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SOME THEOREMS ON THE cos7A INEQUALITY(*)

BY
JOHN L. LEWIS

Abstract. In this paper we consider subharmonic functions ¥ <1 in the unit
disk whose minimum modulus and maximum modulus satisfy a certain inequality.
We show the existence of an extremal member of this class with largest maximum
modulus. We then obtain an upper bound for the maximum modulus of this function
in terms of the logarithmic measure of a certain set. We use this upper bound to prove
theorems about subharmonic functions in the plane.

1. Introduction. Let n be a positive integer. Let I'=\Jr., [—r/, —r;], where
0sri<rifr, 1, 15isn,and rp =1. Put I'*={r: —reTl}.

Let u be subharmonicin {|z| < 1}, and put m(r) =inf|,, -, u(z), M (r) =max, - ,u(z),
for 0<r<1. In this paper for given A € (0, 1) we shall consider subharmonic func-
tions u in {|z| <1} which satisfy

(1.1) m(r) < cos A M(r), rel’'+—{0, 1},
(1.2) usl.
For such a fixed I" and A we shall prove

THEOREM 1. There exists a function U=U(-, T, ) which has the following
properties :
(i) U is bounded, continuous and subharmonic in {|z| <1},
(ii) U is harmonic in {|z| <1}-T,
(iii) lim,_ g0 U(z)=1, |0] <,
(iv) U(=r)=cos#A U(r), re 't —{1},
(v) if u is subharmonic in {|z| <1}, and if u satisfies (1.1) and (1.2), then M(r, u)
SU(r),0<r<l1,
(vi) U is the unique function which satisfies (i)-(v),
(vii) if re[0, 1), then
U(r) = C(N) exp [—)\ dt

r+afr, 1] t

b

where C(2) is a positive constant which depends only on A.
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172 J. L. LEWIS [May

We mention that Beurling (see [4, pp. 44-64]) proved Theorem 1 for A=41.
Moreover, Hellsten, Kjellberg, and Norstad [7] proved the following theorem
which will be used in §6.

THEOREM A. If A€ (0, 1), if I'=[—1,0] and if r € [0, 1), then
U(r) £ (2/n) tan (wA[2) r,
where the constant is best possible.

Now suppose that 4 is a nonconstant subharmonic function in C and let
p = limsup 2BM@) i inplog M),
oo log r row© log r

p and k are called the order and lower order of A respectively.
Let E be a Lebesgue measurable set of nonnegative real numbers. Given
r,R,0OSr<R<oo, let

E(r,R) = Enlr, Rl, ME(r, R) = f d
Er, Ry L
_ mE(l, R) . mE(,R)
D,E = llgl_'ioup “TogR DE = ll:linf—log R

D\E and D,E are called the upper and lower logarithmic densities of E respectively.
Using this notation we have, as a first application of Theorem 1,

THEOREM 2. Let h be a nonconstant subharmonic function in C. If p<A<1, then
D{m@r) > cosmA M(r)} =2 1—p/A.

We mention that Barry [2] proved Theorem 2 using a different method than ours.

Also Besicovitch [3], Huber [8], and Kjellberg [9] proved somewhat weaker

theorems than Theorem 2.
As a second application of Theorem 1, we shall prove

THEOREM 3. Let h be a nonconstant subharmonic function in C. If ¢>0 and
k<A<, then
D{m(r)—cos 7A M(r) > r¥=¢} 2 1—k/A.

We remark that Kjellberg (see [9, pp. 19-21]) proved Theorem 3 for A=3. He
deduced this theorem from Beurling’s Theorem (Theorem 1 with A=3). In a
similar way we shall deduce Theorems 2 and 3 from Theorem 1. We also remark
that the lower bounds in Theorems 2 and 3 are best possible, as we shall show in a
forthcoming paper.

Finally, we prove

THEOREM 4. Let h be a nonconstant subharmonic function in C. If
mir > 1:m(r) > cosmA M(r)} < oo,

then lim,_ , M(r)/r*=a. Here 0<a < + 0.
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We note that Kjellberg [11] proved Theorem 4 when {m(r)>cos mA M(r)} is
bounded.

The author would like to express his great appreciation to his advisor, Professor
Maurice Heins, and to Professor Matts Essen for their advice during the prepara-
tion of this paper.

2. Notation. We introduce here some notation which will be used throughout
the proof of Theorem 1. Let A={|z| <1}, Q=A-T,G=A—{T U T*}, H={|z|] <1}
N {Re z>0}. Given v subharmonic in an open set O, we write, as in Beurling
[4, p. 22, b], v=(¢)=lim sup,_, v(z) when { € 0. Moreover, if lim,_, v(z) exists,
we shall denote this limit by v({).

3. Proof of Theorem 1. The proof of Theorem 1 is long. In §§3-5 we construct
U and show that U satisfies (i)—(vi). These sections are motivated by the work of
Hellsten, Kjellberg, and Norstad [7]. In §§6-9 we prove (vii) in the special case
I'=[-r;, —ri] and r=0. Finally, in §10 we reduce the general case to the case
P=[—r;, (—ryrg---r)/(riry- - -rn_1)] and r=0. This section is based upon a
method of Beurling [4, pp. 60-62].

Let u be subharmonic in A and suppose that u satisfies (1.1) and (1.2). It is well
known (see Tsuji [13, IV.10]) that u can be written in the form

3.1 U= u+u,

where

ui(z) = f. L ot f—_‘g—‘z[dn(z), zeA

1 (" €4z
ualz) = 1 —2—"J_n Re il db(®),  zed.
Here p is the Riesz mass associated with u. 8 is a nondecreasing function on [—, 7]

which is continuous on the left and satisfies B(—m)=0. —u; is a Green’s potential
and u, is the least harmonic majorant of « in A.

Let
frn z+|
ul(z)_fw1 log | 57y | 4O ze A,
l —
* S -
u() = 1-5- Rel+zf_n aB6), zeA,
3.2) u* = uf+uf.

Thus u* is subharmonic in A, harmonic in A—(—1, 0], and «*<1. Moreover,
using the inequalities

lz|- 18 - 2]+
3.3
@3 -2 g = 1—cz =147 21"
1—|z| 4z _ 14]|z|
34 1+|z] SRem—; = 1|z’
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it is easily verified (see Hellsten, Kjellberg, and Norstad [7]) that

(3.5) w*(—|z) <m(z]) S M(z]) Su*(lz]), z € A,

(3.6) u*(— [z Sur(2)Su(lz]), z € A,

B.7) u*(—|z))+u*(|z]) Su(—2)+u(z), z € A,

(3.8) u*(—|z|)—cos mA u*(|z]) Sm(|z])—cos 7A M(|z]), z € A.

From (3.6) and (3.8) it follows that u* also satisfies (1.1) and (1.2). In view of
(3.5) we see that it suffices to prove (v) for u*.

4. Existence of U. Now we shall construct U. For this purpose let u;, be the
bounded continuous function on A—{—1} which is harmonic in Q and satisfies
u(—r)=0, re "'+ —{1}; u(e¥)=1, |0] <=.

Proceeding by induction, we let u,.,, n a positive integer, be the bounded
continuous function on A —{—1} which is harmonic in Q and satisfies u,.,(—r)
=cos wA uy(r), r e 't —{1}; u, ,,(e*®)=1, |8 <. For the existence and uniqueness
of u,,, see Heins [5, Theorems 12.3 and 12.4].

We shall prove that u,|, — U. For this purpose we note that

lug—uy|(—r) = |cos mAjuy(r) £ |cosmA|, reD*+—{1},

and |uy—u,|(e'®)=0, |0] <=. Since uy—u, is harmonic in Q and continuous on
A—{—1}, it follows from the Phragmén-Lindel6f Maximum Principle (see Heins
[5, p. 76)) that |u;—u,| = |cos mA|.

Let k be a positive integer. Then if

4.1) |the 1 — | = |cos mA[¥,
we have
|t 2= Ui 4 1|(—7) = |cos mA| |1 —w|(r) S |cos mA|F+?
when re 't — {1}, and
|t 42—ty 4 1](€'®) = 0, 1] < =

Since u,,—u ., is harmonic in Q, it follows that |uy,,—uy .| S|cos mA[F+L,
Hence by induction (4.1) is true for each positive integer k.
If m, n are positive integers and m > n, then by (4.1) we see that

2 (e 41— 1)

k=n

m=1
Z [ty s 1 — 1] < Z |cos mA|¥ <

m—Un| =

4.2
“.2) |cos wA|

I—[cosmA|’

From (4.2) we see that (u,)? tends uniformly to a continuous function ¥ onA —{—1},
which is harmonic in Q. Moreover,

V(=r) = lim u,(—r) = cos #A lim u,_,(r) = cos wA V(r)

n— o n—> 00

when reI'* —{1} and V(e®)=1, |6 <m. Let U=V|A. Then from our previous
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work we conclude that U satisfies the stipulated properties (ii)-(iv) and that U is
bounded and continuous in A.

5. A maximum principle. We now prove (i), (v), and (vi). Theorem 1 is thereby
established save for (vii) which will be treated in §§6-10. We shall want the following
lemma.

LEMMA 1. Let h be subharmonic and bounded above on Q). Let E be a finite subset
(possibly empty) of T'. For given o € (0, 1) let h satisfy

@ k=) < cosma h(|L]), L(eT—(EV{0, —1}),
and either the condition

®) W) 0, |6 <m

or alternatively, the three conditions (c), (d), (e):

(© li?li?p [A(z)+h(-2)] 20, O0< |0 <=,
(d) h(z) = h(2), zeQ,

(e) h~(e') = 0, 18] = m/2;

then h|4 <0.

Proof. Let p(z)=max {h(z), h(2)}, z € Q, and suppose on the one hand that (a)
and (b) are fulfilled. Then p is bounded above and subharmonic on Q. Moreover,
since A satisfies (a) and (b), we have

p~ () = h~(0) = cos mo h(|{]) = cos mo p(|T]),
when { e '—(E U {0, —1}), and
p~(e”) = max {h~(e"), h"(e”*)} =0, |0 <m

On the other hand, if 4 satisfies (a) and (c)—(e), then by (d) we have A=p. Hence
in either case p satisfies (a) and (b) or (c), (d), (e).

If p satisfies (b), then p satisfies (c) and (e). Therefore, we assume, as we may,
that p satisfies (a) and (c)~(e).

Let g(z)=p(z)+p(—2), z € G; A=max {0, sup,ce,1, p(r)}. By (a) we see that

q7(0) = (1+cos mo)p(|Z]) = (1+cos mo)4

when {eTUT*—(EUE*U{0, +1}). Here E*={r: —re E}. Then by (c)
and the Phragmén-Lindel6f Maximum Principle, it follows that ¢ <(1+cos mo)A.
Since p satisfies (d), we have

q(it) = p(it)+p(—it) = 2p(it) = (1+cos me)A
when ¢t € (-1, 1)—{0}, and so )
pit) < (1+cos ma)42,  te(—1,1)—{0}.
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Using this inequality and (e), we find that
5.1 Plu £ (14+cos me)A4[2.

Hence, sup,ee,1,p(r) =(1+cos mo)A4/2. Since 0<(l+cosmo)/2<1 and 420, it
follows that 4=0. Putting 4=0 in (5.1) we see that Lemma 1 is true.

We now prove (v). For this purpose let u* be as in (3.2). Then by properties (iii)
and (iv) of U, (3.8), and the fact that u* — U is upper semicontinuous in A, we have

[u*—U]”|o(=r) < cos @A [u*—Ul(r)
when r e I'* —{0, 1}, and
[W*—Ul"|a(e?®) £ 0, 6] < =

Letting h=[u*—Ul]|g and o=2 in Lemma 1, we obtain that u*|; < U|y,. Hence,
u*(r)y<U(r), re(0,1). Since u*(r)=M(r, u*), it follows that u*(0)= U(0). We
conclude by (3.5) that M(r, W) Su*(r) S U(r), r € [0, 1).

To prove (i) we observe from (v) with u=0that 0 < U(r) when 0=r < 1. Then from
the boundary values of U(z)—cos #A U(—z) in G, we find that

U(z) 2 cos A U(—2), zed.
Using this inequality, we obtain for r € I'* —{0, 1} and s> 0 small that
1 (% w0y 79 > COSTA [ "
2_7Tfo U(=r+se%) do 2 TL U(r—se') db

=cos7A U(r) = U(-r).

Here we have used the fact that U is harmonic in {|z—r| <s} when s>0 is small.
Moreover, if 0 € I and ¢ € (0, 1), then

1 (%" 0y gn > COS mA 2 w0
ZL U(te®) df 2 2—"fo U(—1e) df

cos wA (27 w0
X fo U(te'®) db

and so since by (iv), U(0)=0, we have

1 2 10 _—
= L U(te®) d6 = 0 = U(0).

Hence (i) is true.

Finally, we prove (vi) (unicity). Suppose that g also satisfies (i)-(v). Then U—g
and g — U satisfy the hypotheses of Lemma 1 and hence g |, = U|y. It follows from
this equality and the Identity Theorem for analytic functions that U=g. Hence (vi)
is true.

6. A lemma. In §§6-10 our object is to prove (vii). To avoid confusion it will
be necessary to indicate the dependence of U upon the set I'. Therefore, we shall
often write U(-, I) instead of U.



1972] SOME THEOREMS ON THE cos mA INEQUALITY 177

We shall want the following lemma.

LEMMA 2. If r, €(0,1) and T'=[—1, —r,], then U(0) < Cy(N)ri. Here Cy(}) is a
positive constant which depends only on A.

Proof. First assume that A e [4, 1). Let I';=[~—1, 0]. We write U(z)=U(z, I),
U.(z)=U(z, I'y) when z € A. We consider the function f(z)=(z+r,)/(1+r,2),z € A.
fmaps the disk A univalently onto A and the slit (— 1, —r;] onto (—1, 0]. From this
remark we see that U, o fis harmonic in Q=A-T.

We note that U,(r)=M(r, U,), re|0, 1). Indeed, if UF¥ is the subharmonic
function in A associated with U; (see display (3.2)), then by (3.5), (3.8), and (v)
of Theorem 1 we have M (r, U)) SU¥(r)S Uy(r), r € [0, 1). Since U,(r)S M(r, U,),
it follows that M (r, U;) = U,(r) when r € [0, 1). We also note that cos 7A<0 when
Ae[d, ).

Using these facts, (iv) of Theorem 1, and (3.3) we obtain for r € [r;, 1) that

—r+r —-r
Ul °f(—r) = Ul( l—rrll) = COS ﬂA Ul(lr—-r:l)

cos mh Us ({52 ) = cos md Uy o f(r).
1

Then by Lemma 1 with h=[U—"U, o f]|q and o= we have U|gzSU, o f|y. In
particular, U(r) S U, o f(r), r € (0, 1). Letting r — 0 in the above inequality and
using Theorem A we obtain
U(0) £ U, 2 f(0) = Uy(ry) £ (2/A) tan (wA[2) r}.
Hence if C;(A)2(2/nA) tan (wA[2), then Lemma 2 is true when A € [4, 1).
The proof of Lemma 2 for 0 <A <4 is more difficult since conformal mapping
does not preserve the cos wA inequality. Here the idea is to control U with the aid

of a function W subharmonic in C. For this purpose we recall certain standard
facts about functions subharmonic in C.

[\

7. Subharmonic functions in C. Let v be subharmonic in C, harmonic at 0, and
of order <1. Then v can be represented as (see Heins [6])

(1.1) oz) = v(0)+[ log |1-3| D,  zeC.
JRlI< oo
Here y is the Riesz mass associated with v. Let
(7.2 #(z) = v(0)+ f log 1+IZTI ‘ ay({), zeC.
Itl<w

It is easily verified (see Anderson [1, (8.3)]) that
(71.3) 9(—r) £ m(r,v) < M(r,v) £ (), 0<r< oo,
(7.4) (—r)—cos mo i(r) < m(r, v)—cos mo M(r, v), 0<r<oo

Here o €(0, 1).
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Next we state two theorems.

THEOREM B. Let v be subharmonic in C, and suppose that O<o<l. If
a=liminf,_, M(r)/r’ <co and

lim sup [m(r) cos mo M (r)

T1,Tg—>®© Jry

then M(r)~ar°® (r — ). Moreover, (r)~ar® (r — ).
Proof. (See Anderson [1].)

THEOREM C. Let v be subharmonic in C, harmonic at zero and of order <1.
Suppose that v(0)=0. Then if o € (0, 1) we have

f [8(—r)—c0s 70 30)] 41 2 (o) 22— o) H2.

Here A(o)=(1—sin (7|3—0]))/(3—|3—0]), 0<r;<ry<o, and 0 < B(c) < 10.

Proof. (See Kjellberg [10, p. 193, (23)].)

Anderson and Kjellberg prove Theorems B and C only for subharmonic functions
of the form v=Ilog | f|, where fis entire. However, the proofs are exactly the same
in the general case.

Using Theorems B and C we prove

LEMMA 3. Let v be subharmonic in C, harmonic at zero, and of order <1. Let
0 < Ry <00 and suppose that

(@) v(—r)=cos mo v(r), r € [R,, ),

(b) v(r)zre, r20,

(©) lim,,, M(r,v)/r°=1.
Then if o € (0, 3) we have M(r, v) < Co(o)r?, r € [Ry, ). Here Co(a)=B(a)/A(c) and
A(o) and B(o) are defined as in Theorem C.

Proof. Clearly since cos mo >0, we have
(1.5) m(r, v)—cos mo M(r,v) < v(—r)—cos mo v(r).

Then by (a), (c), and Theorem B it follows that

(1.6) lim 20 _ 1,

0‘
rowo T

Let h=5—v(0). By Theorem C we have

J'ﬁ [A(—r)—cos wo h(r)] dr 2 A( )h(rl) B(o )h(rz)

~T7o 7’ 0<r, <ry <oo.

n
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Then by (a), (7.5), and (7.4) we have

f [B(=r)=cos 7o B 1, 4 (cos mo— 1)0(0) J _ar.
(7 7) (0,Ro)N(ry,72) r

1—cos o (v(rl) 0(0)) B(o) (v(r2) v(O))
= o r 1 r 2
In the above inequality we have inserted the exact value of A(o).
From (b), (7.3), and (7.6) we see that #(r)/r°, Ry <r < oo, attains its maximum at a
point ry € [Ry, ). In (7.7) we let ry=r; and r; — co. We obtain, the first term now
being 0,

W%l) va) (cos ma—1)v(0) ,?:o
1 —cos mo (B(r,) U(O)
2 = (PR -) o

Thus, (5(ro)/rg)(1 —cos me)/o < B(o). It follows from this inequality and (7.3) that

M(r,v) < aB(o) B(a)
r° = 1-coswme A(o)

= Co(o'), Ro é r < oo,

This completes the proof of Lemma 3.

Finally in this section we consider the function s defined in C by s(z)=Re (z%),
|arg z| €. Then s is subharmonic in C and harmonic in C—(—o0, 0]. Moreover,

(7.8) s(z)=cos mA s(—z), ze C,

(7.9) s(=l|z])+s(|z])ss(2)+5(-2), z€ C,

(7.10) s(z)=s(i|z]), Rez20.
(7.8) and (7.9) can be verified by direct calculation or by using the Phragmén-
Lindeldf Theorem (see Heins [S, p. 111]) in the upper and lower half planes. (7.10)
is obvious.

8. Proof of Lemma 2 for 0<A<4. We now begin the proof of Lemma 2 for
0<A<4. Let W be the bounded continuous function in A defined by

(A) W is harmonic in Q,

B) W(—r)=cosmA W(r), reI'* —{1},

(©) WH(e®)=5(e"), |6 <.
Here s is as in §7. The existence and uniqueness of W follow as in §§4-5.

We extend W continuously to C by defining W(z)=s(z), |z| 2 1. We assert that
W is subharmonic in C. To verify this assertion we first observe from the boundary
values of W|, and (7.8) that W(z) Zcos mA W(—z), z € Q. Then arguing as in §5
we find that W is subharmonic in A. Moreover, applying Lemma 1 with h=[s— W]|,
and o=A, we see that s|; < W|y. Using this fact and comparing the boundary
values of both functions in Q, we obtain s|, < W|,, and thereupon that s< W.
Since s is subharmonic in C and s(z)=W(z), |z| 21, it follows upon examining
circumferential means that W is subharmonic in {|z| 2 1}. Hence our assertion is
true.
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Now let U be as in Lemma 2. We proceed to control U with the aid of W. We let

T(z) = U(z)—2W(z)/(1 +cos 7]A), z€eA,
S(i) =T(@)+T(-2), zeA.

We shall show that T|g satisfies (a) and (c)—(e) in Lemma 1 with o=A. Clearly
T|q, satisfies (a). To show (d), we first observe that U(z)=U(Z2), z € A, since both
functions have the same boundary values in Q. Similarly, W(z)=W(2), z€ A.
Hence T satisfies (d) of Lemma 1.

If 0< |6 <, then by (7.9) we see that

Se(e) = 2—2[W(e'®)+ W(—e"®)]/(1+cos mA)
S 22[W(—1D)+W()]/(1+cos mA) = 0.

Moreover, if |8] <w/2, then by (7.10) we find that
_2W(e°) < 1_2cos (mA[2)

l4+cosmA = 1+cos @A
1—sec (wA/2) £ 0.
Therefore T satisfies (c) and (e).

Let h=T|g and o=A. Then from our previous work and Lemma 1 we have

U(z) S2W(2)[(1 +cos 7)), z € H. Applying Lemma 3 with v=W, 6=, and Ry=r,,
we obtain

To(e) = 1

2 26,0,
<__ < < <Y
v = 14cos wA W) = T+cosmA &

Hence Lemma 2 is true for 0 <A<3. Since we have already considered the case
1< X<, the proof of Lemma 2 is complete.

9. Proof of (vii) in a special case. Using Lemma 2 we shall prove the following
lemma.

LeMMA 4. If T'=[—r{, —r], then U(0) = Cy(A)(ry/r1).
Proof. If r,=0, then by (iv) of Theorem 1 we have U(0)=0, and so Lemma 4 is
trivially true. If r, >0, let
r, = [-1, —:—j Up= UG, Ty, U=UCD),
v(z) = U(riz)— Uy(2), zeA.
We note that v is harmonic in Q,=A—T,, and

vo(—r) = cos wA v(r), rely —{1},
v(e') £ 0, 6] <

Then by Lemma 1 with A=v and o= we have v|; 0. Letting z — 0 in H, we get
U(0) £ U,(0). From this inequality and Lemma 2 we conclude that Lemma 4 is true.
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10. Proof of (vii) in the general case. Next we shall show that (vii) of Theorem 1
is true when r=0. Our method of proof is a modification of a method of Beurling
[4, pp. 60-62].

We recall that I'=}., [—ri, —r;]. We assume, as we may, that the closed
segments [—r;, —r;] are disjoint. If n=1 and C(A)2= C,(), then by Lemma 4 it
follows that (vii) is true when r=0. If r; =0, then by (iv), U(0)=0. Hence in this
case (vii) is trivially true at r=0. There remains the situation: r; >0 and n> 1. In
this case let o be the Riesz mass associated with U (see display (3.1)). Since U is
harmonic in Q, it follows by a well-known representation theorem of F. Riesz [12]
that the support of « is contained in I'. Using this fact and (3.1), we see that

z+t
(10.1) UG = 1+ fw log’m do(—1), zeA.
Let
I = [—r2a "5‘1";—2 ¥ (C) [—r, —"(])s
r i=2
i z+1
) = fu tog| 2L | de(~1), zea,
BT z+t
q:(2) = ‘22 L log T de(—1), - zeAl,
F(z) = 1+q1(:7: z)+q2(z), zeA.

Clearly F is subharmonic in A and harmonic in A—T,.
We note that if r, t € [0, 1), then

d (r+t) 1 t 1—1¢2

(10.2) ¢ \T57) = v e T Gemeen

Hence for fixed ¢, log ((r+1?)/(1+rt)) is nondecreasing on [0, 1).
We shall prove that

(10.3) F(—r) £ cos wA F(r), rel'f —{1, ry}.
To this end, for fixed r, riryfri Sr<r,, and with B=ri/r,, let

£1(8) = 14+¢:(—Br)+qs(—dr),
£(0) = 1+q:(Br)+¢2(dr), B=sd=1

From Lemma 1 with A= — U and the Maximum Principle we see that 0< U(s),
s €(0, 1). Then by (10.2) we have

(10.4) 0 <U(r) s UPr) = &) < 68, d€lB 1]
We now introduce A(8)=§£,(8)/£4(8), 8 € [B, 1]. If £,(1) € — €x(1), then
A(l) = F(=r)[F(r) £ —1 < cos mA.
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Therefore, we assume that ¢,(1)> —§,(1). We observe that g, is harmonic in
{|z] <rs}. Since dr<ry,, <81, it follows that ¢, and ¢, are continuous and
differentiable on [B, 1]. Then with the aid of (10.4) we see that A is continuous and
differentiable on [B, 1].
Leta=inf {8 : A> —1o0n (8, 1]}. We shall show that A is nonincreasing on [a, 1].
Given 6 € [a, 1], we have
GO) = 5 log

T+ —[r1,r3]

1 t
- rJ;H- —[flv'i] (8r—t+ l —8"1) da(—t)

_ (1—1t?) de(—1),
B rjw —trarq (Br—1)(1 = 8rt)

or—t
| e

Here we have differentiated under the integral sign. It is permissible since ér<r,
=<t when B<é<1. Likewise,

. (=13 de(=1),
£5(8) = rjrw o @r+0)(1+3rt)
Thus,

sy (1—12) do(—1) (1—1¢%) do(—1)
EOPA@ =& | Er=na—sm O, . Greod+em

IA

, 1 1
e | o (1-£% [(8r+t)(l+3rt)+(8r—t)(l —8rt)] do(~1)

_ 20r(1—1t*) do(—1t)
= r&() [N —ury EP Y= 577 =

Hence A is nonincreasing on [a, 1]. It follows that a=8 and
cos mA = U(—PBr)/UBr) = A(B) = A(l) = F(—r)/F(r).

Thus (10.3) is true for ryrofri <r<rs.
If re T+ —[ry, ri] and r#r,, we let

71(8) = 1+¢:(—0r)+gx(-7),
72(8) = 1+41(8r) +44(r), B=sé=s L

From (10.2) we see that
(10.5) 0 < Ur) 7B = 72(8), €l 1]

Therefore we let L(8)=7,(8)/12(8), BSS6=<1.
If 9,(8) = —4(B), then L(B)=F(—r)/F(r)< —1 <cos mA. Hence we assume that
7:(B) > —12(B). We observe that ¢, is harmonic in the annulus {r] < |z| <1}. Since



1972] SOME THEOREMS ON THE cos mA INEQUALITY 183

8r>r; when B<8<1, it follows that n; and 7, are continuous and differentiable
on [B, 1]. Then by (10.5) we see that L is differentiable on [8, 1]. We shall show,
using the differential calculus, that L is nondecreasing on [, 1]. Indeed, if § € [B, 1],
then

mOFL®) = m®) [

1

i (1—12) do(—1) "t (1—12) do(—1)
(8r—t)(1—8rt)_rm(8) v, Gr+0)(1+0rt)

i . 1 1
2 () j,l (1= [(Sr—t)(l ——8rt)—(8r+t)(l+8rt)] de(—1)

1 2[(8r)2+ 11t (1 —¢2) do(—1t) >0
@ =1 -r2ry) =

= rnz(3)

1

Again we have differentiated under the integral sign. It is permissible since &r>r;.
Also, we have used the fact that %;(8) <7,(8) when 8<8=1. Hence L is non-
decreasing on [B, 1]. It follows that

F(—r)/F(r) = L(B) £ L(1) = U(-r)/U(r) = cos mA.

From the above inequality we conclude that (10.3) is true. Since F~(e') <1 when
|6] <, it now follows from Lemma 1 with h=[F—U(-, I'))]l|a-r,, =2, and
E={—r,} that F|y = U(-, I'})| 4. Letting z — 0 in H, we get

(10.6) Uu@o, T = FQ0) £ U, T)y).
We now proceed by induction. Let k be a positive integer and suppose that
(10.7) U@©,T) = C;(A) exp [—Am,I'*(0, 1)],

whenever n<k. Here C,(2) is defined as in Lemma 2 and n», as previously in §10,
denotes the number of disjoint closed segments contained in I'. Then if n=k+1
we have

U©,I) = UO, Ty = Ci(A) exp [-am T} (0, 1)]

Cy(M) exp [—am I'* (0, )],

thanks to (10.6) and the fact that I'; is the union of k disjoint segments. Since
U(-, I') satisfies (10.7) for n=1, we conclude by induction that (10.7) is true
whenever n is a positive integer. Hence, if C(A) = C,(}), then U(-, I) satisfies (vii)
for r=0.

To prove (vii) for r € [0, 1) we argue as follows: Let U* be the function associated
with U (see display (3.2)). Then by (10.1) we see that U= U*. Hence by (3.7) with
u=U we have

(10.8) U(-|z)+U(lz]) € U@)+U(~2), zeA.

Now suppose that roe I'* %{1}. Let v be the subharmonic function on A defined
by

I IA

v = least harmonic majorant of U restricted to {|z| < ro},
v=U inA-{|z| < ro}
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Then
v(—r) = cos mA v(r), re*(r,, 1)—{13,
and
v(e) = 1, |6] < =.
Hence by (v) of Theorem 1 and (10.7) we have
(10.9) v(0) = U(O: Fn[-1, —r)) £ Ci(A) exp [— Am, T *(ro, 1)].

Using (iv) of Theorem 1, (10.8), the fact that v(0)=(1/27) [3* U(ree, T) db, and
(10.9) we obtain

(I+cos 7)) U(ro, T') = U(—ro, [)+ U(ro, I)

IA

2n
ziﬂf [U(ree®, I')+ U(—rqe', T)] df = 2v(0)
0

< 2C,(Y) exp [— am,T'* (ro, 1))
Hence,

2 max {1, C;(A)}

(10.10) U(ro, ) s =28

exp [—AmI'* (ro, 1)].

Now consider the remaining case where ro € [0, 1)—T'*. If mI'*(ro, 1)=0, then
(10.10) is trivially true since U< 1. Therefore we assume that mI'*(ry, 1)>0. Let
k=min {i : r;>ro}. In (10.10) we replace r, by r,. Then by this inequality we have

2 max {C,(1), 1}
1+cos 7A

_ 2max {C;(}), 1}
T l4coswA

U@, I) = U(n, T) = exp [—amT'* (ry, 1)]

exp [—AmI'* (ro, 1)].

Hence (10.10) is true when r, € [0, 1).
Let C(A)=2 max {C;(}), 1}/(1 +cos mA). Then by the preceding argument we see
that (vii) is true. This completes the proof of Theorem 1.

11. Remark. From our previous work and Theorem C we see that

4 B()
(1 +cos 7A)2 A()

c) = < 20X csc?(wA) sec? (%A)

when 0<A<4 and

2 2 (7 .20
C) = -3 S€¢ (7) tan (7),

when 3 <A< 1. We note that C(3)=8/n. Actually Beurling [4, p. 64] showed that
(vii) is true for A=% when C(3)=(4/m)+/2.
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12. Proof of Theorem 2. Let 4 be as in Theorem 2. We note that m(r)
—cos wA M(r) is upper semicontinuous on (0, c), as is easily verified. Hence, if
A€ (0, 1), then

Fo={r>0:mr)—cosmA M(r) <0}
is open.
Choose ro >0 such that M(r,) > 0. This choice is possible since /4 is nonconstant.
If R>r, let

u(z) = h(Rz)/|M(R), z€A,
T={r:rReF}nN(ro/R,1).
Then
m(r, u) < cos mAM(r, u), reT,

and u~(e®) <1, || ==
Now T is open and so T=\J2-; (s, t,), where ro/R<s,<t,<1. Here we allow
repetition of intervals. Let

I (t,—5,) (t,—s5,)
T = [n+ n 'n,t”_ n .n
! nL=)1 : 3.] 3]

for j a positive integer. Then by Theorem 1 we have

M(ro, h)
M(R, h)

= M(ro/R, u) £ C(A) exp (—m,T7).

Since lim;_, , m,T;=m,T, we obtain, as j — co, that
(12.1) M(ro, )| M(R, h) < C(X) exp (—m,T).
Using (12.1) we find that

MIF)\(ro, R) - m,T < log M(R, h)+10g C(A)_log M(ro, h).

(12.2) logR ~ logR*= Alog R

Letting R — + oo through suitably chosen sequences, we get
D/F, < p/A, D/F, < k[
Let G,=(0, +0)— F,. Then the above inequalities imply that
(12.3) DG, 2 1-p/A,
(12.9) DG, 2 1—k/A.
Let « € (0, c0) and put h, =h—«. In (12.3) and (12.4) we replace h by h,. Then

Dfr : m(r, h)—cos wA M(r, h) > 0}

2= Dfr : m(r, h)—cos 7A M(r, h) = (1 —cos mA)a}
Dfr : m(r, hy)—cos mA M(r, hy) = 0}
2 1—p/A

(12.5)



186 J. L. LEWIS [May
Likewise,

(12.6) Dfr : m(r, h)—cos A M(r, h) = (1—cos mA)e} = 1—k/A.

From (12.5) we conclude that Theorem 2 is true.

13. Proof of Theorem 3. We now prove Theorem 3. We proceed as in Kjell-
berg [9, pp. 19-21]. If >0 and k—e <0, then Theorem 3 follows from (12.6) with
« taken as (1 —cos #A)~ 1. If k—&>0, we choose r, =2 such that

(13.1) M(r, h) > ra+ok-o, rzr.

This choice is possible since (1+¢&)(k—e)=k+(k—1)e—e?2<k, and h has lower
order k<1.
Let

L ={r:m(r, h) < cos 7 M(r, h)+ (1 —cos mA)r¥=¢},

— p(l+on-1
rn_rg. ) H

va(2) = h(@)—ri~%,  ze{lz| <},
L, ={r:m(r,v,) < cosnd M(r, v,)},

where n is a positive integer and 8 € (0, ¢/2).
We observe that

— k-
M(rm vn+1) = M(’m h)—rn+f
— M(r,,, h)_rr('1+6)(k—e) > rf,l +e)(k—e)___r$l1 +tel2)k-e) 5 (),

Then as in (12.2) we find that
(133) A'nlLrw»l(rm rn+1) é 10g M(rn+19 vn+1)+l°g C(’\)—IOg M(rm vn+1)'

Now if r € L(r,, r, 1), then

(13.2)

m(r, h) < cos wA M(r, h)+(1 —cos wA)rk—¢
< cos A M(r, )+ (1 —cos wA)rk;¢,

and so

m(r, vy41) = m(r, ) —ry;i
< cosmA(M(r, h)—rk;f) = cos mA M(r, vy 41).

Hencea L(’m Ins l)CLn + l(rm Tnt 1)'

Using the above inclusion and summing both sides of (13.3), we obtain

AmyL(ry, royy) < log M(rp.y, b)+nlog C(R)

(13.4) 2 M(r, B)—ri*® k¢
+ 122 log (m) - lOg (M(I'l, h)-r2 ).
We observe that

log M(ras1, ) 2 log rid P2 2 (1+8)***(k—e) log ry,
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thanks to (13.1). Moreover, by (13.2) and the fact that log (1 —x) is bounded on
[0, 4], we see that

n M(r, h)—rF-¢ n L—rfE-¢/M(r,, h)
o8 (7 —rezs) = 2o (Treiae)
2" Gy —ri) = &8 e

= O(n) = oflog M(rs.1, h)],
as n — +oo. Then by (13.4) we have
AmlL(rl’ rn+1) é [l +0(1)] IOg M(rn+19 h)

as n — +oo. Dividing by A log r,, ., and letting n — oo, we obtain

(13.5) DL = lim infw < lim ianOg M(ry.s, h).
n— o log ry4a no oo Alogr, .y

Now if s € [r,, Fa41), then

log M(s, h)  log M(ry, h) _ log M(r,, h) _ log M(r,, h)

logs = logras. logri*® = (1+8)logr,
Hence,
lim inf &M M) o (4 g
n-—+ o log n

Using this inequality and (13.5) we find that D,L £(1 + 8)k/A. Letting & — 0, we get
D,L=<k|\ Therefore,

Dfr : m(r, h)—cos mA M(r, h) = (1—cos #A)r*-5} > 1—k/A.
Since £> 0 is arbitrary, it follows that Theorem 3 is true.
14. Proof of Theorem 4. Let h;=h—1 and observe that

mr : m(r,h;)—cosmAM(r,hy) Z 0} = mfr : m(r, h)—cos nA M(r, h) 2 1—cos=A}
< myfr : m(r, h)—cos wA M(r, h) > 0} < oo.
Hence, we assume, as we may, that
m,Gy = myfr : m(r, h)—cos mA M(r, h) = 0} < o,
since otherwise we consider A,.
Choose r>1 such that M(r)>0. If R>r, then by (12.1) with r=r, we have
M(r) £ C(O)M(R) exp [—AmFy(r, R)]
= C(YM(R) exp [—Alog (R[r)+ AmG\(r, R)]
= C(MM(R)(r/R)* exp [Aim,Gy(r, R)]
£ C(AM(R)(r/R) exp [AmGy(1, +00)] < +o00.

Let
B(Y) = C() exp [imG\(1, +o0)].
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Then from the above inequality we deduce that
(14.1) M(r)/r* £ B(A)M(R)/R™.

If lim infg, , M(R)/R*=0, then by (14.1) we have

M# < B liminf 4R _ o,

R—> o R)\

This inequality contradicts the assumption that 4 is nonconstant. Hence

(14.2) timinf Z® _ 5 5 0.

R—®© R)\

If lim sup,_ », M(r)/r*= +oc0, then by (14.1) we see that

+oo = lim sup 2 < BY) tim inf X R,

rmw I Bew R
Thus, lim,, , M(r)/r*=+c0.
If lim supz., - M(R)/R*< 400, then

f“’[m(r)—cos aA M(r)]* dr = f [m(r)—cos =d M(r)] dr
1 Ga1, + )

r1+/\ r1+)\

(14.3) N
< (1—coswd) M) dr = (1—cos wA) Mdr < +o0.

T+A
Gal,+o) ¥

Here a* =max {a, 0}. From (14.3) we deduce that

lim sup 2[m(r)—crcis+:r)\ M()] dr £ 0.

T1,T2—>+®© Jry

Then by Anderson’s Theorem (Theorem B) and (14.2) we conclude that
lim,_ , M(r)/r*=5b, where 0<b < +c0.
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