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COMPLEX STRUCTURES ON REAL PRODUCT BUNDLES
WITH APPLICATIONS TO DIFFERENTIAL GEOMETRY

BY
RICHARD S. MILLMAN()

Abstract. The purpose of this paper is to classify holomorphic principal fibre
bundles which admit a smooth section (i.e. are real product bundles). This is accom-
plished if the structure group is solvable of type (E). In the general case, a sufficient
condition is obtained for a real product bundle to be equivalent to the complex
product bundle. A necessary and sufficient condition for the existence of a holo-
morphic connection on a real product bundle is also obtained. Using this criterion
in the case where the structure group is abelian, a generalization of a theorem due to
Atiyah (in the case the structure group is C*) is obtained.

CHAPTER 0: SUMMARY OF MAIN RESULTS

In his lecture to the International Congress of Mathematicians, 1950, H. Cartan
[3] gave a formulation, due to Weil, of the classical second Cousin’s problem. The
formulation is as follows: Given a holomorphic principal fibre bundle ¢ which,
when considered as a real (C ©) bundle, is the trivial (or product) bundle, how can
we decide whether ¢ is also trivial as a holomorphic bundle? Rephrasing this
slightly, if Pic (M, G) is the set of holomorphic equivalence classes of real trivial
holomorphic principal fibre bundles over the complex manifold M with structure
group the complex Lie group G, how can we describe Pic (M, G)? If G is abelian
then J.-P. Serre showed that

Pic (M, G) = 2, ,(M, G)|H (M, G), M is compact,

where G is the Lie algebra of G, and 9,,, denotes the Dolbeault 8 cohomology of
M. In 1957, J. Frenkel [6] proved that if G is solvable and 2, (M, C)=0 then
Pic (M, G)=0. Both Serre’s and Frenkel’s results use the machinery of sheaf-
theoretic cohomology. Our solution to this problem lies in a set Exp D(M, G)
and a map E: Exp D(M, G) — Pic (M, G) which is always onto and is an iso-
morphism almost every time that G is solvable.
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We begin by giving some results of a general nature in the first chapter and then
applying them to the above case in the second chapter. (We shall number the
results as in this paper.)

Let M (resp. G) be a connected complex manifold (resp. complex Lie Group).
Let G be the Lie algebra of G, A%}(M, G)=G-valued 1-forms on M of type (0, 1).
If P is an almost complex manifold with almost complex structure J, then
£0: G . P, M is called an almost holomorphic principal fibre bundle (a.h.p.f.b.)
if G acts on P in such a way that ®: PxG — PxP is an almost holomorphic
diffeomorphism (p, g) ~ (p, p°) of PxG onto a closed subset of PxP and
M=P|G (via m). The almost complex structure J on P is said to be coherent with
& if £:G 5 P;*s M is an a.h.p.f.b. Let Ker = denote the sub-bundle of T(P)
given by Ker 7={(p, X) | X T,P, p € P and #(X)=0}.

THEOREM 1.2.1. If £€3: G — P;, %5 M is an a.h.p.f.b. then there is a 1-1 corre-
spondence between almost complex structures on P coherent with ¢, and G-valued
(0, 1) forms w (with respect to Jy-structure) on P such that

(1) w(Ker m)=0,

(2) w is of adjoint type.

In fact, w is defined by (J —Jo),(X) = 0,(w,(X)) where 0, is the canonical embedding
of G onto (Ker w),=T,(P) for each p € P.

THEOREM 1.2.5. Let &, be a holomorphic principal fibre bundle. Let J, be an
almost complex structure coherent with J,. If J, corresponds to w € A%*(P, G) then
Jy is a complex structure if and only if the sum of the (2, 0) and (0, 2) components
(with respect to J,) of dw is —(i|4)[w, w]. In particular, if J is complex then 0;,w

= —(i/4)[w, »].

THEOREM 1.2.6. There is a 1-1 correspondence between A>(M, G) and almost
complex structures on M x G coherent with the product structure. In fact, this corre-
spondence is given by: for each n € A>Y(M, G), n ~ J" where

JINW, Z) = (JuW, JoZ+(dR)en(W))

forze M, Xe G, We T(M), Z € T)\(G).
Let ~., be the equivalence relation generated by: for w, ne A%}(M, G),
@ ~ op7m <> Ih: M — G such that for all 4 € T,(M)

2i((e~*"= —I)/ad h(2))(Oh(A)) = w(A4)—e~22"@n(4).

w is expexact if w ~ 4, 0. Let Z exp D(M, G) be the set of all (0, 1) forms w such
that w is locally expexact. Let Exp D(M, G)=Z exp D(M, G)|~ ox,. We say that
M have the exponential lift property with respect to G if any map s: M — G can
be factored through exp: G — G.
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THEOREM 2.2.4. (a) There is a surjection for any M and G,
E: Exp D(M, G) — Pic (M, G)
given by E(n)={J"}.
(b) If M has exponential lift with respect to G then E is an isomorphism.

In §3 of Chapter II, we compute Exp D under certain circumstances and so are
able to prove Serre’s, Frenkel’s and a converse of Frenkel’s result; to wit

THEOREM 2.3.1. If G is abelian then Exp D(M, G)=2, ,(M, G).
TueoreM 2.3.2. If [G, G1#G then Exp D(M, G)=0 implies 9, (M, C)=0.
THEOREM 2.3.4. If G is solvable then D, (M, C)=0 implies Exp D(M, G)=0.

THEOREM 2.3.5. Let 5 € A%Y(M, G) correspond to J" as in Theorem 1.2.5. Then
the following are equivalent:

(a) ne Z exp D(M, G),

(b) J" is a complex structure,

(©) on=(i[Hn, ].

In Chapter III, we first apply the above to the theory of holomorphic connections
obtaining the following necessary and sufficient condition for the existence of a
holomorphic connection on a real product bundle:

THEOREM 3.1.5. The set of holomorphic connections on G — (M x G)yn— M is
in 1-1 correspondence with the set of all B € A*°(M, G) such that 38 =n—(i/2)[n, B].

THEOREM 3.1.7. If G is abelian, M compact Kdhler, then G — (M x G);o - M
possesses a holomorphic connection.

The above theorem and also its converse were first proved by Atiyah [1] in the
case when G=C*. We prove the converse in the abelian case under the further
assumption that M is simply connected.

In the last section we put a natural Hermitian metric on (M x G),» and show that
if G is a complex torus then (M x G),n is Kéhler in this metric if and only if dn=0.

CHAPTER I: ALMOST HOLOMORPHIC PRINCIPAL FIBRE BUNDLES

1. Preliminaries. We shall first review some of the basic definitions about
complex manifolds, mostly to fix terminology. We shall follow [10] as a standard
reference. Throughout this work, a manifold (resp. Lie group) will always mean a
connected, paracompact and Hausdorff manifold (resp. Lie group). We write G
for the Lie algebra of the Lie group G. G is, in particular, a complex vector space
with dim¢ G=dimc¢ G. Let M be a real manifold, Tx(M) its (real) tangent bundle
and T(M)=Tz(M)® C be the complex tangent bundle of M, ie., T(M)
={X+iY | X, Y € Tp(M)}. In the future by tangent vector, 1-form, etc. we mean
complex tangent vector, 1-form, etc. Let J be an almost complex structure on M
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(i.e., an endomorphism of T(M) such that J2= —J). We shall occasionally write
M, to mean the almost complex manifold M with structure J. If y: M — N we
shall write di, or ¢, for the differential of ¢ at the point z € M; that is dy,
=i,: TAM) - Ty)N. Let V be a complex vector space and let A?(M, V)
= A?(Homc (T(M), V)) be the complex vector space of V-valued p-forms on M
and A(M, V)=@ A*(M, V). If

THO(M) = {XeT(M)|JX = iX} and TXM) = {XeT(M)|JX = —iX},

then the eigenspace decomposition of T(M)=T"%(M)®D T'*}(M) induces a
decomposition A(M, V)=@@ A”Y(M, V). An element w € A»Y(M, V) is called a
form of type (p, q). In particular, w € A®}(M, V) if and only if w(JX)= —iw(X).
Assume now that J is, in fact, a complex structure. Let d be the usual exterior
derivative operator on TR(M) extended to T(M), then for w € A*YM, V) dw may
be written uniquely as dw+2dw where dw € A?*19(M, V), 8w € AP**Y(M, V). In
particular, if h: M — V is a differentiable map then

(1.1.1) —2i0h(X) = dh(JyX)—i(dh)(X) for all X e T(M).

Since 82=0 for a complex manifold, we have the Dolbeault cohomology groups
2,M,V)=Kerd,,Imd,,_, for all pand q.

Let M be a complex manifold, G be a complex Lie group and P an almost
complex manifold. We say that {={P, G, M; =: P — M} is an almost holomorphic
principal fibre bundle if there is an almost holomorphic action ®: Px G — Px P
given by ®(p, g)=(p, p°) which is (1) an almost holomorphic diffeomorphism of
P x G onto D(PxG); (2) D(PxG) is a closed subspace of PxPand 3) m: P— M
induces a biholomorphic homeomorphism of P/G onto M. We shall specify an
almost holomorphic principal fibre bundle by writing é: G . P*, M. If P is a
complex manifold then this is the usual definition of a holomorphic principal fibre
bundle as in [13]. The equivalence of the two definitions is E. Cartan’s Theorem
[11, Exposé 6]. For fixed g € G the map P — P given by p ~ p? will be denoted R,.

We say that the almost holomorphic principal fibre bundle ¢: G —» P %, M is
trivial as a real bundle (or is a real product) if there is a C* section (i.e., a C*®
map s: M — P such that =os is the identity on M). Let £: G P %, M be
another almost holomorphic principal fibre bundle, then ¢ and ¢ are (holo-
morphically) equivalent if there is an almost holomorphic diffeomorphism
¢: P — P such that

P——¢—+P

—_—_——> M
identity
commutes and $(5°) =y(p) for all e P, geG.
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Let G . P *; M be an almost holomorphic principal fibre bundle. As before,
let ker = denote the sub-bundle of T(P) given by ker 7={(p, X) | X € T,(P),pe P
and #(X)=0}.

THEOREM 1.1.1. Let G be the Lie algebra of G, exp: G — G be the usual exponen-
tial map, then there is a canonical embedding of G onto (ker =), for each p € P given
by

6,: G — (Ker m), < T,(P)

(1.1.2) A~ 6(4),

0(A)f = }ir?w for any f: P — C.

Furthermore 0, is of type (1, 0) (that is, 6,(JX)=i0,(X) for each X € T,(P)) and
(1.1.3) (R¥0),(4) = 6,9(ad g% (A4)) forallpeP,geG,AecCG
where ad: G — End (G) is the usual adjoint representation (ad g=L, o R,-1).

2. Coherent almost complex structures on fibre bundles. Let §,: G — P, . Mbe
an almost holomorphic principal fibre bundle, where the almost complex structure
on P is J,. The almost complex structure J on P is said to be coherent with ¢, if
£:G 5 P;* M is also an almost holomorphic principal fibre bundle, i.e. the
action of G on P is holomorphic with respect to both J, and J, and the projection
« is holomorphic with respect to both J, and J.

THEOREM 1.2.1. Let &,: G — P; 2, M be an almost holomorphic principal fibre
bundle, then there is a 1-1 correspondence between almost complex structures on P
coherent with ¢, and G-valued 1-forms, w, on P such that

(1) w(Ker 7)=0,

) (R¥w)(X)=(ad g Y)(X) for all g€ G and X € T(P),

(3) w is of type (0, 1) with respect to J,.

Proof. Let J be a coherent almost complex structure. If X € T,,(P), p € P, then
#(J=J)(X)) = #(JX)—7(JoX) = Iu(7X)—Jpu(7X) = 0

where Jy is the almost complex structure on M. We then see that (J—Jo)(X)
e Ker = for each X, € T(P), hence, by Theorem 1.1.1, there is a unique 4 € G such
that (J—Jo),(X)=0,(4). Let w, € AX(P, G) be defined by (w;),(X)=4 or, more
succinctly,

(1.2.1) (J=Jo)(X) = B(w,(X)) for all X e T(P).

We shall now show that the assignment J — w; is a 1-1 correspondence satisfying
the conditions of the theorem.

Firstly, if X=0(4) then (J—J,)(0(4))=0(id)—0(iA)=0 so w(X)=0 for
X e Ker =.
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Secondly, if w,(X)=A4 then
J(RX)—Jo(R,X) = R,((J—Jo)X) = R,0,(4) = 0,5((ad g~1)4)

where the last equality follows from equation (1.1.3).
Thirdly, we show that w(J,X)= —iw(X). By definition,

(1.2.2) w)(X) = A = J(X)—-Jy(X) = 0(A4),

(1.2.3) wi(JoX) = B <= J(JoX)—Jo(JoX) = 0(B).
Applying J to equation (1.2.2) we obtain — X —J/,X=J6(A4)=0(i4) so
(1.2.4) J(JoX) = —6(i4)— X.

Substituting (1.2.4) into (1.2.3) yields (—68(id)— X)+ X=0(B). Hence B=—iA
and so w(JoX)= —iw(X).

Conversely: Given any w € A%Y(P, G) satisfying (1) and (2) of the proposition,
let J© be defined at p € P by

(J)(X) = (Jo)o(X) — b,(wp(X)) for all X € T(P).
J® is clearly linear.
(JOP(X) = J(Jo(X) - 6((X)))
= Jo(Jo(X) — 8(w(X))) — 8w (Jo(X) — B(w(X))))
= —X—Job(w(X)) - 0w (JoX)) + 8w (B(w(X)))).
But w(8(w(X)))=0 since §(w(X)) is vertical; hence the last term is zero so
JAX) = —X-0(iw(X))+ 0(iw(X)) = — X

where the first equality follows because w is of type (0, 1) with respect to J,.

To show that J¢ is coherent with ¢, we need show that (a) J°R,=R,J® for all
g € G and (b) = is holomorphic with respect to J.

Let X € T,(P), p € P, then

JOR,X = Jo(RyX) — Opsr5(R, X) = RyJoX —0,5((ad g~ 1)(wy(X)))
but
= RyJoX—R,0,(wy(X)) = R, J*(X);
hence (a) follows.
For X € T,(P), #(J°X)=#(JoX — B,(w,(X))) =#(Jo X) = #(8,(,(X))).

However the last term is zero because 6,(w,(X)) € (Kerw); hence #(J?X)
=#(JoX)=Jy#X and so = is holomorphic with respect to J<.

COROLLARY 1.2.2. Let G be abelian, then there is a 1-1 correspondence between
almost complex structures coherent with §:G . Py 2, M and elements of
A*H(M, G).
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Proof. By Theorem 1.2.1 we need only show that there is a 1-1 correspondence
between G-valued (0, 1)-forms on P such that (1) w(Ker 7)=0 and (2) (R*w)(X)
=ad g~ Yw(X))=w(X) and A%}(M, G). This correspondence is given as follows:
Let n € A%(M, G) be defined by 7, (W)= w,(W) where p is a point in =~ 1(m) and
#(W)= W. Because of condition (1) above, if #W’' = W then w,(W)=w,(W’). The
definition of 7 is independent of the choice of p € =~ 1(m) because #,9(R, W) =1#,W
=W but

W (RW) = (Rf)y(W) = w,(W).

It is usual to confuse the set of almost complex structures and equivalence
classes of almost complex structures. Please note that Theorem 1.2.1 and the
following corollaries assert nothing about equivalence classes of almost complex
structures; that is, it is easy for w; and w, € A®Y(P, G) to represent equivalent
almost complex structures without w, =w,. We shall investigate the notion of
equivalence in Chapter II.

We shall now see which forms w satisfying conditions (1), (2), and (3) of Theorem
1.2.1 correspond to complex structures. Let N, be the torsion of the almost complex
structure J; (i=0, 1); that is,

N‘(X, Y) = 2{[JfX, Ji Y]"[Xa Y]—J‘[X, Ji Y]—Ji[J!Xa Y]}

The Newlander-Nirenberg Theorem [10, p. 321] asserts that J; is a complex
structure if and only if N;=0. We shall therefore compute N; — N, in terms of w.
Note that N; — N, is certainly vertical.

THEOREM 1.2.3. Let ¢y: G — P;, — M be an almost holomorphic principal fibre
bundle. Let J, be an almost complex structure corresponding to w € A%Y(P, G) as in
Theorem 1.2.1; then

(12.5) YN D=NGX, ) = 2do(U, X, 1) +2do(X,J, V) + [wX, Y]
2.5) Jor all X, Y € T(P).

Before proving the above theorem, we shall need some notation. A* € T(P)
is called a fundamental vector field if there is an 4 € G such that A% = 6,(4) for all
p € P. Let w¥(X)=0,(w(X)) € Ker = for each X € T(P).

LEMMA 1.2.4. For all X, Ye T(P)

(a) Let A* be a fundamental vector field, then Jo[A*, X]=[A4*, J,X].

() 67 ([w*X, JoY]—Jo[w*X, Y] =iY(w(X)) - (Jo ¥)(w(X)).

©) 2 du(JoX, Y)+2 do(X, JoY)=—o([X, JoY]+[JoX, YD)+ (JoX)(w(Y))—
JoY(w(X))+iY(w(X))—iX(w(Y)).

(d) 2 dw(w*X, Y)+2 do(X, 0*Y)=—ow([w*X, Y]+[X, o*Y )+ (0*X)(wY)—
(0*Y)(wX).

) 0 Y ([o*X, o*YD)=(0*X)(@Y)—(0*Y)(wX)+[wX, 0 Y].
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Proof. (a) Let ¢,(p)=p™'4 for all peP, AeG, teR, then ¢, is the one
parameter group of diffeomorphisms of P generated by 4*; hence [9, p. 15]

Jo[4*, X] = Jo(lim %(X—qf,)X)-
t—0
Since the action of G on P is almost holomorphic we have Joé, = ,J,; hence
Jol4*, X1 = lim {(oX—$(JoX)) = [4%, X

(b) Let w*X =3 f'A¥ where f* are smooth functions on P, then (using part (a))
0~ Y([w*X, Jo Y] —Jo[w*X, Y]) = z 0-HLf'4F, L Y1-JoLf 4f, YT}
= D 0°Yf'[AF, Lo Y= (Lo V) AF +f (I Y)AF
—Jo(f'[4F, Y1- X' A¥ +f Y AF)}
= —(JoY)w(X)+iYu(X).
(©) 2dw(JoX, Y)+2dw(X,J,Y)
= JoXw(Y)— Yu(JoX) — o([JoX, Y]) + Xa(Jo Y) —Jo You(X) — w([X, Jo Y ])
= JoXo(Y)+iYu(X)—iXw(Y)—Jo Yu(X)—w([JoX, Y]+[X, JoY])
where the last equality follows because w € A%Y(P, G).
d) 2dw(w*X, Y)+2dw(X, o*Y)
= (0*X)w(Y)— Yo(w*X)—ow([w*X, Y])
+ Xw(w*Y) — (0* Y)w(X) — w([X, w*Y])
= —o([w*X, Y]+[X, o* YD +(0*X)(@Y) - (o* Y)(wX)
since w(Ker 7)=0.
(e) Let w*X=3,f'A¥ and w*Y=73,g’A} then wX=73,f'4; and 0 Y=73,g'4,;
hence
(@*X)(@Y)—(0*Y)(wX)+[wX, 0 Y]
= ,Z, {(f4N(g'4) — (&' AN 4) — ['4i, g'A,1};

hence, since the last bracket is in G,
= ,2,: {f(Afg)A;— g (ATf)A—f'g'[4,, 4]}
Thus

0(w*X)wY)—(o* Y)(@X)+[wX, ©Y])
= ,2,: {f(4tg)Af — g Alf' At - f'g'lAY, AT]} = [0*(X), w*(Y)].
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We shall now prove Theorem 1.2.3. Because (J; —Jo)(X) = 0(w(X)) =w*(X) we
have
IN(X, Y)
= [JoX+o*X, JoY+o*Y]-[X, Y]-/[X, Jo Y+ o*Y]-J,[Jo X+ o*X, Y]
= [JoX, Jo Y]+ [w*X, 0*Y]+[JoX, 0* Y]+ [w*X, /Y]
—[X, Y]=Jo[X, Jo Y]—Jo[X, 0*Y]—w*([X, JoY])
—w*([X, o* YD) =Jo[JoX, Y]=Jo[w*X, Y]—w*[JoX, Y] - w*[w*X, Y]
INI(X, Y) = INo(X, ) +{[0*X, 0* Y] - *[X, o* Y] - w*[o*X, Y]}
(1.2.6) +{[w*X, JoY]=Jo[w*X, Y} +{[JoX, 0*Y]—Jo[ X, «* Y1}
—{w*([X, Jo YD +o*([JoX, Y]}
We shall now reduce the right-hand side of equation (1.2.5) to the above form.
2dw(/1 X, Y)+2dw(X,J,Y)+[wX, 0 Y]
= 2 dw(w*X, Y)+2 do(X, 0*Y)+2 du(JoX, Y)+2 do(X, JyY)+[0X, 0 Y].
Applying Lemma 1.2.4(c), (d):
= —of[0*X, Y]+[X, o* Y} +(0*X)(@Y) — (0* Y)(wX)
—of[X, Jo Y]+ [JoX, Y} +(JoX)w(Y) — (Jo Y)w(X)
+iY(wX)—iXoY+[wX, wY].
Applying Lemma 1.2.4(b), (e) yields:
= —o([*X, Y]+ [X, o*Y])+ 07} ([w*X, 0*Y])
—o([X, Jo Y]+ [JoX, Y]+ 60 ([JoX, 0*Y]—Jo[X, 0*Y])
+ 0" Y([w*X, Jo Y] —Jo[w* X, Y]).
Since w=0""1w* we have
2dw(J1 X, Y)+2dw(X,J:Y)+[wX, wY]
= 0~ Y[w*X, 0*Y]—o*[X, 0o*Y]—w*[w*X, Y]+ [w*X, J, Y]
—Jo[w* X, Y1+ [JoX, 0*Y]=Jo[X, 0* Y] - *[X, Jo Y] - w*[JoX, Y]}
which is exactly 6~ applied to the right-hand side of equation (1.2.6).

THEOREM 1.2.5. Let é,: G — P;, — M be a holomorphic principal fibre bundle.
Let J, be an almost complex structure coherent with Jo. If J, corresponds to
w € A%Y(P, G) thenJ, is a complex structure if and only if dw + (dw), o = — (i [4)[w, w].
In particular, if J, is complex then 8; w= —(i/4)[w, »].

Proof. Assume that J; is a complex structure, then equation (1.2.5) implies that
2dw(J1 X, Y)+2 dw(X,J1Y)= —[w(X), o(Y)]. Let

—¥(X, Y) = 2dw(J,X, Y)+2 do(X, J,Y);
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then it suffices to show  =4i dw. Since J; is complex, dw € A%%(P, G) @ A} (P, G).
If X, Y e TAO(P) then (X, Y¥)=4i dw(X, ¥)=0. If X e TH°(P) and Y e T%*(P)
then (X, ¥Y)=2i dw(X, Y)—2i dw(X, Y)=0, therefore 3 e A®?(P, G). Now
dw —/4i has no (0, 2) component because if X, Y e T7;*(P) then

do(X, Y)— (X, ¥) = do(X, ¥)—(2i do(X, Y)+2i dw(X, Y))/4i
= dw(X, Y)—dw(X, ¥) = 0.

Since dw=(dw —/4i) +[4i, /4 is of type (0, 2) and dw —i/4i has no component
of type (0, 2) we conclude that ¢/4i is the (0, 2) component of dw, i.e. Ow=1/4i
because w is of type (0, 1) with respect to J; as well as J,.

We shall now prove that if (i/4)[w, ] is the sum of the (0, 2) and (2, 0) compo-
nents of dw then J; is in fact a complex structure. By a procedure similar to the
previous one we see that 2 dw(J1 X, Y)+2 dw(X, J,Y) is 4i times the sum of the
(0, 2) and (2, 0) components of dw hence 2 dw(J, X, Y)+2 dw(X,J,Y)+ [wX, 0 Y]
=0 and so N, =0 by Theorem 1.2.2.

We shall now examine the real trivial case. If £: G _. P *, M is an almost holo-
morphic principal fibre bundle then we say that ¢ is real product if ¢ admits a C*
section; that is, a smooth map s: M — P such that = o s is the identity map on M.
Clearly if ¢ is real product then P is diffeomorphic to M x G. Let J be the complex
structure on M xG given by J, (W, Z)=(IyW,J;Z) for all me M, AeG,
W e T,,(M) and Z € T(G); then J is called the product complex structure on M x G.
Clearly, a bundle ¢ is a real product if and only if it is coherent with the product
structure on M x G. We now determine all real trivial almost holomorphic principal
fibre bundles.

THEOREM 1.2.6. There is a one-to-one correspondence between A>Y(M, G) and
almost complex structures on M x G coherent with the product structure. In fact, this
correspondence is given by 7 € A>Y(M, G), n ~ J", where

(1.2.9) JINW, Z) = (IuW, JeZ+(dR)n(W))
forze M, \e G, We T, (M), Z € T\(G).

Proof. The canonical embedding 8 of G into T(P)=T(M x G)=T(M) x T(G)
takes the form 6, ,(4)=(0, (dR)(4)), A€ G, ze M, Ae G. Thus let X=(W, Z)
€ T, \(M x G); then equation (1.2.1) reduces to (with J,=product structure)

(1.2.10) w)(X) = A< J(X)=(IuW,JeZ) = (0, (dR)).(4)),

i.e. by Theorem 1.2.1 there is a 1-1 correspondence between those w € A%Y(P, G)
such that w(Ker#7)=0 and Rfw=ad g~'w with almost complex structures on
M x G coherent with the product structure and this correspondence is given by
equation (1.2.10). We need only show that there is a 1-1 correspondence between
those w € A%}(P, G) such that w(Ker 7)=0 and R¥*w=ad g~'w with A%Y(M, G).
This is provided by the following lemma.
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LemMma 1.2.7. If é&:G—P— M is a real trivial holomorphic principal fibre
bundle then there is a one-to-one correspondence between those elements w € A®*(P, G)
such that (a) w(Ker 7)=0, (b) R*w=(ad g~ Y)w and the set of all 7 € A> (M, G).

Proof. Let s: M — P be a C* section on £. We may assume P is diffeomorphic
to Mx G, and s: M — M x G is given by s(m)=(m, e) where e is the identity of G.
Thus s*: A%(P, G) — A>Y(M, G). We shall prove that this map is a 1-1 corre-
spondence as in the lemma.

We first show that s*(A%Y(P, G))< A>Y(M, G). Let w € A%Y(P, G); then

(s*w)(Iud) = w(ds(Jyd)) = o((Jud, 0)) = —iw(4, 0) = —i(s*w)(4),
50 s*w € A%Y(M, G).
Suppose s*w =0, then w, ((4, 0))=0 for all 4 € T,(M). However, by assumption
w, (((0, B))=0; hence w, (4, B)=w, (4, 0)+w, (0, B)=0. However,
w, \(4, B) = (ad A" Yw, (4, B) = 0.
We shall now show that s* is onto. Let ne A%Y(M, G). Let w, (4, B)
=(ad A~ )n,(4); then w satisfies all of the necessary conditions.

CHAPTER II: COMPLEX STRUCTURES ON REAL PrRODUCT BUNDLES

1. Statement of the problem and solution in the abelian case. The aim of this
chapter is to obtain information on the set of (holomorphic) equivalence classes of
principal fibre bundles with structure group G and base M which are trivial as
smooth bundles, i.e. equivalence classes of real product bundles.

We shall call this set Pic (M, G). If M is a Riemann surface and G=C* then
Pic (M, G) is called the Picard variety of M [7]. We shall now give the sheaf-
theoretic interpretation of Pic (M, G). Let HY(M, G,) (resp. HY(M, G)) denote
the first cohomology set of M with coefficients in the sheaf of germs of holomorphic
(resp. C*®) maps from M to G. If «: G, — G, is the map obtained by viewing a
holomorphic map as a C® map, then « induces a map, also called «: H*(M, G,,)
— HY(M, G,). 1t is well known [4] that the set of holomorphic (resp. C*)
equivalence classes of holomorphic (resp. C*) principal fibre bundles over M
with structure group G is equal to H(M, G,) (resp. H(M, G,)) where the
trivial holomorphic (resp. C*®) bundle is denoted by O, (resp. O,); that is,
01 G — (M X G) = proguct structure M. The set of equivalence classes of real trivial
holomorphic principal fibre bundles is therefore ker a=0"1(0,,).

We will first explain why Pic (M, G) need not be zero.

Topologically. ¢: G— (M xG); — M is the general form of a real product
bundle where the action of G on (M x G); is, of course, the second coordinate
action (i.e. (z, g)*=(z, gA) for all ze M, g, A € G). In order for ¢ to be holomor-
phically trivial, the complex structure J must be equivalent to the product of the
complex structures of M and G. We will see below that M x G can be given complex
structures which are not equivalent to the product structure.
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Analytically. We now view a bundle ¢ in terms of its transition functions [13].
¢ is trivial as a C *-bundle if and only if there is an open cover {U,} of M such that
the transition functions {¢,5: U, N Uy — G} of ¢ with respect to {U,} take the form

.11 tag(2) = 5u(2)s5(2)™,  z€ Uy N Uy,

where s,: U, — G and s5: U; — G are smooth functions. Because ¢ is a holo-
morphic bundle the ¢,, are holomorphic functions but, of course, the s, need not
be holomorphic. In fact, there are holomorphic functions satisfying (2.1.1) exactly
when ¢ is trivial as a holomorphic bundle. In the case when G = C*, the problem of
finding holomorphic functions s, satisfying (2.1.1) (given the holomorphic functions
t,;) is called the Cousin problem of several complex variables, and the phrasing of
this problem in fibre bundle terminology was first published by H. Cartan [3].
Recall that there is an isomorphism (due to Dolbeault-Serre, [4])

dolbeault: 2, (M, V) "> HY(M, Q*(V))

where Vis any vector bundle over M and QP(¥) is the sheaf of germs of holomorphic
sections of AP°(M, V). For any details about the arguments in sheaf-theoretic
cohomology which follow see [4].

When G is abelian, we can obtain the following information: (If M is a compact
Riemann surface and G=C*={z € C | z#0} then this result is in [7].)

THEOREM 2.1.1. Let M be a complex manifold, G an abelian complex Lie group;
then the following is an exact sequence of abelian groups

9., 6 —P s M, G) —*— B M, G.,)

108 Ha(M, 1,(G) ——> Do o(M, G) ——>

where B=exp o dolbeault.

Proof. Because exp: G — G is a covering map (recall all Lie groups are assumed
to be connected), we see that the sequence of abelian groups 0 — m,(G) —> G
e G — 0 is exact; hence so are the sequences in cohomology:

A 8 A
—> HY(M, 7,(G) —> H(M, Go) 5> H'(M, G) ~>> H¥M, m(G)) —> H*M, Go) —>

Iidentity Ia Ia Tidentity Ia

4 8 A
—> HY(M, m(G) —> H'(M, G;) 5> H'(M, G,) > HY(M, m(G)) —> H*(M, G,) —>

However G is isomorphic as a Lie group to C", hence G, is a fine sheaf and so
H*(M, G.,)=0 for all k21, hence §., is an isomorphism. The Dolbeault isomorph-
ism and some diagram chasing completes the proof.

COROLLARY 2.1.2. Let G be abelian; then Pic (M, G) has the natural structure
of the product of a torus with C".
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Proof. The proof is by diagram chasing.
(2.1.2)  Pic (M, G) = ker « = image 8 = D ,(M, G)/i(H (M, m(G))).

Since m,(G) is free, i(H'(M, =,(G))) is a lattice in the vector space Z, ;(M, G), i.e.
Pic (M, G) is the quotient of C" (n might be infinite) by a discrete subgroup, hence
has the structure of a torus crossed with C".

COROLLARY 2.1.3. If #,(M) is a torsion group and G is abelian then Pic (M, G)
is isomorphic to 9, (M, G).

Proof. The universal coefficient theorem for cohomology [12] states that
0 — Ext (Ho(M), m(G)) > HY(M, m,(G)) — Hom (Hy(M), 7,(G)) — 0

is exact. However Hy(M) is a free group, so Ext (Hy(M), m,(G))=0 and H,(M) is
torsion (by the Hurewicz isomorphism); hence we conclude H(M, =(G))=0
because there are no nonzero homomorphisms from a torsion group to a free group.

Note that if =;(M) is a torsion group and G is abelian then Pic (M, G) has a
natural structure of a (infinite-dimensional) vector space. We shall see that this
will contrast violently with the simplest nonabelian case in which Pic (M, G) is
either zero or is not even Hausdorff!

2. Statement and proof of the fundamental theorem. Before starting the main
theorem (Theorem 2.2.4), we shall require some definitions. As always, M will be a
connected complex manifold and G a connected complex Lie group with Lie
algebra G. We say that G has the exponential lift property with respect to M if for
any (C*®) map s: M — G there is a (C®) map h: M — G such that the following
diagram commutes:

We say that a solvable Lie group is of type (E) if the exponential map is a covering
map. (G is of type (E) if G is nilpotent. If G is solvable there is a criterion due to
Dixmier; see [2] for details.)

PROPOSITION 2.2.2. If my(M) is a torsion group and G is of type (E), then G has
the exponential lift property with respect to M.

Proof. It is well known, [12], that given s: M — G as in (2.2.1) there is
h: M — G such that (2.2.1) commutes if and only if sy(m(M))<expy (m(G))=0
where # denotes the map induced on the fundamental group =,. Since G is solvable,
m,(G) is free, but the image under sy of the torsion group =,(M) is torsion and
hence is zero, so s: M — G always lifts.
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If w, 7 € A%Y(M, G), then we say that w is exponentially cohomologous (or, more
briefly, expcohomologous) to n (and write w ~ ., 7) if there is a map h: M — G
such that

2i((I—e~*"?)[ad h(z))(Oh(A)) = w(A)—e~*"@y(4)

(22.2) forall Ae T(M),ze M.

The first term is to be interpreted (for each z € M) as the convergent series

< (=D(ad A(z))*
K=o (K+D!

all forms are evaluated at z e M and (ad A(u))(X)=[h(u), X] for all X € G. Note
that ~,, is reflexive (h=0) and symmetric (let f= —h). I have not been able to
show that ~,, is transitive. We shall use the same symbol to denote the equiva-
lence relation generated by the relation ~ ., of equation (2.2.2). w is exponentially
exact (or expexact) if w ~ ,0. w is exponentially closed (or expclosed) if there is
an open cover {U,} of M such that ifw is expexact (i,: U, — M is the obvious
inclusion). Let Z exp (M, G) be the set of expclosed (0, 1)-forms. We define

A Exp D(M, G) = A*Y(M, G)/~ep,  Exp D(M, G) = Z exp (M, G)/~ exps

€ End (G),

then both 4 Exp D and Exp D are sets with a distinguished element 0 (being the
equivalence class of the (0, 1)-form, w=0).

PROPOSITION 2.2.3. Let G be abelian; then Exp D(M, G)=9, (M, G).

Proof. If G is abelian then ad h(z)=0, hence equation (2.2.2) becomes 2idh
=w—7; hence w ~ ;7 if and only if w is 8-cohomologous to 5. Z exp (M, G) is
just the d-cocycles by the Dolbeault-Grothendieck Lemma.

We shall now state the main theorem of this chapter. We shall refer to this as the
fundamental theorem.

THEOREM 2.2.4. Let M be a complex manifold, G a complex Lie group. Let
E: Exp D(M, G) - Pic (M, G)
[w] ~J®
be defined by
(2.2.3) J2\(A, B) = (JyA, JeB+(dRy)w(A))

(as in equation (1.2.9)); then

(1) E is onto.

(2) If G has the exponential lift property with respect to M, then E is an iso-
morphism.

It will also be clear from the proof of this theorem that if G has the exponential lift
property with respect to M then ~ ., is a true equivalence relation.
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We begin with a lemma. Let £: G - (M xG);, > Mand $: G- (M xG);, > M
be real trivial holomorphic principal fibre bundles. Let J; correspond to w and J,
correspond to 7 via Theorem 1.2.6, i.e. J;=J® and J,=J" in the notation of
equations (1.2.9) and (2.2.3).

LEMMA 2.2.5. ¢ is equivalent to  if and only if there exists a smooth map
y: M — G such that
J dyA) +dR,(1(A)) = dy(JeA)+dLy(wx(4))
forall Ae T,(M) and all z € M.
Proof. ¢ is equivalent to ¢ if and only if 3¢: (M x G);, = (M x G),, which is an

equivariant almost holomorphic diffeomorphism which induces the identity on
M, i.e. the following diagram commutes:

22.4)

(Mx Gy, —— (MxG),,
[§)) ﬂl lw
M identity M
(In é(m, g1)g2 = #(m, g182) forallme M, g,,8.€G.
(I1I1) $Jy = Jyb.

Condition (I) holds < ¢(m, g)=(m, B(m, g)) for some B: M x G — G. Now
condition (II) says #(m, g1)gz=(m, B(m, g1)g2)=¢(m, g185)=(m, B(m, g:82)) so
B(m, g.)g2=P(m, g.g2). If B(m, e)=y(m), then letting g,=e, g,=g shows that
B(m, e)g=P(m, g) and so ¢ satisfies (I) and (II) if and only if thereisa y: M — G
such that ¢(m, g)=(m, y(m)g). We shall now calculate ¢ and test condition (III):

‘ﬁ.z,A(Aa B) = (A’ BZ.A(A’ B))’ A € TZ(M)a -B € T)\(G),

where B(m, g)=y(m)g. Let ?B: G — G be *B(g)=y(z)g and B*: M — M be B (m)
=y(m)A; then *B=L,., and B*=R, o y. The Leibniz formula [9] dictates:

Bo(4, B) = CANB) +(BN(4)

or
(2.2.5) Ban(4, B) = L,,(B)+(Ry © y)(4).
Now
‘};z,)\(-] 1(4, B)) = <l§z.A(J wd, JeB+ Ryw(A))
)
$.2(J1(4, B)) = (Jud, B.\(Jud, JeB+ Ryw(4)))
and

12952,7\(‘4’ -B) = J2(A, Bz,)\(A’ B)) = (JMA’ JGBz,)\(As B)+R7(2)A(77(A)))'
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Thus ¢J, =J,¢ if and only if
iB..\(4, B)+ Ryonn(A) = Bor(Jud, JoB+ Ryw(4)).
Hence from (2.2.5), $J, =J.¢ if and only if
Jo(Lyo(B)+ Ry © 9).(A4)) + Ryoan(A) = Lyoy(JoB+ Raor(A)) +(Ry ¢ 7).(IuA).
Since left-translation is holomorphic and right and left translation commute we
have ¢ is equivalent to ¢ if and only if there exists y: M — G such that
Jey(A)+ Ryoyn(A) = Lyyo(A) +7.(JuA).

PROPOSITION 2.2.6. In the above notation:

(1) If w ~ oxpn then £ is equivalent to .

(2) If G has the exponential lift property with respect to M then w ~ o, if and
only if £ is equivalent to .

Proof. We shall prove (1) and (2) simultaneously. If w ~ ., 7 then there is an
h: M — G satisfying equation (2.2.2). If y(z)=exp (h(z)) then we claim that y
satisfies equation (2.2.4) of Lemma 2.2.5. If, on the other hand, G has exponential
lift with respect to M and ¢ is equivalent to  then we may find an A: M — G and a
y: M — G such that y satisfies (2.2.4) of Lemma 2.2.5 and y=exp o h. In this case
we must show that 4 satisfies equation (2.2.2). These assertions are proven in the
following computation: Let y(z)=exp A(z) then for X=h(z) equation (2.2.4)
becomes

Jo d(exp)x(dh(A)) — d(exp)x dh(JyA) = dLexp x0(A) — dRexy xn(A4)
or (because exp is holomorphic)
d(exp)x(i dh(A4) — dh(JyA)) = dLexp xw(A) — dRexp x7(A4)
thus from equation (1.1.1) we have
2i d(exp)x0h(4) = dLexy x(w(A)) — dRexp x(n(A))
but [8, p. 95] d(exp)x=d(Lexp x)e © (1 —e~2¥%)/ad X) so
2i d(Lexp x)e © (1 —e™*%)/ad X)0h(4) = d(Lexy x)w(A) — dRexy x1(A),
2i((I—e~**%)[ad X)0h(4) = w(A)—d(Lexpc-x) ° Rexp x)1(A)-

However d(Lexpy-x) © Rexp x) =2ad (exp X) which is known [5] to be €*¥; hence,
after identifying T(G) and G, we obtain

2i((I—e~**"@)[ad h(z))(Oh(4)) = @(d4)—e~**"n(4)
which is equation (2.2.2).
COROLLARY 2.2.7. Let M be a complex manifold, G a complex Lie group. Let

E,: A exp D(M, G) — Equivalence classes of real product bundles
[w]~J®
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where J® is as in equation (2.2.3); then

(1) &, is onto.

(2) If G has the exponential lift property with respect to M then E, is an iso-
morphism.

The maps E and E, are well defined by Proposition 2.2.6 and onto by Corollary
1.2.2. Part (2) of Theorem 2.2.4 and Corollary 2.2.7 follow from part (2) of Proposi-
tion 2.2.6; hence all we need to prove our fundamental theorem is that J¢ is a
complex structure if and only if w is expclosed. To establish this fact we need the
following:

LeMMA 2.2.8. Let J be an almost complex structure on M x G coherent with the
trivial bundle and let V be an open set in G containing the identity, then J is a complex
structure if and only if there is an open cover {U,} of M and maps s,: U, — V such
that Z,: U, — (U, x G); given by Z,(u)=(u, s,(1)) is almost holomorphic for each .

Proof. Assume that 2, are given. Define ', via

5,
(UsX Gproguer. ==L (U, 6),xG

\ laction

(Uax G),

ie. Iy(u, g)=(u, s,(v)g). Then T', is an almost holomorphic diffeomorphism of
(U, X G)proguct Onto (U, x G); which says that J is locally equivalent to the product
structure. Because the product structure is a complex structure we have shown
that J is a complex structure.

If, on the other hand, J is complex then there is an open cover {U;} of M and
local sections 2;: Ug — U, x G defined by 24(u) = (u, s4(u)) which are J-holomorphic.
Let z be a given point in M. Choose any Uj such that z € Uj. Let a=(z, B) and
S =Ls_b<12> osp. Let U,=UzN(sy) }(N) and s,=s; restricted to U,; then sy(2)
=Ls;(1z) o 55(z2)=(55(2)) " 'sz(z)=e € V, hence ze U,. Clearly s, is almost holo-
morphic as the restriction of the composition of almost holomorphic maps and
5(Us) =5.(Ug N (52) "H(V)) S 5o(s2) (V) =V.

The following proposition completes the proof of Theorem 2.2.4.

PROPOSITION 2.2.9. Let w € A%Y(M, G), then w is expclosed if and only if J° is a
complex structure.

Proof. If w is expclosed then there is an open cover {U,} of M and h,: U, — G
such that equation (2.2.2) holds for each «. Let s, =exp o A,, then (from the proof
of Proposition 2.2.6) s, is almost holomorphic.

Conversely, suppose J¢ is a complex structure. It is well known that there is an
open set ¥ of zero in G such that the restriction of the exponential map to ¥ is a
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diffeomorphism [5]. Let ¥=exp (¥) and apply Lemma 2.2.8 to obtain s,: U, — V
©G. Then s, can be written as s,(z) =exp h,(z) for some h,: U, — G (because
exp~?! exists on V). Since s, gives an equivalence between J and the product
structure, then A, yields the fact that w restricted to U, is expexact for each «,
hence w is expclosed.

3. Computation of Exp D(M, G). In this section we shall apply the theory
developed in the first two sections of this chapter. We shall first dispose of the
abelian case by reproving Corollary 2.1.3 and exhibiting the isomorphism between
9, (M, G) and Pic (M, G) in a more concrete manner. We shall then examine the
case in which G is solvable. In [6], Frenkel (using the techniques of sheaf-theoretic
cohomology) proves that if G is solvable then the vanishing of 9, ,(M, C) implies
the vanishing of Pic (M, G). We shall prove both a generalization of Frenkel’s
theorem and its converse (Theorems 2.3.2 and 2.3.4). We shall then calculate the
exponentially closed (0, 1)-forms for arbitrary G.

Let {n> be the d-cohomology class of n € A>Y(M, G).

THEOREM 2.3.1. Let m (M) be a torsion group and G be abelian, then the map
2: D,.1(M, G) — Pic (M, G) given by z({n))=G—>(MxG)p—> M is an iso-
morphism.

Proof. By the fundamental theorem, it suffices to show that Exp D(M, G)

=9, 1M, G) but this is exactly Proposition 2.2.3.
Let h: M — G, then for the remainder of this section we shall write

& (=DMad )" . e Mr@_]
Az(h) = 2j nZO (n+ 1)! = zl ad h(z)

for all z e M. We shall also write A(h) for A,(h) if there is no chance of confusion.
THEOREM 2.3.2. If [G, G]# G then Exp D(M, G)=0 implies D, ,(M, C)=0.

Proof. Let 0#e, € G such that e, ¢ [G, G]. Let w, be a d-cocycle. Let w=w,e;.
We may find a locally defined function A,: U— C such that w,=0h,. Let
h= —ih,e,/2; then
(=D"(ad h(w)"

L (n+1)' —a-h = éhlel =w

A(h)oh = 2iBh+2 >
because (ad h)oh=[h,e,, Oh,e;]=0. w is therefore expclosed and hence by
assumption expexact. Let /: M — G be a function such that
2.3.1) Aol = w.

Let {e;} be any basis of G whose first element is e,; then we may write /=3 le,
where /;: M — C. Hence equation (2.3.1) becomes w=A(l)ol=73 A(I)@l)e,
=(2idl,)e, +« where & € G— Ce,. Therefore 2i6], =w, and so w, is a 8-coboundary.
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The above theorem is the converse of Frenkel’s theorem. Before proving a
generalization of Frenkel’s theorem by our techniques, we shall need a lemma.

LEMMA 2.3.3. Let ¢: G, — G, be a Lie algebra homomorphism. If w is expexact
then so is ¢(w).

Proof. Let w e A% (M, G,) with w=A(h)oh where h: M — G,. Let I=¢ o h:
M — Gy; then

$(w)(X) = (w(X)) = $(A(h) Oh(X))
(21 > (=D)(ad " ah(X))

o (DI
(=D)*(ad D"
go Dl al(X) = A() 3l(X).

THEOREM 2.3.4. If G is solvable, then D, (M, C)=0 implies that Exp D(M, G)
=0.

Proof. We proceed by induction on the dimension of G. We remark that the
theorem clearly holds if G is abelian (by Proposition 2.2.3), which enables us to
start the induction. Let Z be the center of the nil-radical of G; then Z is an abelian
ideal of G with dim Z=1. Let ¥ be any vector space such that G=V @ Z (where
@ is understood to be the direct sum as vector spaces, not necessarily as Lie
algebras). Let =: G — G/Z be the canonical projection.

If w is any expclosed (0, 1)-form on M with values in G then w*=nw is an
expclosed (0, 1)-form with values in G/Z by Lemma 2.3.3. By induction, we know
that there is a k*: M — G/Z such that A(k*)0k* =w*. Now, |y.: ¥V — G/Z is an
isomorphism, hence there is a k: M — V such that wk=k*. Let 6= A(k)ok, then
w— 0 is an expclosed G-valued (0, 1)-form over M. Because m(w— ) = 7w —70=w*
—w*=0 we have w—0 is, in fact, a Z-valued (0, 1)-form over M, hence there is
I: M — Z such that

(2.3.2) w—0 = A(I)2l.

Now for any Y € Z we have (ad Y)G<Z, hence the map which ad Y induces on
G/ Z is trivial; hence we may rewrite equation (2.3.2) as w—e~*4!=4(/)al and so
® ~ oxp 0 ~ oz, 0 Which completes the proof.

We shall now give a simple criterion for w € A%1(M, G) to be expclosed. Recall
that if «, 8 € A}(M, G) then [o, B] is defined to be an element of A%(M, G) via

[, BI(X, ¥) = $([«(X), B(D)] - [«(Y), B(X)]) for all X, Y e T(M).

THEOREM 2.3.5. Let n € A°Y(M, G) correspond to the almost complex structure
J" on M x G; then the following are equivalent:

(a) 7 is expclosed,

(b) J" is a complex structure,

(©) &=/, 7).
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We shall first prove a preliminary proposition. Let y e A"(M, G), define
y# e A"(M x G, G) via
YiA(41, By), (43, By), - . ., (4, B)) = (ad A" )yu(4y, . . ., 4)).
Let 7€ AY(M x G, G) be given by 7, ,(4, B)=L,-1B.
PROPOSITION 2.3.6. For any y € A{(M, G), d(y¥)=(dy)*—[r, y#].
Proof. For any A,, A; € T.(M), B,, B, € T)\(G)
2d()((4s, By), (43, By))
= (4,, B,) ad A~ 'y(4;) — (45, By)(ad A~ )y(4;) —ad A7 [y(4y), ¥(4,)]
= 2(dy)*+(0, B,) ad A~ 'y(4,)— (0, By)(ad A™)y(4,).
We must therefore prove
H(O, B,) ad A~*y(45)— (0, B) ad A~1y(4,)}
= H{[Ls-1B,, ad A~ 'y(42)] —[Lx-1B, ad A 'y(4,)]}.

It suffices to prove equation (2.3.3) when B, and B, are left-invariant vector fields.
Let B=B, or B; and A=A, or A,. Let «(t)=2, exp (¢B) and f(A)=(ad A~ )p(A).

(2.3.3)

©, B) ad A~'y(4) = lim St ))t—f (20)

— im 24 Qo exp (~tB)(A) —ad Ay 4) _ . (ad e™*®—1T) ad A5 'y(4)

t—0 t t—0 t

hence
(0, B;) ad A7*(4) = —[Ly-1B, ad Ag*¥(4)].
Substituting this last result into equation (2.3.3) yields the proposition.

We now proceed with the proof of Theorem 2.3.5. Firstly, note that the equiva-
lence of (a) and (b) is exactly Proposition 2.2.9. Let w be the element of
A%Y(M x G, G) which corresponds to n € A%Y(M, G); then by the construction
in Lemma 1.2.7 we have w=7#. By Theorem 1.2.3, we have that J" is complex if
and only if

23.4) 0=2dp*(J"X, Y)+2 dy#(X,J"Y)+[9*X,9n*Y] forall X, Y e T(M xG).
Let X=(A, B), Y=(C, D), where A, C € T, (M), B, D € T\(G); then
JINX) = (Jud, JeB+dRn(4)) and JZ\(Y) = (JuC, JeD+dR(C));
hence,
2[r, 7#)(J"X, Y) = [+(J"X), 7*Y] = [7(Y), n*(J"X)],
hence,
2[r, w](J"X, Y) = [L\-1JzB+ad A~'5(A4), ad A~19(C)]—[LA-:D, ad A~ 2n(Jy4)];
similarly,
2[r, 7*)(X, J"Y) = [L,-1B, ad A~ 19(JC)]—[Lr-1JcD+ad A~19(C), ad A~ 1y(4)].
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Adding yields .
(23.5) [r, 117X, Y)+[r, 7#1(X, J"Y) = [v#, v#)(X, Y)
because 7(JC) = —in(C). Applying Proposition 2.3.6 to equation (2.3.4) we find:
J" is complex <
0 = 2dHJ"X, ¥) =27, U7X, ¥)+(@nH(X, JY)
_2[7’ ﬂ#](X, J"Y)+ [n#Xa U#Y],

hence from equation (2.3.5)

0 = 2{(@*(J"X, Y)+(dHX, J"Y)} - [*X, n*Y].
Thus J" is complex <> for all 4 € T,(M), C € T\(G)
(2.3.6) dn(Jud, C)+dn(4, JuC) = }[n(4), n(C)].

We shall now show that equation (2.3.6) holds if and only if dy=(i/4)[, 7] where
d is, of course, taken with respect to the complex structure, Jy, of M.

Assume that equation (2.3.6) holds; then, since (i/4)[5, 5] is of type (0, 2), we
need only show that (dn—(i/4)[n, n])(4, C)=0 for all 4, CeT%(M) because
(Ju being complex) dn has no (2, 0)-component. Now if 4, CeT%(M) then
equation (2.3.6) dictates

(i [9)[n(4), n(C)] = (i/2)(dn(IuA, C)+dn(4, JuC))
= (i/2)(—2i dn(4, C)) = dn(4, C),
hence dn—(i/4)[n, 7] is of type (1, 1) and so 8= (i/4)[n, 7).
Conversely, if &n=(i/4)[, 7] then (dn—(i/4)[n, 71])(4, C)=0 if 4, C e T*(M).
However,
dn(Jud, C)+dny(4, JuC) = —2idy(4, C)
= —2i9y(4, C) = —Q2i%/4)[n, 1] = }[n, 7].
Thus 2 dy(JyA, C)+2 dn(A4, JuC)=[n(4), 7(C)]if 4, C e T*}(M). If A, Ce T*°M
or AeT®*M and C € T*:°M then both sides of the above equation are zero.

In the interests of completeness we shall now write down explicitly the equations

governing w ~ g7 if

1 Z; Z3

Q
I
o

2z, 1lz,€Cop-
1

[=4
(=]

Let

ez =

O O O

Ry

[l

o
o O O
S = O
S O O
S O O
S O ==
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then we may write w=723_, we,, =2, n;¢; where w;, n; € A>Y(M, C). A simple
computation shows: w ~ 1 < there are smooth functions A;: M — C such that

w;—ny = 2idh,,
(2.3.7) wy—ny = 2i0hy,
w3_7]3+h17}2—h27}1 = 2i5h3—lh15h2+lh25h1.

Of course if Z, (M, C)=0then Exp D(M, G)=0; however we can make the follow-
ing amusing remark: if &, ,(M, C)#0 then in any topology which Exp D(M, G)
inherits from A%(M, G) it is not Hausdorff. Consider w*=M\ae,; n*=Aae; + ae;
where o is a 8-cocycle which is not a é-coboundary. Clearly w* and »* are expclosed
for all A by Theorem 2.3.5. Furthermore, if A#0 A, =0, h,=1/A and h; =0 satisfy
equations (2.3.7) hence w? ~ o, 7* for A#0. However, lim, _,, w*=0, lim,_ o p* =ce;
and so lim,_,, w? is not expcohomologous to lim,_, 5*. By passing to equivalence
classes we see that we have a sequence in Exp D(M, G) which has 2 limits; hence
Exp D(M, G) cannot be Hausdorff!

CHAPTER III: APPLICATIONS TO DIFFERENTIAL GEOMETRY

1. Applications to the theory of holomorphic connections. The following is
immediate from Theorem 2, Theorem 5 and Proposition 12 of [1]:

THEOREM 3.1.1 (ATIYAH). A holomorphic principal fibre bundle with compact
Kdhler base whose structure group is C* possesses a holomorphic connection if and
only if it is real trivial.

Atiyah’s proof is algebraic. In this section we attempt to give a constructive
proof of Atiyah’s theorem if the structure group is abelian. We are successful in
one direction but in the other direction we must assume that the compact Kéhler
base is simply connected. We also give a necessary and sufficient condition for a
real trivial holomorphic fibre bundle with arbitrary structure group and base to
admit a holomorphic connection (Corollary 3.1.6).

We begin by recalling some definitions referring to [1] for all details. Unless
otherwise noted, we shall maintain the notation of the earlier chapters. Let
£: G P* M be a holomorphic principal fibre bundle. Let Q=T(P)/G and
L(P)=(Ker 7)/G. Let A be the inclusion L(P)< Q.

0 and L(P) are both vector bundles over M and «/(§): 0 —~ L(P) A, Q =, T(M)
— 0 s an exact sequence of complex vector bundles called the fundamental sequence
of . A holomorphic connection for £ is a splitting of the exact sequence &/(¢); that
is, a holomorphic map I': Q@ — L(P) such that I" o A is the identity on Q. Recall
that a connection form on ¢: G — P — B is G-valued 1-form ¢ on P such that

(i) ¥,(0,(4))=A4 for all A€ G and p € P, and

(i) (R¥¢),(X)=(ad g~Y)¢,(X) for all X € T,(P) and p € P.

A connection is of type (1, 0) if $(JX)=ip(X).
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PROPOSITION 3.1.2. There is a holomorphic connection T' on G — P; — M if and
only if there exists a connection form i of type (1, 0) such that d,p=0.

Proof. Let 0 . L(P) 2, O(P) *» T(M) — 0 be the fundamental sequence for £.
If peP and XeT,(P), let [p, X]=image of (p, X) e T(P) in Q(P) under the
projection T(P)—T(P)/{G=Q(P). If 4 is a connection 1-form then define
T([p, XD =<p, 0,((X))> where 6,: G— (Ker =), is the usual isomorphism and
{p, Y denotes the equivalence class of (p, Y) € Ker = in L(P). T is well defined
because

L([p°, R X)) = <p° O,((R X)) = {p°, B,((ad g~ )(X))>
= (% RO0(X)> = {p, O,((X))).
I" is then holomorphic as the composition of holomorphic maps. (We have used
here that a (1, 0)-form P with values in G is holomorphic as a (1, 0)-form if and
only if it is holomorphic as a map of the complex manifold T(P) to the complex

manifold G.) The converse follows from a similar construction.
Note that Proposition 3.1.2 says that ¢ is a holomorphic (1, 0)-form on P.

PROPOSITION 3.1.3. Let ¢ be a G-valued connection 1-form on (M x G); where J
corresponds to w € A>Y(M, G) via the fundamental theorem; then i is of type (1, 0)
with respect to J if and only if there is B € AV(M, G) such that

$o\(4, B) = Ly-1B+(i[2)(ad A~ )m*((B—w)(4, B))

3.1.1
( ) for all A e T/ (M), Be T\G).

Proof. Clearly any form ¢ satisfying equation (3.1.1) is a (1, 0) connection.
Assume now that i is a connection and let ¢} (4, B)=4, (4, 0); then from the
second condition in the definition of a connection we have

(ad A=), o(4, Ry-2B) = (RXY)..o(4, Ry-1B)
= ¢4, RARA“lB) = ¢.\(4, B).
But condition (1) of a connection demands ¥, ,(0, Ry-1B)=R,-1B; thus
(4, B) = (ad A=), (4, 0)+¢...(0, Ry-1B)},
hence
= (ad A71)(¥z2,(4)) + Lr-1B.

YL (4) may be written 7*a for some « € A'(M, G) because (r*x), (4, B) is inde-
pendent of both B and A.
(3.12) ¥, (4, B) = (ad A~ Y)r*a(4, B)+L,-1B,

- Y2 (4, B)) = $.\(Jud, JeB+ Ry(w(4)));
hence

Y. \(J(4, B)) = Ly-1(JeB+ Ryw(A))+(ad A~ 2)a(JyA).
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However
i, \(4, B) = iL,-1B+i(ad A~ Y)a(A).
Thus $(J(4, B))=if(4, B) <
iL,-1B+i(ad A Y)(a(A4)) = Ly-1JzB+ad A~ w(A4) +(ad A=) (e(JyA))
or $(J(A, B))=ip(A, B) < ic(A) = w(A)+ a(JyA).
However for any A4 € T,(M)
o(A) = (ie(A) — a(JyyA) +ic(A) + (T A))[2i
= —iw(A)[2+ (ie(A) + (T A))/2i,

SO
o(A) = —iw(A)2+iB(A)/2

where B is an arbitrary element of A®-®(M, G). Substituting this last equation into
equation (3.1.2) yields equation (3.1.1).

We shall now calculate the set of holomorphic connection forms on G — (M x G),
— M. Recall that for any y e AP(M, G) we may define y# e AP(M x G, G) by
y#x=(ad A-1)(z*y) as in §3 of Chapter II. We also define v: T(M x G) — G by
7,.2(4, B)=L,-1B. Equation (3.1.1) now becomes (with i, =7 — iw#/2)

(3.1.1) ¥ = 7+(i[2)(B—w)f = o+if#2.
LEMMA 3.1.4. (a) 0w#=(0w)*— [y, w#].
(b) 9B*=(9p)* - (i/2)[wt, pH].
Proof. From Proposition 2.3.6 we have
dot = (dw)t —[7, w#] = (dw)t = [ho, w#] - (i/2)[w?, o]
and
dpt = (dB)* — [, B*] = (dB)* — [iho, B*1—(i[2)[w?, B#],
hence the result follows by comparing type.

THEOREM 3.1.5. The set of holomorphic connections on G — (M x G);o — M is
in 1-1 correspondence with the set of all B € A“°(M, G) such that

(3.1.3) B = dw—(i[2)[w, B].

Proof. We know from Proposition 3.1.3 that the set of (1, 0) connections is in
1-1 correspondence with the set of 8e AM°(M, G) satisfying equation (3.1.1);
hence we need only show that ¢ is holomorphic if and only if 8 satisfies equation
(3.1.3). We shall first calculate d¢,. Since dr= —1[r, 7] we have

dpo = —3[7, 7] (i[2) dw? = —3[o+(i[2)w?, o+ (i[2)wt]—(i[2) dw?
—3([do, Yol -}, W] +ilo, w¥]—(i/2) de?)

hence
Ao = —(i[2)[o, w¥]—(i[2) dw?;
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note that B#e AV°(M x G, G) hence dp=0a,+(i[2)opt, so dp= —(i[2)[ho, w?]
—(i/2)0w? +(i[2)6B*. Applying Lemma 3.1.4,

o = — (2o, w#1—(/2)((Qw) — [0, w*]) +(i/2)(BB) — (i [D)[w?, BFD);

hence _
(3.1.4) & = (i[2)(@B— 0w —(i[2)[w, BD*.

COROLLARY 3.1.6. ¢£: G — (M xG);o — M admits a holomorphic connection if
and only if there is a B € A¥°%(M, G) such that 0= 0w — (i[2)[w, B].

THEOREM 3.1.7. If M is a compact Kdéhler manifold then any real trivial holo-
morphic principal fibre bundle over M with abelian structure group admits a holo-
morphic connection.

Proof. By Corollary 3.1.6 it suffices to produce 8 € A*°(M, G) such that 38 =dw.

We shall use the machinery of harmonic forms. Let ¢ (resp. d*) be the transpose
of @ (resp. d) with respect to the Hodge inner product on A?(M, G). Let H(n)
denote the harmonic part of n € A?(M, G) and let A=2(3¢"+3'9) be the Laplacian
and G be the Green’s operator. Since the space of harmonic forms is
(Ker d N Ker d*), we have that 9H(y)=0 for all «. We have the decomposition
w=H(w)+GAw or w=H(w)+2G(6"+30)w; hence Ow= —20Gd'w—2G"00w
or (since J¢ is complex, dw=0)

(3.1.5) dw =3B if B = —2Go0w.

Note that the above proof is constructive; the connection defined above is, for
Ae Tz(M), Be T)\(G),

(3.1.6) $..(4, B) = L,-1B—(i[2)n*(God'w + w)(A4, B).
We now examine the converse of Theorem 3.1.7 in the abelian case.

THEOREM 3.1.8. Let £: G — P — M be a holomorphic principal fibre bundle with
G abelian and M compact Kdihler. If ¢ has a holomorphic connection then ¢ has a flat
connection.

Proof. Let w € A%X(M, G) corresponding to ¢ via Proposition 1.2.4. We shall
use the notation of the proof of Theorem 3.1.7. Let ¢, = —208'Gw then equation
(3.1.5) yields de; = 0w and da; =0. If ¢ is a holomorphic connection on ¢ then
J=n*y for some y € A°(M, G) such that dy=0. Let e, =28'3Gy; then

Oy = 200'0Gy = 2(00'0Gy + 008'Gy) + 0H(y)
= o(AGy+H(y) = oy
and
Oay = 20'0Goy = 0.
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Let B=0, +(2/i)az € AVO(M, G), then

B = (2[i)0ay = (2[i)0y;
hence
(.17 (i[2)m* =24,
(3.1.8) =50y = 0w
Now, let =y +(i/2)n*(w—pB), then if Q is the curvature of § we have
df=—3[J, $1+Q=Q, hence Q'=3y+(i[2)n*(0w—0B)=0 because equation
(3.1.8) says dw=20p. Also

020 = 3+ (i [2)n*(Bw—0B) = o+ (i/2)m*aB = 0

where the last equality is equation (3.1.7). We therefore see that ¢ is a flat connec-
tion.

COROLLARY 3.1.9. Let M be a simply connected compact Kdihler manifold and
G be an abelian complex Lie group. Then if £: G — P — M is a holomorphic principal
fibre bundle which admits a holomorphic connection, then ¢ is a real trivial holo-
morphic principal fibre bundle. '

Proof. This result is immediate from [9, p. 92].

2. Examples of Kiihler manifolds. Given the manifold P;=(M x G); where J
corresponds to 5 € A%Y(M, G) as in Theorem 1.2.2 we shall now put a natural
Hermitian metric on P; and obtain a necessary and sufficient condition in terms
of % for P; to be Kéhler with respect to this metric. Recall that a Riemannian
metric on P is a smooth inner product on the tangent space of P at each point.
An (almost) Hermitian metric on the (almost) complex manifold P, is a Riemannian
metric on P such that g(JX,JY)=g(X, Y) for all X, YeT(M) where J is the
(almost) complex structure on P. Let Q(X, Y)=g(X,JY) for X, Y e T(M), then
Qis a 2-form on M, called the Kdhler form of g. If dQ=0then the (almost) Hermitian
metric is said to be (almost) Kdhler.

ProPOSITION 2.4.1. Let &,: G — P;;— M be an almost holomorphic principal
fibre bundle and let J be an almost complex structure on P coherent with ¢,. Then g
is a Hermitian metric on P where g is defined by

&(X, ¥) = 28o(X, ¥)+go(JoX, 0,(w(Y)))
+80(Jo Y, 05(«(X))) +go(85((X)), b,(w(Y)))

where g, is any metric on P which is Hermitian with respect to J,, J corresponds to w
via Theorem 1.2.1 and 8, is the usual embedding G — (Ker =),.

Proof. Let (X, Y)=go(X, Y)+g,(JX, JY), then since

UX,JY) = go(JX,JY)+go(X, Y) = £(X, Y),
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£ is Hermitian with respect to J. The correspondence of Theorem 1.2.1 is given by
Jo(X)=(J)p(X) + 0,(w,(X)) for p € P. Hence
£(X, Y) = go(X, Y)+go(Jo X+ 8(w(X)), Jo Y + 0(w(Y)))
= go(X, Y)+go(Jo X, Jo Y)
+8o(Jo X, 0(w(Y)) +go(8(w(X), Jo Y) + go(B(w( X)), 8(w(Y)))
and so the result follows because g, is Hermitian with respect to J,.
We shall now calculate the fundamental form of g. We shall write Q°(X, Y)
=go(X, JoY).
Q(X, Y) = 2gy(X, JY) +go(JoX, 0(w(JY)))
+80(JoJ Y, 0(w(X))) +go(0(w(X)), 0(w(JY)))
= 2{Q%X, Y)+go(X, l(w(Y)))}+80o(JoX, 0(w(JoY)+0(w(Y))))
+80(J§ Y +Jo0(w(Y)), 8(w(X)))+go(0(w (X)), b(w(Jo ¥))+ 6(w(Y))).
However since w(Ker 7)=0 we obtain
Q,(X, Y) = 2Q°X, Y) +280(X, 8(w(Y))) +go(Jo X, 8w (J,Y)))
—8o( Y, 8(w(X))) +8o(Job(w(Y)), 0(w(X)))
+8o(0(w(X)), 8(w(Jo Y))).
Since w(JoX)= —iw(X) and 0(i4)=J,0(A4),
Q)(X, Y) = 2Q°X, Y)+2g0(X, 8(w(Y))) —go(Jo X, Jo0(w(Y)))
—&o(Y, 0(w(X))) +&o(Jo0(w(Y)), 8(w(X)))
—&o(0(w(X)), Job(w(Y))),
and so we have proved
PROPOSITION 2.4.2. Let J be an almost complex structure on P coherent with £,;
then the Kihler form of P; in the metric of Proposition 2.4.1 is
Q(X, Y) = 2Q%X, Y)+go(X, 6(w(Y)))—go( Y, O(w(X))).

If the g° metric on P, is Kahler we still cannot expect a priori that the Hermitian
metric g (with respect to J) on P will be Kéhler. The Hopf-Calabi-Eckmann
manifolds furnish examples of bundles in which the base (a product of projective
spaces) and fibre (a torus) are Kéhler but the total spaces do not even possess a
Kéhler metric (see [10] for details).

We shall now specialize the results of Proposition 2.4.2 to the real product case.
Let n be a G-valued 1-form on M such that n(J,X)=in(X). We define the Kdihler
defect 2-form of v, I'", by for ze M, Ae G, A, A’ € T,(M), B, B* € T)(G),

704, B), (4, B)) = g4(B, (AR)en(4")) —8s(B', (dR))en(4))

where g is a right invariant Hermitian metric on G.
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THEOREM 2.4.3. Let g\ be a Hermitian metric on M, g; a right invariant Her-
mitian metric on G. Let

82:((4, B), (4', B')) = 2{gu(4, A')+g4(B, B')}+8s(iB, (dRy)1(A")
+86(iB’, (dRy)n(A)) +g6(1(4), n(B))

and let J=J" be an almost complex structure on M x G as in Theorem 1.2.6; then g
is a Hermitian metric on (M x G); which is Kdhler if and only if dT'"=0.

Proof. Let g, be the product Riemannian metric on M x G (i.e. go((4, B), (4’, B))
=gu(A, A)+gs(B, B")). If p=(z, ) then 6,(C)=(0, (dR,).(C)) for all C € G and
so g is Hermitian by Proposition 2.4.1. However, if X=(4, B), Y=(A4', B) then

8o(X, 0(w(Y))) = go((4, B), (0, dR\(7(4')))) = ga(B, dR\(n(4"))),
hence
8o(X, 0u(Y))—go(Y, 8u(X)) = go(B, dRx(1(A"))) —ga(B’, dR\(1(A)))
= Fz,A((Aa B)9 (A/a B’))°

We shall now compute the Kihler defect of n € AY(M, G)if G is a complex torus.
We may then identify G with C” and R,: G — G is given by R,(g)=g+A for
g, A€ G, hence (dR)), is the identity for any AeG. Let n=>7, e, where
{e1, ..., e} is the usual basis for R%=C". Locally we have the coordinate chart
L xn Yy, LY. Let mi=x, i<n, m*tt=y!, for i>n; then {dm'}", form a
local basis for AX(M), {8/6m'} form a local basis for T(M). Let {dg'}2., and {3/8g"}
be defined similarly for G. We may then write

D(z, ) = > {Tyydm' A dm'+ Ty, dm' A dg’+Tyyi,.,dg' A dg’},
1.7

& 8 ) )
e ) = Tl 535) = 8(0-7(539)) ~5(0-7(5)) =

hence I';;=0 for 1 <i, j<n. Similarly 'y, ,,,;=0.

L) ) )
Tunese ) = Toa(mr 57) = 20 10)-8( 55 7(5))

) ) ) )
—g(gg_j’%"hﬂ(m)ek) = Z g!k")k(s_’ni) = _1’!(8_”11) = T Ma

where 7=, g, dm', so
[(z, 2 = —Z u(z) dm' A dg’ = _Z n; A dg’.
17 7

Observing that T is independent of A € G, we have dT'(z, \)= — 3, dy, A dg’, hence

THEOREM 2.4.4. Let G be any complex torus, then the following are equivalent:
(a) (M x G);n is Kdhler in the metric of Theorem 2.4.3.

(b) (M x G)jn is almost Kéhler in the metric of Theorem 2.4.4.

(c) dn=0. :
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Added in proof. The author now has an example of a real product bundle with
compact base and abelian structure group which does not admit a holomorphic
connection, showing that the assumption of Kéhler base is necessary in Theorem
3.1.7.
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