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SETS OF UNIQUENESS ON THE 2-TORUS

BY
VICTOR L. SHAPIRO(®)

Abstract. H-sets are defined on the 2-torus and the following results are
established: (1) H?-sets are sets of uniqueness both for Abel summability and
circular convergence of double trigonometric series; (2) a countable union of closed
sets of uniqueness of type (A) (i.e., Abel summability) is also a set of uniqueness of
type (A).

1. Introduction. Using the notation X=(x, y), M=(m, n), (M, X)=mx+ny,
|x|2=(X, X), and letting M designate an integral lattice point, we shall say that
the double trigonometric series >, aye'™ % is circularly convergent to zero at the
point X, if

lim > ayexp(i(M, Xo) = 0.

R—oo |M|SR

Designating the 2-torus T, by T,={X : —r<x<m, —w<y<m}, we shall say
that a set EcT, is a set of uniqueness of type (C) on the 2-torus provided the
following holds:

If a double trigonometric series > a,e'™+® is circularly convergent to zero in
T,—E, then a, =0 for every integral lattice point M.

Next, adopting the notation in [11, p. 346], we let {V{}2-, be a sequence of J-
tuples with positive integral entries, i.e. Vi=(vi, ..., vi) with v}, a positive integer
for j=1,...,Jand k=1, 2,.... We call {V{}7-, a normal sequence provided the
following holds:

If B'=(b%, ..., b’) is a J-tuple with each entry an integer and at least one entry
different from zero, then

klim |broi+ - - - +b'vk| = +c0.

We call the sequence {Vj, Wi} -, a sequence of normal pairs if each of the

sequences {Vi}e-1 and {W}} -, are normal.
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128 V. L. SHAPIRO [March

Designating the 2J-torus by Ty, i.e. To,={(x%, ..., x¥): —w<x/ <7, j=1,...,2J},
we say a set EC T, is a set of type HY provided the following holds:

There is a sequence of normal pairs {V], Wi}7- , and there is a nonempty domain
D<T,; such that if X=(x, y) is in E, the 2J-tuple (xvi, ywi, ..., xvj, yws) is in
To;—2 mod 27 in each entry for k=1, 2,.... To be quite explicit about this last
statement, we mean if we replace each entry xvi or yw] by the number in the
interval [—m, #) which is congruent to it mod 2, then this new 2J-tuple lies in
T —2.

We intend to establish the following result:

THEOREM 1. Sets HY are sets of uniqueness of type (C) on the 2-torus.

On the 1-torus, the analogue of the above result is well known [11, p. 346]. On
the higher dimensional tori and in particular on the 3-torus the analogous result is
an open question.

We shall prove Theorem 1 by showing that it is an immediate corollary to
Theorem 2 which concerns itself with sets of uniqueness for Abel summability
(sets of uniqueness of type (A)). We refer the reader to §3 below for the full state-
ment of Theorem 2 and the definitions involved.

In §3, we also establish the fact that a countable union of closed sets of uniqueness
of type (A) on the 2-torus is a set of uniqueness of type (A).

Both the analogues of this last result and of Theorem 2 are open questions on the
3-torus in particular and on the N-torus in general, N=3.

2. Formal multiplication. The main new difficulty that arises in establishing
Theorems 1, 2 and 3 lies in the area of formal multiplication of double trigono-
metric series. An examination of the proof of the 1-dimensional version of Theorem
1 [11, pp. 345-346] shows that it depends heavily on the formal product theorem
[11, 4.9, p. 331]. The direct analogue of this theorem in 2-dimensions (that is,
when we assume a,,=0(1) as | M | — o0) is easily seen to be false (see §4 below where
this matter is discussed in greater detail).

Let Si(X)=> afe!™®, k=1, 2, be two double trigonometric series. If, for each
integral lattice point M, the series > |apa% _p| < oo (where the sum is taken over all
integral lattice points P), we say that the formal product of S;(X) and Sy(X)
exists. We designate this formal product by S3(X)=S;(X)Ss(X) where S3(X) is
the trigonometric series defined as follows:

2.1 Sy(X) = > ajei™®,
(2.2) a = > apal_p.
P

We shall say a double series > a,, is Bochner-Riesz summable of order 8, 820,
henceforth designated by (B-R, B), to ¢ if

(2.3) lim 3 au(l—|M[?R2 = ¢

R—o |[M|SR
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In order to obtain our main result on formal multiplication of double trigono-
metric series, we need the following lemma concerning Bochner-Riesz summa-
bility.

LeMMA 1. Let 3 ay be a double series enjoying the following two properties:

(2.4) Zr<imisr+1 |au]=0(R) as R — oo,

(2.5) 3 may and 3, nay are respectively (B-R, 2) summable to the finite values &,
and &,.

Suppose also that 3 «y is a double trigonometric series enjoying the following two
properties:

26) |ow|=0(M|~%) as | M| > oo,

2.7 2mi<rom—>0as R— co.

Set Ayy=2p apoy _p. Then the double series > A, is (B-R, 3) summable to zero.

The techniques used in establishing this result are in part similar to those in [1]
and [8]. This lemma, however, has a somewhat different twist to it.

Before starting the proof, we observe as in [1, (3), p. 326] that

(2.8) Bu=0(|M|~9), 6>2, implies that Dp <y |Bu| =O(R~°*2) as R — 0.

To prove the lemma we observe first from (2.4) and (2.6) that

(2.9) > |apey - p| < oo for every M.
Consequently A, is well defined.

It follows from the definition of 4,4, (2.3), and (2.9) that the lemma will be estab-
lished once we show that, as R — oo,

2.10) > a [.M,Zgn cu-p (R=| MY = olR).

In the rest of the proof of the lemma, R will be understood to be = 10.
Observing that, for [P|Z2R, Ju sz lem-p| D pi-rsim |@u]|, We conclude
from (2.6) and (2.8) that there is a constant C,, such that
(2.11) Z IaM-PI é C1|P|_18 fOl‘ IPl g 2R.
IMIZR
From (2.4) and (2.11), we obtain that
Z |as| Z lear—p| = o(R™1Y).

2R=|P| IM|sR

It consequently follows from this last fact that (2.10) will be established once we
show

(2.12) > 'ap[ungn epr - p(R2— | M|2)3] = o(R®).

IP|<2R

To establish (2.12), we start out by observing that the following two identities
are valid:

Q1) R = 3 ()R =IP PR M,

(2.14) |M|*—|P[? = (m—p)*+(n—q)*+2p(m—p)+2q(n—q).
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Next, we observe from (2.6) and (2.8) that there is a constant C, such that

los—p| IM=P|® < > |ay_p| [M—P[®
(2.15) IMIZR 1P| - R2IM|

Cl|P|—R]™" for |P| = R+2.

IA

It consequently follows from (2.4), (2.13), (2.14), and (2.15) that there is a
constant C; such that

lap| “M-P(Rz—]MP)a
R+ 2=5|P|S2R IMISR
S£C, 2 {las|[R(P|—R)*+R¥|P|-R)?P|
R+2<|P|SR
+R(|P|-R)|P|2+|P|%}}
(2-16) Z I“M-Pl lP—M[“
IMI=R
S I5SRC,C; D> |ap|[|P|—R]*
R+ 2=5|PISR
<

15R3C3C20(R) z I})I_4 = 0(R4).
25[P|
Likewise, with Cj3 as in (2.16), it follows that there is a constant C, such that

Z lapl Z ay-p(R?— |M|2)3

R-2=5|P|SR+2 IM|=R
£ G > {lae|[R®||P| - R|*+ R*(|P|— R)*|P|
R-2=|P|SR+2
.17 +R||P|—R| |P|+|P|}}
ler-p| |[P—M]|®
IMI=R
1
< COR D [ |ap|] < o(RY).
i=-2 R+JS|PISR+7+1

We consequently conclude from (2.16) and (2.17) that (2.12) will follow once
we show

(2.18) a,[ > ay-p(RE— |M|2)3] = o(R®).
|PISR-2 IMIZR
To establish (2.18), we first observe from (2.6) and .(2.7) that >y spay-p=
S r<im %u-p and furthermore that, for [P| S R—2, >p<m| |em—p| S Zp-1p1 5101 lond]-
We consequently have from (2.6) and (2.8) that there is a constant Cs such that

2.19) ) S ayos| S CR=|PD® for |P| £ R—2.

IM|=R
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From (2.19), we obtain that

|P|s%—zap[ 2 “M'P(Rz_lplz)a]

IMISR
L3 laslR= |PIRCAR— [P

Cs(2R)® msz . lap|(R—|P])~2° < o(RY).

(2.20)

IA

A

Next, we observe that, for [P|<R-2,

(2.21) wén |y - p|(R2—|P|?)|P|?|M—P|* = o(R*)
and
2.22) 2 o=l [PPIM=PI® = o(R°)

Since X p|<r-2 |ap| =0(R?), we conclude from (2.13), (2.14), (2.20), (2.21), and
(2.22) that (2.18) will follow once we show

2.23) 3, @ s RPDAMI =[PP9 = ofRO).

IPISR-2
Since ZIMléﬁ laM—Pl lM—P|2=0(1) and ZIPIER—Z |ap|(R2—|P|2)2=0(R°), it
follows from (2.14) that (2.23) will follow once we show
(2.24) |Iz] = o(R) and |IIz| = o(R®)

where

I.= > pa(R*— IPI2)”[ > oyp(m —p)] and
(2‘25) |PISR-2 IM|SR
II; = Z qa,(R*—|P|?) Z oy - p(n—q).
IPIZR IMISR

We now show that I, =o(R®); a similar proof will prevail to show that II,=o(RS).
We begin by observing from (2.6) that there is a finite constant Cg such that
limg_, » 2 um) sk ®u - p(m—p)=Cq. Consequently,

(2.27) Z ay-p(m—p) = Ce— lem ay - p(m—p).

IMTZR
But then from (2.25) and (2.27) we see that
Ip = Cs z pay(R*—|P[?)?
IPISR -2
(2.28)
= 3 o= 1P| 3 a-smn—p)]
|PISR-2 R<M|
Now
pa,(R*—|P|?)?

(2.29) 'M1=F2
= > pa(R*—|P|??— pay(R*—|P |2
|PI|SR R

R-2<|P|S
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From (2.5), it follows that

(2.30) > pay(R*—|P|?? = O(RY).
IFIZR
On the other hand, from (2.4) it follows that
(2.31) 2 |plla|(R?=|P|?)? < (4R?PR 3 |ay| < o(RO).
R-2<|P|ZR R-2<|P|SR

We conclude from (2.30) and (2.31) that

(2.32)

2, Pa(R*=|P[?)| = o(R").

|PISR -2

Next, we observe from (2.6) and (2.8) that there is a constant C,, such that, for
|P|<R-2,

z ay - p(m—p)

R <|M|

= 2> lew-p| [M=P| < Ci(R—[P])7*%.

R-|P|sIM

Consequently, we obtain from this last fact and (2.4) that there is a constant Cg
such that

oy e P IR

Z ay - p(m—p)
R<|M|
< 2C;R® Z la,|(R—|P[|)~1° = 2C;CsR30(R) £ o(R?).
|PIER-2

We consequently obtain from (2.28), (2.32) and (2.33) that

(2.349) |TIg] = o(RS).
A similar proof shows that
(2.35) |IIg| = o(RS).

(2.34) and (2.35) together give (2.24), and the proof of the lemma is complete.

Next, we introduce the notion of Abel summability. We say the double trigono-
metric series Y aye'™ X with coefficients |ay|=0(|M|°) for some 6=0 is Abel
summable at the point X, to the finite value s if

(2.36) lim > ay exp (i(M, Xo)—|M|t) = s.
t-0+ M

It follows from the Cauchy criterion (see [6, pp. 67-68] or [7, p. 468]) that if
| > an exp (i(M, Xo)—|M|t)| <C<oo for 0<t<1, then
lim > ay|M| 2exp (i(M, Xo)—|M|t)
t—=0+ M#0
exists and is finite. (In the sequel, we shall drop the + in lim;_,.)
With B(X, k) designating the open 2-ball (=open disc) with center X and radius
h, the next lemma that we establish is the following:
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LEMMA 2. Let 5 aye'™® be a double trigonometric series having the following
properties. Suppose that

(2.37) ayy=ay for all M;

(2.38) ay=o(1) as |M| — o0;

(2.39) |2y aye'™®-1Mt < C< oo for 0<t<1 and X in B(X,, ho), hy>0;

(2.40) lim,_ ¢ Dy aye'™®-1Mt=0 glmost everywhere in B(X,, ho).

Set

(2.41) F(X)=ao| X|?/4—=1im;_o Dy s0 ay| M|~ 2" M0~ 1Mt for X in B(X,, h).

Then

(2.42) F(X) is harmonic in B(X,, hy)
and both

(2.43) > may exp (i(M, X,)) and > nayexp (i(M, X,)) are each (B-R,2)
summable to zero.

To prove the lemma, we set, for >0,

(244) F(X, )= —Zmxo au| M| ~2eiM-0 - 1M1t
and observe from (2.39) and (2.44) that

(2.45) |0%F(X, t)/0% | < C+|ay| for 0<t<1 and X in B(X,, ho).

It consequently follows from the Cauchy criterion and (2.41) that F(X,¢)
— F(X)—a,| X|?/4 uniformly for x in B(X,, hy) as t — 0. Consequently

(2.46) F(X) is continuous in B(X,, h,).

Letting Z designate the closure of Z, we set, for #>0 and B(X, h)< B(X,, h),

@47) F(X) = @) [ FO)dy

and
A*F(X) = 8 lim sup [F(X)—F(X))/h?,

(2.48) L.
A F(X) = 8 lim inf [F,(X)—F(X)]/h2.
h-0

From (2.39), (2.40), (2.41) and [6, Lemma 7, p. 66] we have
A*F(X) 2 —C for X in B(X,, hy) and

(2.49) .

A*F(X) 2 0 almost everywhere in B(X,, h),
and

AF(X) = C for Xin B(X,, hy) and
(2.50) «F(X) = (Xos ho)

ALF(X) £ 0 almost everywhere in B(x,, h).

Using (10, Lemma 5, p. 91], we have from (2.46), (2.49), and (2.50) that

(2.51) F(X) is harmonic in B(X,, h,),
and (2.42) is therefore established.

(Incidentally, in the proof of [10, Lemma 5, p. 91], “O<r,<1” should read
“0<ro<1.”)
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To establish (2.43) we shall confine ourselves to showing that 3, ma,, exp (i(M, X,))
is (B-R, 2) summable to zero. A similar proof will show that 3 na, exp (i(M, X,))
is (B-R, 2) summable to zero.

Using (2.38), we set

(2.52) G(X) = ao|x|4/43+MZ @y| M|~ 2™
£0

and observe that

(2.53) G(X) is a continuous function in the plane, for the series in (2.52) con-
verges absolutely.

It follows, therefore, from this last remark, (2.41) and [5, Lemma 2, p. 66] that

(2.54) ALG(X)SF(X)<SA*G(X) in B(Xy, ho).

Next, we set

(2.55) Gi(X)=—-(2m? log | X— Y| 'F(Y)dY
B(Xg,hol2)
and observe from (2.51) that

G1(X) is in class C*[B(X,, ho/2)] and

(2.56) .
AG,(X) = F(X) in B(Xo, ho[2)

where A is the Laplace operator 8%/0x 2+ 0%/9y?.
Consequently, we obtain from (2.54) that

(2.57) AL[G(X)—Gy(X)] = 0 = A¥[G(X)—Gy(X)]
and we conclude from (2.53), (2.56), (2.57) and [4, p. 14] that
G(X)—Gy(X) is harmonic in B(X,, hy/2).

We therefore obtain from (2.56) that G(X) is in class C °[B(X,, ho/2)], that AG(X)
=F(X) in B(X,, ho/2) and consequently that

(2.58) A2G(X) = 0 in B(Xy, ho/2).
Next, we set
(2.59) g(X) = aol0|X |4/8x]4‘3+M§¢:0 imay| M|~ '™
where we see that the series in (2.59) converges absolutely because of (2.38). It
follows from (2.52), (2.59), and [9, Lemma 2] that
(2.60) 0G(X)/ox = g(X) in B(Xy, ho/2).
Therefore

g(X) is in C*[B(Xy, ho/2)] and

(2.61) _
A%(X) = 0 in B(Xo, ho/2).
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Setting

(2.62) g(X) = > imay|M|-te™-®,
M#£0

we obtain consequently from (2.59), (2.61), and (2.62) that

g'(X) is in C*[B(X,, hy/2)] and

(2.63) .
A%'(X) = 0 in B(Xo, ho/2).

Observing that |ima,|=o(|M|) as M — o, we conclude from (2.62), (2.63) and
[1, Theorem 4, p. 341] that 3 ima,e'™ ® is (B-R, 2) summable to zero uniformly
in B(X,, ho/4). The first part of (2.43) is therefore established. A similar proof
establishes the second part. The proof of the lemma is therefore complete.

Next, we establish the following lemma:

LeEMMA 3. Let 3 aye'™ X be a double trigonometric series having the following
properties: ay=a_y for all M and ay,y=o0(1) as |M | — co. Suppose furthermore that
lim sup;_,o | D aye'™ X~ M| <o for X in B(X,, hy), hy >0, and that

lim Z aMet(M,X)—IMIt =0
t=0 M

almost everywhere in B(X,, hy). Then

lim > aye'™¥ =M1t = 0 uniformly for X in B(Xo, hy/2).

t—-0 M

To establish the lemma, we set

(2.64) flX,t) = Z aye!MN-1Mlt for ¢ > 0

and

(2.65) lim sup f(X, 1) = f*(X), lim inf f(X, t) = fi(X)
t—-0 t—0

- and observe from the start that with no loss in generality we can assume that X,=0.
Consequently, we obtain from the hypothesis of the lemma that

(2.66) fy(X)=f*(X)=0 almost everywhere in B(0, 4,), and

(2.67) f«(X) and f*(X) are finite for X in B(0, h,).

From (2.67) and [7, Lemma 1], we obtain that for X in B(0, 4,)

(2.68) F(X) = ao| X|[4—lim D ay|M|2eios-imit
t=-0 M+#£0
is well defined and finite. Also from [7, Lemma 6] we have that

(2.69) ALF(X)Sf*(X) and f(X) < A*F(X) for X in B(0, hy).
We set

Z ={X : Xin B(0, h;) and F is not continuous at X}.
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If we show

(2.70) Z is empty,
then it will follow from (2.66), (2.67), (2.69), and [10, Lemma 5] that

(2.71) Fis harmonic in B(0, A,).
But then [9, Lemma 5] in conjunction with (2.71) establishes the conclusion to this
lemma.

We now establish (2.70). First using the fact that f(X, ¢), defined in (2.65), is
continuous for >0 and periodic of period 27 in the x and y variables, we select a
sequence

1=t1>t2 >"'>tk >"'——>0
such that

(2.72) sup sup  |A(X, )=f(X, )| £ 1
XinB(0,hy) t $1St<t

Given B(X,, hy)< B(0, h;) with hy>0, it follows from (2.65) and the Baire
category theory (see [11, p. 29]) that there exists a subball B(Xj, hs)< B(Xj, hs)
with s3>0 and a finite constant C such that

(2.73) |f(X, t)| =C for X in B(X3, hg) and k=1,2,....

But then it follows from (2.66), (2.72), and (2.73) that conditions (2.39) and
(2.40) in the hypothesis of Lemma 2 are met in B(Xj, h3). Since (2.37) and (2.38)
also hold, we conclude from Lemma 2 that F(X) is harmonic in B(X3, h3) and
therefore that

(2.74) Z is nowhere dense in B(0, h;).

If Z is nonempty in B(0, h;) then there exists h, with 0<hy<h; such that
Z N B(0, hy)=Z, is nonempty. Then Z, is a closed set contained in B(0, A,) and we
obtain from (2.66), (2.72), and the Baire category theory that there is an X* in Z,
an h;>0, and a constant C; such that

(2.75) B(X*, hs)< B(0, hy)
and, for 0<z=1,

(2.76) |f(X, t)] SC, for B(X*, hs) N Z.

We shall establish (2.70) by showing that

(2.77) X*in Z is false.

To establish (2.77), we observe from (2. 76), [7, Lemma 2], and [7, Lemma 4] that

(.78) lim  F(X) = F(X*)
X-X*,XinZ
and
2.79) lim F,(X) = F(X) uniformly for X in Z N B(X*, hs).
h—0

Also, we observe from [7, Lemma 5] that

(2.80) lim sup |F(X+ W)—F,,(X)]] -0

h=0 L|{W|<h,Xin B(0,h;)
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Given ¢>0, we use (2.78), (2.79) and (2.80) and choose hg such that, for
0<hg<hs/10,

|[F(X)—F(X*)| < ¢ for Xin Z N B(X*, hg),
(2.81) |Fi(X)—F(X)| < e for Xin ZN B(X* hg)and 0 < h < hg, and
|Fu(X+W)—Fy(X)| < ¢ for Xin B(O,hy), |W| < h,and 0 < h < hs.

We see from (2.81) that (2.77) will follow if we show
(2.82) |F(X)—F(X*)| < 3¢ for X in B(X*, he/2) and X not in Z.

To establish (2.82), we fix X in B(X*, hg/2) and assume that X is not in Z. Let
p designate the distance from X to Z. Then 0< p <hg/2, and we obtain from (2.75)
that F is harmonic in B(X, p). Therefore F(X)=F,(X). Let X’ be in Z and such
that | X— X’| =p. We consequently have from (2.81) that

(2.83) |F(X)—F) (X)) <& |F(X)—F)X)| <& |F(X)—F(X*)| <e.

We conclude from (2.83) that |F(X)— F(X*)| <3e and the proof of the lemma is
complete.

Let A(X) be a function in L(T,). Then we shall designate the Fourier coefficients
of A(X) as follows:

AM) = @21 | MX)e 1D gX,

T2
Next, we establish the following lemma:

LEMMA 4. Let A(X) be a continuous periodic function in the plane of period 2w
in each variable with \M)=O(|M| =) as |M | — co. Suppose that 3 a,e'™-® is a
double trigonometric series having the following properties: ayy=a_ and ay,=o(l) as
| M| — 0. Suppose furthermore that lim,_.o >y aye'™ X~ Mt=0 for X in B(X,, hy),
hy>0. Set Ay=23p apA(M—P). Then
(2.84) lim | Iz [Ayn—A(Xo)ay] exp (i(M, Xo))(1—|M|2R~2)3 = 0.

R—o |M|<R

We first observe from Lemma 3 that lim,_.o > ape'™ - ~1Mt=(Q uniformly for
X in B(X,, h,/2). Consequently with ho=h,/2, we see that (2.39) and (2.40) hold.
Since (2.37) and (2.38) hold by hypothesis, we conclude from Lemma 2 that (2.43)
holds. In particular, if we set

(2.85) ajy=ay exp (i(M, X,))
then we see that the following facts obtain:

(2.86) 3 maj; and > naj; are both (B-R, 2) summable to zero,

(2.87) 2rsimisr+1 |a|=0(R) as R — co.

Next, we set

(2.88) ap=A(M) exp (i(M, X,)) for M#0 and «o=2A(0)— A(Xo)
and observe that
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(2.89) ay=0(|M|~1%) as |M| — oo and
(2.90) > yi<r o —0as R— 0.
Consequently, on setting
(291) A¥i1=2p 5oy —p,
we obtain from (2.87), (2.88), (2.89), (2.90), and Lemma 1 that
(2.92) limg_, o Dy sk AN(1—|M|2R2)*=0.
We observe from (2.74) that

Ay = Ay exp (i(M, X,))— N Xo)ay exp (i(M, X))

and (2.84) follows immediately from this fact and (2.92). The proof of the lemma is
therefore complete.

3. Sets of uniqueness of type (A). We shall say that a set E<T, is a set of
uniqueness of type (A) on the 2-torus provided the following holds:

If a double trigonometric series > a,e'™:® with ay=o0(1) as |M| — oo is Abel
summable to zero in T, — E, then a,, =0 for every integral lattice point M.

In this section, we shall prove the following two theorems concerning sets of
uniqueness of type (A).

THEOREM 2. Sets HY are sets of uniqueness of type (A) on the 2-torus.

THEOREM 3. Suppose that {E,}-, is a sequence of sets of uniqueness of type (A)
on the 2-torus. Suppose, furthermore, that for each k, E, is closed in the torus sense,
ie. E¥=y [Ec+2nM] is closed in the plane. Then E=\JZ-, E, is a set of unique-
ness of type (A) on the 2-torus.

We need the following lemma.

LEMMA 5. Let E<T, be closed in the torus sense, i.e. E¥X=\)y [E+27M] is a
closed set in the plane. Suppose there exists a sequence, {\.(X)}7-,, of continuous
periodic functions of period 2 in each variable having the following properties:

(3.1) for each k, there exists a set D open in the plane such that E*< D} and
A vanishes on Di;

(3.2) for each k, \,(M)=0(|M|~'%) as |M| — oo;

(3.3) there is a finite constant C such that 3, |A(M)|SC for k=1,2,...;

(3.4) lim,_, o A(M)=0 for M#0;

(3.5) limy. o A(0)=1.

Then E is a set of uniqueness of type (A) on the 2-torus.

Of course this lemma is motivated by [11, p. 345]. We establish it, however, for
Abel summability and do not assume to start with that E is of measure zero.

To establish the lemma, suppose that > a,e"™® is a double trigonometric
series such that

(3.6) ay=o0(1) as |[M| — 0, and

(3.7) lim,_ o Xy aye'™-X-1Mt=0Q for X in T,—E.
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The lemma will be established if we show

(3.8) ay =0 for every integral lattice point M.

To establish (3.8), with no loss in generality we can suppose from the start that
ay=a_y (see [6, p. 67]). Next, fix k and set

(3.9) Ay =2» aPXk(M_P)'

From the properties of E* and Dy set forth in the hypothesis of the lemma,
and from (3.7), we see that for a given X, in T, one (or both) of the following two
situations prevail:

(3.10) there exists an A; >0 such that, for X in B(X,, h,),

fi“g Z aMei(M,X) IMIt 0,
or
(3.11) there exists an h; >0 such that, for X in B(X,, h;), A(X)=0.
If (3.10) prevails, we conclude from Lemma 4 that the double series

(3.12) 2. [l —M(Xo)ay] exp (i(M, X,))

is (B-R, 3) summable to zero. But a double series which is (B-R, 3) summable to
zero is Abel summable to zero. We have therefore that the double series in (3.12)
is Abel summable to zero. However, from (3.10) we have that

Z A(Xo)ay exp (i(M, X))
is Abel summable to zero, also. We conclude that
(3.13) lim > Afe'™-Xo-1Mlt= 0,

t—-0 M

If the second situation prevails for X,, namely (3.11), we have from (3.2) that

(3.14) A(X) and all its partial derivatives of orders 1 and 2 vanish in B(X,, ;).

We conclude from [1, Theorem 2, p. 330] that > A% exp (i(M, X,)) is (B-R, 1)
summable to zero. But this in turn implies that (3.13) holds in this case also.

We conclude that for fixed &, the double trigonometric series > A%e'™:% is
Abel summable to zero for every X in T,. From (3.2), (3.6), (3.9), and [1, p. 325],
it follows that, for fixed k, A% =o0(1) as |M| — co. We have therefore from [6,
Theorem 7, p. 65] that

(3.15) A% =0 for every M and k=1, 2, ....

From (3.5), (3.9), and (3.15), we consequently have that for every M

(3.16) X(0)ay = —Sp 0 am-pAP), k=1,2, .. ..

Fix M, and let ¢>0 be given. Then it follows from (3.6) that we can find R,>1
such that |ay_p| <eC ! for |P|Z R,. We conclude from (3.3) and (3.16) that, for
every k,

(3.17) X@ay| S e+ > |a-s| [X(P).

1=IPT=Ro
Leaving k —> o0, we obtain from (3.4), (3.5), and (3.17) that |ay|<e. But this
implies that ay, =0. Therefore (3.8) is established, and the proof of the lemma is
complete.
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We now prove Theorem 2. Since the closure in the torus sense of an H-set
is an HY-set, we can assume from the start that ECT, is an HY-set which is
closed in the torus sense. (To be specific, we assume that the set E* =, [E+27M]
is a closed set in the plane.) Let {V, W]} be the sequence of normal pairs and
D<T,, be the nonempty domain used in the definition that E is an H"’-set where
Vi=(@}i,...,vi) and Wl=(wi,..., wi). Then there are numbers —7<o;<B; <,
j=1,...,2J, such that the following prevails:

3.18) Q;=le,;, B,],j=1,...,2J,and Q; x - -+ X Q3;<D.

Consequently, on setting

(3.19) QF=Up. _» [Q;+2mm], j=1,..., 2],
we have that

(3.20) (xvi, ywi, ..., xvi, ywi) is not in Q¥ x---x Q% for (x,y) in E and
k=1,2,....

Next, we select numbers «}, o], 8j, B; such that
3.21) —T<y<a<oay<Pi<Pi<Bi<m j=1,...,2],
and define functions of one real variable »,(x) which are of class C*’ on the real

line and periodic of period 27 such that for j=1,...,2J
(x) =1 in [¢}, B87],
(3.22) 7,(%) ‘ [, B3] o
=0 in[—m, 7]—[e«, Bjl,

and

(3.22') 40) =1  where (2m)~! f px)e"m* = 4,(m), m=0,+1, +2,....

For future reference, we observe in particular from the fact that 7,(x) is in class
C on the real line and periodic of period 2= that

(3.23) >x_ - o [HmM)]=c;<0, j=1,...,2J.

Next, we set

(3.24) N(x, Y)=m(ex)ma(Wiy) - - mas-1(UkX)m2s(Wiy), k=1,2, . ...

Then for each k,

(3.25) Au(x, y) is a function in class C* on the plane and periodic of period 27
in each variable.

It follows immediately from (3.25) that for each k, [A(M)|=0(M|~%) as
|M| — co. Consequently, the sequence {A(X)}?-; meets condition (3.2) in the
hypothesis of Lemma $.

To show that the sequence {A,(X)}¥-; meets condition (3.1) in the hypothesis
of Lemma 5, we fix k and observe from (3.20) that for (x,, y,) in E, either one (or
both) of the following situations prevail:

(3.26) there exists a j, such that xf° is not in Q%; _1, or

(3.27) there exists a j, such that yowie is not in Q3.

Suppose (3.26) prevails. Then it follows from (3.18), (3.19), and (3.21) that there
exists an ho > 0 such that if [x —xo| <, then xv)° is not in [«] , Bj,] mod 2. There-
fore we have from the 27 periodicity of ng;, —; that 9, - 1(xv{2) =0 for |x —x,| < Aqo.
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Consequently, it follows from (3.24) that for fixed &,

(3.28) there exists an h,>0 such that A,(X)=0 for X in B(X,, A).

In case (3.27) prevails, similar reasoning will once again lead us to (3.28). Since
X, was an arbitrary point in E, it follows from (3.28) and from the compactness
of E in the torus topology and from (3.25) that for each k there exists an open set
in the plane Df such that E*< Dff and A, (X)=0 for X in D}. We conclude that
the sequence {A,(X)}>-, meets condition (3.1) in the hypothesis of Lemma 5.

To establish conditions (3.3), (3.4), and (3.5) in the hypothesis of Lemma 5, we
set

(3.29) X(x)=n1(vkx)" - *1gs-1(x) and X (y)=na(wky)- - *nas(Wky)
and observe from (3.24) that

(3.30) Au(x, y)=A(x)X(»).

Next we observe that

X;c(m) = Z 1(my)- - ~ar-1(my),
vimy+ - +olmy=m
(3.31) m=0%1,+2,...,j=1,...,J, and
M(”) = Z a(n1) - - *7l2s(ny),

wing 4+ wing=n

n=0,+1,+2,...,j=1,...,J.
It follows from (3.30) that
(332 M(M) = N(m)Xi(m)
and therefore from (3.31) that

(3.33) Shanls 5wl S e

On the other hand from (3.31) it follows that

o

S el s 3 ieml 3 lis-atm)l, and

(B34 "T°F " e
z IM(’M s Z |[fe(n)] - - - Z |i2s(m)].
ne - ny=—o ny=-—o

Setting C=c; - - - ¢y, it follows from (3.23), (3.33), (3.34) that
Z [A(M) £ C<oo fork=12,....
M

Consequently condition (3.3) in the hypothesis of Lemma 5 is met by the sequence
(X}

To show that the sequence {A,(X)}-; meets condition (3.4) in the hypothesis
of the lemma, let M=(m, n) be a fixed integral lattice point different from the
origin. Then either one or both of the following situations prevail: m#0 or n#0.
We shall assume m#0 with similar reasoning prevailing in case n#0.
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Given an >0, choose a positive integer y such that

(3.35) r%l |f2s-1(m)| < eJ "Yer+1)72- - (coy+ 1)~ forj=1,...,J,
<|myl
where ¢,, ¢, Cs, . . ., Co; are defined in (3.23).
Next, using the fact that {(v}, . . ., v{)}¥-1 is a normal sequence, choose k, so that
the following holds:
(3.36) if 0<|my|+ - - - + |m;| =Jy and k >k, then |vim, + - - - +vim;| > |m| +1.
From (3.36), it follows that if vim,; + - - - +vim;=m and k > k,, then at least one
entry in the J-tuple (my, ..., m;) is in modulus greater than y. We consequently
conclude from (3.31) and (3.23) that

|7\5c(m)| = Z Ml(ml)lca' c*Coy-1

Imil>y

L Z |fas-1(m;)|cy- - '021-3} for k > k,,

Imy|>y

and therefore from (3.35) that
(3.37) |X(m)| Se(ca+1)"Yca+ 1)1+ -(cay+ 1)~ for k> k.

Also, it follows from (3.31) and (3.23) that

(3.38) [Xi(m)| Scgcq- - gy for all k.

We therefore obtain from (3.32), (3.37), and (3.38) that

(3.39) |A(M)| <e for k> k.

We conclude from (3.39) that lim,_,, |A,(M)|=0 for M#0. Consequently, the
sequence {A,(X)}2-; meets condition (3.4) in the hypothesis of Lemma 5.

In order to complete the proof of Theorem 2 all that remains to be shown is
that the sequence {A,(X)}-, meets condition (3.5) in the hypothesis of Lemma 5.
To accomplish this fact, we observe from (3.22) and (3.31) that
(3.40) X0) = 1+ 2* H1(my) - - -y —2(my)

vimy+ e+ vimy=0
where *,1, 4 ...+vlm,;=0 TEPIESeNts a summation over those J-tuples (my, ..., m;)
such that vim, + - - - +vim;=0 with the J-tuple (0, . . ., 0) omitted. It follows from
(3.23) and the normality of {V{}i-, exactly as in the last case considered that

(3.41) lim >F A1(my) - - -fizg-1(my) = 0.
k= ylmy 4ot vlmy=0

We conclude from (3.40) and (3.41) that

(3.42) lim,_, , X (0)=1.
In a similar manner, we obtain that

(3.43) lim,, , A(0)=1.
But from (3.32), we have that A,(0)="2,(0)X;(0), and consequently from (3.42) and
(3.43) that lim,_, o, A,(0)=1. Therefore, the sequence {A,(X)} meets condition (3.5)
in the hypothesis of Lemma 5, and the proof of Theorem 2 is complete.
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We now prove Theorem 1. Let E be an H-set on the 2-torus which with no loss
in generality we take to be closed in the torus sense. We let yz(X) designate the
characteristic function of E in the torus sense, i.e. the function which is one on E,
zero on T,—E, and then is extended by periodicity of period 2= in each variable
to the rest of the plane. If X, is in T, — E, then there exists 4, >0 such that xz(X)=0
for X in B(X,, ho). Consequently [6, Theorem 2, pp. 55-56] D k(M )e!™M- X~ 1M1t
— 0 for X in B(X,, h,). We conclude therefore that the Fourier series of yz is Abel
summable to zero in T, — E. Also lim,y, -, » ¥z(M)=0. Therefore if the two-dimen-
sional Lebesgue measure of E, designated by |E|, were positive we would have a
contradiction to Theorem 2. We conclude that |E|=0.

Now, suppose

(3.44) limg_, o a1 < aue'™*®=0 for X in T,—E.

Cooke has shown, [2] and [3], that if limy, o 2 um 2=k ane'™* =0 almost every-
where on T, then 3y 2.« [au|2=0(1) as k — co. We conclude from this result,
from (3.44), and from the fact that |E|=0 that

(3.45) ay=o(1) as |[M| — .

From (3.44), we obtain easily that

(3.46) lim,_ o > aye'™--1Mit=( for X in T,—E.

Since Eis an H"-set on the 2-torus we conclude from (3.45), (3.46), and Theorem
2 that a,, =0 for all integral lattice points. Consequently, E is a set of uniqueness of
type (C), and the proof of Theorem 1 is complete.

To prove Theorem 3, we suppose

(3.47) ay=o(1) as |M| -
and set for >0

(3.48) f(X, t)=ZM aMe“M'X)_IMIt.

Also, we set

(3.49) E*=Ui- E¢
and suppose that

(3.50) lim,_, f(X, t)=0 for X in #— E*, where £ designates the plane.

The proof will be complete when we establish the fact that

(3.51) ay=0 for all M.

To establish (3.51), we see from the start, using an argument similar to that in
[6, p. 65], that with no loss in generality we can also assume

(3.52) ayy=a_y for all M.

Next, using the fact that f(X, ¢) defined in (3.48) is continuous for >0 and
periodic of period 2= in the x and y variables, we select a sequence 1=¢,>#,> - -
>ty - -— 0 such that

(3-53) SUPxim 2, st58,4, LSX =X, 1) S 1.

Set

Zu=X: 10> Z=UZsw Z-0Z
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Then

(3.54) Z is a G4-set and

(3.55) Z={X : X in 2, lim sup,_, | f(X, t)| = +0}.

If we show

(3.56) Z is empty,
then the proof to Theorem 3 will be complete. For the fact that Ef is of two-
dimensional Lebesgue measure zero for k=1, 2,... along with (3.47), (3.49),
(3.50), (3.52), (3.55), (3.56) and Lemma 3 implies that lim,_, f(X, t)=0 uniformly
for X in 2. This fact in conjunction with (3.48) implies that a, =0 for all M.

We now establish (3.56). Suppose that Z is not empty. Then it follows from
(3.50) and (3.55) that Z< E*. But then it follows from (3.49) that

3.57) Z=UpF-1 Z N Ef.

From (3.54), (3.57), and the Baire Category Theorem [5, p. 54], we consequently
obtain that there is a B(X,, ho), 0<hy< 1, such that

(3.58) B(Xy, ho) N Z#£0
and there is an Ef such that E is dense in B(Xq, ho) N Z. However, Ef, is closed.
We have, therefore, that

(3.59) B(Xo, ho) N Z<E{.

From (3.50), (3.58), (3.59), and the definition of Z, we conclude therefore that

(3.60) lim,_, f(X, t)=0 almost everywhere in B(X,, ko), and

(3.61) lim sup,_, | (X, t)| <00 in B(X,, ho)— Ei.

From (3.60), (3.61), Lemma 3, and the fact that Ef is closed we obtain

(3.62) lim,_, f(X, t)=0 in B(X,, ho)— EiX.

If (3.58) is indeed true then there is an A3 such that

(3.63) O<hg<hy<h,<hy<1, and

(3.64) B(X,, hg) N Z#0.

Let 5»(X) be a function in C *(£) which is defined as follows for X in T,.

2(X) =1 in B(O, hy),

3.6

and is extended by periodicity of period 2= in each variable to the rest of the plane.

We set

(3.66) AM(X)=n(X+ X,), and

(3.67) Ay=3papA(M—P).

If X, is in (To+ Xo)— B(X,, hy), then it follows from (3.65) and (3.66) that A is
identically zero in a small neighborhood of X;. Consequently, we obtain from
[1, Theorem 2, p. 330] that > A,e'™® is (B-R, 1) summable to zero for X'=JX;.
We conclude therefore in particular that

(3.68) 1lim,_,o Sy Ape!™ X 1Mt—0 for X in (T, + Xo)— B(Xo, hy).

Likewise, if X; is B(X,, h3), A(X) is identically one in a small neighborhood of
X,, and we conclude once again from [1, Theorem 2, p. 330] that
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(3.69) lim,_ o Dy [Ay— A X)ayle!™-0-Mlt=0 for X in B(X,, h3).

On the other hand, if X; is in B(X,, hy)—E#, there exists p; >0 such that
B(X1, p1)<B(Xo, ho) and B(Xy, p;) N Ef is empty, we obtain therefore from
(3.62) and Lemma 4 that

lim > [Ay—AX1)ay] exp (i(M, X))(1—-|M|?R-2)® = 0.
R- o |[M|SR
We consequently conclude from this last fact that

(3.70) limp_, o {Sar Aye' M- Mt_XNX)f(X, t)}=0 for X in B(X,, h,)—Ef.

We conclude from (3.62), (3.63), (3.68), and (3.70) that lim;_o X A et~ 1Mit
=0 in (T2 + X,) — Ei, and therefore by periodicity that
(3.71) lim D> Apue™o-Mt =0 for X in 2—Eg.

t—-0+ M

But from (3.47), (3.67), and [1, Lemma 1, p. 325] we have that 4, =o0(1). Also,
Ey, is a set of uniqueness of type (A). We conclude therefore from (3.71) that

(3.72) A =0 for all M.

Recalling from (3.63), (3.65), and (3.66) that A(X)=1 for X in B(X,, h3), we
conclude from (3.69) and (3.72) that

(3.73) lim,_, f(X, t)=0 for X in B(X,, hs3).

But this last fact, namely (3.73), is a contradiction to (3.64), and we conclude that
Z must be empty. The proof of Theorem 3 is therefore complete.

4. Appendix. Rajchman’s formal product theorem [11, 4.9, p. 331] is used
both implicitly and explicitly throughout the one-dimensional approach to sets of
uniqueness (see [11, p. 345 and p. 349]). We show here that the direct analogue
in two dimensions of Rajchman’s one-dimensional formal product theorem
is false. In particular we show here that the following statement is false.

STATEMENT. Let 5 aye'™-® be a double trigonometric series with

(4.1) ay=o0(1) as | M| — co.

Let 5 2,e'™® be q double trigonometric series with the property that

4.2) Sy |M|'|Au| <o for j=1,2,....

Set Ayy=>p aphy_p and M X) =72 Ay ™ X, Then
4.3) lim > [4y—M0)ay] = 0.
R—- o |[M|=R

(It will be apparent from the proof to be given that the above Statement remains
false when circular convergence in (4.3) is replaced by Bochner-Riesz summability
of any order or even Abel summability.)

To show that the above Statement is false, we choose a function 5(X) which is in
class C® in the plane, periodic of period 27 in each variable, and which further-
more satisfies the following conditions:

W(X) =1 inBO,3)

(44) =0 in Tz"B(O» l)
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We define

(4.5) MX)=xn(X) for Xin T;
and then define A(X) throughout the plane by periodicity of period 2= in each
variable.

We define

(4.6) f(X)=x|X|~%%(X) for X in T,—C
and then define f(X) throughout the plane punctured at the integral lattice points
by periodicity of period 2 in each variable.

Now both A(X) and f(X) are in LY(T,). We define

4.7) ay=f(M), and

(4.8) Ay =A(M).
It follows from the Riemann-Lebesgue lemma and (4.7) that a,, meets (4.1). Also
since A(X) is of class C* in the plane and periodic of period 27 in each variable,
it follows from (4.8) that A,, meets (4.2).

Next, we set

(4.9) g(X)=f(X)MX) for X in the plane and X not equal to an integral lattice
point.

Also, we observe from (4.2), (4.7), and (4.9) that there is a finite constant C>0
such that

(4.10) > Af(X)eM® | < C|f(X)| for Xin T,—0
IMIZR

and that

4.11) lim A f(X)e!™:X = g(X) for X in T,—0.
R—-o |M|SR

We obtain from (4.10), (4.11), and the Lebesgue dominated convergence theorem
that

J g(X)e ™D = [im z Ap f(X)e~tM-P.D gx
T

R—o |P|<R To
= lim z APaM_y%zo
R-+o |P|SR

We therefore conclude that
(4.12) g(M)=2p Apay -p=Ay.
Next we observe from (4.4) and (4.5) that
(4.13) A0)=0.
Also, we see from (4.9) that for 0<|X| <%, g(X)=x%| X |52 Consequently

h~2 gX)dX— +0 ash—>0

B(O,h)

and we conclude from [6, Theorem 2, pp. 55-56] that
(4.14) lim, o Sy §(M)e~Mt= + o0,
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But then from (4.12), (4.13), and (4.14), we have that

(4.15) lim,_q D5 [Ay— AM0)ayle™ M't= 4 o0,

From (4.15), it follows immediately that (4.3) does not hold, and therefore that
the above Statement is indeed false.

In closing, we point out that the above Statement becomes true if we replace
(4.1) by the condition Xg < <r+1 |@u| =0(1) as R — co. However, this condition
has no relevance for this paper.
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