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COMPLEX STRUCTURES ON REAL PRODUCT BUNDLES
WITH APPLICATIONS TO DIFFERENTIAL GEOMETRY

BY

RICHARD S. MILLMANC)

Abstract. The purpose of this paper is to classify holomorphic principal fibre

bundles which admit a smooth section (i.e. are real product bundles). This is accom-

plished if the structure group is solvable of type (E). In the general case, a sufficient

condition is obtained for a real product bundle to be equivalent to the complex

product bundle. A necessary and sufficient condition for the existence of a holo-

morphic connection on a real product bundle is also obtained. Using this criterion

in the case where the structure group is abelian, a generalization of a theorem due to

Atiyah (in the case the structure group is C*) is obtained.

Chapter 0: Summary of Main Results

In his lecture to the International Congress of Mathematicians, 1950, H. Cartan

[3] gave a formulation, due to Weil, of the classical second Cousin's problem. The

formulation is as follows: Given a holomorphic principal fibre bundle f which,

when considered as a real (C00) bundle, is the trivial (or product) bundle, how can

we decide whether £ is also trivial as a holomorphic bundle? Rephrasing this

slightly, if Pic iM, G) is the set of holomorphic equivalence classes of real trivial

holomorphic principal fibre bundles over the complex manifold M with structure

group the complex Lie group G, how can we describe Pic (M, G) ? If G is abelian

then J.-P. Serre showed that

Pic (M, G) = ®o,i(M, G)/H\M, G),   M is compact,

where ô is the Lie algebra of G, and 3>0-1 denotes the Dolbeault 8 cohomology of

M. In 1957, J. Frenkel [6] proved that if G is solvable and 20-1(M, C) = 0 then

Pic(M,G)=0. Both Serre's and Frenkel's results use the machinery of sheaf-

theoretic cohomology. Our solution to this problem lies in a set Exp D(M, G)

and a map S : Exp D(M, G) -*■ Pic (M, G) which is always onto and is an iso-

morphism almost every time that G is solvable.
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We begin by giving some results of a general nature in the first chapter and then

applying them to the above case in the second chapter. (We shall number the

results as in this paper.)

Let M (resp. G) be a connected complex manifold (resp. complex Lie Group).

Let G be the Lie algebra of G, A°-1(M, G) = (7-valued 1-forms on M of type (0, 1).

If P is an almost complex manifold with almost complex structure J0 then

£0: G _> P i. M is called an almost holomorphic principal fibre bundle (a.h.p.f.b.)

if G acts on P in such a way that 3>: PxG->■ PxP is an almost holomorphic

diffeomorphism (p, g) ~* (p,pg) of PxG onto a closed subset of PxP and

M=P/G (via tt). The almost complex structure J on P is said to be coherent with

¿0 if f : G _> P, H+ M is an a.h.p.f.b. Let Ker tt denote the sub-bundle of T(P)

given by Ker -n = {(p, X) \ X e TPP, peP and tt(X)=0}.

Theorem 1.2.1. If Ç0: G -+P,01> M is an a.h.p.f.b. then there is a 1-1 corre-

spondence between almost complex structures on P coherent with £0 and G-valued

(0, I) forms tu (with respect to J ̂ -structure) on P such that

(1) «(Ker *) = (),

(2) w is of adjoint type.

In fact, oj is defined by (J-J0)P(X) = 8p(u>p(X)) where 0„ is the canonical embedding

of G onto (Ker tt)p^Tp(P) for each peP.

Theorem 1.2.5. Let £0 be a holomorphic principal fibre bundle. Let J, be an

almost complex structure coherent with J0. IfiJ, corresponds to cj e A°-1(P, G) then

J, is a complex structure if and only if the sum of the (2, 0) and (0, 2) components

(with respect to J,) of dw is —(i/4)[o>, at]. In particular, if J is complex then S/lai

= -(i74)[a,,c4

Theorem 1.2.6. There is a 1-1 correspondence between A0,1(M, G) and almost

complex structures on MxG coherent with the product structure. In fact, this corre-

spondence is given by: for each r¡ e A°'\M, G), r¡ ~~J" where

JUW,Z) = (JMW,JGZ+(dRJeV(W))

forzeM,XeG, We TZ(M), Z e TK(G).

Let ~exp be the equivalence relation generated by: for tu, -q e A0,1(M, G),

o>~exv-qo:lh:M^G such that for all A e TZ(M)

2i((e-Räh^-I)/adh(z))(8h(A)) = oj(A)-e-&áhlz)7¡(A).

co is expexact if co ~ exp 0. Let Z exp D(M, G) be the set of all (0, 1) forms tu such

that w is locally expexact. Let Exp D(M, G)=Zexp D(M, G)/~exP- We say that

M have the exponential lift property with respect to G if any map s: M-> G can

be factored through exp : G -> G.
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Theorem 2.2.4. (a) There is a surjection for any M and G,

S: Exp DiM, G) -> Pic (M, G)

given by E(t?) = {/"}.

(b) If M has exponential lift with respect to G then S is an isomorphism.

In §3 of Chapter II, we compute Exp D under certain circumstances and so are

able to prove Serre's, Frenkel's and a converse of Frenkel's result; to wit

Theorem 2.3.1. If G is abelian then Exp DiM, G) = %A(M, G).

Theorem 2.3.2. If[G, Ô]^G then Exp 7)(M, fJ) = 0 implies @o%1(M, C)=0.

Theorem 2.3.4. If G is solvable then %tl(M, C)=0 implies Exp D(M, G)=0.

Theorem 2.3.5. Let r¡ e A0,1(A/, G) correspond to J" as in Theorem 1.2.5. Then

the following are equivalent:

(a) T¡eZ exp D(M, G),

(b) Jv is a complex structure,

(C)  8r, = (i/4)[r,,V].

In Chapter III, we first apply the above to the theory of holomorphic connections

obtaining the following necessary and sufficient condition for the existence of a

holomorphic connection on a real product bundle :

Theorem 3.1.5. The set of holomorphic connections on G ->(J1/xC);í-> M is

in 1-1 correspondence with the set of all ß e A1,0(A/, G) such that ^ = dr¡ — (i/2)[r¡, ß].

Theorem 3.1.7. If G is abelian, M compact Kahler, then G -y (M x G),<» -»> M

possesses a holomorphic connection.

The above theorem and also its converse were first proved by Atiyah [1] in the

case when G = C*. We prove the converse in the abelian case under the further

assumption that M is simply connected.

In the last section we put a natural Hermitian metric on (M x G)j* and show that

if G is a complex torus then (M x G)f is Kahler in this metric if and only if dr¡ = 0.

Chapter I: Almost Holomorphic Principal Fibre Bundles

1. Preliminaries. We shall first review some of the basic definitions about

complex manifolds, mostly to fix terminology. We shall follow [10] as a standard

reference. Throughout this work, a manifold (resp. Lie group) will always mean a

connected, paracompact and Hausdorff manifold (resp. Lie group). We write G

for the Lie algebra of the Lie group G. G is, in particular, a complex vector space

with dime G = dime G. Let M be a real manifold, TR(M) its (real) tangent bundle

and T(M) = TB(M)%C he the complex tangent bundle of M, i.e., T(M)

= {X+iY | X, Ye TB(M)}. In the future by tangent vector, 1-form, etc. we mean

complex tangent vector, 1-form, etc. Let J be an almost complex structure on M
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(i.e., an endomorphism of TR(M) such that J2= —F). We shall occasionally write

M, to mean the almost complex manifold M with structure /. If </>'- M-> N we

shall write di/)z or i/jz for the differential of </s at the point ze M\ that is dt/>z

= <fiB : TZ(M) -> T„,U)N. Let F be a complex vector space and let A"(M, V)

= Ap(Homc (T(M), V)) be the complex vector space of F-valued p-forms on M

and A(M, V) = @ A"(M, V). If

TU0(M) = {XeT(M) \ JX = iX}   and   T°-\M) = {XeT(M) \ JX = -iX),

then the eigenspace decomposition of T(M) = T1-°(M)@T0,1(M) induces a

decomposition A(A7, F) = © AP-"(M, V). An element w e A'-^M, V) is called a

form of type (p, q). In particular, to e A°-1(M, V) if and only if a>(JX)= -iw(X).

Assume now that / is, in fact, a complex structure. Let d be the usual exterior

derivative operator on TR(M) extended to T(M), then for w e A"'g(M, V) dw may

be written uniquely as 8m + 8co where 8u> e AP + 1-«(M, V), 8œ e Ap-9 + 1(M, V). In

particular, if h : M -> V is a differentiable map then

(1.1.1) -2i8h(X) = dh(JMX)-i(dh)(X)   for all Xe T(M).

Since 82 = 0 for a complex manifold, we have the Dolbeault cohomology groups

9V.¿M, K) = Ker SPf,/Im 8p,q-, for all p and a.

Let M be a complex manifold, G be a complex Lie group and P an almost

complex manifold. We say that f={7*, G, M; tt: P ->• M} is an almost holomorphic

principal fibre bundle if there is an almost holomorphic action <I>:PxG->PxP

given by 0(p, g) = ip,pg) which is (1) an almost holomorphic diffeomorphism of

PxG onto i>(P x G); (2) 0(P x G) is a closed subspace of P x P and (3) tt: P -+ M

induces a biholomorphic homeomorphism of P/G onto M. We shall specify an

almost holomorphic principal fibre bundle by writing £: G ^>.P 1+ M. If P is a

complex manifold then this is the usual definition of a holomorphic principal fibre

bundle as in [13]. The equivalence of the two definitions is E. Cartan's Theorem

[11, Exposé 6]. For fixed g e G the map P -> P given by p -— p9 will be denoted Rg.

We say that the almost holomorphic principal fibre bundle i : G _>. P ±> M is

trivial as a real bundle (or is a real product) if there is a Cœ section (i.e., a C00

map s:M^-P such that ^ o j is the identity on M). Let f: G -^.P £> M be

another almost holomorphic principal fibre bundle, then | and £ are (holo-

morphically) equivalent if there is an almost holomorphic diffeomorphism

4i:P^-P such that

£ 0

identity

commutes and 4>(Pg) = tip)9 f°r all p eP, g e G.
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Let G _>. P i> M he an almost holomorphic principal fibre bundle. As before,

let ker 77 denote the sub-bundle of T(P) given by ker n={(p, X) \ Xe TP(P),peP

and ir(X)=Ç>}.

Theorem 1.1.1. Let G be the Lie algebra of G, exp : ó -* G be the usual exponen-

tial map, then there is a canonical embedding of G onto (ker ir)pfor each peP given

by

6p:G-+(Kerir)p^Tp(P)

(1.1.2) ¿-«A-

0(Á)f = lim -ü£-LJAtl   f0r any f.p^C.
t-.o t

Furthermore 6P is of type (1, 0) ithat is, 6PiJX) = i6PiX)for each XeTPiP)) and

(1.1.3) (R¿6)P(A) = ¿V(ad g-i(A))   for all peP, geG, AeG

where ad: G -*■ End (G) is the usual adjoint representation (ad g=Lç ° Rg-i).

2. Coherent almost complex structures on fibre bundles.   Let f 0 : G ->. PJo i> M he

an almost holomorphic principal fibre bundle, where the almost complex structure

on P is J0. The almost complex structure J on P is said to be coherent with f0 if

Ç:G-+PjH^M is also an almost holomorphic principal fibre bundle, i.e. the

action of G on P is holomorphic with respect to both J0 and /, and the projection

ir is holomorphic with respect to both J0 and J.

Theorem 1.2.1. Let ¿;0: G ^. PJo i> M be an almost holomorphic principal fibre

bundle, then there is a 1-1 correspondence between almost complex structures on P

coherent with £0 and G-valued l-forms, w, on P such that

(1) co(Ker7r)=0,

(2) (R*w)( X) = (adg~ ')w(X) for all geG and X e T(P),

(3) w is of type (0, 1) with respect to J0.

Proof. Let J be a coherent almost complex structure. If X e TP(P), peP, then

tt((J-J0)(X)) = Tt(JX)-Tr(J0X) = JM(ñX)-JM(TrX) = 0

where JM is the almost complex structure on M. We then see that (J—J0)(X)

e Ker 7r for each Xp e T(P), hence, by Theorem 1.1.1, there is a unique A e 6 such

that (J-J0)P(X) = 6P(A). Let wjeA\P, G) he defined by (wj)p(X) = A or, more

succinctly,

(1.2.1) (J-J0)(X) = 6(wj(X))   foraH^ETYP).

We shall now show that the assignment /-> ws is a 1-1 correspondence satisfying

the conditions of the theorem.

Firstly, if X=6(A) then (J-J0)(6(A)) = 6(iA)-6(iA)=0 so cu(Z)=0 for

X e Ker -n.
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Secondly, if «„(X) = A then

JiRgX)-J0iRgX) = RgÜJ-J0)X) = Rg8PiA) = 0p<(ad g^)A)

where the last equality follows from equation (1.1.3).

Thirdly, we show that tu(/0JT)= —it»iX). By definition,

(1.2.2) ojjiX) = A oJiX)-J0iX) = 8iA),

il.2.3) ojjÍJoX) = BoJiJ0X)-J0iJ0X) = 8iB).

Applying J to equation (1.2.2) we obtain —X—JJ0X=J8iA) = 8iiA) so

(1.2.4) JiJoX) = - 8QA) - X.

Substituting (1.2.4) into (1.2.3) yields i~8iiA)-X) + X=8iB). Hence B=-iA

and so cniJ0X) = — ia>iX).

Conversely: Given any tu e Aoa(P, G) satisfying (1) and (2) of the proposition,

let Ja be defined at p e P by

iJa)PiX) = iJ0)PiX) - 8Piœ„iX))   for all X e TiP).

Ja is clearly linear.

ij*yix) = j»ij0ix)-dicoix)))

= MUX) - dicoiX))) - SiwiMX) - 0(tu(Z))))

=  - X-J09ia>iX)) - 9iwiJ0X)) + 0(tu(0(tu(Z)))).

But tu(0(tu(Ar))) = 0 since 0(o>(A')) is vertical ; hence the last term is zero so

J\X) = -X-9iiwiX)) + 8iiwiX)) = -X

where the first equality follows because w is of type (0, 1) with respect to J0.

To show that Ja is coherent with f0 we need show that (a) JaRg=RgJa for all

g e G and (b) -n is holomorphic with respect to Ja.

Let XeTPiP),peP, then

JaR9X = JaiRgX)-9p,u>p,iRgX) = RgJ0X-9p*iiadg-1)iœPiX)))

but

= RgJ0X-Rg8PiwPiX)) = RgJ"iX);

hence (a) follows.

For XeTPiP), ,i(yraZ) = 7r(/oA'-0!,K(Z)))=7r(/oZ)-^(0>J)(Jr))).

However the last term is zero because 9PiojpiX)) e (Ker tt) ; hence ¿(/"X)

=7tÍJ0X)=JM7tX and so tt is holomorphic with respect to Jm.

Corollary 1.2.2. Let G be abelian, then there is a 1-1 correspondence between

almost complex structures coherent with £: G -^.Pj0L> M and elements of

A°-\M, G).
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Proof. By Theorem 1.2.1 we need only show that there is a 1-1 correspondence

between C7-valued (0, l)-forms on P such that (1) cu(Ker7r)=0 and (2) (R*w)(X)

= adg~\w(X)) = w(X) and A°-1(M, G). This correspondence is given as follows:

Let i) e A°'1(Af, G) he defined by -qm(W) = wp(W) where p is a point in tt-1^) and

rr(W)= W. Because of condition (1) above, if ttW' = Wthen wp(W) = wp(W'). The

definition of r¡ is independent of the choice ofp eTt~\m) because Trps(RgW) = irpW

= Whut

wp,(RgW) = (R*w)p(W) = wp(W).

It is usual to confuse the set of almost complex structures and equivalence

classes of almost complex structures. Please note that Theorem 1.2.1 and the

following corollaries assert nothing about equivalence classes of almost complex

structures; that is, it is easy for coj and w2 e A0,1^, G) to represent equivalent

almost complex structures without cu1 = cl)2. We shall investigate the notion of

equivalence in Chapter II.

We shall now see which forms w satisfying conditions (1), (2), and (3) of Theorem

1.2.1 correspond to complex structures. Let Af¡ be the torsion of the almost complex

structure J¡ (i=0, I); that is,

Nt(X, Y) = 2{[JiX,JiY]-[X, F]-/,[*,/, 7]-/,[/,.¥, Y]}.

The Newlander-Nirenberg Theorem [10, p. 321] asserts that /, is a complex

structure if and only if Nt=0. We shall therefore compute Nx-Nq in terms of en.

Note that A^ — N0 is certainly vertical.

Theorem 1.2.3. Let Ç0: G -> PJo -* M be an almost holomorphic principal fibre

bundle. Let J1 be an almost complex structure corresponding to we A0,1(7>, G) as in

Theorem 1.2.1; then

(I 2 5)  i6~^Nl(-X' Y^-N°(X> Y^ = 2dwiJ, X, Y) + 2dwiX,J, Y) + [wX,wY]

for all X, YeTiP).

Before proving the above theorem, we shall need some notation. A* e TiP)

is called a fundamental vector field if there is an A e ô such that A * = 6PiA) for all

peP. Let w*iX) = 6PiwiX)) e Ker n for each X e TiP).

Lemma 1.2.4. For all X, YeTiP)

(a) Let A* be a fundamental vector field, then J0[A*, X] = [A*, JqX]-

(b) 6-\[w*X,J0Y]-J0[w*X, Y]) = iYiwiX))-iJ0Y)iwiX)).

(c) 2 dwiJ0X, Y)+2 dwiX, J0Y)=-wi[X, J0Y] + [J0X, ?])+(/,*(}))-

J0 YiwiX)) + i YiwiX)) - iXiwi Y)).

(d) 2 dwiw*X, Y) + 2 dwiX, w*Y)= -wi[w*X, Y] + [X, w*Y]) + iw*X)iwY)-

iw*Y)iwX).

(e) 6-\[w*X, w*Y])=iw*X)iwY)-iw*Y)iwX) + [wX, wY].
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Proof, (a) Let </>tip)=Pe™tA for all peP, AeG, t e R, then <f>t is the one

parameter group of diffeomorphisms of P generated by A*; hence [9, p. 15]

J0[A*, X] = J0(hm-tiX-<j>t)Xy

Since the action of G on P is almost holomorphic we have Jo<i>t = <¡>tJo; hence

J0[A*, X] = Um \iJ0X-UJoX)) = [A*,J0X].
f-»0   t

(b) Let to*X=J.flAf where/' are smooth functions on P, then (using part (a))

8-\[o>*X,J0Y]-J0[«>*X, Y]) = 2 9-í{[fiA*,J0Y]-J0[fiAf, Y]}

= 2 e-^f'ÍA*, J0Y]-(J0Y)fiAf+f\J0Y)Af

-Joif'ÍA?, Y]- YftAf+fiYAf)}
= -(J0Y)œ(X) + iYœ(X).

(c) 2 dwiJ0X, Y)+2 dw(X, J0 Y)

= J0Xoj( Y) - Yo>(J0X) - oj([J0X, Y]) + XœiJo Y) -J0 Yo>(X) - a>([X, J0 Y])

= J0Xw( Y) + i Yw(X) - iXwi Y) -JQ Yw(X) - w([J0X, Y] + [X, J0 Y])

where the last equality follows because tu e A0,1(P, G).

(d) 2 dm(w* X, Y)+2 dw(X, tu* Y)

= (w*X)a>(Y)- Yoj(w*X)-oj([w*X, Y])

+ Xw(a>* Y) - (œ* Y)a>(X) - w([X, w* Y])

=  - œ([w*X, Y] + [X, tu* F]) + (w*X)(w Y) - (w* Y)(ojX)

since tu(Ker 7r)=0.

(e) Let o>*X=2iPAt and co*Y=l,g'Af then tuA'=2i/% and u>Y =1,g1 A,;

hence

(tu*A-)(tu Y)-(oj* Y)(a>X)+ [wX, tu Y]

= 2 {(fi¿rKg'A,)-ig'AÍ)ifAd-\ftAi, g'A,]};
i.i

hence, since the last bracket is in G,

= 2 ír(At&Ai-g'iATf)At-flg>[Ah A,]},
i.i

Thus

0((tu*Z)(tu Y) - (w* Y)(ojX) + [wX, tu Y])

= 2{fiiAfgi)Af-gu*rAr-fig'[Ar,Af]} = [«,%*), «,*(y)i.
hi
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We shall now prove Theorem 1.2.3. Because iJ1-J0)iX) = 6iwiX)) = w*iX) we

have

WiX, Y)
= [J0X+w*X,J0Y+w*Y]-[X, Y]-J1[X,J0Y+w*Y]-J1[J0X+w*X, Y]

= [J0X, J0 Y] + [w*X, w* Y] + [J0X, w* Y] + [w*X, J0 Y]

- [X, Y] -MX, Jo Y] -J0[X, w* Y] - co*([JT, J0 Y])

-w*i[X,w*Y])-J0[J0X, Y]-J0[w*X, Y]-w*[J0X, Y]-w*[w*X, Y].

iN¿X, Y) = ±/V0(Z, Y) + {[w*X, w*Y]-w*[X, w*Y]-w*[w*X, Y]}

(1.2.6) +{[w*X,J0Y]-J0[oj*X, Y]} + {[J0X, w*Y]-J0[X, w*Y]}

-{w*i[X,J0Y]) + w*i[J0X,Y])}.

We shall now reduce the right-hand side of equation (1.2.5) to the above form.

2 dwiJxX, Y)+2 dwiX, J, Y) + [wX, w Y]

= 2 dwiw*X, Y) + 2 dwiX, w*Y) + 2 dwiJ0X, Y) + 2 dwiX, J0 Y) + [" X «> Y].

Applying Lemma 1.2.4(c), (d):

= - 0.0*% Y]+[x, w* y]}+iw*x)iw Y) - (V y)(co^)

- w{[X, J0 Y] + [J0X, Y]} + iJ0X)wi Y) - iJo Y)wiX)

+ iYiwX) - iXw Y+ [wX, co Y].

Applying Lemma 1.2.4(b), (e) yields :

= -wi[w*X,Y] + [X,w*Y]) + 6-\[w*X,w*Y])

-wi[X, J0Y] + [J0X, Y]) + 6-\[J0X, co*y]-/„[*, w*Y])

+ 6-\[w*X,J0Y]-J0[w*X, Y]).

Since w = 6~lw* we have

2 dwiJ1 X, Y) + 2 dwiX, J, Y) + [wX, w Y]

= 6~1{[w*X,w*Y]-w*[X, w*Y]-w*[w*X, Y] + [w*X,J0Y]

-J0[w*X, Y] + [J0X,w*Y]-Jo[X,w*Y]-w*[X,J0Y]-w*[J0X, Y]}

which is exactly 0_1 applied to the right-hand side of equation (1.2.6).

Theorem 1.2.5. Let f0: G ̂ ■/,/o—>■ M be a holomorphic principal fibre bundle.

Let J1 be an almost complex structure coherent with JQ. If J± corresponds to

w e A0,1(7J, G) thenJi is a complex structure ifandonly ifdw + idw)2t0= — (í/4)[co, cu].

In particular, ifj1 is complex then 8Jxw= -(i/4)[co, co].

Proof. Assume that Jx is a complex structure, then equation (1.2.5) implies that

2 dwiJxX, Y) + 2 dwiX, Ji Y) = - [wiX), co( Y)]. Let

->PiX, Y) = 2dwiJxX, Y)+2dwiX,J1Y);
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then it suffices to show 0 = 4/ 8m. Since J, is complex, da> e A^f(P, G) © A);X(P, G).

If X, Y eTf;°(P) then >/>(X, Y) = 4idco(X, Y) = 0. If XeTfi°(P) and YeT^(P)

then 4>(X,Y) = 2idoj(X,Y)-2idw(X,Y) = 0, therefore </> e A<°-2)(P, G). Now

doj-ifi/4i has no (0, 2) component because if X, Ye T°^(P) then

doj(X, Y)->/>(X, Y) = doj(X, Y)-(2ida>(X, Y) + 2idw(X, Y))/4i

= dw(X, Y)-dw(X, Y) = 0.

Since do, = (dtu — ifi/4i) + ¡/</4/, <f//4i is of type (0, 2) and du> —1/>/4/ has no component

of type (0, 2) we conclude that i/i/4i is the (0, 2) component of do», i.e. 8w — </i/4i

because tu is of type (0, 1) with respect to J, as well as J0.

We shall now prove that if 0'/4)[tu, ai] is the sum of the (0, 2) and (2, 0) compo-

nents of dw then J, is in fact a complex structure. By a procedure similar to the

previous one we see that 2 dw(J,X, Y) + 2 dœ(X, J, Y) is 4i times the sum of the

(0, 2) and (2,0) components of do, hence 2 do>(J,X, Y)+2 dw(X, J, Y) + [œX, tu Y]

= 0 and so 7Y1=0 by Theorem 1.2.2.

We shall now examine the real trivial case. If £: G _>. P £> M is an almost holo-

morphic principal fibre bundle then we say that £ is real product if | admits a C °°

section ; that is, a smooth map s: M -> P such that tt ° s is the identity map on M.

Clearly if £ is real product then P is diffeomorphic to M x G. Let / be the complex

structure on MxG given by JZ,\(W,Z) = (JMW,JGZ) for all meM, XeG,

W e Tm(M) and Z e 7\(G) ; then J is called the product complex structure on MxG.

Clearly, a bundle £ is a real product if and only if it is coherent with the product

structure on MxG. We now determine all real trivial almost holomorphic principal

fibre bundles.

Theorem 1.2.6. There is a one-to-one correspondence between A0,1(M, G) and

almost complex structures on MxG coherent with the product structure. In fact, this

correspondence is given by r¡e A°-\M, G), r¡ ~* /", where

(1.2.9) JUW, Z) = (JMW, JGZ+(dRA)e-q(W))

for zeM,XeG, We TZ(M), Z e TA(G).

Proof. The canonical embedding 0 of G into T(P) = T(M x G) = T(M) x T(G)

takes the form 9zA(A) = (0, (dRh)(A)), AeG, zeM, XeG. Thus let X=(W,Z)

e TzA(MxG); then equation (1.2.1) reduces to (with /0 = product structure)

(1.2.10) ojj(X) = Ao J(X) - (JM W, JGZ) = (0, (dRJe(A)),

i.e. by Theorem 1.2.1 there is a 1-1 correspondence between those tu e A°'1(P, G)

such that tu(Ker7r)=0 and R*o> = ad g ~1w with almost complex structures on

MxG coherent with the product structure and this correspondence is given by

equation (1.2.10). We need only show that there is a 1-1 correspondence between

those tu e A^íP, Ó) such that tu(Ker7r) = 0 and 7?*tu = ad^"1tu with Aoa(Af, G).

This is provided by the following lemma.
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Lemma 1.2.7. If £ : G -^ P -> Af is a real trivial holomorphic principal fibre

bundle then there is a one-to-one correspondence between those elements w e A0,1(73, G)

such that (a) co(Ker tt) = 0, (b) 7?*co = (ad g_1)co and the set of all r¡ e A°-\M, 6).

Proof. Let s: M-> T5 be a C° section on |. We may assume P is diffeomorphic

to MxG, and s: M -> Mx G is given by sim) = im, e) where e is the identity of G.

Thus ä*: A0-1^, Ó) -> A^^Af, G). We shall prove that this map is a 1-1 corre-

spondence as in the lemma.

We first show that j*(A°'1(P, G))<= A°-\M, G). Let co e A°-\P, G); then

is*w)iJMA) = w(dï(yM^)) = wHJMA,0)) = -/co(^,0) = -iis*w)iA),

so J*co g A°-Hilf, G).

Suppose í*co=0, then co2e((/l, 0))=0 for all A e TJ(M). However, by assumption

co2e((0, 7i)) = 0; hence co2e(^, B) = wz¡J(A, 0) + co2e(0, B)=0. However,

wUA, B) = iad X-^w^iA, B) = 0.

We shall now show that s* is onto. Let r¡ e A0,1(M, G). Let w^xiA, B)

=(ad A-1)ii2(,4); then co satisfies all of the necessary conditions.

Chapter II: Complex Structures on Real Product Bundles

1. Statement of the problem and solution in the abelian case. The aim of this

chapter is to obtain information on the set of (holomorphic) equivalence classes of

principal fibre bundles with structure group G and base M which are trivial as

smooth bundles, i.e. equivalence classes of real product bundles.

We shall call this set Pic (Af, G). If M is a Riemann surface and G = C* then

Pic (M, G) is called the Picard variety of M [7]. We shall now give the sheaf-

theoretic interpretation of Pic (A/, G). Let H\M, Gh) (resp. H^M, <?„)) denote

the first cohomology set of M with coefficients in the sheaf of germs of holomorphic

(resp. C") maps from M to G. If a: Gh -*■ GK is the map obtained by viewing a

holomorphic map asaC map, then a induces a map, also called a: 7f1(M, Gh)

-> H\M, Gm). It is well known [4] that the set of holomorphic (resp. C°°)

equivalence classes of holomorphic (resp. C°°) principal fibre bundles over M

with structure group G is equal to H^M, Gh) (resp. 771(Af, G„)) where the

trivial holomorphic (resp. C00) bundle is denoted by Oh (resp. Ox); that is,

Oh : G ->- (M x G) -> product structure M. The set of equivalence classes of real trivial

holomorphic principal fibre bundles is therefore ker a=a~1iOcc).

We will first explain why Pic (Af, G) need not be zero.

Topologically. £: G->■ (Af xG)j ->• Af is the general form of a real product

bundle where the action of G on (Af x G)j is, of course, the second coordinate

action (i.e. (z, g)A = (z, gX) for all ze M,g, Xe G). In order for £ to be holomor-

phically trivial, the complex structure / must be equivalent to the product of the

complex structures of M and G. We will see below that MxG can be given complex

structures which are not equivalent to the product structure.
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Analytically. We now view a bundle | in terms of its transition functions [13].

£ is trivial as a C "-bundle if and only if there is an open cover {t/J of M such that

the transition functions {taß : Uar\UB^ G) of f with respect to {{/„} take the form

(2.1.1) tae(z) = sa(z)sß(z) ~\      zeUanUe,

where i0 : Ua-+G and se : Ue^>G are smooth functions. Because f is a holo-

morphic bundle the taB are holomorphic functions but, of course, the sa need not

be holomorphic. In fact, there are holomorphic functions satisfying (2.1.1) exactly

when £ is trivial as a holomorphic bundle. In the case when G = C*, the problem of

finding holomorphic functions sa satisfying (2.1.1) (given the holomorphic functions

taß) is called the Cousin problem of several complex variables, and the phrasing of

this problem in fibre bundle terminology was first published by H. Cartan [3].

Recall that there is an isomorphism (due to Dolbeault-Serre, [4])

dolbeault: %,q(M, V) -^ H"(M, QP(F))

where Fis any vector bundle over M and QP(F) is the sheaf of germs of holomorphic

sections of Ap,0(Af, V). For any details about the arguments in sheaf-theoretic

cohomology which follow see [4].

When G is abelian, we can obtain the following information : (If Misa compact

Riemann surface and G = C* ={z e C | z#0} then this result is in [7].)

Theorem 2.1.1. Let M be a complex manifold, G an abelian complex Lie group;

then the following is an exact sequence of abelian groups

—l-^ %_,(M, G) -£-_ H\M, Gh) -?—+ H\M, G.)

■Ilii* H2(M, rr,(G))-> %.2(M, G)

where ß=exp ° dolbeault.

Proof. Because exp : G -> G is a covering map (recall all Lie groups are assumed

to be connected), we see that the sequence of abelian groups 0 —> tt,(G) —> G

rap> G_> 0 is exact; hence so are the sequences in cohomology:

-> H\M, ^(G))-> H\M, C.) ^ HKM, G„) -=-> H2(M, «¿Q)-► H2{M, G„)->

identity

exp 8»

identity

-> H'iM, ttíÍO)-► H\M, Gh) —=* H\M, G„) -=-> H\M, ^(G))-> H\M, Gh)->

However G is isomorphic as a Lie group to Cn, hence Gx is a fine sheaf and so

Hk(M, ôœ)=0 for all fc =: 1, hence SM is an isomorphism. The Dolbeault isomorph-

ism and some diagram chasing completes the proof.

Corollary 2.1.2. Let G be abelian ; then Pic (M, G) has the natural structure

of the product of a torus with C.
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Proof. The proof is by diagram chasing.

(2.1.2)      Pic (A/, G) = ker a = image ß = 90il(M, Ô)IHH\M, ^(G))).

Since tt^G) is free, i(H1(M, irl(G))) is a lattice in the vector space S/0.i(M, G), i.e.

Pic (Af, G) is the quotient of Cn (n might be infinite) by a discrete subgroup, hence

has the structure of a torus crossed with C.

Corollary 2.1.3. If ^(M) is a torsion group and G is abelian then Pic(Af, G)

is isomorphic to 3>o,\(M, ô).

Proof. The universal coefficient theorem for cohomology [12] states that

0 -> Ext iHoiM), tt^G)) -> H\M, ir^G)) -* Horn (77^Af), ttAjG)) -> 0

is exact. However 770(Af) is a free group, so Ext (770(Af), ir1iG))=0 and H^M) is

torsion (by the Hurewicz isomorphism); hence we conclude H\M, 7r1(G)) = 0

because there are no nonzero homomorphisms from a torsion group to a free group.

Note that if ^(A/) is a torsion group and G is abelian then Pic (M, G) has a

natural structure of a (infinite-dimensional) vector space. We shall see that this

will contrast violently with the simplest nonabelian case in which Pic (M, G) is

either zero or is not even Hausdorff !

2. Statement and proof of the fundamental theorem. Before starting the main

theorem (Theorem 2.2.4), we shall require some definitions. As always, Af will be a

connected complex manifold and G a connected complex Lie group with Lie

algebra G. We say that G has the exponential lift property with respect to Af if for

any (C00) map s: Af->■ G there is a (C°°) map h: M-+G such that the following

diagram commutes :

We say that a solvable Lie group is of type (E) if the exponential map is a covering

map. (G is of type (E) if G is nilpotent. If G is solvable there is a criterion due to

Dixmier; see [2] for details.)

Proposition 2.2.2. If tti(M) is a torsion group and G is of type (E), then G has

the exponential lift property with respect to M.

Proof. It is well known, [12], that given s:M->G as in (2.2.1) there is

h: M-> G such that (2.2.1) commutes if and only if j#(7r1(M))<=exp# (tt1(G))=0

where # denotes the map induced on the fundamental group 77!. Since G is solvable,

7T!(G) is free, but the image under s# of the torsion group tt1(M) is torsion and

hence is zero, so s: M -> G always lifts.
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If a>, 77 e A0,1(A7, G), then we say that tu is exponentially cohomologous (or, more

briefly, expcohomologous) to -q (and write w ~expr¡) if there is a map h: M-> G

such that

(2 2 2) 2i((I-e-*^)lad h(z))(8h(A)) = co(A)-e-**™r,(A)

{ ' ' ) for all A e TZ(M), zeM.

The first term is to be interpreted (for each z e M) as the convergent series

^ (-lY(adh(z)Y
A    iK+iy.    6End(G)'

all forms are evaluated at z e Af and (ad h(u))(X) = [h(u), X] for all XeG. Note

that ~exP is reflexive (h=0) and symmetric (let/= —h). I have not been able to

show that ~ exp is transitive. We shall use the same symbol to denote the equiva-

lence relation generated by the relation ~ exp of equation (2.2.2). tu is exponentially

exact (or expexact) if co ~exP0. tu is exponentially closed (or expclosed) if there is

an open cover {Ua} of M such that /"*tu is expexact (ia: Ua -> M is the obvious

inclusion). Let Z exp (M, G) be the set of expclosed (0, l)-forms. We define

A Exp D(M, G) = A°'\M, G)/~exp,       Exp D(M, G) = Z exp (M, G)/~exp,

then both /Í Exp D and Exp 7) are sets with a distinguished element 0 (being the

equivalence class of the (0, l)-form, tusO).

Proposition 2.2.3. Let G be abelian; then Exp D(M, G)=%,,(M, G).

Proof. If G is abelian then adh(z) = 0, hence equation (2.2.2) becomes 2i8h

= cü — r¡; hence tu ~expr¡ if and only if tu is S-cohomologous to -q. Zexp (M, G) is

just the g-cocycles by the Dolbeault-Grothendieck Lemma.

We shall now state the main theorem of this chapter. We shall refer to this as the

fundamental theorem.

Theorem 2.2.4. Let M be a complex manifold, G a complex Lie group. Let

S : Exp D(M, G) -> Pic (M, G)

[tu] - Ja

be defined by

(2.2.3) JUA, B) = (JMA, JGB+(dRx)co(A))

(as in equation (1.2.9)); then

(1) E is onto.

(2) If G has the exponential lift property with respect to M, then H is an iso-

morphism.

It will also be clear from the proof of this theorem that if G has the exponential lift

property with respect to M then ~ exp is a true equivalence relation.
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We begin with a lemma. Let f : G -> (Af x G)7l -> Af and </> : G -> (Af x G),2 -> M

he real trivial holomorphic principal fibre bundles. Let Jx correspond to co and J2

correspond to r¡ via Theorem 1.2.6, i.e. J1=Jœ and J2=J" in the notation of

equations (1.2.9) and (2.2.3).

Lemma 2.2.5. £ is equivalent to t/j if and only if there exists a smooth map

y: Ai -> G such that

Ja dyz(A) + dR^-q^A)) = dyz(JGA) + dLyU)(wz(A))

for all A e TZ(M) and all zeM.

Proof. | is equivalent to if1 if and only if lcf>:(Mx G)Jl -> (Af x G)}2 which is an

equivariant almost holomorphic diffeomorphism which induces the identity on

Af, i.e. the following diagram commutes:

(MxG)H-*-^(MxG)j2

(I) 77 7T

M—-=-Af
identity

(II) <f>(m, gi)g2 = 4>(m, gxg2)   for all meM, gu g2 e G.

(III) M = J24-

Condition (I) holds <x/>(m,g) = (m,ß(m,g)) for some ß: MxG-^ G. Now

condition (II) says ^(m,gi)g2 = (m,ß(m,g^g2) = ^(m,g1g2) = (m,ß(m,g1g2)) so

ß(m, gi)g2=ßim, gj_g2). If ßim,e)=yim), then letting gx = e, g2=g shows that

ßim, e)g=ßim, g) and so <f> satisfies (I) and (II) if and only if there is a y : M -> G

such that c&(m, g) = im, yim)g). We shall now calculate <f> and test condition (III):

4,M, B) = (A, kM, B)),       A e UM), B e TX(G),

where ß(m,g) = y(m)g. Let zß:G^G be *ß(g) = y(z)g and ßx:M^M be ß\m)

= y(m)X; then zß=Lyiz) and ßx = Rho y. The Leibniz formula [9] dictates:

ßUA, B) = CßUB) + (ß\(A)

or

(2.2.5) ßUA, B) = Ly{z)(B) + (R, ° yUA)-

Now

<¡>UUA,B)) = 4>UJMA,JGB+RMA))

so

hMi(A> B)) = (JmA, $zMmA,jgb+rma)))
and

UzM, B) = J2(A, ßUA, B)) = (JMA, JaßUA, B) + RyU)K(r,(A))).
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Thus <¡>J1=J2<¡> if and only if

ißUA,B) + Rnz)Arl(A) = ßz,x(JMA,JaB+RAw(A)).

Hence from (2.2.5), </>J,=J2<j> if and only if

/G(L,U)(7i) + (7?A 6 y)ÁA)) + Entí„r,(A) = LHz)(JoB + RMA)) + (RA ó vWuA).

Since left-translation is holomorphic and right and left translation commute we

have f is equivalent to </> if and only if there exists y. M -> G such that

■lGyziA) + Ry,z)r¡(A) = Lyiz)co(A) + yz(JMA).

Proposition 2.2.6. In the above notation :

(1) 7/tu ~expr¡ then f is equivalent to </i.

(2) If G has the exponential lift property with respect to M then co ~ exp r¡ if and

only if | is equivalent to i/j.

Proof. We shall prove (1) and (2) simultaneously. If tu ~exp->? then there is an

h: Af->- G satisfying equation (2.2.2). If y(z)=exp (h(z)) then we claim that y

satisfies equation (2.2.4) of Lemma 2.2.5. If, on the other hand, G has exponential

lift with respect to M and f is equivalent to >/t then we may find an h : M -> G and a

y: M-> G such that y satisfies (2.2.4) of Lemma 2.2.5 and y=exp o h. In this case

we must show that h satisfies equation (2.2.2). These assertions are proven in the

following computation: Let y(z)=exp h(z) then for X=h(z) equation (2.2.4)

becomes

JGd(exp)x(dh(A))-d(exp)xdh(JMA) = dLexpXco(A)-dReKpXr¡(A)

or (because exp is holomorphic)

d(exp)x(idh(A)-dh(JMA)) = dLexvMA)-dRexvX7i(A)

thus from equation (1.1.1) we have

2id(exp)x8h(A) = dLeKDX(w(A))-dRexpX(v(A))

but [8, p. 95] d(exp)x = o*(LexpX)e o ((1 -e-^)/ad X) so

2id(LexvX)eo((l-e-**x)/adX)8h(A) = d(LexvX)co(A)-dRexpxV(A),

2i((I-e-*ix)lad X)8h(A) = co(A)-d(Lex^x, o RexsX)v(A).

However d(Lexp(_X) ° 7?exPx) = ad (exp X) which is known [5] to be eaAX; hence,

after identifying T(G) and G, we obtain

2i((I-e-*äh™)lad h(z))(8h(A)) = toiA)-e-A™ijiA)

which is equation (2.2.2).

Corollary 2.2.7. Let M be a complex manifold, G a complex Lie group. Let

ZA: A exp D(M, G) -> Equivalence classes of real product bundles

[ou] — Jm
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where Ja is as in equation (2.2.3); then

(1) EA is onto.

(2) If G has the exponential lift property with respect to M then EA is an iso-

morphism.

The maps S and EA are well defined by Proposition 2.2.6 and onto by Corollary

1.2.2. Part (2) of Theorem 2.2.4 and Corollary 2.2.7 follow from part (2) of Proposi-

tion 2.2.6; hence all we need to prove our fundamental theorem is that J° is a

complex structure if and only if co is expclosed. To establish this fact we need the

following:

Lemma 2.2.8. Let J be an almost complex structure on MxG coherent with the

trivial bundle and let V be an open set in G containing the identity, then J is a complex

structure if and only if there is an open cover {Ua} of M and maps sa: ¿7a -> V such

that Sœ: Ua->(Uax G)j given by Sa(M) = («, sa(u)) is almost holomorphic for each a.

Proof. Assume that Sa are given. Define Fa via

S x 1
(c/axG)Proauct —-► (UaxG)jxG

^^-^ action

(UaxG),

i.e. Ta(u, g) = (u, sa(u)g). Then Fa is an almost holomorphic diffeomorphism of

(Ua x G)Product onto (Ua x G)j which says that / is locally equivalent to the product

structure. Because the product structure is a complex structure we have shown

that J is a complex structure.

If, on the other hand, J is complex then there is an open cover {U'B} of Af and

local sections Z¿ : U'B-^-UBxG defined by Z'B(u) = (u, sB(u)) which are /-holomorphic.

Let z be a given point in M. Choose any U'B such that z e UB. Let a = (z, ß) and

sá=Ls:(12) o s'B. Let Ua = U'B n (s'a)'X(A0 and sa=s'a restricted to Ua; then s'a(z)

=Lpw ° s'B(z) = (s'B(z))'1s'B(z) = ee V, hence z e Ua. Clearly sa is almost holo-

morphic as the restriction of the composition of almost holomorphic maps and

sa(Ua)=sa(U'B n (s'a)-1(V))^sa(s'a)-\V)=V.

The following proposition completes the proof of Theorem 2.2.4.

Proposition 2.2.9. Let w e A0A(M, G), then w is expclosed if and only ifJa is a

complex structure.

Proof. If co is expclosed then there is an open cover {Ua} of Af and ha: Ua-> G

such that equation (2.2.2) holds for each a. Let sa=e\p ° ha, then (from the proof

of Proposition 2.2.6) sa is almost holomorphic.

Conversely, suppose Ja is a complex structure. It is well known that there is an

open set V of zero in G such that the restriction of the exponential map to F is a
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diffeomorphism [5]. Let F=exp (V) and apply Lemma 2.2.8 to obtain sa: Ua -> V

£ G. Then sa can be written as sa(z) = exp ha(z) for some ha : Ua^ G (because

exp-1 exists on V). Since sa gives an equivalence between J and the product

structure, then ha yields the fact that w restricted to Ua is expexact for each a,

hence tu is expclosed.

3. Computation of Exp D(M, G). In this section we shall apply the theory

developed in the first two sections of this chapter. We shall first dispose of the

abelian case by reproving Corollary 2.1.3 and exhibiting the isomorphism between

^o.iiM, 6) and Pic (M, G) in a more concrete manner. We shall then examine the

case in which G is solvable. In [6], Frenkel (using the techniques of sheaf-theoretic

cohomology) proves that if G is solvable then the vanishing of @0,,iM, C) implies

the vanishing of Pic (M, G). We shall prove both a generalization of Frenkel's

theorem and its converse (Theorems 2.3.2 and 2.3.4). We shall then calculate the

exponentially closed (0, l)-forms for arbitrary G.

Let <7j> be the d-cohomology class of r¡ e A0>1(M, G).

Theorem 2.3.1. Let tt,(M) be a torsion group and G be abelian, then the map

z: %,,(M, G) -> Pic (M, G) given by z«^» = G->(Mx G),* -> M is an iso-

morphism.

Proof. By the fundamental theorem, it suffices to show that Exp D(M, G)

= 2ào,,(M, G) but this is exactly Proposition 2.2.3.

Let h: M -» G, then for the remainder of this section we shall write

_     Ä (-iy(adh(z)Y _    *-*««>-/
Az(h)-2i¿o        (m+1)!        -¿i    adh(z)

for all ze M. We shall also write Aifi) for AJfi) if there is no chance of confusion.

Theorem 2.3.2. If[G, ú]j=Gthen Exp Z>(M, G) = 0 implies %,,iM, C)=0.

Proof. Let 0^e1 e G such that e, $ [G, G]. Let co, be a S-cocycle. Let tu = tu1e1.

We may find a locally defined function h,:U->C such that co,=8h,. Let

h= —ih,e,/2; then

.„,..      -ä,    „ ^ (-l)n(ad hiu))n 5,      5,
AŒ)8h = 2i8h + 2 >-; v   ...   "  8h = 8h,e, = co

£i    in+iy.

because (ad h)8h = [h,e,, 8h,e,]=0. co is therefore expclosed and hence by

assumption expexact. Let /: M -> G be a function such that

(2.3.1) Ail)8l = tu.

Let {ej be any basis of G whose first element is e,; then we may write /=2 h^t

where /t:Af->C. Hence equation (2.3.1) becomes co = Ail)8l='2 Ail)idlt)e,

=(2i8l,)e, + a where a e G— Ce,. Therefore 2i8l, = co, and so co, is a ô-coboundary.
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The above theorem is the converse of Frenkel's theorem. Before proving a

generalization of Frenkel's theorem by our techniques, we shall need a lemma.

Lemma 2.3.3. Let j>: G*i -> G2 be a Lie algebra homomorphism. If w is expexact

then so is <f>(w).

Proof. Let co £ A°-\M, G\) with w = A(h)8h where h: M-> G\. Let l=<f>°h:

M -> G2; then

çHcoXJSf) = *(«(*)) = <l>(A(h)8h(X))

= 2i t {~}^fJr dl(X) = A(l) 8l(X).
71=0 \"   <    *■)>

Theorem 2.3.4. If G is solvable, then %tl(M, C)=0 implies that Exp DiM, G)
=0.

Proof. We proceed by induction on the dimension of G. We remark that the

theorem clearly holds if G is abelian (by Proposition 2.2.3), which enables us to

start the induction. Let Z be the center of the nil-radical of G; then Z is an abelian

ideal of ô with dim Z^ 1. Let V be any vector space such that ô=V©Z (where

© is understood to be the direct sum as vector spaces, not necessarily as Lie

algebras). Let 7r: G-> G/Z be the canonical projection.

If co is any expclosed (0, l)-form on Af with values in G then co*=7rto is an

expclosed (0, l)-form with values in G/Z by Lemma 2.3.3. By induction, we know

that there is a ¿*: Af-> G/Z such that Aik*)8k* = w*. Now, tt\v,: V-> G/Z is an

isomorphism, hence there is a A:: Af-> F such that Ttk=k*. Let 6 = Aik)8k, then

co — 6 is an expclosed G-valued (0, l)-form over Af. Because 7r(co — 6)=Trw—ir6=w*

— co*=0 we have co- 6 is, in fact, a Z-valued (0, l)-form over Af, hence there is

/: Af -> Z such that

(2.3.2) w-6 = Ail)dl.

Now for any Y eZ we have (ad Y)ô<=Z, hence the map which ad Y induces on

G/Z is trivial; hence we may rewrite equation (2.3.2) as w — e~ail6 = Ail)8l and so

<" ~e*p0 ~exp0 which completes the proof.

We shall now give a simple criterion for co e A0,1(M, ó) to be expclosed. Recall

that if a, ß e A1iM, ô) then [a, ß] is defined to be an element of A2(Af, G) via

[a, ß]iX, Y) = ïiHX), ßi Y)] - [ai Y), ßiX)])   for all X, Y e J(M).

Theorem 2.3.5. Let r¡ e A0,1(AÍ, ó) correspond to the almost complex structure

J" on MxG; then the following are equivalent:

(a) t¡ is expclosed,

(b) J" is a complex structure,

(C)  8r, = ii/4)[r,,r,].
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We shall first prove a preliminary proposition. Let y e A\M, G), define

y*eAriMxG,G) via

YÍ.ÁÍA,, B,), iA2, B2),..., iAr, Br)) = (ad k^MAu ---, Ar).

Let re A\MxG, G) be given by tz>a(^, B)=Lh-iB.

Proposition 2.3.6. For any y e A\M, G), diy*) = idy)*- [r, y*\.

Proof. For any A„ A2 e T¿M), B„ B2 e 7\(G)

2diy*)HA„B,),iA2,B2))

= iA„ B,) ad A-V(^2)-(^2, 52)(ad X^)yiA,)-ad X~\yiA,), yiA2)]

= 2(aV)#+(0, B,) ad A-V(^2)-(0, 7?2)(ad X^yiA,).

We must therefore prove

(2 3 3)    i{(°' Bl) ad A"ly(Ä2) "(0' Bz) ad A"lr{Al))

= tt[L^B„ ad X~\iA2)]-[Lx-iB2, ad X^yiA,)]}.

It suffices to prove equation (2.3.3) when B, and 7?2 are left-invariant vector fields.

Let B=B, or 7i2 and A = A,or A2. Let a(i) = A0 exp itB) and /(A) = (ad A_1)y(^).

iO,B,)adX-iyiA) = hmAa{t))-f{K)
Í-.0 t

m Hm ad (A0- i exp ( - tB))yjA) - ad AQ- ^yjA) = ^ (ad e-'*-7) ad X^yjA)

t->o t t-»o í

hence

(0, B,) ad A-1^) = - [LÄ-iB, ad Ai1^)].

Substituting this last result into equation (2.3.3) yields the proposition.

We now proceed with the proof of Theorem 2.3.5. Firstly, note that the equiva-

lence of (a) and (b) is exactly Proposition 2.2.9. Let tu be the element of

A0,1(MxG, 6) which corresponds to rj e A0>1(M, G); then by the construction

in Lemma 1.2.7 we have co=r¡*. By Theorem 1.2.3, we have that /" is complex if

and only if

(2.3.4)   0 = 2 d-q*irX, Y) + 2 drfiX, J" Y) + hfX, r,* Y]   for all X, Y e TiM x G).

Let X=iA, B), Y=iC, D), where A, Ce T¿M), B, D e7\(G); then

JlxiX) = iJMA,JGB + dR>viA))   and   J^Y) = iJMC,JGD + dRhr,iQ);

hence,

2[r, V*]iJ"X, Y) = [riJ"X),r¡m-[riY),V*iJ"X)],

hence,

2[r, r)#]iJ"X, Y) = [Lx-iJGB+ad X'^iA), ad X-'r,iC)]-[L,-iD, ad X~^iJMA)];

similarly,

2[r, v#]iX,J"Y) = [LK-iB, ad A-1^MC)]-[LÄ-./G7) + ad A"VC), ad A"1^)]-
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Adding yields

(2.3.5) [r, WX, Y) + [r, i,*](X, J" Y) = [r,*, r,*](X, Y)

because t¡(JmC)= -ir¡(C). Applying Proposition 2.3.6 to equation (2.3.4) we find:

J" is complex o

0 = 2(dvy(J"X, Y)-2[T,r,*](J"X, Y) + (dr,)#(X,J"Y)

-2[t,t,#](X, J"Y) + [V#X,r,#Y];

hence from equation (2.3.5)

0 = 2{(dv)#(J"X, Y)+(drl)#(X,J"Y)}-[rl*X,rl#Y].

Thus J" is complex o for all A e TZ(M), C e TX(G)

(2.3.6) dv(JMA, C) + dr,(A, JMC) = ±WA), r¡(C)].

We shall now show that equation (2.3.6) holds if and only if 8r¡ = (i/A)[r¡, r¡] where

8 is, of course, taken with respect to the complex structure, JM, of Af.

Assume that equation (2.3.6) holds; then, since 0'/4)[t?, 77] is of type (0, 2), we

need only show that (<Aj-(//4)fo, t¡])(A, C)=0 for all A, CeT°-\M) because

(JM being complex) d-q has no (2, 0)-component. Now if A, Ce T°'\M) then

equation (2.3.6) dictates

(i/4)[ri(A),r)(C)] = (i/2)(dv(JMA, C) + dv(A,JMC))

= (i/2)(-2idr,(A,C)) = dT,(A,C),

hence dq-(HA)[r¡, r¡] is of type (1, 1) and so 8r¡=(i/A)[T¡, r¡].

Conversely, if 3ij = (i/4)fo, r¡] then («A?-(i/4)[ii, r¡])(A, C)=0 if A, CeT°-\M).

However,

dr,(JMA, C) + di,(A,JMC) = -2id-q(A, C)

= -2iHA, C) = -(2i2/4t)[n, t,] = ifo, t,].

Thus 2 dr,(JMA, C)4-2 dv(A, JMC) = [r,(A), V(C)] if A, C e T°-\M). If A, CeTl-°M

or A e T0,1M and C e TX-°M then both sides of the above equation are zero.

In the interests of completeness we shall now write down explicitly the equations

governing co ~expi? if

z,eC\

Let
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then we may write tu = 2f=i tu¡e(, ?? = 2í3=i ytPt where tu¡, tj( e A°-1(M, C). A simple

computation shows: co ~exp-q o there are smooth functions A¡: A/-> C such that

co, — r¡, = 2i8h,,

(2.3.7) ">2-172 = 2i8h2,

<*>3~'n3 + h,-q2 — h2ri, = 2i8h3- ih,8h2 + ih28h,.

Of course if ̂ 0, i(M, C) = 0 then Exp 7)(M, G)=0 ; however we can make the follow-

ing amusing remark: if %,,(M, C)^0 then in any topology which Exp D(M, G)

inherits from A0,1(Af, G) it is not Hausdorff. Consider cox = Xae,; -qA = Xae, + ae3

where a is a d-cocycle which is not a 3-coboundary. Clearly tuA and 17* are expclosed

for all A by Theorem 2.3.5. Furthermore, if A^O h,=0, h2 = l/X and h3 = 0 satisfy

equations (2.3.7) hence coÁ ~exs>r¡K for A^O. However, limA_0 a/=0, IimA-.0 ,qK—ae3

and so lim^o wh is not expcohomologous to lim^o ij\ By passing to equivalence

classes we see that we have a sequence in Exp 7J>(Af, G) which has 2 limits; hence

Exp D(M, G) cannot be Hausdorff!

Chapter III: Applications to Differential Geometry

1. Applications to the theory of holomorphic connections. The following is

immediate from Theorem 2, Theorem 5 and Proposition 12 of [1]:

Theorem 3.1.1 (Atiyah). A holomorphic principal fibre bundle with compact

Kahler base whose structure group is C* possesses a holomorphic connection if and

only if it is real trivial.

Atiyah's proof is algebraic. In this section we attempt to give a constructive

proof of Atiyah's theorem if the structure group is abelian. We are successful in

one direction but in the other direction we must assume that the compact Kahler

base is simply connected. We also give a necessary and sufficient condition for a

real trivial holomorphic fibre bundle with arbitrary structure group and base to

admit a holomorphic connection (Corollary 3.1.6).

We begin by recalling some definitions referring to [1] for all details. Unless

otherwise noted, we shall maintain the notation of the earlier chapters. Let

£:G_>P-Î>M be a holomorphic principal fibre bundle. Let Q = TiP)/G and

L(P)=(Ker tt)/G. Let A be the inclusion 7_(P)c Q.

Q and LiP) are both vector bundles over M and j/(|): 0 ̂ L(P) ^> Q1+ r(M)

-> 0 is an exact sequence of complex vector bundles called the fundamental sequence

of £. A holomorphic connection for i is a splitting of the exact sequence s#i£) ; that

is, a holomorphic map r : Q -> LiP) such that V o A is the identity on Q. Recall

that a connection form on f : G -> P ->■ B is G-valued 1-form </> on P such that

(i) i/iv(9v(A))=A for all A e G and peP, and

(ii) (R*>/,)p(X)=(ad g-^iX) for all Xe TP(P) and peP.

A connection is of type (1, 0) if */>(JX) = i>/i(X).
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Proposition 3.1.2. There is a holomorphic connection Y on G -> Pj -> Af if and

only if there exists a connection form 4> of type (1,0) such that S,i/i = 0.

Proof. Let 0 _> L(P) Ay Q(P) Ï+ T(M) _> 0 be the fundamental sequence for fe

If/>ei> and XeTpiP), let [/>, Z] = image of (/>, I)eT(P) in Q(P) under the

projection T(P)->T(P)/G=Q(P). If ^ is a connection 1-form then define

F([p, X]) = (p, 6p(ip(X))') where 6V: G->(Ker7r)p is the usual isomorphism and

(p, y> denotes the equivalence class of (p, Y) e Ker 7r in L(P). T is well defined

because

T([pf, RgX}) = (p°, 0M*.X))> = <P>, 0A(adg'^(X))y

= (p°, Rg6MX)y = (p, 6p(t(x))y.

r is then holomorphic as the composition of holomorphic maps. (We have used

here that a (1, 0)-form P with values in G is holomorphic as a (1, 0)-form if and

only if it is holomorphic as a map of the complex manifold T(P) to the complex

manifold G.) The converse follows from a similar construction.

Note that Proposition 3.1.2 says that </> is a holomorphic (1, 0)-form on P.

Proposition 3.1.3. Let ^ be a ô-valued connection l-form on (MxG)j where J

corresponds to we A0,1(Af, ô) via the fundamental theorem; then <¡¡ is of type (1, 0)

with respect to J if and only if there is ß e A(1,0)(Af, G) such that

i +.J4, B) = L,-!7i+072)(ad A->*((/?-co)G4, B))

for all A e TZ(M), B e TK(G).

Proof. Clearly any form </> satisfying equation (3.1.1) is a (1,0) connection.

Assume now that </> is a connection and let iplf/,(A, B) = ipz¡K(A, 0); then from the

second condition in the definition of a connection we have

(ad A-%,,04, Ax-iB) = (RU\.e(A, Ax-iB)

= KxiA, RXRA-*B) = fa(¡4 Ti).

But condition (1) of a connection demands ¡/<2,e(0, Rx-iB) = Äx-iB; thus

<PUA, B) = (ad A-»XiM4 0) + ̂ ..(0, AK-iB)},

hence

= (adA-1)(^,e(^))+LA-i7i.

>l>l,eiA) may be written 77*a for some a e A1(Af, G) because (ir*a)Zth(A, B) is inde-

pendent of both B and A.

j <rV(4 5) = (ad *_>*«(4 B)+Lx-iB,

<PUJ(A, B)) = ¿UJmA, JgB+Rx(w(A)));

hence

lM/04, B)) = LA-i(/G7i+7?,co(^)) + (ad A"1)«^).
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However

icbz¡A(A, B) = iLK-iB+i(ad X~1)a(A).

Thus </>(J(A, B)) = icb(A, B) o

iLx-iB+i(ad X-^)(a(Âj) = L,-iJGB+ad A^tu^ + iad A"1)^^))

or 4>(J(A, B)) = i</>(A, B) o ia(A) = w(A) + a(JMA).

However for any A e TZ(M)

a(A) = (ia(A)-a(JMA) + ia(A) + a(JMA))/2i

=  -ico(A)/2 + (ia(A) + a(JMA))/2i,

so

a(^) =  -ico(A)/2 + iß(A)/2

where ß is an arbitrary element of A(1,0)(M, G). Substituting this last equation into

equation (3.1.2) yields equation (3.1.1).

We shall now calculate the set of holomorphic connection forms on G -> (M x G),

->M. Recall that for any ye A"(M, G) we may define y#e Ap(MxG, G) by

yf>A = (ad A-^fyy) as in §3 of Chapter II. We also define r: T(MxG)->G by

Tz,\iA, B)=LA-iB. Equation (3.1.1) now becomes (with i/i0 = t-íco#/2)

(3.1.1) 0 = r+(i/2)(ß-co)# = 0o + /J8#/2.

Lemma 3.1.4. (a) Ötu#=(e>tu)#-[0O, tu#].

(b)8ß*=(dßY-(i/2)[co*,ß*].

Proof. From Proposition 2.3.6 we have

dw* = (0*tu)#-[r, tu#] = (dco)#-[i/j0, tu#]-(//2)[tu#, tu#]

and

dß# = (dß)*- [r, ß/] = (dß)#- [0O, J8#] -(|/2)M, ß#],

hence the result follows by comparing type.

Theorem 3.1.5. The set of holomorphic connections on G ->-(MxG);« —>• M is

in 1-1 correspondence with the set of all ß e A1'°(Af, G) such that

(3.1.3) 8ß = 8w-(i/2)[w,ß].

Proof. We know from Proposition 3.1.3 that the set of (1, 0) connections is in

1-1 correspondence with the set of ße A1,0(M, G) satisfying equation (3.1.1);

hence we need only show that 0 is holomorphic if and only if ß satisfies equation

(3.1.3). We shall first calculate d0o. Since aV= --£[t, t] we have

#o= -Mr, t]- (i/2) dw#= -i[0o + O72)tu#, 0O+ (//2)tu#]-(//2) t/tu*

- -*([<Ao, 0o] - iM, «ñ+i[-Ao, "#] - 0/2) dco#)
hence

S0o= -O72)[0o,^#]-O72)Ôtu#;
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note  that ß* e A^A/xG, G)  hence  8<l> = 8i>0 + (i/2ßß#, so  8<p=-(i/2)[>/,0, w#]

-(i/2)8w#+(i/2)8ß#. Applying Lemma 3.1.4,

H = ~(iß)[K co#]-072)((Ao)#-hA0, co#])+072)((äi3)#-072)[co#, ß*]);

hence

(3.1.4) 8<p = (1/2)^-3^-072)^, /?])#.

Corollary 3.1.6. f: G->(Af xC];»-> Af admits a holomorphic connection if

and only if there isaße A^M, G) such that 8ß=8w-(i/2)[w, ß].

Theorem 3.1.7. If M is a compact Kahler manifold then any real trivial holo-

morphic principal fibre bundle over M with abelian structure group admits a holo-

morphic connection.

Proof. By Corollary 3.1.6 it suffices to produce ß e A1-°(Af, G) such that 8ß = 8w.

We shall use the machinery of harmonic forms. Let S' (resp. c7') be the transpose

of 8 (resp. <7) with respect to the Hodge inner product on Ap(Af, Ù). Let H(r¡)

denote the harmonic part of r¡ e A"(M, G) and let A=2(88t+8t8) he the Laplacian

and G be the Green's operator. Since the space of harmonic forms is

(Ker d n Kercf'), we have that 8H(y) = 0 for all a. We have the decomposition

co = 77(co) + GAco or w = H(w) + 2G(88t + 8t8)w; hence 8w=-28G88tw-2G8t88w

or (since Ja is complex, 8w=0)

(3.1.5) 8w = 8ß   if ß = -2G88tw.

Note that the above proof is constructive ; the connection defined above is, for

^era(A/),7ie:rA(G),

(3.1.6) <I>Z,X(A, B) = L^iTi-O^KÍGae'co + coX/í, 77).

We now examine the converse of Theorem 3.1.7 in the abelian case.

Theorem 3.1.8. Let f: G ->/'-> Af be a holomorphic principal fibre bundle with

G abelian and M compact Kahler. If £ has a holomorphic connection then f has aflat

connection.

Proof. Let co e A°'1(A7, G) corresponding to | via Proposition 1.2.4. We shall

use the notation of the proof of Theorem 3.1.7. Let a1= —288tGw then equation

(3.1.5) yields 8a1 = 8w and 3a1=0. If t/r is a holomorphic connection on £ then

i/, = Tr*y for some y e A^°(M, G) such that 8y=0. Let a2 = 28t8Gy; then

8a2 = 288t8Gy = 2(88t8Gy + 888tGy) + 8H(y)

= 8(AGy + H(y)) = 8y

and

8a2 = 28t8G8y = 0.
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Let ß = a, + (2/i)a2 e A^M, G), then

8ß = (2//)3«2 = (2/i)0y;

hence

(3.1.7) (i/2)TT*8ß = 8cb,

(3.1.8) 8ß = 8a, = 8w.

Now, let 0 = 0 + (z72)7T*(tu-|3), then if ii is the curvature of 0 we have

o'0=-^[0,0] + D = Q, hence U1-1 = 8cb + (i/2)TT*(8w-8ß) = 0 because equation

(3.1.8) saysdw=8ß. Also

à2-0 = 8cb + (i/2)TT*(8w-8ß) = 8if, + (i/2)7T*8ß = 0

where the last equality is equation (3.1.7). We therefore see that 0 is a flat connec-

tion.

Corollary 3.1.9. Let M be a simply connected compact Kahler manifold and

G be an abelian complex Lie group. Then ifi^: G ^-P -> M isa holomorphic principal

fibre bundle which admits a holomorphic connection, then $ is a real trivial holo-

morphic principal fibre bundle.

Proof. This result is immediate from [9, p. 92].

2. Examples of Kahler manifolds. Given the manifold P} = (Mx G), where /

corresponds to -q e A°'1(M, G) as in Theorem 1.2.2 we shall now put a natural

Hermitian metric on P, and obtain a necessary and sufficient condition in terms

of r) for P, to be Kahler with respect to this metric. Recall that a Riemannian

metric on P is a smooth inner product on the tangent space of P at each point.

An (almost) Hermitian metric on the (almost) complex manifold P, is a Riemannian

metric on P such that g(JX,JY)=g(X, Y) for all X, YeT(M) where / is the

(almost) complex structure on P. Let Q(X, Y)=g(X,JY) for X, YeT(M), then

Q is a 2-form on M, called the Kahler form of g. If OÏ2 = 0 then the (almost) Hermitian

metric is said to be (almost) Kahler.

Proposition 2.4.1. Let |0 : G —> PJo -> M be an almost holomorphic principal

fibre bundle and let J be an almost complex structure on P coherent with |0- Then g

is a Hermitian metric on P where g is defined by

gp(X, Y) = 2g0(X, Y)+g0(J0X, 9p(co(Y)))

+go(JoY, 9p(co(X)))+g0(9p(co(X)), 9p(co(Y)))

where g0 is any metric on P which is Hermitian with respect to J0, J corresponds to tu

via Theorem 1.2.1 and 9P is the usual embedding G—> (Ker tt)p.

Proof. Let g(X, Y)=g0(X, Y)+g0(JX,JY), then since

g(JX,JY) = g0(JX,JY)+g0(X, Y) = g(X, Y),
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g is Hermitian with respect to J. The correspondence of Theorem 1.2.1 is given by

JP(X) = (J0)P(X) + 6p(wp(X)) for peP. Hence

g(X, Y) = g0(X, Y) + g0(J0X+6(w(X)),J0Y+6(w(Y)))

= go(X,Y)+g0(JoX,J0Y)

+g0(J0X, 6(w(Y)) + g0(6(w(X)),J0Y)+g0(6(w(X)), 6(w(Y)))

and so the result follows because g0 is Hermitian with respect to J0.

We shall now calculate the fundamental form of g. We shall write Q.°(X, Y)

=g0(X,J0Y).

Clj(X, Y) = 2g0(X,JY)+go(J0X, 6(w(JY)))

+go(J0JY, 6(w(X)))+g0(6(w(X)), 6(w(JY)))

= 2{W(X, Y)+g0(X, 6(w(Y)))}+g0(J0X, 6(w(J0Y) + 6(w(Y))))

+ g0(Jo2Y+J06(w(Y)),6(w(X)))+g0(6(w(X)),e(w(J0Y))+6(w(Y))).

However since co(Ker 7r)=0 we obtain

Q}(X, Y) = 2Q°(Z, Y) + 2g0(X, 6(w(Y)))+g0(J0X, 6(w(J0Y)))

-g0(Y, 6(w(X)))+go(Jo0(w(Y)), 6(w(X)))

+g0(6(w(X)),6(w(J0Y))).

Since co(/0;S0= -iw(X) and 6(iA)=J06(A),

ilj(X, Y) = 2W(X, Y) + 2g0(X, 6(w(Y)))-g0(JoX,J06(w(Y)))

-g0(Y, 6(w(X))) + g0(J06(w(Y)), 6(w(X)))

-g0(0(o>(X)),J06(w(Y))),

and so we have proved

Proposition 2.4.2. Let J be an almost complex structure on P coherent with £0 ;

then the Kahler form of Pj in the metric of Proposition 2.4.1 is

Ùj(X, Y) = 2Q°(X, Y)+go(X, 6(w(Y)))-g0(Y, 6(w(X))).

If the g° metric on PJo is Kahler we still cannot expect a priori that the Hermitian

metric g (with respect to /) on P will be Kahler. The Hopf-Calabi-Eckmann

manifolds furnish examples of bundles in which the base (a product of projective

spaces) and fibre (a torus) are Kahler but the total spaces do not even possess a

Kahler metric (see [10] for details).

We shall now specialize the results of Proposition 2.4.2 to the real product case.

Let 77 be a G-valued 1-form on Af such that ■q(J0X) = irj(X). We define the Kühler

defect 2-form of-q, T", by for z e Af, A e G, A, A' e TZ(M), B, B1 e TA(G),

FU(A, B), (A', B)) = gG(B, (dRh)er,(A'))-gG(B', (dRh)er,(A))

where ga is a right invariant Hermitian metric on G.
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Theorem 2.4.3. Let gM be a Hermitian metric on M, gG a right invariant Her-

mitian metric on G. Let

gUiA, B), (A', B')) = 2{gM(A, A')+gG(B, B')}+gG(iB, (dR,)eV(A'))

+gG(iB', (dR,)er,(A)) + gG(r,(A), r,(B))

and let J=J" be an almost complex structure on MxG as in Theorem 1.2.6; then g

is a Hermitian metric on (MxG), which is Kahler if and only if dT"=0.

Proof. Let g0 be the product Riemannian metric on MxG (i.e. g0((A, B), (A', B))

=gM(A, A')+gG(B, B')). If p = (z, X) then 0„(C) = (O, (dRx)e(C)) for all Ce G and

so g is Hermitian by Proposition 2.4.1. However, if X=(A, B), Y=(A', B') then

g0(X, 9(co(Y))) = g0((A, B), (0, dRMA')))) = gG(B, dRK(r,(A'))),

hence

g0(X, 8co(Y))-g0(Y, 8co(X)) = ga(B, dR,(v(A')))-gG(B', dRK(v(A)))

= I\A(04, B), (A', B')).

We shall now compute the Kahler defect of -q e A\M, G) if G is a complex torus.

We may then identify G with C and Rx: G-+G is given by Rx(g)=g+X for

g, XeG, hence (dRK)e is the identity for any A e G. Let r¡ = ]£?£ j i?(e, where

{e,,..., er} is the usual basis for R2r=C. Locally we have the coordinate chart

(x1,..., xn,y',..., yn). Let m* = x', i^n, mi + n=yi, for i>n; then {dm'}f2, form a

local basis for A\M), {S/Sw*} form a local basis for T(M). Let {dg'jfi, and {8/Sgf}

be defined similarly for G. We may then write

T(z, A) = 2 {Ta dm1 A dm'+T^^dm1 A ag' + rn+i>r+i Og< A dg%
i.i

r«fe a) = r,,(¿, ¿) = ,(o, „(¿)) -g(o, „(¿)) = o;

hence ry = 0 for 1 £i,j£n. Similarly rn+j r+y = 0.

r,„+A, x) = r,,A(¿, ¿) = ,(o, ,(0))-,(¿, „(¿))

= -g(é'?%(¿W= ?^*(¿)= -*(¿) = -*>*
where 17*=2i ^ i/w', so

T(z, A) = -2 ij*(z)<*m' A dg* = -2 Ii A «fc*.
¡.i i

Observing that Y is independent of A e G, we have oT(z, A) = - 2, dq, a dg', hence

Theorem 2.4.4. Let G be any complex torus, then the following are equivalent:

(a) (MxG)," is Kahler in the metric of Theorem 2.4.3.

(b) (M x G),« is almost Kahler in the metric of Theorem 2.4.4.

(c) dr¡ = 0.
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Added in proof. The author now has an example of a real product bundle with

compact base and abelian structure group which does not admit a holomorphic

connection, showing that the assumption of Kahler base is necessary in Theorem

3.1.7.
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