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RESTRICTED MEAN VALUES AND HARMONIC
FUNCTIONS
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Abstract. A function h defined on a region R in R" will be said to possess a
restricted mean value property if the value of the function at each point is equal to the
mean value of the function over one open ball in R, with centre at that point. It is
proved here that this restricted mean value property implies 4 is harmonic under
certain conditions.

1. Introduction. Let R be a region in R For each x € R, let S(x) be a ball in
R with centre x. Suppose 4 is a function defined on R such that

(1.1) h(x) = [W(SGD]~? L(x) h(y) u(dy)

for each x in R, pu being the ordinary Lebesgue measure on R™. In this case 4 will
be said to possess the restricted mean value property with respect to the balls S(x).
The purpose of this paper is to show that, under certain conditions, (1.1) implies
that 4 is harmonic. It was proved in the paper of Akcoglu and Sharpe [1] that if
h is bounded, if R is the unit disc in R?, and if for each x € R, S(x) is the largest
disc in R with centre x, then (1.1) implies 4 is harmonic. The results in this paper
give the following theorem.

THEOREM (1.2). Suppose (a) h is bounded and measurable;

(b) R, the closure of R in R, is a compact C* manifold with boundary

(c) the radius of S(x) is a measurable function of x and is greater than some fixed
fraction of the distance from x to R, for all x in R.

Then (1.1) implies h is harmonic on R.

2. Restatement of the problem. Let F(x, y) be a measurable function defined on
R x R. Suppose

(2.1) F(x, y) is bounded in x for each fixed y, and

(2.2) [ |F(x, y)| w(dy)=<1 for each x.

Define a linear operator T on #(R, 1) by the equation

(2.3) Tf(y)= f(x)F(x, y) u(dx) for each y € R and fe Z(R, p).
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It is easy to show that T is well defined and ||| £1. Clearly

(2.4) T*h(x)=[ h(y)F(x, y) (dy) for each x € R and h € Zo(R, ).

In particular, suppose

(2.5) F(x, y)=[p(SG)]™ xsc0(y), where (1.2(c)) holds.

Then (2.1) and (2.2) are satisfied. (2.4) becomes

(2.6) T*h(x)=[w(SCN]* [scer A(Y) 1(dy).

Thus (1.1) is equivalent to

2.7) T*h=h.

To prove Theorem (1.2) is therefore the same as showing that any function left
unaltered by T* is harmonic. A proof can be given for a more general F(x, y) than
that defined by (2.5). We will now list the properties which will be required of
F(x, y) in addition to (2.1) and (2.2). We require

(2.8) T*h=nh for all h which are harmonic on R.

We require that 3¢>0, ¢, >0 such that, Vx e R,

(2.9) F(x, 1) Z al(Soyace,150N)] ™ 0N Sy, ().

Here S,(p) denotes the ball of radius r and centre p, and d(x, R°) denotes the
distance from x to R°. In future we will write u(S.(p)) as m(c), for brevity.

Let B'={x | x € R, d(x, R°)<r} for each r>0.

The next property that F(x, y) must have is best expressed in terms of T It might
be called the ‘“‘boundary-strip’’ property. Intuitively, it means that if one chooses
a sufficiently broad strip between a function f and the boundary of R, then the
operator T cannot make the function jump over the strip. In precise terms:

For every ¢>0, a number A>0 can be found such that, for any number d>0
and any f20 in % (R, p),

(2.10) "XB"—B""TXR-B“ful 2(1 "5)||XB“TXR-B"f“1-

It is easy to see that if (2.5) holds, then (2.10) is true. Using radial coordinates,
one finds it is sufficient to have (1 —A)*(2A)" "= 1—e.

THEOREM (2.11). If (1.2(b)), (2.1), (2.2), (2.8), (2.9), and (2.10) are true, then any
function left unaltered by T* is harmonic.

The proof of Theorem (2.11) is completed in §5, where the main lemma, Lemma
(5.4), is given. Some simpler lemmas make up the other sections. To conclude this
section, some properties of T are proved, which depend only upon (2.1), (2.2), and
(2.8).

We know that ||T]| =1 and T*h=h for every bounded harmonic function. Then,
in particular,

(2.12) [ fdu=] Tf du for every fin £(R, p).

Hence

(2.13) |T|=1, and for every f20 in Z (R, ),

(2.14) Tf20 and |f|,=|Tf]..

Each function 20 in Z,(R, p) defines an absolutely continuous measure and
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may be pictured as having a certain mass. When T acts on f; it pushes its mass
about but does not destroy any of its mass.

Let E be a measurable subset of R. Define Ty on Z,(R, ) by

(2.15) Tyf=xef+Txscf for each fin Z(R, p).

One may regard T intuitively as that partial operation of T which holds fixed
whatever mass of a function lies on E, and moves the remaining mass of the
function as much as possible.

Clearly,

(2.16) xzTEf increases to a limit, Iz f, for each f20 in Z(R, ), as k — .

I'; may be extended to a linear operator on Z,(R, w). Then

(2.17) |T'g) £1 and T'gf=0 on E° for any f.

If f=0, then T';f20.

Intuitively, I';f is the end result of pushing more and more of the mass of f
onto E, to the greatest degree possible, and then disregarding that part of f which
will not leave E°.

LEMMA (2.18). Let E and F be measurable subsets of R, with ECF. Then I'g
=I‘El-‘p.

Proof. It is sufficient to show I'gf=T;Tzf for f20 in Z(R, w).
It will be shown by induction that

(2.19) xgTkxrThf 2 xsTEf whenever I2 k.

For k=0, (2.19) reduces to xzT%f = xzf, which is clearly true.
Assume (2.19) is true for some k=0. Then, for I2k+1,

XeT8  xeTef = xeTE* e Tixef+ xeTE* e Txrcf
= xeTE* 'xef+ xeTE xe Tt Texecf
2 xeTE " 'xef+ xeThxsTF *Texecf
= xeTE Y xef+ xeTETexref  (using the induction hypothesis)
= XETI’Sc * lf

Thus (2.19) holds with & replaced by k+1, so (2.19) is true for all k.

Letting / — oo and then k& — oo in (2.19),

(2.20) TeLef2Tef.

On the other hand,

(2.21) xgTE*Y 2 x5 TExsTLf for all k20, 120.

In fact

(2.22) ygTE*'f 2 xsTETLS for all k20, [20.

(2.22) can be proved by induction on /.

Letting k — oo and then /— oo in (2.21),

(2.23) Tef2Telef.

Thus the lemma is proved.

The definitions of T and of the partial applications of T follow the paper of
Akcoglu and Sharpe [1].
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It is convenient to express (2.10) again in terms of I' rather than T.

LEMMA (2.24). For every >0, a number A>0 can be found such that, for any
number d>0 and any 20 in Z\(R, p),

Ixs¢ - s*aTpaxn-psf |1 Z (1 =€) ooxa-psf |1
Proof. Choose A as given by (2.10). By induction,
Ixss - s*eTsexn-psf s Z (1—&)|xsTaoxr-54f |,
for all k= 1. Letting k — oo, the result follows.
3. Dissipation and cancellation properties.
LemMA (3.1). Let E be a measurable subset of R with d(E, R°)=d>0. Then, for
each f20 in L(R, w) such that f=0 outside E,

[ OI12 i)+ sy A1 5 [ TAOYIE )

Proof.

[ vt i@y = [ [ 769, 1p1? i) iy
= [ [ S0opCe 3y =12 te) i)+ [ [ OOFCx, 312y ) ()
~ [ e, el i) ey
= [ 60| [ Fex 9l =517 )] )+ [ Tr(re2-3)0) )
- [ TN 0) )

Here Ty means T* acting on functions of y, etc.
Of these three terms, the first is

2 ([ aly=xlmie des, R uidy)] o)
2 [ (ot dr, RYB) () 2 (aler B,

using (2.9). Since f(x)2x-y is harmonic in y, T(f(x)2x-y)(z) =f(x)2x-z, for all z.
Thus the second of the three terms is J f(x)2]x|? u(dx). Since |Tg|,=g]|. for any
£20in (R, p), the third of the three terms is [ f(x)|x|% u(dx). Substituting, the
lemma is proved.

COROLLARY (3.2). [ Tf(y)|y[? m(dy) Z[ f(DI¥|? 1(dy), for every f20 in Z(R, ).

CoRroLLARY (3.3). f TA()|y|2 w@dy) Z [ f(W)]y|? w(dy) + (eler d)*/8) xS 1, Sor
every f20 in Z(R, p).
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COROLLARY (3.4).

[ TS0 i) 2 [ FI12 ety
+(ler AP/ xef s+ IxsTf I+ - - - + [ xeT* 1],
for every f20 in #,(R, n) and every k= 1.

Since |y?| is bounded for y € R, Corollary (3.4) shows that T is dissipative. In

particular,
(3.5) limy_ o |xzT%f||, =0 for every fin Z (R, p).

LemMA (3.6). Let ESR be a measurable set such that d(E°, R°)>0. Then
Te=Ilim,_ o, TE (strongly).

Proof. Follows at once from (3.5).
COROLLARY (3.7). Iff20, € (R, ), then |Tsf[y= | /]
COROLLARY (3.8). '} leaves unaltered any function left unaltered by T*.

LEMMA (3.9). Let A>0 be fixed. Then a number y>0 and an integer k,>0 exist
such that for any ball S,(p)< R with d(S.(p), R°)=Ac, and for any f=0 in Z,(R, ),

(Txsow)*of Z ym(c) ™ xsumSf 2

on S.(p).
Proof. Fix ¢>0 and p € R™. Define U= U(c, p) on Z,(S.(p), n) by

(310) UF) = [, SOam(e(0+206) Ksopen(3) i),

for each y in S.(p), f€ Z(S.(p), »). From (3.10) and (2.9), Txs,» = U(c, p) when-
ever S.(p)< R and d(S.(p), R°)=Ac. We will establish the inequality for the opera-
tor U(c, p). Clearly
(3.11) Uf(y) = a[Ci‘(A+2)”m(C)]“j S(x) p(dx).

Se(PINSey 10¥)
Hence U defines a continuous map from Z,(S.(p), 1) into €(S.(p)), the Banach

space of continuous functions on S,(p).
Also, if fis continuous on S,(p),

{r | yeS«p), Uf(y) > 0}

3.12
(3.12) ={y|yeS«p), |y—x| < ¢;Ac for some x in S,(p) with f(x) > 0}.
So by induction, for any k=1,

313 O1resde), Uv0) > 0
. ={y | yeSAp), |y—x| < ke,Ac for some x in S,(p) with f(x) > 0}.
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Choose k such that k¢;A> 2. Then for any continuous function f on S,(p) which
is nonnegative and nonzero at some point,

(3.14) U*f>0 everywhere on S,(p).

Hence

(3.15) U**f>0 everywhere on S,(p) for any 20 in Z,(S,(p), w), f#£0.

For each z € S(p), y € S.(p), let

(3.16) GAy) = am(ci(A+2)e) " xs,, 1o )-

Then z— G, defines a continuous map from S,(p) into Z(S«(p), n). Hence
z— U**!G, defines a continuous map from S,(p) into €(S.(p)). So, finally,

z— inf [U**'G.](»)
Ves

[4

defines a continuous map from S.(p) into R. By (3.15) this last map is never zero.
Hence there exists 8>0 such that

(3.17) U¥*'G,>B on S.(p) for all z € S,(p).

Let f20 be in Z(S.(p), u). Let A2 0 be in ZL,(S.(p), p).

~

fs OO = | U HO)UF )

C

- f » f o, U RO @G ) dz)(dy)
(3.18) = L (,,)f (Z)J:9 - U *h(3)G(y)u(dy)u(dz)

2| ) [ hp)pu)

Sc(p J8e(

=8Il [ W,
Jsem
It follows from (3.18) that
(3.19) U***f2B| f|1 on Sc(p).
Let ko=k+2. Let w=w(c, p) be the largest number such that
(3.20) U*ofzw]|f]; on S.(p) for each f20 in Z,(S.(p), 1). By (3.19), w2 B8>0.
We wish to show that w(c, p)u(S.(p)) is a constant, y.
Obviously w(c, p) is independent of p, w(c, p)=w(c). For any ¢>0, o>0,

feZ(R, p), f20,

Utee, 0/() = el +2mee) | f(u(d)

(3.21)
= alet+2ym(e)or] " [ fo2)o" u(dz) = U(e, O)g(yfo),

J5:(0)n8¢; c(vl0)

where g(x)=/(cx), and g € Z(S:(0), p)-



1972] RESTRICTED MEAN VALUES AND HARMONIC FUNCTIONS 457

Hence U¥(oc, 0)f(y)= U*(c, 0)g(y/o) for all k=0. Hence by (3.20),

(3.22) U*o(oc, 0)fZw(c)|gli on S,(0), so Uko(ac, 0)f = w(c)o~"|f]l;. Hence
w(oc)Z w(c)o~" Replacing ¢ by 1/c and ¢ by oc, w(c)Zw(oc)e™ Hence w(c)
=w(ac)o™ or w(c)c™ is constant. Thus

(3.23) w(c)u(S.(p)) is constant, =y >0.

Thus, rewriting (3.20), for any ¢>0, peR, f20 in Z (R pu), Ukf
2 ym(c) ™ xs.wf |1 on S.(p). Hence the lemma is proved.

LemMA (3.24). Let 2> 0 be fixed. Then a number y > 0 exists such that for any ball
Se(p)=R with d(S.(p), R°)Z Xc, and for any functions f and g in Z(R, ) with
f=0=g outside S(p), and [ f du= [ g d; if r < Xc then |Ty(f/=)| S(1=7)] f—gl-

Proof. We may assume d(S.(p), R°)=Ac, and also f=0, g=0, and fg=0.
ITs(f=&): = lim [xsT5(f~8)].-
Let y>0 and k, be as in Lemma (3.9). Then

ITe(f—2): = IITZ?(f—g)]h
< (T2 —ym(e) 2 f | aixsamllls + | [TLf?g—7m(6)‘1||glllxsc<p>]lll,

where each function in square brackets is nonnegative for r < Ac. Hence

ICe (/=D = 1f =21/ 1+ gl —7lgly = [ f~gli—7I/ gl
Lemma (3.24) is the desired cancellation property of T.

4. Consequences of the smoothness of the boundary. It is assumed from now on
that R is a compact C* manifold with boundary. More concretely,

(4.1) For each x in R, the boundary of R, there exists an open set U containing
x, and a C! function f defined on U, such that |Vf|?>0 on U, and RN U

={y|ye U, f(y)>0}.
LeEMMA (4.2). For any ¢>0, a number 8> 0 can be found such that, if 0 <d < 8 and

X € OR, then a coordinate system (y,, ..., y,) can be chosen, with x as origin, such
that |y—x| <d, y,>ed imply y € R, and |y—x| <d, y, < —ed imply y € R°.

Lemma (4.2) is a direct consequence of assumption (4.1).

LeEMMA (4.3). Let ¢, >0 and A>0 be fixed. Then numbers 8>0 and ¢>0 can be
JSound such that, if 0<d <8 and x € 9R, and E={y | y € B*— BM, |y — x| < c,d}, then
a ball S of radius cd can be found with E<S< R and d(S, R°) = (1/2)Ad.

Lemma (4.3) follows from Lemma (4.2) and the compactness of R.

LEMMA (4.4). Let >0 be given. Then a number c,>0 can be found such that, if
6 is a function harmonic on R, continuous on R, 0<0<1 on R, and if for some x in
R, 6(y)=0 whenever y is in OR and |y—x| < c, d(x, R°), then 6(x)<e.
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Proof. Let U={z |z} +---+ z}_,<1,0<z,<1}. Let ¢ be a function harmonic
on U, continuous and nonnegative on U, such that

(4.5) ¢=10n0U N{z| z,>0} and

(4.6) ¢(0)=0.

Then a number o> 0 exists such that ¢(z) <e for |z]| <o. Let

4.7) co=4/c+3.

Choose 8> 0 such that, for any d< 38, and any x € R with d(x, R°)=d, a coordi-
nate system (yy,..., y,) can be chosen with x=(0,...,0, x,), |x,| <2d, and so
that, for any y with |y| < 5d/e,

(4.8) y,>d implies y is in R and y, <d/2 implies y is in R°.

Suppose 6 is a function harmonic on R, continuous on R, and 0<6=<1 on R;
and, for some x in R, 6(y)=0 for all points y in &R with |y—x| <c.d, d< 8, where
d=d(x, R°). It will be shown that 6(x)<e.

Using the coordinate system y=(y, ..., y,) just described, let

U' ={yl|y=(do)zze U}
Clearly if y € U’, then
(4.9) |y| <4d|o and |y —x| <4d[o+2d < c,d.
Hence 6(y)=0 for all y in R N U".

Let ¢’ be defined on U’ by ¢'(y)=¢(cy/2d). 6 and ¢’ are both defined on
U’ N R. Consider (U’ N R)=U’' N R) L (U’ N 0R). Clearly

(4.10) dU' N R < aU' N {y|y, = d2}.

Therefore ¢'=1 on oU’ N R. Also 6§=0 on U’ N 0R. Hence ¢'= 6 on o(U’ N R).
Therefore ¢'=6 on U’ N R.

¢'(x) = $((0, . .., 0, 0x,/2d))

and ox,/2d <o. Therefore ¢'(x) <& and, accordingly, 6(x) <e.

It was seen that the numbers ¢, and & chosen are such that c, satisfies the
requirements of the lemma, provided that we restrict our attention to x in R with
d(x, R°)<§. By choosing a new c,, larger than the old, such that c,8 is greater
than the diameter of R, the proof is finished.

5. A cancellation property for equivalent functions.

(5.1) Two measures w and v on R will be called equivalent if _f hdw= f h dv for
every function 4 which is harmonic on R, and continuous on R. Two functions
fand g in Z(R, p) will be called equivalent if they are equivalent when regarded
as (absolutely continuous) measures.

LeEMMA (5.2). For every measure v on R, there is a unique measure ¥ on OR which
is equivalent to v.

Proof. Since the Dirichlet problem is soluble for R (because of (4.1)), Lemma
(5.2) follows at once from the Riesz representation theorem.
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LemMma (5.3). Let (X, % m) be a measure space, m(X)<oo. Suppose for any set
AeF and any B, 0<B <1, that a set B€ F can be found such that B< A and m(B)
=Ppm(A). Now let Ay, ..., A, be fixed sets in #. Let E be the set of all points in R*
of the form (m(Py),..., m(P,)), where Py, ..., P, are mutually disjoint sets in F
with P,}< A; for i=1, ..., k, \J P;=\ A;. Then E is compact.

Proof. The proof follows by induction on &, or by consideration of the partition
generated by the sets Ay, ..., 4.

Actually the same result holds for any finite measure space, but only the special
case is needed here.

LeMMA (5.4). A number y,> 0 exists such that, if f and g are in £,(R, 1) and f and
g are equivalent, then

1{{2 ITer(f—8)1 = [ f—gl:(1—y0).

Proof.

(5.5) By Lemma (4.4), a number ¢, > 1 can be chosen such that, if 6 is a function
harmonic on R, continuous on R, 0<6=1 on R, and if for some x in R, 6(y)=0
whenever y is in 9R and |y — x| < ¢, d(x, R°), then 6(x) < 1/20.

(5.6) By Lemma (2.24) a number A>0 can be chosen such that, for any number
d>0and any 20 in Z(R, p),

"XB“-B“FB"XR—B"fnl 2 (39/40)“ FB"XR—B"f”l = (39/40)"XR-B"f"1-

(5.7) By Lemma (4.3), numbers >0 and ¢>0 can be chosen such that, if
0<d<3d, and ye @R, and E={z |z € B*— B, |z—y|<2c,d}, then a ball S of
radius c¢d can be found such that E<S<R and d(S, R°) 2 (1/2)Ad.

(5.8) By Lemma (3.24) (with A replaced by A/2¢, a number >0 can be chosen
such that, for any ball S< R of radius ¢d with d(S, R°)=(1/2)Ad, and for all func-
tions fand g in Z(R, p) with f=0=g outside .S and jfd,u.=fg du; if r=(1/2)Md,
then |Tpr(f—g) =1 -»)|f~gl..

(5.9) Let yo=(1/20)y.

Now let f and g be equivalent functions in Z,(R, 1). To prove the lemma, it
clearly can be assumed that f=0, g=0, and fg=0. Choose d>0, d< 38 such that

(5.10) Ixsef 1 = (173911111, and  |xzeg]: < (1/39)]g]-

It will be shown that for r<(1/2)Ad, |Ts(f—g)|.=|f—g].(1—v,), which will
prove the lemma.
By (5.10) and (5.6),

(-11)  [xee-pelaef s 2 (19/20)[ /], and |xge_pralpegy 2 (19/20)]f];.

Let # be the measure on R which is equivalent to fand g. Let p,, . . ., p, be points
in OR such that the collection of balls S,,4(p,), i=1,..., k, covers dR. Then the
collection So,4(p;), i=1,. .., k, covers B?, since ¢, > 1.
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Let E,, i=1, ..., k, be an ordered partition of (all of) &R such that
(5.12) Ei=S.,a(p), i=1,..., k.
Let % be the class of all ordered partitions Z={P,, ..., P} of (all of) B¢ such that
(5.13) PicSoc,a(pi), i=1,..., k.
Because of the compactness property stated in Lemma (5.3), the sum

k 2

(5.14)

Ppef du—(1/2)%(E)

Py

i=1

defined for partitions # €% is minimal when & equals some partition 2

={0s, ..., Oi}-
Let

G.15) I+ = {1' L‘ Tyefdu > (1/2)9(5)}; I- = {zl L Tyefdu < (1/2)9(5)}.

Because of the minimality of (5.14) when £ =2, it follows that, for any i in I*
and any jin I,

(5.16) Tpefdu = 0.

JQmSzcza(p;)
Let @ be a function which is harmonic on R, continuous on R, 0<6<1 on R,
such that
(5.17) 6=0 on oR outside U;;- S.,q(p;), and
(5.18) [ 0d5 23 Sici- H(E)).
From (5.5),
(5.19) 8<(1/20) on B? outside Uicr- Szc,a(Pi)-
Hence from (5.16)

(5.20) j@ 0T ef du < (1/20) L Tyef da,

for each iin I'*.
Because I'zef and ¥ are equivalent,

l);(Ei)’

iel~

Hlw

(5.21) Ld OTpef du 2

by (5.18). But also

k
OTgefdu = D | OTpefdu
Bé

i=1JQ;

Tasfdt 3, [ OTfds 3 ALOIS 45 3, HED,

iel+JQq el = JQy

using (5.20) and (5.15).
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Then from (5.21)
(5.22) > HE) = (1/S)]f]1

iel =

Let I* denote the subset of I+, consisting of those indices i in I* such that
(.23) f Tyef du 2 (1/4(E).
QN (B4 ~ BAd)
For ie It —I*, clearly

fo  Tstfdu = (H(ED.

Therefore

(5.24) LS wE) < L Ty di.

4 iel+ -1*

From (5.11) follows

(5.25) et -r W(E) 1] 1
From (5.22) and (5.25),

(5.26) Zicre 9(E) 23S 11

Repeating all these arguments for g instead of f, a partition 2'={Qs,..., O}
of B¢ can be found such that

(5:27) Qi< Saca(pi), i=1,.. ., k,
and a set of indices I*' can be found such that

(5.28) Sier HE)Z(3/5)]g]l, and

(5.29) fozn(aa_Bm) Tpeg duz (1/4)9(E;) for each i e I*.

Then

(530) Sierentv SEVZ (/9] f1:=(1/5) g

For each ie I* N I*, let S; be a ball of radius c¢d such that S;< R, S, contains
Sacpa(pi) N B*— B, and d(S;, R°) 2 (1/2)Ad. Such a ball exists by (5.7).

Then

(5.31) Q; N (B*—B*)cS; and Q; N (B—BM)<S§,, for each i in I* N ¥, Let

(5-32) fi=xoinat -5 'pef and gi=xq;~w? - 54 ['5eg, for each ie I* N I*.

From (5.23) and (5.29),

(5:33) | il 2(1/4)%(E) and | g, 2 (1/4)(E)).

Then by (5.8) and (5.33), for any r < (1/2)Ad,

(5.34) ITe(fi—g)lls < Ifila+ &l —(1/2)¥(E),

for each i in I* N I*', Then

(535 [T/~ < [Toef i+ [Tasgh— 12y 2 O(ED.
Hence

(5.36) ITer(f=: = 112+ gll:—(1/10yy[f]:
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by (5.30) or

(5.37) ITs(f—&)s = | f—gll—(1/20)y|f—-gl:.

Since y,=(1/20)y, the proof is finished.

CoRrROLLARY (5.38). If f and g are equivalent functions in ZL(R,p), then
lim, o |Ter(f—2)]1=0.

(5.39) Proof of Theorem (2.11). For each ¢, 0<e<1, let
(5.40) Ge(x, y) = m(ed(x, R)) ™ Xsea,nerc ¥)-

Clearly G(x, y) satisfies (2.1) and (2.3). Define U, on Z(R, r) by

(541) US) = [ F6.x, yte)

for each y € R, fe Z(R, p).
If fis continuous and bounded, then clearly
(5.42) lim,_, U.f=f (&,-norm).
Since |U,| £1 for all ¢, and U, converges strongly to I on a dense subset of
Z\(R, p), it follows that
(5.43) lim,_, U,f=f for every f e Z,(R, u).
Now let A be in Z,(R, u) such that T*h=h. Then
(5.44) T%h=nh for any r>0,
$0O
(5.45) [ KTy f du=] hf du for any fin (R, p), any r>0.
Let £, and &, be fixed, 0<¢,, e, = 1. Clearly G,,(x, y) and G,,(x, y) are equivalent
functions of y, for any fixed x. Then by Corollary (5.38),
(5.46) lim,_o | (G, —G,,)[ 1 =0.
Hence from (5.45),
(5:47) [ h(»)G.,(x, y)ldy) =] h(¥)G.,(x, y)u(dy) for every x.
From (5.41), (5.47) is just another way of writing
(5.48) UXh=Ukh.
Letting e, — 0 and using (5.43),
(5:49) [ Ukhf du=] hf du for any fin Z(R, w).
Hence
(5.50) UXh=nh.
Hence, from the definition of UZ, h is continuous and
(5.51) f h(y)G (x, y)u(dy)=h(x) for any x in R, or

(3.52) h(x) = m(ed(x, R))~* J P(Y)X s zacr,mor(VI(Y).
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Since £ can have any value, 0 <e <1, (5.52) says 4 has the (ordinary) mean value
property at every point. Hence by a well-known result, 4 is harmonic.

The author wishes to thank Professor M. A. Akcoglu for many helpful dis-
cussions concerning this problem.
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