) if the cycle length of p is less than n.

Proof. Taking P={w,,..., w,_;, w,> We obtain, by an argument similar to
Proposition (5.1), that for p=(1,...,p)=w;---w,_1, pS<n—1, 7(p)=7'(p) and
7(pw,) =7'(pw,). Computing 5(p) and n(pw,) we obtain

65 2 = 2= o, u|(Hawp +()ain)]



262 C. T. BENSON AND C. W. CURTIS [March

By a similar calculation,

n(pwy) = 2°~}(p—-1)!

lcﬂl’(p“i’n)l wi(Dw(1)

(6.6) . /
: [(p)(k—p—l)a‘:k(p)—( p)(l—p—k)dn(p)],

where we set (£) or (1)=0 if k or /< p. Setting n(p)=7"(p) and n(pw,)=7"(pw,) the
lemma follows since

1 1
et @ = %0

(In the case where (¥) or (})=0 the lemma is immediate.)

By Lemma (6.4), in order to complete the proof of Theorem (2.8) for B,, n=3, it
is sufficient to prove the following results about characters of the symmetric group
S,.. We shall follow the notations in Murnaghan [14]. Let A=(A,..., A;) be a
partition of m, with A; 22,2 ---, > A;=m, and w, the character of S, associated
with A. Let s be the length of the principal diagonal in the corresponding Young
tableau, and let (by, ..., by), (ay, ..., a,) be defined as in Murnaghan [14, p. 137].
For another character w,., we let A;, b;, a;, etc., be defined in a corresponding way.

(6.7) THEOREM. Let A, X' be partitions of m= 3, and w, and w,. the corresponding
irreducible characters of S,,. Suppose &,(p)=a,(p), for 2Sp=<m—1. Then w\=w,..

Proof. From [14], @,(p) is the coefficient of y~1in
yy=1---(y—p+DF(y—p)F(y),
divided by —pm(m—1)- - -(m—p+1). The function F(y—p)/F(y) has the expansion
1=p[F'OWIFWDI+p[F" 2L D]+ - -

where F'(y)/[F(y)=m[y*+c3[y®+ca[y*+ - - - and
Ciy1 = z [6Y+(—1) " (a; + 1), i=2,....
i=1

It is easily seen that

F(y—=p)F(y) = Ao+ Asp[y+ Aop[y?+ - - -

where A,,=y,¢;+fi(m, p,cay .. .5 ¢i-1), i23, with y,#0 and f; independent of A.
Thus, setting @,(p)=ax(p), for p=2,...,m—1, we have ¢;,1=¢{41, i=2,...,
m—1,where ¢, =5, [(b))+(—1)!"%(aj+1)']. Letting @, = — (a;+ 1), we have ¢; ;. ;
=25_,(bi—al), i=2,.... Now let

Sr(t) = a,1t+a,2t2+ e
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be the polynomial in ¢ such that S(u)=1"+2"+-- - +u, for positive integers u.
Then we have, for 1 =r<=m-1, S5,(0)=0, and

O M+ ayppCat o = 121 [Siby) +(—1)S(a)],

using the identity S,(—u)=(—1)""1S,(u— 1) for positive integers u and the fact that
deg S,(t)=r+1. Now,settingc;, ,=c¢j,1,25i<m—1,wehaveforallr,1Sr<m-1,

S s’
(6.8 IZI [Sxby) +(—1)'S«ay)] = ,Zl [S:(5) +(—=1)"S(a))].
Now introduce m—s new variables
U, = 1, u2=2, ey ub1=b1, Up,+1 = 1, ey
Upy+b, = by, ..., Uy, 4oty = by,
ub1+...+b,+1 = '—1, ceey ubl+b2+...+b,+al+...+a' = —dg

and similarly introduce {¥;}, <;<n-s . Then (6.8) implies that

m-—s’

mzsui = > @)y, 1sr<m-1
1 1

Applying Newton’s identities we have first, since none of the variables are zero,
that s=s’, and the s and u}’s are the same except for a permutation. Now b,
=max {u;}, by=max {¥;}, and the maximums are unique. So b,=4]. Similarly
a;=a;. Cancelling {1, 2,...,b,, —1, —2,..., —a,} from both sides, we can repeat
the argument to obtain a, =a;, b;=b;, 1 <i <s. This completes the proof of Theorems
(6.7) and (2.8) for the case B,, n=3. The proof of Theorem (2.8) for type B, is left
as an exercise.

7. Proof of Theorem (2.9) for B,. From Propositions (4.4), (4.5) and (4.7), and
the results of §6, the proof of Theorem (2.9) for B, is reduced to the proofs of
Propositions (7.1) and (7.3) below.

(7.1) PROPOSITION. Let 7=({w,w,)¥ be an irreducible character of the Coxeter
group W of type B,, n>2, where, as in §6, yw,w, is an irreducible character of
Tyy=Byx B,. Then P=S,x B, is a parabolic subgroup of W, x=w,(fow,) is an
irreducible character of P, and (3, x¥)=1.

Proof. We have P=<{wy, ..., Wx_1, Wg41, ..., W), and is a parabolic subgroup.
We are using the convention that P=<{wy,..., w,> or {w,, ..., w,) if k=0 or 1
respectively, and in these cases w, does not appear in y.

The key to the result is repeated application of Clifford’s Theorem [10, Theorem
2]. We first observe that by Frobenius reciprocity every irreducible component of
xTkt is a component of Yk, where i, is defined on N;=(—(k+1),..., —(n)), and
sends all the generators of N, to —1. We have, by an easy computation, ¥
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=3,k ¥, where i, is the linear character on N which agrees with iy, on N;, and
for JcK={1,2,...,k}, y;(—(@i))=—1for ieJ and y;,(—(i))=1 for i ¢ J. Then

gip =gl > g
JeK:J+2
Therefore, by Clifford’s Theorem [10], xT# = Y5 A+ Dier 14, Where the {A}s are
irreducible characters of T, which are components of Jf¥, and the {u},.; are
irreducible characters of T}, which are components of ¢k, for J# .

We shall first prove that there is only one character of the form A;, and that this
character is J,wgw,. An arbitrary character in yf# has the form §,wiw], where
w) and w; are characters of S, and S, respectively. We have (A X",
=(fw.w!|p, x)p»> by Frobenius reciprocity. But i wpw;|p = wi(faw;), so the above
multiplicity is zero unless wj, = w;, w;=w), and in that case it is one. Thus

(7.2) X = Pawee + zz [T
€T

We now have, since (fuww)¥ =7, x¥ =7+ Sier uf¥. But it is easily seen that the
irreducible components of the p} are all components of characters ¥y,,, with
I’ >1, and cannot contribute another 7 to the formula for x¥. This completes the
proof.

(7.3) PROPOSITION. Let P and x be as in Proposition (7.1). Then there exists a
parabolic subgroup P, of P such that (x, 15)=1.

Proof. From Proposition (5.3), there exist parabolic subgroups R, and R, of S;
and S, respectively, such that (1%, w,)=(13}, w,)=1. Using the fact that ($o,w)|z,
=w,|p, and Frobenius reciprocity, we have (1Z, Jow))=1. The conclusion of
Proposition (7.3) follows by taking P, =Ry X R,.

In applying Proposition (4.5), it is essential to have the fact that the characters of
a generic algebra of type A, x B, are rational, and this follows from Proposition
(4.7) and the results in §§5 and 6. This completes the proof of Theorem (2.9) for
type B,, n>2. The case of B, is easily handled since every character is of parabolic

type.

8. Rationality of characters of a generic algebra of type D,. Let (W, R) be of
type D,, n24. We shall view W as a subgroup of index two in the Coxeter group
W (B,) of type B,; and may take the set R to be {wy, ..., w,}, with w,=(, i+1),
1<i<n-1, and w,=(n, —(n—1)). From Carter [2, Proposition 25}, two elements
of W are conjugate (in W) if and only if they have the same signed cycle type, with
the exception that there are two classes having the same signed cycle type if all the
cycles are even and positive. As in §§5 and 6, we shall prove that an irreducible
character { of W is determined by its multiplicities (¢, 1¥,), for subsets J=R. We
shall make constant use of the corresponding results for W(B,).
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(8.1) ProposITION. Let {, ' be irreducible characters of W such that ({—-{', 1))
=0 for all JSR. Then {(x)=U'(x) for all elements x belonging to the parabolic
subgroups Wy, ..., Wo_1), and {wy, ..., Wy_g, Wy _1, Wp).

The proof is similar to that of Proposition (5.1) and is omitted.

We shall use the notation ¢* for $¥&» for characters  of subgroups of W(B,).
Then [*|W={+9, for g€ W(B,), g ¢ W. It follows that if {={9, then {*=n+e,
for some irreducible character 5 of B,, and a linear character ¢#1 of W(B,) such
that | W=1. If {#°, then {* is irreducible.

We shall first prove Theorem (2.8) for W of type D,, with n=4 and n odd. In
this case, two elements in W which are conjugate in W(B,) are conjugate in W,
since not all cycles can be even in this case. It follows that if { and {’ are as in
Proposition (8.1), then {={? for all g € W(B,), and hence

*=ntey, (I)* =79"+e,

for irreducible characters n and »’ of W(B,). Moreover, by Proposition (8.1),
7(x)=n'(x) for x in one of the parabolic subgroups of W listed in Proposition (8.1).

(8.2) PROPOSITION. Let the characters n and v' defined above have the forms
n=aww)*, 7' =Ferwpw.)*. Then k=k' and I=1' or k=1" and 1=k'.

Proof. From Proposition (8.1) we have n(1)=7'(1) and p(w, _1w,)=7"(W,_1w,).
We have

7(1) = [W(B,): Tu]w(Dw(1),

and

| Corag(Wa = W) e (Den(1) (k) + (5) _kz].

N(Wn-1Wn) = ITkll 2

From these formulas we obtain
k(k—=1D)+I1(I-1)=2kl = K'(k'=1D)+1'('=1)=2k'l’,

and the proposition follows.
The linear character ¢ has the property that e(—(i))= —1, 1 <i <n. Therefore

en=6(‘ﬁklwkwl)* = [(elTkz)(‘['ktwsz)]*-
Since (¢| Ty, is conjugate by W(B,) to §,, we have
(8.3) & = 5('['mwsz)* = ('ﬁkazwk)*-
Therefore, by Proposition (8.2), we may assume that k=k' and I=1/".

(8.4) PROPOSITION. Let v and v' be as in Proposition (8.2), with k=k', I=1'. Then
@y(p)=ay(p), @(p)=a,(p), for cycles p in S, or S, respectively of lengths 1,2, ...,
n-2.
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Proof. Recall that @,(p) means w;(p)/w,(1), etc. From Proposition (8.1) and the
remark before Proposition (8.2) we have

(8~5) ")(P) = 'f)'(P), W(PWn—1Wn) = 77’(pwn-lwn)-
By a calculation similar to the one used to derive (6.6) we have

C Wp-1Wh 217—1 -1 1 1
N(PWa—1Wn) = | Cwezn(P 1 )IITHI(P ) (Dewy(1)

(&6 {(O(557)+ () - e-pr]an

+()[ ) +(37) ~e-rifacor}-

The proposition follows from (6.5) and (8.6) since either kK <p or /<p, or the co-
efficient determinant for the resulting system of equations for &,(p)—a,(p) and
&(p)—ai(p) is c(k—1), for some positive constant ¢, and since n is odd, k—7+#0.

In the proof of Theorem (6.7), the hypothesis actually used was that @,(p)
=a,. (p), for p=2,..., max {m—s, m—s'}, where s and s’ are the lengths of the
principal diagonals in the Young tableaus for the partitions A and X’. Therefore,
from Proposition (8.4), we can apply Theorem (6.7) to conclude that w,=wj and
w;=w), and hence {=', or else k or [/ is equal to n. In the latter case, we have
7(p)=7'(p) for all p, and hence by Theorem (6.7) again, we obtain {={'. This
completes the proof of Theorem (2.8) for type D,, with n odd.

We assume now that n is even, and as before, that { and (' are irreducible
characters of W such that ({—{', 1¥,)=0 for all JSR. Let g= —(n); then W(B,)
=W U gW. We shall consider three cases.

Case 1. {?={, ({')?={'. We proceed as in the case of n odd, using Propositions
(8.2) and (8.4). In case k#/, we obtain {={" as before. Now suppose k=/. From
(6.5) we have (recalling that w, and w, are not necessarily the same),

@®.7 @(p)+a(p) = @i(p)+a(p),

for p=2,...,n—2. Now let p and q be disjoint cycles in {w, ..., w,_3> of lengths
p and q respectively. Then by Proposition (8.1), we have

(8.8) 2(pq) = 7'(pq),  WPGWn-1Wn) = 7' (PGWr-1Wy).

In case p and ¢ have different lengths, we have

(3.9) n(pq) = |Tu| 7127+ 2(p—1)! (g—1)! wp(Dewi(1)| Cwez,(P9)| Foa

where

Fu = [(§) () aupaar+ (£) () oo

+()(7) 200+ () (7)oten]
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If p and g have equal lengths then the formula for 5(pq) has to be multiplied by 4.
Similarly, for p and g of unequal length, we have

(8.10) N(PGWn - 1Wn)
= T 7122+ %(p—1)! (g—1)! wp(Dw(1)| Cwiz,(PgWn - 1Wn)| G o,

where

6w = {(5) () [(37)+ (59) ~-pr0-) axtprata)
CYO[(29+(57) +&-ax-p)asaacr
e Rt

QN0

Again, if p and g have the same length, the expression is multiplied by 1.
Since k=1, (8.8), (8.9) and (8.10) give a system of homogeneous equations in

(8.11) Apq = (@r(p)@(q) + &1(q)@(p)) — (@i p)@i(q) + @i(q)@:(p))

and

+

By, = (a(pq) + @(pq)) — (@(pq) + @i(pq)).

The coefficient determinant is a nonzero multiple of pq, and we obtain that 4,,=0
in (8.11) for all disjoint cycles p and g in {w, ..., w,_g>. In particular, if p and ¢
have the same length, then, viewing w,, w;, w,, w; as characters of the symmetric
group S, and p as a p-cycle in S, we have, for p=2,..., k-1,

(8.12) a(p)a(p) = @i(p)ai(p).
Combining (8.12) with (8.7) we have
(8.13) {@(p), @i(p)} = {@x(p), &i(p)},

for 2sp<k—1.If either @, (p)=a(p), 25<p=<k—1, or & (p)=a|(p), 2Spsk—1,
we have, by Theorem (6.7) and (8.13), that w,=w}, and w,=w] or w,=w; and
w;=wy, respectively. Otherwise there exist cycles p and ¢, of lengths less than k,
such that

a(p) = a(p),  @(p) # ar(p)
(®.19 5uq) = GUQ)  Blq) # B(q).

From (8.13) and (8.14), we have

(8.15) a(p) = ai(p),  @(q) = @i(q).
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Using the fact that 4,,=0 in (8.11), together with (8.14) and (8.15), yields
@(p)a(q) + di(q)di(p) = @i(p)i(q)+ dr(q)B(P),

from which it follows that
 [@(p)—a(p)lla(q) — @x(q)] = 0.

If &, (p)=a,(p) then from (8.15) we have &,(p)=a(p) contradicting (8.14).
Similarly, if @,(¢)=®,(q) we obtain from (8.15) that @,(q)=ai(q), contradicting
(8.14) again. This completes the discussion of Case 1. '

Case 2. {#0% (' #({'). In this case n={* and n’=({')* are both irreducible, and
W=+, 7' |W=0+().

(8.16) PrOPOSITION. Suppose ({—{', 1¥)=0 for all parabolic subgroups P of W.
Then (£°— (L), 1¥)=0 for all such P. -

Proof. It is sufficient to prove that if P is a parabolic subgroup of W, then so is
P9, for g= —(n). The proposition follows since w{=w;, 1 <i<n—2, and wi_,=w,
wi=w,_;.

Proposition (8.16) implies that (7 —»’, 13)=0 for all parabolic subgroups P of W.
Using Proposition (8.2) and the discussion in Case 1, we obtain either n=17" or,
by (8.3), n=en’ where | W=1. Restricting to W gives {={" or {?={'". Suppose
{?=1{'. Then ({?—, 1¥)=0 for all parabolic subgroups P of W.

(8.17) ProposITION. If ({?—¢, 1¥)=0 for all parabolic subgroups P of W, then
(=2

Proof. If {(x)#{%x), then all cycles of x are even and positive, by Carter
[2, Proposition 25]. There exists an element y of the same cycle type as x in W,
={wy, ..., w,_1). By Carter [2, Proposition 25], x is conjugate in W either to y or
y9, since W(B,)=WuUgW. Now, W, and W{={wy,..., w,_s, w,> are both
parabolic in W and are of type 4, _;. By an argument similar to Proposition (5.1),
we conclude that if {(y)# {%(y), for y € Wi, there exists a parabolic subgroup P,
of W, such that ({—Z? 1¥,)#0. This completes the proof of Proposition (8.17), and
finishes the discussion of Case 2, since it now follows that {={'.

Case 3. {#% '=({")°. In this case, Proposition (8.16) implies that (£¢—{’, 1¥)
=0 for all parabolic subgroups P< W. Thus ({*—¢, 1¥)=0 for all such P, and
{={° by Proposition (8.17), contradicting the hypothesis.

This completes the proof of Theorem (2.8) for type D,, n=4.

9. Proof of Theorem (2.9) for D,. The proof of Theorem (2.9) for W=D,,
n24, follows from Propositions (7.1), (9.1), and (9.6), together with the results in
§84 and 8.

(9.1) PrOPOSITION. Let { be an irreducible character of W of type D,, n=4. Then
there exists a parabolic subgroup P of W and an irreducible character . of P such that

({, ”_W)z 1.
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Proof. Let 1)=(¢/.lk,wkw,)b*. be an irreducible component of {*. From Proposition
(7.1), x=w@ow) is an irreducible character of S,xB, and (y, y*)=1. Let P
=S, x D;. Then P is a parabolic subgroup of W and P?=P for g= —(n). Let A be
an irreducible component of x|». We consider four cases:

Case 1. 7% {, M¥+# ). Then n={* and

©2 A = al+blo+¢,

where a and b are nonnegative integers and neither  nor £? is an irreducible com-
ponent of £ Thus (X*, 7)=(a+b). Also (A*,n)=(x* 7)=1 since AS*Bi=y, If
a=1,b=0weset p=A If a=0, b=1 we set u=2X% Then (u¥, {)=1.

Case 2. [9#{, M=)\. We have (9.2) and
9.3) ASe*Br = y t ey,
where e#1 is the linear character of W(B,) which is trivial on W. Since y={* and
e| W=1, we have en=n and thus (AB», ) =2. Since (A¥)?=(A)" =A%, we have from
(9.2) that a=>b. Therefore, the proposition follows in this case with u=A.

Case 3. {=10% A# X In this case {* =n+ey and
9.4 AW =aqal+ ¢,
where a is a nonnegative integer and  is not an irreducible component of ¢'. Then
(A*, p)=a. But XS*Bi=y and hence (A*, n)=(x*, n)=1. Again the proposition
follows with p=A.

Case 4. {={ A= Both (9.3) and (9.4) hold in this case and (A*, n)=(X*, ex)
=gq. From (9.3) and (7.2) we have

9.5 ATkt = ‘Zktwkwrf'e‘Zkzwkwx"'Z 0t+8(z et)
teT

teT
where 7= ww)*, and {6,};.r are irreducible characters of T}, which are irre-
ducible components of ¢7x, for J#@. From the discussion in §7, and (8.3),
(Clier 0)* can contain e(fyw,w;)* =(ww,)* only if k>1. We may assume, how-
ever, that in choosing 7, kK /. Thus (A*, en)=1 and thus ({, p¥)=1 for u= A

(9.6) PROPOSITION. Let u and P be as in the proof of Proposition (9.1). Then there
exists a parabolic subgroup P, of P such that (u, 13)=1.

Proof. Let R,, R;, and yx be as in the proof of Proposition (7.3). Then we have
(X’ llsli’;gi =11If ""SkXB'=X’ then (Xlnkxn,, lhka1)=((/~"+i"g)IkaRp lnkxnl)= 1. Now
both R, x R, and (R, x R;)° are parabolic subgroups of W, and by setting P; equal
to one of these groups we may ensure (4, 15)=1.

If pSe*Bi=y +ex, we have (ex, 133 3) = (x, 15:25) = 1. Therefore (u%* &, 136520
=2 and since p5 * Bi| p=2p, we have (2u|p, x »;» 1g, xz,) =2. Thus, setting P, = R, x R,
we have (i|p,, 15,)=(, 15,)=1. This completes the proof of Theorem (2.9) for W
of type D,.

10. Proofs of Theorems (2.8) and (2.9) for the exceptional groups. If (W, R) is of
type Gq, F,, Es, E;, or Ej, it can be verified directly that the irreducible characters,
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¢, are determined by the multiplicities, (£, 1¥), P parabolic, with the exception of
the two characters of degree 2 in the case of G,, and the two characters of degree
512 in the case of E;. If (W, R) is of type G, with R={r, s}, it is shown in [4] that
the representation of the generic ring corresponding to the reflection representation
W is in Q(u‘r*°/2), Since we have assumed that ¢, + ¢, is even, this representation
is rational, and hence so is the representation corresponding to the other irreducible
character of W of degree 2. Thus Theorem (2.8) is established.

To prove Theorem (2.9) for the exceptional groups, it is sufficient, by the re-
marks at the end of §4, to show that for each irreducible character { of W, { is
either of parabolic type or there exists a parabolic subgroup P such that ({, ¢¥)=1,
where ¢; is the alternating character ¢ of W, restricted to P. Since for each irre-
ducible character { of W, we have (¢{, 1¥)=(¢, £¥), it is sufficient to show that
either { or ¢{ is of parabolic type.

In the following tables we list one of the irreducible characters {, or ¢{, of W
followed by the Coxeter element wy of a parabolic subgroup P such that (£, 1¥) or
(eg, 1¥)=1. We omit the case of G, where it may be verified that every irreducible
character is of parabolic type. In the case of F, all irreducible characters are listed.
In labelling the irreducible characters we follow the notation in [12], [8], and [9],
except that we write {’ for £ and in the case of F, we write x, ; for the ith character
of degree d given in the character table in [12]. The generators in R are labeled as
in (10.1):

Wy Wa W3 Wy
F 4 L4 * —
(In [12], wy—d, wo—>a, wy—>7, w;—>70.)
wy Wq Wa W, Ws
E6 ° I - °
We
wy Wo W3 Wy Ws Weg
(10.1) E; -— - [ - - —e
Wq
wi Wa Wa Wy Ws We Wq
Eg - I
Wg
(10.2) F,:
4 Wp 4 Wp
X11 WiWaW3sWy X61 WiWg
X12 WiWaWsW, Xe2 WaW3
X13 WiWoW3Wy X12,1 WaWsg

X14 WiWaW3Wy X42 WiWaWs
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(10.3) Eq:

(10.4) E,:

(10.5) Ey:
4
lx
28,
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X21 W3
X22 W3
Xa3 W1
X24 wy
X41 WaW3
Xo1 WiWaWs
Xo2 WaWg
Xo3 WaWs
Xo4 WiWg
4 Wp
1, Wi WoWaWWsWe
6, wy
15, WoWaWWg
20, Wy WoWaW,aWs
30, WiW3Ws
64; WiWaW,
81, Wi WaWaW,
15, WiWaWs
4 Wp
1 Wi WoWaWWsWeWq
7. w,
27:, Wi1W3
21, Wiwg
35, WiWgWs
105, WiWaW,
189; WiWaWaWs
21, wiWg
35, WiWaWs
189, WiWoW,aWe
189, WiWaW,We
15, Wy W3Ws
105, WiWoW,We
105, WiWoW,Ws
315, WiWaWgW,We
Wp
WiWaWaWWsWeWnWg
WiWg

X43
X144
Xas
X81
Xs2
Xs3
X84
X16,1

24,
60,
20,
90,
80,

10,

405,
168,
56,

120,
210;
280,
336,

216,
512,
378,
84,

420,
280,
210,
70,

4200,
2688,

W3

w

Wy
W3Wg
W3aWy
WiWa
WiWs
W1WsW,

Wp
WiWaWs
WiWaWaW,
WiWaWs
W1WaW3aWs
WiWaW3sWs
Wi WaWg
WiWg

Wp

Wi1WaWaWWs

WiWaWWe
W1WsWg
WiWaW,
WiWaW,We
WiWaW W
WiWaWgWy

WiWaW3Wg

W1WaWaWWe
WaW WsWeWq
WiWaWs
WiWaWgWy
WiWaWsW,Ws
WiWaWgW,
WiWaWWg

Wp

WiWaWgWeWgWe
WiWaW3WWsWy
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355 WiWg 2100, WiWoW3W, Wy
84, WyiWaws 1400, WiWoWaW Wy
505, Wy WaWsWy 4536, WiWaW3aW,WsWyq
350;, WiWoW, Wy 5670, WiWaWaWaWsWoy
300;, WiWoW,aWs 4480, WiWaWsW W Wy
567, Wy WoWs 8. wy

210}, WiWoW, 56, Wy WoWaWWs
840, WiWaWaWaWs 160, WiWoWw,

700, WiWoW Ws 112} WiWwg

1755 WiWoW, Wy 840, WiWaWgWsWy
1400, Wi WoWsWsWq 1296, W1WoWaW,
10505, WiWoWgWsWq 1400, Wi WoWsWs
15755 Wy WoWsWsWy 1008;, WiWaWsWs
1344, Wi WoWgWs 560, WiWaWaWe
2100, WiWoWaW,We 1400, WiWoWgWsWe
2268, WiWaWaW, 4200, W1 WoWaWaWsWe
525, WiWoWaWs 400, Wi WoW WeWg
700, Wi WaWgWaWsWy 3240, WiWoW3WsWe
972}, WiWoWaWsWe 4536, WiW WsWeWrWg
4096, Wy WoWsW,We 2400, WIW WsWeWaWg
4200;, WiW WsWeWaWg 3360, WiW WsWeWaWe
2240;, Wi WoWsWeWqWg 2800, W1 WoWgWaWe
2835, Wy WoWsW,WsWe 4096, W1WoWsWyWe
6075, Wi WoWaWsWeWy 5600, WiWoWsW, Wy
32005 W WoWaWaWs 448, WiWoW WsWe
70, WiWoWWg 448, Wi WaWaWeWe
1134, Wi WaWsWeWaWg 1344, WiWoWsWsWeWaWg
1680, W WoWsW, W5 5600, WiWaWWaWsWyq
168, Wi WoWsWeWqWg 2016, W1 WoWaW,aWs
420, Wi WoWgW, 7168, WiWaWaWsWeWeWg

31501, WiWaWgWyaWs
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