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MORITA THEOREMS FOR FUNCTOR CATEGORIES

BY
D. C. NEWELL

Abstract. We generalize the Morita theorems to certain functor categories using
properties of adjoint functors.

Let o7 and % be categories. Recall that 27 and & are said to be equivalent if there
are functors u: &/ — % and v: # — & and natural isomorphisms of functors
n:I = vuand e: uv = I'’, where I and I’ denote the identity functors on &7 and %
respectively. When &7 =4, and #=.#;, where R and S are unitary rings and %,
and  denote the categories of right R-modules and right S-modules respectively,
the Morita theorems state that the pairs of functors (v, ¥), u: & - Zand v: Z — &,
which define an equivalence of categories between &/ and # are in one-to-one
correspondence with bimodules Es which are R-S progenerators, the correspond-
ence being given by isomorphisms u~ ®j E and v~ Homg (E, ) (see [2], or
[1, Chapter II, §3] for a discussion of these theorems).

In general, the isomorphisms u>  ®p E and v~ Homg (E, ) give a one-to-one
correspondence between bimodules Es and adjoint pairs (v, u) from & to My
i.e. functors v: M5 — My having u as a left adjoint. Since the class of pairs (v, u)
which give an equivalence of categories is a subclass of the class of adjoint pairs,
one may view the Morita theorems as characterizing the corresponding subclass
of bimodules. In [4], we have shown that the class of adjoint pairs between certain
functor categories is in one-to-one correspondence with bifunctors in a manner
generalizing the above correspondence on module categories. In this paper, we
generalize the Morita theorems to characterize those bifunctors which give an
equivalence of functor categories.

Our exposition and results parallel [2], but our proofs use properties of adjoint
functors and results of [4]. §1 summarizes these properties and results and intro-
duces the machinery for the rest of the paper, §2 generalizes the notion of ““projec-
tives”” and ‘‘generators” to bifunctors, §3 generalizes the notion of ‘Morita
context’’ to bifunctors, while §4 is devoted to our theorem.

Our results will be stated in the following setting: Ab will denote the category
of abelian groups, all of our categories will be preadditive, and all of our functors
will be additive. However, it is clear that our results will hold for ¥ -categories,
where 7" is a closed category satisfying certain ‘“‘completion” conditions.
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We shall always assume that we are in a proper set-theoretical setting so that our
functor categories are defined.

1. Adjoint functors, bifunctors, and duality. Let ./ and & be two categories, and
let u: o — % and v: & — & be functors. Then (v, ) is an adjoint pair from % to s/
if u is a left adjoint to v i.e. for each pair of objects 4 of o7 and B of %, there is an
isomorphism natural in 4 and B

0(A, B): B(ud, B) — (A, vB)

(where we use the notation £7(4, A’) to denote the set of morphisms in & from the
object A to the object A’). Let I, and Iz denote the identity functors on .7 and #
respectively. Then if (v, u) is an adjoint pair from % to %7, we may define natural
transformations 7: Iy = vu and &: uv = I3 by n,=0(A4, uA)(1,,) for every object
A of & and e5=0"'(vB, B)(l,5) for every object B of &, where 1,, and 1,5 denote
the identity morphisms on the objects u4 and uB respectively. We shall call 5 and
the unit and the counit of the adjoint pair (v, u) respectively. They satisfy the
following identities:
un eu v ve

(*) U=>uu=—>u =1, v=>vuv =—>0v = 1,.

For a proof of this, or any property of adjoint pairs that we use in this paper,
we refer the reader to [5].

We shall let Adj (%, /) denote the category whose objects are adjoint pairs (v, u)
from 4 to &, and whose morphisms from an adjoint pair (v, u) to another (v', u’)
are natural transformations u = u’ (these are in one-to-one correspondence with
natural transformations v’ = v).

We let the reader establish the fact that two functors u: & — % and v: # — &
define an equivalence of categories if and only if (v, u) is an object of Adj (%, &)
whose unit and counit are isomorphisms.

For a small (preadditive) category %, let us set down the following notation
which we shall use throughout this paper. ¥° will denote the dual category of %,
and for any object C of €, €(C, ): ¥ — Ab and €( , C): €° — Ab will denote
the corresponding covariant and contravariant hom-functors. We shall also use ¢
to denote the bifunctor&( , ): €¥°x% — Ab(given on objects by €( , ), C’)
=%(C, C’)) if no confusion develops. [%, Ab] will denote the functor category
whose objects are (additive) functors from % to Ab and whose morphisms are
natural transformations. For F and G objects of [, Ab], we shall denote the set of
natural transformations from F to G by [F, G].

Let € and €’ be small categories, and let U: €° x €' — Ab be a bifunctor. In [4],
a functor

Q¢ U: [6, Ab] — [¢, Ab]

is defined, and is characterized by the properties that it is right continuous (i.e.
preserves right limits) and, for every object C of €, €(C, ) ®¢ U=U(C, ).
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Suppose ¢: [¢, Ab] — [¢”, Ab] is a functor. Then there is a bifunctor U,: €° x €’
— Ab, which we call the bifunctor corresponding to t, defined by

Uf4, B) = 1(¢(4, ))(B).
This bifunctor has the following property:

THEOREM 1.1. Let t: [€, Ab] — [¢’, Ab] be a functor with corresponding bifunctor
U,: €°x €' — Ab. Then there is a unique natural transformation

lP't: ®@ Ut =1

for which ¥',(€(A, )) is the identity on U(A, ) for every object A of €. ¥, satisfies
the universal property that if U: €° x €' — Ab is any bifunctor and A: Q¢ U =t
is any natural transformation, then there is a unique natural transformation of
bifunctors X: U = U, for which the diagram

Qe U
® A A

®(‘, U ————>t
t v,
commutes. Furthermore, ¥, is an isomorphism if, and only if, t is right continuous.

For a proof, one may see [4, 1.2 and 2.1] or supply the proof himself. []
For U: ¥° x %' — Ab a bifunctor, we define a functor

[U, Je:[€', Ab]— [¥, Ab]

by [U, Gle-(A)=[U(A, 1, G] for every functor G in [¢’, Ab] and for every object
A of €. We restate [4, 1.3 and 2. 2] in the following:

THEOREM 1.2. If U: €° x €' — Ab is a bifunctor, then ®(U)=([U, l¢, Q¢ U)
is an adjoint pair from [€’, Ab] to [€, Ab] (which we shall call the adjoint pair
corresponding to U). The functor

O: [€°x €', Ab] — Adj ([¢', Ab], [%, Ab])
defined by this correspondence is an equivalence of categories. []

We remark that the “inverse’ of @ is the functor that assigns to each adjoint
pair (v, u) the bifunctor U, corresponding to u.
For bifunctors U: €5 x%, — Ab and V: %5 x%; — Ab, we define a bifunctor

U®eg, V:%:x% — Ab
by (U ®g¢, V)4, C)=(U(4, ) Qe, V)(C).In[4,2.3] we have shown the following:

PROPOSITION 1.3. Let U: €1 x €y — Ab and V: €3 x €5 — Ab be bifunctors. Then
U ®g, V is the bifunctor corresponding to the composition of functors (  Qg, V)-
( ®¢ U). O
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From this proposition, one easily shows that the tensor product of bifunctors is
associative.

Let U,: €3 x %, — Ab and U,: €7 x %, — Ab be two bifunctors. Then we define
a bifunctor

Heg,[Uy, Uy]: 63x %, — Ab

by He,[Us, Uz)(4, C)=[U(C, ), Uy(4, )] for every object 4 of €, and C of &;
(note that U,(C, )and Uy(4, ) are functors in [%,, Ab]). Similarly, for bifunctors
Vi: %5 x%, — Ab and V,: €; x €; — Ab, we define a bifunctor

HgI[Vl, V2]: %; X%S —> Ab

by H?I[Vls V2](B’ C)=[V1( > B)s V2( ’ C)]

In the following, let us fix a bifunctor U:%°x %’ — Ab, its corresponding
adjoint pair (v, ¥) in Adj ([¢’, Ab], [¢, Ab]) with unit»: I = vuand counite: uv = I’
(I and I' being the identity functors on [%, Ab] and [€”, Ab] respectively), recalling,
from 1.2, that &g U=wuand [U, Jg =v.

We may define a natural transformation of bifunctors

ay: € — He[U, U]

by ay(Cy, C)(f)=U(f;, ) for every pair of objects C;, C; of ¥ and for every
morphism f: C; = C, in €. «y may be described in another way as follows. One
sees by 1.1 that the bifunctor € corresponds to I, so that one has an isomorphism
¥: Q¢ €I Also, one easily checks that for any pair of objects C of € and C’
of €', He[U, UYC, C)=(wu(®(C, ))C'), so that He[U, U] is the bifunctor
corresponding to v, and consequently by 1.1 we have a natural transformation

Yu: Q¢ He[U, U] = vu.

PROPOSITION 1.4. «y is the unique natural transformation of bifunctors for
which the diagram

®¢ C ¥ I

® ay n
‘Fvu
Q¢ He [U, Ul =——= vu

commutes.

Proof. This follows directly from 1.1. [J
Associated to U, we have two bifunctors U* and U, in [¢’° x €, Ab] defined by
U*=Hg[U, €'] and U,=H*¥[U, ¥]. Since, for any object C’ of €,

¢, )®« U*=[U,¥(C', ) =&, ))
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U* is the bifunctor corresponding to » and we have by 1.1 a natural transformation
¥,: Q¢ U*=n.

By 1.3 and the assumption  ®¢ U=u, we have natural transformations
u¥y: 0 Qe (U* Qe U) = uv, Tu: Q¢ (UQ¢ U*) = vu.
Therefore, by 1.1, we have the following:
PROPOSITION 1.5. There is a unique natural transformation of bifunctors
Bu:U* Q¢ U =¥

for which the diagram

Qe (U* Q¢ U)u_inw
® Bu P
\PI

Q¢ ¢ ——=1'
commutes. [
PROPOSITION 1.6. There is a unique natural transformation of bifunctors
yu: UQ¢ U* = He[U, U]
for which the diagram

®R¢ (UQ¢ U*) ‘P‘,,=u vu
® yu

Yo
®g’ H("'[U, U] = U
commutes. [

Finally, we introduce a notion of ‘“‘duality”. To a bifunctor U: €° x %" — Ab
we associate a bifunctor U°: €' x €° — Ab given by U°(C’, C)=U(C, C’). This
association trivially defines an equivalence of categories

[€°x €', Ab] =~ [€' x€°, Ab].
Using 1.2 and the fact that (¥'°)°=%", we obtain an equivalence of categories
Adj ([¢", Ab], [%, Ab]) >~ Adj ([¢°, Ab], [€"°, Ab]).

For (v, u) an adjoint pair from [€’, Ab] to [, Ab], we let (v°, u°) denote the corre-
sponding adjoint pair, so that if the bifunctor U corresponds to (v, u), then U°
corresponds to (v°, u°).
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From the discussion of commutativity of the tensor product in [3], one may show
that, for bifunctors U: €5 x €, — Ab and V: €5 x%; — Ab,

(U®¢, V)° = V° Q3 U°.

By direct calculation, one also shows that for bifunctors U: €7 x %, — Ab and
V:€1x%; — Ab,

HG[U, V] = (Hg[U® V°])° and Uy = (U)".
The reader easily shows that the ‘““duals” of 1.4, 5, and 6 hold.

2. Small projectives and generators. Recall that an object P of a category
& is called a small projective if &Z(P, ) is right continuous. (For example, if Ris a
ring, the small projectives of z.# are the finitely generated projective R-modules.)

Let U: €°x %’ — Ab be a bifunctor. We shall say that U is a small €'-projective
if, for every object A4 of €, U(A4, ) is a small projective of [, Ab]. One easily sees
that this is equivalent to the functor [U, ¢ being right continuous, so that by
1.1 one has the following:

PROPOSITION 2.1. Let U: €° x €' — Ab be a bifunctor with corresponding adjoint
pair (v, u). Then U is a small €'-projective if, and only if, ¥',: R U* =visan
isomorphism.

As an immediate consequence, we obtain the following:

THEOREM 2.2. Let U:%°x%' — Ab be a bifunctor with (v, u) its associated
adjoint pair. Suppose that U is a small €'-projective. Then

(a) v is right continuous and U* is its associated bifunctor;

(b) vu is right continuous having both U Q¢ U* and Hg [U, U] as associated
bifunctors;

©) yu: U®¢ U* = Hyg.[U, U] (of 1.6) is an isomorphism. []

Recall also that a collection of objects { D;}; of a category « is called a generating
family if, for any two objects 4 and B of &7 and for any two distinct morphisms
X1, Xg € (A, B), there is an i € I and a morphism y: D; — A for which x; y#x,y.

Let U: €° x %" — Ab be a bifunctor. We shall say that U is a €’-generator if the
collection of functors {U(A4, )| A4 an object of €} is a generating family of [¢”, Ab].

We prove the following:

THEOREM 2.3. Let U: €°x %' — Ab be a bifunctor and let By: U* Q¢ U = €’
be the natural transformation of 1.5. Then

(a) if U is a €'-generator, By is an epimorphism;

(b) if there is a bifunctor V:%'°x¥€ — Ab and a natural transformation of
bifunctors v: V Q¢ U = €' which is an epimorphism, then U is a €’-generator.
In particular, the converse of (a) holds.
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Proof. (a) Let (v, u) be the adjoint pair associated to U, and recall the isomor-
phism 8 corresponding to (v, u) (discussed at the beginning of §1). Using 6, we have
for every object B of € the following:

(U, €' (B, )le ®¢ U,€'(B, )] = [w%'(B, ), ¢ (B, )=’ €' (B, ), v¢'(B, )]
= [[Ua (gl(B9 )]V’, [U3 (gl(B’ )]?’]'

One easily shows, using 1.5 and the definition of the counit, that under this iso-
morphism By(B, ) corresponds to the identity on [U, €'(B, )le-

Suppose W:€'°x € — Ab is a bifunctor and A: €' = W is a nonzero natural
transformation of bifunctors. Then there is an object B of €’ so that A(B, ):
€'(B, )= W(B, )isnot zero. It follows easily, from the assumption that Uis a
%’-generator, that the induced natural transformation

B, )x:[U, €' (B, e = [U, W(B, )l
is not zero. In the commutative diagram induced by A(B, ),
(LU, ¢'(B, )le ®« U, €' (B, )= I[U, ¢ (B, e, [U, ¢ (B, )l

(U, ¢'(B, e ®¢ U, W(B, )] = [[U, ¢ (B, e, [U, W(B, )],
since By(B, ) corresponds to the identity in the upper row, A(B, )Bu(B, )
corresponds to A(B, ), in the lower row. Consequently, A8y is not zero, which
shows that By must be an epimorphism.

(b) Let G, G’ be functors in [¢’, Ab] and suppose A: G = G’ is a nonzero natural
transformation. Then there is some object B of €’ for which A;#0, and conse-
quently there is a natural transformation x:€’(B, ) = G so that Ax#0. Since
v(B, ):V(B, )®¢ U= C'(B, ) isan epimorphism, Axv(B, )#0.

Let {4;}; be a collection of objects of € for which there is an epimorphism
>16(A, )= V(B, ). Therefore, (3,%(4, ) ®R¢U=V(B, )R¢U is an
epimorphism, so that the composition of this natural transformation with Axv(B, )
is nonzero. But (3, (4, )) ®¢ U~>; U(A4;, ). It follows that for some i€,
there is a natural transformation y: U(4;, ) = G so that Ay#0. Therefore, U is
a ¢’-generator. []

3. Morita context. In this section, we generalize to bifunctors the notion of a
““Morita context” given in [2] for bimodules.

Suppose %, € are small categories, U: €°x €’ — Ab and V: %'°x% — Ab are
bifunctors, and u: U Q¢. V = € and v: V ®¢ U = " are natural transformations.
We shall say that (U, V, u, v) forms a Morita context if and only if the diagrams

1
U®g,y®,‘,ul=®"=>(j®,‘,fg' V®¢U®¢,V=®=P'V®¢?

(%) “p@l z ]lV®1 2
£~~~y

CRe U U €' Q¢ V
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commute. One notes that if (U, V, u, v) forms a Morita context, so do (V, U, v, n)
and (U°, V°, u°, +°).

Suppose u: [€, Ab] — [¢’, Ab] and v: [€’, Ab] — [%, Ab] are functors which
define an equivalence of categories. Then, in particular, both functors are right
continuous, so that by 1.1 there are bifunctors U: ¢°x%' — Ab and V:%'°x¥
— Ab and isomorphisms ¥';,: Q¢ U =u and ¥y: ®¢ V =0. By 1.3, we
have isomorphisms ¥;: Q¢ (UQ« V)= vu and ¥y: Q¢ (V Q¢ U) = uv,
and the inverse %! of the unit of the adjoint pair (v, #) and the counit ¢ induce
unique natural transformations u: U Q¢ V = € and v: V ®¢ U = €’ for which
the diagrams

B¢ (U Q¢ V)\F=1 vu Q¢ (V Q¢ U)\P=2uv
®n 77t Qv P
Qb | O ¢ —tes I’
commute.

THEOREM 3.1. Let (v, u) be an adjoint pair in Adj([€’, Ab], [¢, Abl) which
defines an equivalence of categories, let U: €° <€’ — Ab and V:€'° x € — Ab be
the bifunctors associated to U and V respectively, and let u: U Q¢ V = € and
v: VQ®¢ U = €' be the natural transformations induced by the inverse of the unit
7~ and by the counit ¢ of the adjoint pair (v, u) respectively. Then (U, V, u, v) forms
a Morita context.

Proof. The identities (*) induced identities

..1 ]
(U~ C®«UL————> UQ¢ V Q¢ U& U¢ € ~ U)

1 -1
Ve Vee s —2L & ygeUeer 2l ¢ onra =1,

= 1U9

which in turn show that the diagrams (x*) commute. [
The following theorem, which generalizes ““ Morita 1” of [1], provides a converse
to 3.1.

THEOREM 3.2. Let €, €’ be categories, U: €°x €' — Ab and V: €'° x € — Ab be
bifunctors, and p: U R¢. V = € and v: V Q¢ U = €' be natural transformations.
Suppose (U, V, u, v) forms a Morita context and that u and v are epimorphisms. Then

(a) w and v are isomorphisms,

(b) the pair (v, u), with

u= Q¢U:[6 Ab]—>[€,Ab] and v= Q¢ V:[€, Ab]— [, Ab],

defines an equivalence of categories,
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(¢) U is a small €'-projective and a €'-generator, and V is a small €-projective
and a €-generator,
(e) the natural transformations

ag: € = HelU, Ul and oy:€ = HelV, V)

of 1.4 are isomorphisms.
Furthermore, (U°, V°, u°, v°) forms a Morita context with u° and v° epimorphisms,
so that (a)°—(e)° hold.

Since (V, U, v, u) and (U°, V°, u°, v°) form Morita contexts and the dual of an
epimorphism of bifunctors is an epimorphism, we need only to show (a)-(e) for
U and p.

We first prove the following:

LEMMA 3.3. Let W:%°x% — Ab be a bifunctor and v: W = € a natural trans-
Jformation for which the diagram

Wee WLl waes

e |l

?@«W_—/-—\——__'/W

commutes. Then if 7 is an epimorphism, 7 is an isomorphism.

Proof of lemma. Suppose K: €°x% — Ab is a bifunctor and A\: K = W is a
natural transformation for which 7A=0. It follows from the commutivity of (sxx)
that the diagram

AR 1 T®1

KQe¢ W WQReW—=FCQ¢ W
S

commutes. Since the top row is zero, it follows that, if 7 is an epimorphism, 1 ® =
is an epimorphism, so that A=0, and consequently = is a monomorphism also. []J

Proof of theorem. (a) follows easily from the Lemma by letting U Q¢ V=W
and p=r7. One easily sees that the commutivity of the diagrams of (*x) implies
that of (#xx).

(b) follows easily from (a).

(c) It follows from (b) that (v, u) is an adjoint pair, so that v~ [U, ]c. Since v
is right continuous, U is a small %’-projective. Since v is an epimorphism, U is a
%’-generator by 2.3(b).



432 D. C. NEWELL [June

(d) By (c) and 2.2, U* is associated to v. But Vis also, so that there is a canonical
isomorphism A: V'~ U* for which the diagram

Q¢ V——0v

Nrer |

U*—vp

commutes. Dually, one has V°~(U°)*=(U)°, so that Vx U,.

(e) From (d) we have a canonical isomorphism A: V¥~ U* induced by the
identity on v. Using the characterizations of «y and y given in 1.4 and 1.6 respec-
tively, one easily shows that ey =yy(1 ® A)v~1. Since v is an isomorphism by (a),
1 ® A is an isomorphism, and vy is an isomorphism by (c) and 2.2(c), «y is an
isomorphism. []

We remark that the other statements of [2, Morita 1] are easily generalized and
proved also.

4. Progenerators and equivalences of categories. Let U: $°x%’ — Ab be a bi-
functor. We shall say that U is a €-¢' progenerator if U is a small €’-projective
%’-generator and oy: € = Hyg [U, U] is an isomorphism. (This generalizes the
definition of an R-S progenerator given in [2].) In this section we show that these
are precisely the bifunctors whose associated adjoint pairs define equivalences of
categories. In fact, we have the following:

THEOREM 4.1. Let U: €° x €' — Ab be a bifunctor, and let (v, u) be its associated
adjoint pair in Adj ([¢’, Ab], [€, Ab]). Then the following are equivalent:

(@) (v, u) defines an equivalence of categories;

(b) U is a €-' progenerator;

(c) (v°, u°) defines an equivalence of categories;

(d) U°is a €'°-€° progenerator.

Proof. One easily shows, using 3.1 and 3.2, that (a) = (b) and (a) = (c) and, by
duality, (c) = (d) and (c) = (a).

Suppose U is a €-€’ progenerator and let ¥'=U*. Since U is a small ¢'-projec-
tive, we have by 2.2 that V is associated to v and that y,: U Q¢ V = He.[U, U]
is an isomorphism. Since «y: % = Hg [U, U] is assumed to be an isomorphism,
w: U Qg V = €, defined by p=cajlyy, is an isomorphism. Since U is a €’-genera-
tor, v: V ®¢ U = €', defined by v=8, is an epimorphism by 2.3(a). Using 1.4,
1.5, and 1.6, one easily shows that the identities (*) induce the identities

(U2 €0 ULBL (U, U1 8¢ ULEBL U@y ¥ 06 ULR2% U @0 8 = 1) = 1,
1®« ®‘Y L®

(V2 V@€ =—"5V Q¢ He[U, U —==V @¢ URe V=== ' @ V2 V) = 1y
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so that (U, V, u, v) forms a Morita context (i.e. the diagrams of (#*) commute).
Furthermore, (U, V, u, v) satisfies the hypotheses of 3.2, so that by 3.2(b), (v, u)
defines an equivalence of categories. Thus, (b) = (a) and dually (d) = (c). [

COROLLARY 4.2. If U,: €1 x%, — Ab is a €,-%, progenerator and U,: €5 x €,
— Ab is a 6€,-%; progenerator, then U, ®g, U, is a €,-%5 progenerator.

Proof. This follows from 1.3, 4.1, and the fact that composition of equivalences
of categories is an equivalence of categories. []

For a category 7, let Aut (/) denote the isomorphism classes of functors
u: o/ — & for which there is a v: &/ — & such that (v, u) defines an equivalence
of categories. Clearly Aut (/) is a group under composition.

COROLLARY 4.3. Let € be a small category. Then the isomorphism classes of €-€
progenerators form a group under tensor products of functors and the assignment
U Qe U defines a group isomorphism from this group to Aut ([, Ab]).

Proof. This is clear, once we note that the inverse of Uis U*. [
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