TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 168, June 1972
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Abstract. A locally uniform space is a pair of sets (X, ¥), ¥" being a filter on
Xx X such that VUe 7, A(X)={(x, x> : xe X}cU, U '={y, x> :{x,y>e U}
€?, and Vxe X, IVe?: (Vo V)[x]=U[x]. We shall say that a sequence
{(Xn, ¥3) : n€ w} is nested iff Yne w, X, S Xy+1 and ¥, 41| X,=74. By a limit for a
nested sequence {(X,, ¥2) : n € w}, we shall mean any locally uniform space (X, ¥")
such that X=U {X, : n€w} and Vrne w, ¥'|X,=7,. Our first task will be to
consider when a nested sequence of locally uniform spaces has a limit; in order to do
this, we shall introduce a weak generalization of pseudo-metric functions. We shall
also show that, in contrast to locally uniform spaces, each nested sequence of uniform
spaces has a limit.

With each locally uniform space one can associate a regular relative topology in
the obvious fashion. E. Hewitt and J. Novak have constructed regular spaces of the
type on which every real-valued continuous function is constant; we shall use our
results about limits to give a relatively simple general construction for producing
locally uniform spaces which have this type of relative topology. The construction
may be done in such a way that the spaces produced have several pleasant topological
properties.

1. Sequential functions. In this section we wish to study a class of spaces which
does (in weaker fashion) for locally uniform spaces what pseudo-metric spaces
(or more precisely, écart spaces) do for uniform spaces. For any set X, we shall
let ®> X 'be the set of all finite sequences of elements of X. For each sequence
o=X,..., X, in ®> X and each x € X, let ox be the sequence x, ..., x,, x.

DEFINITION. A sequential function for a set X is a function S from “> X to the
power set of X' x X such that Vo e > X; {Kx, x) : xe X}<S,, S, is symmetric,
and Vx € X, (Syx © S,)[x]= S,[x].

DEFINITION. A gauge for a locally uniform space (X, ¥") is a collection I' of
sequential functions for X such that | {S[®> X] : Se I} is a subbase for ¥. We
shall say that a locally uniform space is sequenceable iff it has a one element gauge.

1.1 THEOREM. Every locally uniform space has a gauge.

Proof. Let (X, ") be a locally uniform space. For each symmetric V of ¥~ we
build a sequential function SV as follows: Let Sy =V; by induction, for each
¢ €®> X and each ¢ € X, having chosen S}, we let S, be a symmetric element of
¥" such that (S, o S¥,)[x]=SV[x]. Then it is clear that {SV : V is a symmetric
element of ¥"} is a gauge for (X, ¥"). [
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1.2 THEOREM. Any nonempty collection T' of sequential functions for a set X is a
gauge for some locally uniform space (X, ¥").

Proof. Let I" be a nonempty collection of sequential functions for a set X. First,
for each SeT, S[®> X]is a subbase for a local uniformity on X by the definition
of sequential functions. Second, it is easy to see that the union of any nonempty
family of subbases for local uniformities on X must itself be a subbase for a local
uniformity on X. Hence (J {S[®>X]: SeTI} is a subbase for a local uniformity
¥ on X, and T is a gauge for (X, ¥"). O

1.3 PROPOSITION. A locally uniform space (X, V") is sequenceable iff it has a
subbase # with cardinality at most that of X.

Proof. If (X, ¥7) is finite, then it has a one element base { D} which is generated
by the sequential function S given by Vo € ©~ X, S, = D. We may thus assume that
X is infinite. If S is a sequential function such that S[“> X] is a subbase for ¥, then
S[®>X]= =X~ X,;=X~=. On the other hand, suppose % is a subbase for ¥~ and
#==X~".Let A< X be such that A==%=, and let {V, : x € A} be an indexing of
2% by A. We may build a sequential function S by requiring S;= X x X and Vx € 4,
S,=V,N V1 and continue by induction to choose an appropriate S, € ¥~ for
each o € “X. Then S[®> X]24%, so that (X, ¥") is sequenceable. [J

1.4 PROPOSITION. For each cardinal R =R, there is a nonsequenceable uniform
space of cardinality X.

Proof. Let A be a set of cardinality X, and let X=4 x w, so that X==X. For
each f€ 4w and each x € X,

let M;(x)={{x,y> : y2f(x)};

let V,=A(X) U{M,(x)x M,(x) : x€ X}.
Then {V, : f€ “w} is a base for a uniformity ¥~ of X since, as is easy to verify, each
V; is symmetric and contains the diagonal in Xx X, Vo V,=V,, and Vg € 4w, if
he“w is given by h(x)=max {f(x), g(x)}, then V, =V, N V,. Suppose ¥" has a
subbase of cardinality X; taking the set of all finite intersections of elements of
such a subbase gives a base {U, : x € A} of cardinality X, which we may assume to
be indexed by 4. For each x € 4, choose f, € “w so that V; < U,. Then let g € “w
be given by g(x)=f.(x)+1. No U, is contained in V,, since for each xe 4,
Vol{x, g(x)>]=M,(x) is a proper subset of M, (x)= U,[{x, f(x)>]. This contradicts
the assumption that {U, : x € 4} is a base for ¥. [

2. Nested sequences of locally uniform spaces. For the following proposition
we shall need the result, shown by J. R. Isbell [3], that a bounded uniformly con-
tinuous pseudo-metric on a subspace of a uniform space may be extended to a
bounded uniformly continuous pseudo-metric on the whole space.

2.1 PROPOSITION. Let {(X,, %,) : n € w} be a nested sequence of uniform spaces;
let X=\J{X, :new). Then there is a strongest uniformity % on X such that
Vnew, U Xy=U
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Proof. Let T be the set of all pseudo-metrics d on X such that for each n € w,
d| X, is a bounded uniformly continuous pseudo-metric on (X, %,). First we shall
show for each n € w, that each bounded uniformly continuous pseudo-metric d
on (X,, %,) is the restriction of an element of I'. Using Isbell’s result, we may find
by induction, for each k=n, a bounded uniformly continuous extension d,, of
di t0 (Xyei1, Uiy r). If we let d=\ {d,. : k=n}, then d is easily seen to be a pseudo-
metric of the type belonging to T', and d| X, =d,. Let % be the uniformity for which
I'is a gauge. What we have just shown about I' assures %| X,,2%,, and the defini-
tion of I" assures | X, S %,. % is of course the strongest limit uniformity since for
any limit uniformity %’, every bounded uniformly continuous pseudo-metric on
(X, ') must belong to I'. [

DEFINITION. A limit for a nested sequence {(X,, ¥,) : n € w} of locally uniform
spaces is any locally uniform space (X, ¥”") such that X=J {X, : n€ w}and Vn € w,
V| X,="77. Such a limit is not in general unique. A

2.2 THEOREM. A nested sequence of locally uniform spaces with completely regular
topologies need not have a limit.

Proof by example. The proof depends entirely upon topological properties.
Let T be a completely regular space which is not normal. Let 4, B be closed disjoint
subsets of T which cannot be separated by open sets. Let w be the natural numbers
with the discrete topology. For each j € w, let X; be the union of w x (4 U B) and
{k e w : k<j}x T, together with two points a and b, which have, for each k € w,
the basic neighborhoods

Nya)={a} U n, x> : n>k, x € A},

N.(b)={b} v {{n,y> : n>k, y € B}.

Then each X; is obviously completely regular, and a closed subspace of Xj,;.
Let X={J{X; : je w}; let J be any topology on X such that Vj € w, 7| X; is the
given topology on X,. We shall show that 7 is not regular.

Let M and N be any open neighborhoods of a and & in X. Then we may choose
ko € w so that Vk> ko, {k} x A< M and {k} x BEN. For each k> k, M contains a
{k} x T-neighborhood of {k} x 4, and hence M meets {k} x B N. Consequently a
and b do not have disjoint closed neighborhoods. Since a and b have different
neighborhood systems, J cannot be regular.

As for the part about local uniformities, we may just take each local uniformity
¥; to be the set of all neighborhoods of the diagonal in X; (each 77 is in fact a
local uniformity by Theorem 1.4 of [4]). We need to show that each (X, ¥7) is a
subspace of (Xj.i1, ¥j.1)- Pick V;€¥j; then V; is the restriction to X;x X; of
an X;,;x X;;-neighborhood W of A(X,), the diagonal in X;x X,. Let V,,,
=WU ((Xj+1— X)) x(Xj41— X;)); then V;,, is a neighborhood of the diagonal
in X;,;xX;,; since X; is closed in Xj,;. Moreover V;,; N (X;x X,)=V; by
choice of W. Hence 7;,.|X,=7;. We conclude that the nested sequence
{(X;, ¥7) : j € w} fails to have a limit. [J
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DEerINITION. If (X, %) is a subspace of the locally uniform space (Y, ¥") and T
is a gauge for (Y, ¥7), then we may restrict I to a gauge for (X, %) as follows: For
each Sel', we let the map S|X:“>X— % be given by YVoe®> X, (S|X),
=8, N (Xx X). It is clear that S| X is a sequential function, and if we let I'| X
={S||X : S €T}, then I'| X must be a gauge for (X, %). (In the converse direction,
however, if I'" is a gauge for (X, %), it may not be possible to find a gauge for (Y, ¥")
which restricts to I''; this is evident by comparison of the following and preceding
theorems.)

2.3 THEOREM. Let {(X,, ¥;) : n€ w} be a nested sequence of locally uniform
spaces, then

1. There is a limit locally uniform space iff there is a collection of gauges T, for
(X, 75 such that Vne w, Ty 4| X, =T,

IL. If there is a limit ¥, then there is a strongest limit; there is also a limit which
is strongest among all limits generating the same topology as V.

Proof. To prove the first assertion, we first suppose (X, ¥") is a limit of the
sequence {(X,, ¥;) : n € w}. Let T be a gauge for #”; then Vn € w, I'| X, is a gauge
for (X, ¥3) and (I X, )| Xo =T X,.

Now suppose that for each n € w, T, is a gauge for (X,, ¥;) and I',, ;| X,=T",.
Let I" be the set of all sequential functions S for X such that Vn e w, S| X, € I',.
First we shall show for each n € w and each sequential function ,S € T',, that there
is a sequential function S € I such that S| X,=,S. Using our assumption that for
each k, 'y, 1| X, =T, we may choose by induction, for each k=n, ,,,S€ Ty,
so that ., ,S| X,=xS. We now define a sequential function § as follows: For each
o€ X, let S,=U {xS,s : k € w}. It is clear that each S, is symmetric and contains
the diagonal in X x X. For each o0 € ®> X and each x € X,

(Sox © Se)lx] = (U {pSox : PE@} o U {aSox 1 q € W})[x]
= U {(kSax o Sex)[x] : k€ ""}
€ U {Selx] : k € w} = S,[x].

The second line above follows from the first since if <x, y> € ,S,, and {y, z)> € ;S;,,
then {x, z) € ,S,x © xSsx, Where k=max {p, q}. Consequently S is a sequential
function for X. By construction S| X,=,Sand S e I'. Let ¥ be the local uniformity
for which T" is a gauge. What we have just shown assures ¥'|X,27, and the
definition of I' assures ¥"| X, = 7,. Thus (X, ¥") is a limit of {(X,, ¥3) : n € w}.

Suppose {(X,, ¥5) : n € w} has a limit; let L be the set of all limit local uniformi-
ties for {(X,, ¥3) : n € w}. Then | J L is a subbase for a local uniformity ¥™* on X;
¥"* is obviously the required strongest limit. Similarly, if L is the set of all limits
which have a given topology, then (J L is a subbase for a strongest limit with that
topology. [

We shall now attempt some answers to the question of when a nested family
of strongly complete locally uniform spaces has a strongly complete limit. As in
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[4] we shall make the following definitions: for each Ve ¥] let V2=V o V, and by
induction, for each n € w—{0}, let V"*1=V"0 V. A filter & on a locally uniform
space (X, ¥7) is weak Cauchy of degree n iff VYV e ¥;3Fe % : Fx FS V™ Itis weak
Cauchy if for some n € w it is weak Cauchy of degree n. A strongly complete locally
uniform space is one in which every weak Cauchy filter converges. For each
n € w—{0}, the collection {V'™ : V€ ¥} is a base for a local uniformity ¥™; it has
the same relative topology as ¥~ (by Theorem 1.10 of [4]). A space (Y, ¥ ) is a
strong extension of subspace (X, %) iff Vne w—{0}, Ime w—{0} : ¥"<¥™| X.

2.4 THEOREM. Suppose {(X,, ¥3) : n € w} is a nested sequence of strongly complete
locally uniform spaces. If (X, ¥") is a limit of the sequence and is a strong extension
of each (X,,7,), then the strongest limit which generates the same topology as
(X, ¥") is strongly complete.

Proof. Let (X, ¥7) be a limit which is a strong extension of each (X,, 7;). Let
(X, ¥™*) be the strongest limit generating the same topology as (X, ¥7). From the
fact that ¥* is stronger than 7] it follows easily that #"* is also a strong extension
of each (X, ;). Notice that if V is any ¥ "-neighborhood of the diagonal in X x X
such that Vne w, V N (X, x X,) € ¥,, then {VV'} U ¥ is a subbase for a limit local
uniformity with the same relative topology as ¥”; consequently, V € ¥* by the
maximality of ¥ *. Let & be a weak Cauchy filter of degree p on (X, 7).

First we consider the case for which there is a subspace X, such that VV e ¥'*,
IFeF : FxF<V? and V?[F]N X,#@. Then VFe & YV e V™, V¥*[F]N X,
#@; hence F'={V?*[F]: FEZ Ve ¥ *} is a weak Cauchy filter base of degree
5p whose restriction to X, is also a weak Cauchy filter base by Theorem 3.3 of [4].
Consequently &’| X, converges to some point x € X, since (X, ¥3) is strongly
complete. But then & must also converge to x.

Now consider the contrary case in which VX, 3Ve ¥ * VFe %;if FxF<V?,
then V?[F] N X,=2. We shall derive a contradiction. First we may construct a
nested sequence {V, : k € w} of symmetric elements of #™* such that VX, VFe #;
if Fx FE VP, then VP[F] N X,=@. Next,let P={J {(Vi[Xi] x Vi[ X ]) N Vi k e w}.
P is a neighborhood of the diagonal in Xx X, and Vaew, V, N (X,xX,)
PN (X,x X,)e?,; hence Pe ¥*. Since & is weak Cauchy of degree p, we may
pick Fe & so that Fx F< P?. We shall show by induction that Vn € w, F N V[ X,]
=g. First, FN VE[X,]=2: P<V, since the V,’s are nested; Fx FSPPC V¥, so
VE[F] N Xo=@, and thus F N VE[X,]=@ since V, is symmetric. Next assume,
given n>0, that Vm<n, FN VE[X,]=o. Since {V, : k € w} is nested, we have
that

PP < UA(VELX < VEIX D) O VE - k € w}

c VU u (VELX] % VELXD).
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Since Fx FSP? and Vk<n, (FxF) N (VE[X]x VP[X.]))=2, it must be that
Fx FC V?P; but then F N V?[X,]=g, by choice of V,. Hence

FnU{Vi[X] : kew} =g,

contradicting the fact that & is a filter on X. [

The above theorem is less than ideal since what would be most useful to have
is a condition on the spaces (X,, ¥;) which would guarantee the existence of a
strongly complete limit, without assuming the existence of a limit which is a strong
extension. This latter condition cannot, however, be dropped, as is shown by the
following example.

2.5 Example of a nested sequence {(X,, ¥3) : n € w} of strongly complete locally
uniform spaces which has a limit but not a strongly complete limit. Moreover, for
m<new, (X,, ¥,) is a strong extension of (Xn, ¥p).

For each nc€ w, let X,=Rx wx(n+2). We define a structure on each X, as
follows: for each p € w—{0}, we define V,, by requiring that Vx, y € X, <x, y)>
€ Vyp iff

(i) |x,—y:1|<1/p, x2=ys, and x3=yj; or

(ii) xy, y1>p, Xo=y2>p, and x3=ys; or

(ili) x;=y1>p, xa=Yy,, and x3y3=0; or

(iv) x;=y,>p and ((x3=0 and xy=y,+y3) or y3=0 and y,=x,+ x3).

It is not difficult to check that {V,, : p € w} is a subbase for a local uniformity
¥,. To show that each space (X,, ¥,) is strongly complete, one may argue as
follows: Suppose & is a weak Cauchy filter of degree k on (X,, ¥,). First notice
that max {Jus—vy| : <u, vy € Vopb=n+1. So if FeF and {x,y)e FxFS V[,
then |x,—y,|<k(n+1). Hence # must restrict to some subspace of the form
R x m x (n+2). But then &# must converge in one of these m(n+2) copies of R.

Let X,=U{X;:jew}=Rxwxw. For each sequence « of integers, let V,
= {V, : j € w}. It is a straightforward task to check that the V,’s form a sub-
base for a local uniformity ¥,. (X,, ¥,) is clearly the strongest limit for
{(Xn, 73) : n € w}. To show that {(X,, ¥,) : n € w} does not have a strongly com-
plete limit, it suffices to show (X, ¥5,) is not strongly complete. Vn € w, let
F,={xe X, : x;, x,>nand x3=0}. Then {F, : n € w}is a base for a nonconvergent
filter # on X,,. Pick V, € ¥,,. Pick x, y € F,, let a=|x;—y,|, then from the defini-
tion of the V,,’s, one can verify that F, x Fy; ;S Voe, © Vaag © Vaeg © Vouo S Va-
Hence & is weak Cauchy of degree 4.

Finally, if m<n € w, then (X,, ¥7) is a strong extension of (X, ¥3,): For each
p, k€ o—{0}, one can, after some calculation, estimate that V¥, N (X, x X,)
C Vak@n+2 Consequently, ¥ s+ 2 ¥k X,. [

3. Hewitt spaces.
DEFINITION. A Hewitt space is a nontrivial regular topological space on which
every real-valued continuous function is constant.
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First we will consider a general method for constructing Hewitt spaces, and
then specialize to show what types of spaces may be produced by the construction.
Though the procedure used in Hewitt’s example is different from what we will
use in the following construction, both procedures use the following ideas: As in
[4], we shall say that a bridge space is a regular topological space B together with a
pair of points @~ and a* in B which have disjoint closures, but which are function-
ally linked in the sense that for any real-valued continuous function f on B, f(a~)
=f(a*). To show that a regular space H is a Hewitt space, it would suffice to show
for some bridge space B with a~ and a™* that for every two points x#y € H, H
contained a copy of B with a~ and a* represented by x and y.

3.1 LEMMA. Suppose (X, ¥") is a locally uniform space and Y is a closed subset of
X such thatVVe¥,3Ue¥ : U[Y]<V[Y]. Then

(VUYIxY)U(Y<xV[Y]): Ve?)

is a base for a local uniformity ¥"|Y. The points of Y are identified in the V'|Y
topology.

Proof. For each Ve? let Vy=V U (V[Y]x Y)U (Yx V[Y]). It is clear that
{Vy : Ve¥}is afilter base. If ¥ is symmetric, then so is Vy. Each Vy contains the
diagonal in X x X. Given x€ X and Ve ¥] if xe X— Y, then since Y is closed,
we may choose Ue ¥ so that (Ue U)[x]=V[x] and U[x] " U[Y]=g; in this
case we will have (Uy o Uy)[x]=(U o U)[x]< V[x]. If x € Y, we may choose U e ?¥"
so that (Uo U)[Y]<=V[Y]; and in this case (Uye Uy)[x]=(U- U)[Y]=V[Y]
= Vy[x]. This shows that {Vy : V € ¥"}is a base for a local uniformity. The second
statement that the points of Y are identified in the topology of ¥7/Y is obvious.

Added in proof. Recently it has come to my attention that H. Herrlich has given
a topological construction similar to the following one in his paper Wann sind alle
stetigen Abbildungen in Y konstant?, Math. Z. 90 (1965), 152-154.

3.2 LEMMA. By means of the following construction, one may use any bridge space
B to embed any locally uniform space (X, %) as a closed subspace of a locally uniform
space (H, W) which is topologically a Hewitt space.

Proof. First we shall do a preliminary construction, using B to embed (X, %)
in a space (X, ”ﬁ) in such a way that every real-valued continuous function on X
is constant on X. The main construction will then be completed by iterating the
preliminary construction, making for each n € w, (Xpy1, %ps1)=(Xn, %4,,). Finally
we shall use Theorem 2.3 to choose a limit (H, #°) for {(X,, %,) : n € w}. Every
real-valued continuous function f on (H, #”) will be constant since each x, ye H
will belong to some X,, and f|X,,; is constant on X,.

So for the preliminary construction, we begin with a local uniform space (X, %)
and a bridge space B with a~ and a*. Assume, by making identifications if neces-
sary, that {a~} and {a*} are closed. Let ¥~ be any local uniformity which generates
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the topology of B. Let X=X x B. Let % x ¥" be the product local uniformity on X.
UxV¥ has a base of sets U(x)V={x,z;y,w) :<{x,y>e Uz, w)eV}, for
Ue% and Ve V. The set Xx{a*}is closed in X, and we may let

U = (UxV)(Xx{a*})

be the local uniformity given in the above lemma, since for each element U(x)V
of % x ¥, if we choose W e ¥ so that (W o W)[a*]< V[a*], then

(U)W U(x)W)[Xx{a*}] = Xx(We W)la*]
S XxV[at] = (U(x)V)[Xx{at}]
% has a base of sets of the form

W(U, V) = U(x)V U (Xx X)(x)(V[a*]x{a*} U {a*}x V[a*]).

It is easy to see that the map x — <{x, a~) from (X, %) into (X, @2) is an embed-
ding, and we may identify X with the closed subset X x{a~}. To show that any
continuous function on (X, %) is constant on X, we first notice that for each given
x € X, the map b {x, b)> is an embedding of (B, ¥") in (X, %). This is the case
since for each U € % and each symmetric V € ¥,

W(U, V) 0 ({x} x B)x ({x} x B)

= {{x, M)V U {Kx, Y (x)(Va* I x{a*} v {a*}x Va*])

= {{x, D}(x)V.
If f is any continuous function on X and x, y € X, then {x} x B and {y} x B are
bridge subspaces of X, so f(<x,a™>)=f({x,a*)) and f((y,a ))=f(y,a*)).
But the points {x,a*)> and <{y,a*) are topologically identified, so f({x,a™*))
=f(Ky, a*>). Putting these things together, we have f({x,a >)=f(Ky,a™>).
Therefore f'is constant on X x{a~}, the image of X.

We next show that any gauge for (X, %) may be extended to a gauge for (X, %):
Let " be any gauge for (X, %). Pick S € I. Let & be the set of all symmetric Ve ¥~
such that V[a~] N V[a*]=g. Pick V, e #; by induction for each n € w, choose

Vag1€# so that (Vp,i0Vy,i)la“]l=Vala™]. For each n-element sequence
ce®> X, let S,=W(S,, V,). Then for each x € X, our choices guarantee that

(Sax ° Aax)[<xa a~>] = (Sax ° ax)[x]x(Vn+1 ° Vn+1)[a—]
€ S,[x]x Vila~] = S,[<x, a7)].

The bijection x+— <{x,a”) from X to Xx{a~} induces a bijection o+ o* from
©> X to ®>(X x{a~}). The composite function o* > o = S, from ©>(X x{a"}) to
@ may now be extended to a sequential function $ from ©> X to 4 by induction.
Having chosen S, with 7€ > X, we just choose for each x e X, a symmetric
S.. € % so that (S, © S,,)[x]< S.[x]. The function S is, in effect, an extension of S
since for each ¢ € ©”> X,

Sor 0 (X x{a ) x (X x{a"}) = So(x){<a™, a >}
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Finally, as indicated at the beginning of the construction, we define (X,, %,)
for each n e w as follows: Let X,={xe (XU B): xo€ X; Vm>0, x, € B; and
Vk>n, x,=a"}. Let H=J{X, : n € w}. We may transfer the local uniformity
% on X to an isomorphic local uniformity %, on X, by means of the bijection
X+ X, from X, to X. For each n € w, we can define a bijection 8, from X,= X, x B
to X, as follows: Vx € X,, Vy € B, B,(x, y)(n+1)=y, and for i#n+1, B.(x, y)(i)
=Xx;. By induction, for each n=0, having defined %, on X,, we use B, to transfer
4, on X, to an isomorphic local uniformity %, , on X,, . For each n, B, transfers
the embedding X, — X, x{a"}= X, to the identity embedding X, - X,< X,, .
Consequently, each gauge on (X,, %,) extends to a gauge on (X, 1, %,,1). Hence
by Theorem 2.3, we may choose a limit (H, #") for {(X,, %,) : n € w}. This com-
pletes the construction. [J

3.3 THEOREM. Suppose (X, U) is any locally uniform space with some of the
Sfollowing properties:

(1) it has cardinality Rz R,

(2) its relative topology is separable,

(3) its relative topology is first countable,

(4) it is strongly complete.
Then (X, %) may be embedded as a closed subspace in a locally uniform space which
has the same properties, but is topologically a Hewitt space.

Proof. By Construction 5.6 of [4], we may let (D, ¥7) be a locally uniform space
which has cardinality X,, satisfies conditions (2)-(4), and is topologically a bridge
space. Our proof will consist of applying the above construction to (X, %), using
(B, ¥") for the bridge space.

If (X, %) has cardinality X=X,, then so does X=X x B, and by induction, so
does each X,. Consequently so will their union H. Thus property (1) is preserved.

If (X, %) has a separable topology, then the product (X, %)x(B,?") has a
separable topology. The topology of (X, @?) is weaker than that of % x ¥/, and hence
is also separable. By induction each (X,, %,) has a separable topology. Conse-
quently, any limit (H, #") being the countable union of separable subspaces, also
has a separable topology. Thus property (2) is preserved.

In order to preserve properties (3) and (4), we must be careful about the limit
taken at the end of the construction. If the limit (H, #7) is too strong, it may not
have a first countable topology, and if it is too weak, it may not be strongly com-
plete. So first we shall define a limit %~ which has a first countable topology (pro-
vided (X, %) does), and then pick the strongest limit #"* which generates the same
topology as #. #°* will be strongly complete provided % is.

Foreach Ue % and Ve, let

T(U, V) ={x,ypeH:Ime w,Yn > m, {x,, y.y € V and

(Xm+1 = a@* OF Ypyy = a*, or m = 0 and <xo, yoy € U)}.
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For each ke w, let T (U, V)=(X,x X,) NT(U, V). Let Z={T(U,V): Uec%,
V e ¥’}; for each k € w, let B, ={T(U, V) : Ue %, V€ ¥"}. We want to show that
each %, is a base for %,, and that & is a base for a limit local uniformity. If
U U €% and V,V'e¥, then TUN U, VN V)ST(U, V)YnT(U', V'), so
that # is a filter base. Consequently so is each %,. We have first Z,=%,; by
induction, if %, is a base for %,, then it is easy to see that .9?,,={W(T,,(U, V), V):
Ue, Ve¥}is a base for 4,. Under the isomorphism

lgn: (Xm @}") g (Xn+1, %n+1)>

each W(T(U, V), V) transfers to T,..(U, V). Hence %, ., is a base for %, ;.
To show that & is a base for a local uniformity on H, we notice first that each
T(U, V) contains the diagonal in Hx H, and if U and V are symmetric, then so is
T(U, V). Next, given T(U, V) € # and x € H, let n be the least integer such that
x € X,; then we may choose U’ € % and V' € ¥ so that T,(U’, V') [x]<=T(U, V)[x],
and so that V'2[a~]<V[a~]and V'[a*] N V’'[a~]=@. Using induction we assume
for m=n that T,(U’, V')?[x]<T,(U, V)[x]; then

W(T(U', V"), V'[Kx,a™>] = Tp(U', V')?[x]x V'?[a"]
< T.(U, V)[x]x V[a~]
s W(Tw(U, V)Kx,a™>)].

Transferring this calculation from X, to X,.,;, we have T, ,(U’, V")?[x]
€ Tn+1(U, V)[x]. Taking the union over all subspaces, we have T(U’, V’')?[x]
cT(U, V)[x]. Hence % is a base for a local uniformity #" on H. Since Vn € w,
B\ X,=%,, (H,#") is a limit of the sequence {(X,, ¥;) : n € w}.

Now we suppose (X, %) has a first countable topology, and show that (H, #")
does. Pick x € H; let n be the least number for which x € X,. Let {U,[x,] : k € w}
be a countable base for the neighborhood system at x, € X, with each U, e %.
For each m with O<m=n+1, let {V[x.] : kK € o} be a countable base for the
neighborhood system at x, e B, with each V,,.€ 7. For each kecw, let V,
=\ {Vme : 0<m=n+1}. We now show that {T(U,, V,)[x] : k € w} is a countable
base for the % -neighborhood system at x: Given U € % and V € ¥, suppose that
U[xo]l= Ulx,], and for 0 <m =n+1, that V,[x,]< V[x,]; then it is easy to see that
T(Uy, Vi)[x]=T(U, V)[x]. Hence (H, #") has a first countable topology. Thus
property (3) is preserved.

Finally, suppose (X, %) is strongly complete. We shall need the following facts:

(1) A closed subspace of a strongly complete locally uniform space is strongly
complete.

(2) The product of strongly complete locally uniform spaces is strongly com-
plete. These statements are essentially part of Theorems 6.14 and 6.15 of [4]. (1)
is true since a filter which is weak Cauchy on a subspace must be weak Cauchy on
the whole space. (2) follows directly from the fact that for any product of locally
uniform spaces, the coordinate projections preserve weak Cauchy filters.
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First we show by induction that each (X,, %,) is strongly complete. (X,, %,) is;
for n2 0 suppose that (X,, %,) is. Let &# be a weak Cauchy filter of degree p on
(X, a,). If each F e # meets each neighborhood of X, x{a*}, then & converges
to the identified points of X, x {a*}. On the other hand, suppose there is a neighbor-
hood N of a* such that & restricts to X, x(B—N). Pick Ue ; pick Ve ¥ so
that V?*[a*]=N; let M=(X—V][a*])~. Then if we choose Fe #|X,x(B—N)
so that Fx FE W(T(U, V), V)?, we have

FxF< WU, V), V)? 0 (Xax(B—N))x (X, x (B—N))
S W@, V), V) N (Xax M) x (X x M)JP.

Hence #|X,x(B—N) is weak Cauchy of degree p in X,xM. (M, 7’ |M) is a
closed, and therefore strongly complete, subspace- of (B,¥"). The space
(X, x M, @,,IX,, x M) is equal to (X, x M, %, x¥"|M) by construction, and being
the product of strongly complete spaces, is strongly complete. Hence %X,
x(B—N) converges in X,x M; so &# does too. Therefore (X,, @2,,), and thus
(Xps1, Uy o) is strongly complete.

Next, we can show that (H, #") is a strong extension of each (X,, %,) as follows:
Pick ke w;if Ue %, and V € ¥ is such that {(a~, a*), (a*,a~>} N V¥=g, then
it is easy to see that Vm=n,

T 1(U, VYN (XX X)) = To(U, V)
thus using induction, Vm 2 n,
To(U, V) N (X x X;) = TW(U, V)5
thus
TU, VN (X, x X,) = T(U, V)-.

Hence (H, #") is a strong extension of (X, %,).
Finally, if #7* is the strongest limit which generates the same topology as ¥,
then by Theorem 2.4, (H, #*) is strongly complete. Thus property (4) is preserved.
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