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OPEN MAPPINGS OF THE UNIVERSAL CURVE
ONTO CONTINUOUS CURYVES
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DAVID C. WILSON(Y)

Abstract. A criterion for the existence of an open mapping from one compact
metric space onto another is established in this paper. This criterion is then used to
establish the existence of a monotone open mapping of the universal curve onto any
continuous curve and the existence of a light open mapping of the universal curve
onto any nondegenerate continuous curve. These examples show that if fis a monotone
open or a light open mapping of one compact space X onto another Y, then it will
not necessarily be the case that dim Y=dim X+ k, where & is some positive integer.

1. Introduction. The two main theorems of this paper are the following:

THEOREM 1. There exists a monotone open map of the universal curve onto any con-
tinuous curve such that each point-inverse set is homeomorphic to the universal curve.

THEOREM 2. There exists a light open map of the universal curve onto any non-
degenerate continuous curve such that each point-inverse set is a Cantor set.

R. D. Anderson announced Theorem 1 in 1956 [5]. However, since he never
published a proof, the details are supplied here. In 1958 he conjectured [10] that
there exists a light open map of the universal curve onto any n-cell. This question
is answered by Theorem 2.

The existence of open dimension raising mappings has been of interest for some
time. The first light open dimension raising mapping was given by Kolmogoroff
[16] in 1937. In this example the domain is a 1-dimensional continuous curve
and the range is 2-dimensional. In 1954 Keldys [15] constructed a similar example
where the range is a 2-cell. In 1952 Anderson [6] constructed a monotone open
map from a 1-dimensional continuum onto the Hilbert cube. The techniques of
this paper are basic to the proofs of Theorems 1 and 2.

Theorem 1 is of particular interest because of the following theorem of Dyer
[13]: If M and N are compact metric spaces, f is an open map of M onto N, f~*(y)
is a nondegenerate continuous curve for each y € Y, and there exists ¢ >0 such that
no simple closed curve in M of diameter less than e is mapped to a point, then dim M
=dim N+ 1. A theorem of Alexandroff [1] states that if X and Y are continuous
curves and f is an open map of X onto Y such that each point-inverse set is countable, then

Presented to the Society, January 23, 1969; received by the editors April 2, 1971.

AMS 1970 subject classifications. Primary 54C10, 54F45; Secondary 54F50.

(Y This research was supported in part by the National Science Foundation, under NSF
grant GP-7952X1. This paper contains most of the results in the author’s Ph.D. thesis, written
at Rutgers University under the supervision of Professor Louis F. McAuley.

Copyright © 1972, American Mathematical Society

497



498 D. C. WILSON .. . 7 7o [June

dim Y<dim X. Theorem 2 shows thatif a light open map has uncountable pomt-m-
verse sets, then the dimension of the range can be any positive integer or even infinite.

2. Open mappings. Let (X d) be any memc space Let G be any colleétion of
subsets of X. R

Notation. Let G* denote the subset of X con51stmg of all points of X which are
in some member of G. If 4 is a subset of X and ¢ a real number, then let N,(4)
={x € X : there exists a € 4 such that d(x, a)<e} Let d[A] denote the diameter
of A. If B is another subset of X, then let d[A B} denote the Hausdorff distance
between A and B. Let ,u.(G) maxgea {d[g]} _

A compact metric. space is. called a compactum. A space is called a contmuous
curve if it is a connected and locally connected compactum Int (A) will denote the
mterlt)t of A relattve to X. ’ '

PROPOSIT]ON 1. Let X Y Z,, and Zz be compacta such that X CZl and Ycz,.
Suppose there exist two'sequences of finite collections of compacta; F={F,}*.; and
G={G,}>-,, with the following properties: . .

1. Z,2Ff DFn”QXfor all nand N\3=, F¥= X

2. Z,2G52Gr4,2 onr all n and 7=, G¥ =

3. Given e>0 there exists N such that n>N tmplles w(G, Y<e.

4. T, is a function of F, into G, such that

(a) Iffnemen 1 an 1 andf,,Cf,, 1 then Tn(fn)cTn l(fn l)a B
“(b) if x € X, then there exists a nested sequence {f;}- 1 such that X € f,, € F

5. If fu fi€ Fyand fy Wfi# 0, then T(f) N Ti(f)#2.

Then there exists a continuous function of X into 'Y defined by g(ﬁn 1 f,,
=N, Tn(f,,), where f, € F, and the sequence { f,,},l L is nested o

Proof. We leave the proof to 'the reader.”

DEFINITION A contmuous functton from X onto Y is cal]ed open 1f and only if
the i 1mage of every open subset of Xi 1s open in ) A

The next theorem is. a gencrallzatlon of’ Theorem I in [6]

PROPOSITION 2 Let X Y and Z be. compacta such that X < Z, Suppose there exzst :
two sequences of. ﬁmte collectlons of compacta F {Fﬂ}mgl and G={Gnln=1. wzth the
followzng properttes e t . :

1 .Gr= onr alln o . -

ZDF,’,",le*for allnandﬂ,,ﬂf,., ‘ .

3 Gwen e>0 there extsts integer ny such thatn > nl tmpltes p.(G,,) <e..

4, There exlsts a one-t0-ong and onto correspondence between F and G, gwen by.
T such that

(a) lffn € Fns fn. 1€ Fn 15 a‘ndfncf;l 1s ‘then Tn(fn)c Tn‘ l(fn 1)’
(b) if x € X, then there exists-a nested sequence {fa}ay such that x € f,, € Fa,
S (eyiif-ye Y, then there exzsts a nested sequence {g,[},, 1 Such that ye & € G .
and T-l(gn)CTn l(gn 1) ‘ .
5. Af foaSn € Frs. thenfuﬂfﬁé@ lfand only lan(f;t) A Tn(fn)aé@
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6. There exists n>0 such that if f,, f, € F, and f, O\ fu# 3, then f, <= Nyar(f3).
7. There exists p>0 such that if fo€F,, fa_1€Fy-y, and f,,Cf,l 1, then f,, 1

S Nyz-1(f).
Then there exists an open mapping of X onto Y defined by

df4) - Anoo.

where f, € F, and the sequence { f;,};‘,i 1 is nested. Moreover, g~ (g(N\®-11.)
—mn lfn . o

. Proof. By Proposmon 1 we know that g is a continuous map of X into Y It is
easy to show.that the map g is onto. A » S

If {f,}2-1 and {f;}- are nested sequences which have the property that there
exists, f,, € F,, such. that f, N f,#2 and f, N f,#@, then Propemes 5, 6, and 7
can be.combined to show that (M7= i /i S Najamens an((Na=1/n)-

The map g is open. Let x € X and let ¥ be any open subset of X containing x.
We. must show that g(x) is interior to g(V). Choose m large enough that
NajoymenranX)S V. Let gt ..., gn be all the members of G,, which contain g(x).
Let {f,}=-1 be-a nested sequence such that x € f, € F, for all n. Let y € g}, where
1<isr. Let {f;};-1 be a nested. sequence such that f, e F, for all n- and
g(ﬂ:? 1f2)=y. Since y € gh N To(fn), Tn'(gh) N fu# 3. Since g(x) € gn N Tn(fm)

1(gm) N fu#2. Therefore, x € (721 /< Namymansan(MNn= 1fx), and there must
ex1st x' e Ne- 1fn such that d(x, x")<($)"(2n+3p). Thus, x" € V. Since g(x')=y,
by the definition of g, we have shown that g(V) contains g} U---U g,,, Since

g(x)elnt (gn V- --U gn), g is an open mapping. :
We now want to show that if {f,}°-; is a nested sequence such that fue Fn, then

_l(g(nn lfn)) nn 1fn .

By the deﬁnmon of g, we know that g‘l(g(ﬂ,, 1/2)) contains ﬂn lf,, If

‘,l(g(ﬂ,.-l_fn,),)%ﬂn.‘,l_fm then there exists x" € g7 (g(Ma=1 f2)) —(Na=1 /o Let
{fa}w-1 be a nested sequence such that x’ € f, € F, for all n. Choose m large enough
that (3)"(2n+3p) <3d[x', Nr=1 fa}. Since g(x")=g(N7=1 /o) Tu(fa) N Tu(fn)# 2.
Therefore, f,, N frn#2 so that (M7= foS Najoynans aw(Nn=1.fw)- Since x" € N1 fr,
there exists x € (-1 f, such that d(x, x') <(3)™(2np+3u). Therefore, d(x’, (=1 f7)
Sd(x, x')<3d[x', N7-1 /), a contradiction. Thus, g=(g(MNr=1/w))=Ni=1/n
and we have established our proposition.

Notation, If G is a collection of subsets of X and 4 is a subset of X, then let
St (4, G)={ge G : g " A+# z}. This collection is called the star of 4. Inductively,
let St* (4, G)=St(St"~* (4, G)*, G). For convenience let St° (4, G) denote the
collection of all members of G contained in 4. Let St* (4, G) be the empty collec-
tion for all negative integers k. _

‘When R. D. Anderson proved Theorem 1 in [6], he added additional inductive
conditions to .the original hypotheses in order to prove the theorem. For our.
purposes it is convenient to isolate these conditions into a separate proposition.
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PrOPOSITION 3. Let X, Y, and Z be compacta such that X< Z. Suppose there exist
two sequences J={J,}2-, and K={K,}7_, of finite collections of compacta with the
following properties:

1. J;={Y}and J¥=Y for all n.

2. K, ={Z}, KX 2K} and NF7-, K¥=X.

3. Given ¢>0 there exists m such that n>m implies u(J,) <e.

4. The members of J, and K, have disjoint nonempty interiors.

5. There exists an integer L, > 1 with the property that if j,eJ,and ji_,, ..., ji_,
are all the members of J,_, which meet Stin*1 (j,, J)*, thenjl_, N---Nji_,#3.

6. There exists a one-to-one and onto correspondence between J, and K, given by
R, such that R.(j,) N R,(jn)# @ if and only if j, N j,# @. There exists >0 such
that If.]n n]r'ﬁé <, then Rn(jn)E Nn/2"'1(Rn(jrlt))~

1. If ju€Jpandj,_ € Jy_y, then Ry(jn) N Ry _1(jn-1)#@ if and only if j, _, meets
Stla (j,, Jo)*. Also if k,eK, and k,_,€K,_, and k,Nk,_,#@, then k,
NInt(k,_,)#3.

8. There exists A>0, such that if j, O\ j,_1# 3, then R, _1(j,- 1)< Npan(R(Gin))-

Then there exists an open map g of X onto Y, which has the property that
g g(Nw=1 ) =Nr=1fn, where {f;}7-1 is a nested sequence such that f,= R.(j3)
U- .U R,(j1), where jL V- --U jI € G,. (G, is defined below.)

Proof. Let G,={jiv---Uji:jin---Nji#z,jiet,}). A member g of G} is
inG,ifandonly if g=jiU---Ujlandjin---NnjiNnj=g forall j¢{j, ..., 5
Note that G¥=Y.

Since the members of J, have nonempty disjoint interiors, each member of G,
can be written uniquely as a union of members of J,. If g,=jluU---U I then
define T,;Y(g,)=R.(ji) V- --U R,(jz). Since g, is written uniquely as a union of
members of J,, T;! is a well-defined function from G, onto the collection F,
={T;*(g,) : g, € G,}. Since distinct members of K, have disjoint nonempty
interiors, T, ! is one-to-one. Therefore, T, is well defined.

The proof of Proposition 3 will be a verification of the seven properties listed
in the hypotheses of Proposition 2. Since most of this checking is routine, only a
few properties are verified here.

Property 4b. Let xe X. We must find a nested sequence {f,}7-; such that
x ef, € F, for all n.

Let fi=Z. For n>2 choose k, € K, such that xe k,. Let k1_,,..., k},_, be all
the members of K,_; which have the property that R;1;(k%_,) meets
Stia*t (R (k,), Jo)*. If k,_, is a member of K, _, which contains x, then x € k,
N k,_,, so that by hypothesis 7, R;1,(k,_,) meets Sti» (R; 1(k,), J.)*. Therefore,
ko_re{ki_o, ... ki_Jand xeki_,u---Ukl_,.

Now choose f, _, to be any member of F,_, which contains k¥ _, U---U k7, _;.
(There does exist such a member of F,_,, because by hypothesis 5, we know that
R7YL(ki_) -0 Ry (kh-1)#3.) We want to show that if £, _, has been chosen
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as above for all n, then the sequence {f,,_,}2_, is nested. Since x € k,, we know that
k, will be contained in f,. Thus, f,< St (k,, K,)*. Therefore, it is sufficient to show
that St (k,, K,)*<k:_, U-- U ki_,. If k, € St (k,, K,) and k,, N k,_,# @, where
ko-1€K,_,, then R;'(k,_,) meets Stin(R;(k;),J,)*. Since k,Nk,#3,
R;Y(k,) N R7Y(ky)# @, and thus R;1,(k,_,) meets Stia*! (R (k,), J,)*. There-
fore, k,_, is a member of {kl_,,..., ki_;}. Therefore, k,ckl_, U--- Uk} _;.

Property 4c. Let y € Y. Choose j, € J, such that y €,. Let j:_,,...,ji_, be all
the members of J, _; which meet St *! (j,, J,)*. Since ji_, N---NjI_,#3, there
exists g,_, € G,_, which contains ji_, U---Uji_,. We want to show that the
sequence {g,_i}r-2 has the required properties.

Note that y e g,_,. Forif y € j,_,, thenj, N j,_,# @, and j,_, meets St (j,, J,)*.
Therefore, j,-, meets Sti*!(j,, J.)* and j,_y€{ja_1,...,jn-1}. Thus, yeji_;
U U jn 1S8n1

We must show that g,<g,_,. Since y €,, j.Sg,. Therefore, it is sufficient to
show that St (j,, J)*<ji_, V- - ji_y. If j, € St (ju, Jy) and j, N j,_, # @, where
Ja-1€Jn_y, then j,_, N St(, J)*#2. Hence, j,_, N St2(j,,J.)*#2 and
Jn-1€{ja-1s -5 jn-1}. Thus, St (ju, Jo)*Sja-y V- -U ja 1.

We want to prove that T, Y(g,)<T71(g.-1). It is sufficient to show that if
.]r't € St (jm Jn)’ then Rn(.]flt)g Rn—l(j%—l) Uy Rn—l(jr’;—l)- If .]f,l € St (jn, Jn) and
-Rn(];t) N Rn—l(jn—l)7é <z, thenjn—l N StL" (Jrlu Jn)* #9. ThUS,j,,_ 1N StL" 1 (jm Jn)*

#9 andjn—l G{jr]i~1, ‘e "jr’;—l}' Therefore, Rn(jrlt)an—l(j%—l) U---u Rn—l(jri—l)'

Property 6. Let f,, fn € F, such that f, N f,#@. Thus, there exist k,, k, € K,
such that k,<f,, k,<f,, and k, N k,#@. By hypothesis 6, we have

o & Nyar-1(ky) S Nyor-1(Nyan-1(k3)) S Nyjor(kn) S Nyan(f2)-

Property 7. Let f, € F, and f,_, € F,_, be chosen such that f,<f,_,. If j,eJ,
and j,=T,(f,), then since T(f,)=T,_.(f,-1), there exists j,_1<T,_;(fn-1) such
that jn njn—17ég- Sil‘lCC Rn—l(jn—l)gNAI2”(Rn(jn)), fn—lgNnIZ"_l(Rn-l(jn—l))
S Nyz-1(Naj2(Ra(Jn)) € Najoyrzn+ n(Ra(Jn)) S Navjzyran+ n(f)- 1t we let

p=32n+2),
we have Property 7.
Proposition 3 now follows from Proposition 2.

3. The two main theorems.

DEFINITION OF THE UNIVERSAL CURVE. Let N be the set of points in E® for
which0=x<1,0=y<1l,and 0=z=1. Forw=x,y,zand i=1,2,3,..., let Di(w)
be the collection of all open intervals on the w-axis of length 1/3! whose endpoints
have w-coordinates which are positive rational numbers less than 1, the expression
for each such rational number having 3! as a denominator when in lowest terms.
Let M be the set of all points (x, y, z) of N for which for no i do two of the points
(x,0,0), (0, y,0), and (0, 0, z) belong to the set Df(x) U D¥(y) U D¥(z). The set
M is called the universal curve.
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- Notation. 1f A< X, then Bd (4) will denote the boundary of A4 relative to X.
Cl (4) will denote the closure of A relative to” X. If G is a collectionof subsets of X,
then let G(A4) denote the collection 'of all members of G which are contained in A.
Let G'(A4) denote the collection of elements of G not contained in 4. Let Zg(A)
be -those elements of G(A) which meet' elements of G’(A) Let |G| denote the
cardinality of G.

- DErFINITION. If G is a tollection of point sets, then G is said to'be s:mple provided
1. For each g € G, g—Bd (g)-is connected and Cl(g-Bd (g))=g. -
‘2. Distinct members of ‘G have dlSjOlnt interiors relative to'G*.

DEFINITION. A finite collection of ‘sets G= {gl, .5, gst 1s called -a simple chain
if g N'g,# if and only if |i—k| < 1. : ST ‘
Note. In this paper it will always be the case that simple chains are-simple

collections. o
The terms interlace, 1-dimensional collection, A-defining sequence, and 'B-

defining sequence are all defined in [2] so that we will not define them here. In the

same paper R. D. Anderson showéd that every 1-dimensional continuum for
which there exists a B-defining sequence is homeomorphic to the universal curve.

PROPOSITION 4. If Y is any continuous curve, then there exist two _sequences of
ﬁmte collections of continua J={J,}2-, and K={K,}2, with the followmg properties:

1. Ji= {Y}andJ* onralln v

2. K\={I% and K,TSK,’," 1for all n.

3. (W) <1/n.

4. J, and K, are simple collections.

5. There exists an integer L;> 1 with the property that if j, € J, and ji_., ..., ji_1
are all the members of J,_, which meet St'»*1 (jo, JL)*, then ja_, O-- -0 ji_1#3.

6. There exists a one-to-one and onto correspondence between J, and K, given by
R, such that R,(j.) N R.(jD)#& zf and only if ju "\ ja#@. If jo O ju# 2, then

n(]n)CNBI2” 1(Ra(jn))-

7. If./n € Jn and]n—l € Jn—la ‘then Rn(jn) N Rn—l(jn—l)?é 9] ifand only if.jn-l meets
Stin (j,, Jo)*. Also, if k, € Ky, kn_1€ K, 1, and k, N k,_,# 3, then

b NIt (K1) # 2.

8. If ju€Jny juor €Ju_1, and j, O\ ju_1# 3, then R,,( _1,.) meets every member of

H, (R, l(fn 1) and R, _ l(fn I)CNBIZ"(Rn(.]n)) T !

+ 9. There exists. a finite simple collection -of polyhedral 3-ceils H, such that H,
refines K,, K}¥=HY, and H={H,}*- is a’B-defining sequenceA Also, y(H,,)<4/2"
Distinct members of H, meét in the empty set or in.a 2-cell. S

* 10. :For-each j, € J, there exists a collection A;, < H, such ,that AY. =R (j,) and such
that if j, € J, 'and j, O\ j;#@ ; then R, (j,) meets:each member: of A s, and each com-:
ponent of Ry(j,) meets some member of A; . Each component of R.(j,) will contain
exactly one member of A; . No member of H will meet two members of the collectzon
{a€A;, : jaely}.
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~ Proof. We can choose the metric on Y so that d[Y]<1. Define R, between J;
and K; by R, (Y)=1I3. Since d[Y]< 1, u(J)<1. .

- Let H,={I®}. Since d[I®]=3"2<2, u(H,)<4/2". All of the other condmons in
the first stage of the mductron are trwrally satisfied. Assume the theorem for the
integer n. S ' : '

.We now. want to deﬁne a functron Yn from the collectron E {h N h’ h, h’ e-Hn
and h N k' # @} into, the subsets of I® with. the follqwmg properties: .

1. y.(h N A')is a polyhedral 3- cell contained in Int (huK).

2. The members.of the collection {y,(h N ') : h#h'} are pairwise disjoint.

3. If hand A’ are distinct members of H, and & Nk’ # @, then y,(h N A") N y,(h)
=2-cell and y,(h N k') " h AR =2-cell.

Moreover, we want to require that there exists a srmple cham of polyhedral
3-cells, I', (A N A’) such that -

1. The first member of I'y(h N /') is ya(h) and the last i is y,,(h ) (or vice versa)

2. Ty(h A RY*=yu(h) U yalh N K) U yalh).

C3T W(h OR)* refinies {h, 1} and has an equal nimber of hembers in each of h
and &',

4. Consecutive members of T W(h O W ) meet in 2-cells.

S uTahn K ))<4(=})’“‘1 and if h#H, then ]Fn(h N k)| > 50.

Let yn(h) be a polyhedral 3-cell in the mterror of h such that d[y.(h)] <4(3)"*1.
(The set y,,(h) can be taken to be a cube ) Let T'y(h)= {yn(h)} Let hn h’ be a mem-
ber of E, where h#h'. Let A be a polygonal arc in the interior of v % such that
A meets the 2 cell h N h’ in one point, and 4 meets each of va(h) and’ ‘y,,(h ) in an
endpomt of A We can assume the members of the collection of all such arcs are
pairwise dlSjOlnt with the same propertres as the old. “Fatten™ each arc shghtly
so that the fattened arcs remain disjoint’ and meet y"(h) in a 2-cell The set
yalh N h ) wrll denote the fattened arc between y,,(h) and ya(h' ) Itis now clear that
we can find a srmple cham of 3-cells Fn(h Nh) w1th the desrred propertles Let r,
denote the collectlon of all 3-cells Wthh are members of some F WO H).

Let ye Y. Smce yelInt (St  J)®)s there exists &,>0 such that N, (»)
CSt (r, Jn)*. The collectlon {Ne,(») : ye Y} covers Y. Since Y is compact there
exists a number e 'S0 such that every subset of Y of drameter Iess than & wrll be
contained in somie member of thls cover '

Let L, ,; =maXyex, {|H,‘(k)[}+ 1

Pick e<min {l/(n+1), ¢'/(2L,.1+3)} and let J,,, be any e-partitioning of Y.
Let Joy 1 ={Cl (jn+1) : jn+1 € Jns 1}

For each j,,, € J,,, we want to construct a polyhedron in H,¥. This polyhedron
will be denoted by R, . 1(j.+1) and will in fact be contained in Upnp-ez y(h N A).

First we must decide which members of H, the set R, :(j,.1) is to meet. Let
Jn€J, and let 4;, be the collection given in Property 10 of the induction. If j, .,
eJn+1 and .In f'\ St (.1n+1, n+1) #g bUt ]n ﬁ Stk ! (.]n+1, n+l) —Q then

Ry 1(jus1) is to meet each member of Stfa+i~* (4%, n(Rn(]n))) and Ry 1(Jns1)
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is to miss every member of H,(R,(j,)) not in this collection. From now on we will
denote this collection by Stla+1=F (4F).

If he H,, then let J(W)={jn+1 E€Jns1 : Roy1(Juy1) is to meet ). Let AN A’ € E.
We want to define two functions %% = 6%-* and 6%"* = 6% from J(h) N J(h') onto
collections of 3-cells in Int (I',(h N A')*) with the following properties:

1. If Ci(h, k') denotes the range of 6", then C,(h, h') U Cy(h, h') is a finite
simple collection of polyhedral 3-cells such that |J(h) N J(#)|=|Ci(h, I')| for
i=1,2.

2. Each member of Ci(h, h") meets each member of I',(h N A’) in a 3-cell.

3. If jur1, jrer€J(W)NJ(H) and ye T (h N K'), then j, oy Njr1#2 iff for
i k=1,2, 6" (j, 1) 00" Nyisa 2-cell. If j, ., N j,.1=2, then

%'h/(jrw N 0’1;'h'(jn+ =2 forik=12.

4. Denote 67" by 6% and C(h, h) by Ci(h). If h#h', then 62(j,,,) meets exactly
one member of Cy(h, h'), where k=1 or 2. In particular, 02(j,.1) N 0" (j,+1) is a
2-cell.

To construct these collections first let Ci(h, ') U Cy(h, h’) denote a disjoint
collection of polyhedral 3-cells in Int (I',(h, &')*) such that |C,(h, h')]=|Ca(h, h')|
=|J(h) nJ(K')| and such that each member of Ci(h, i) meets each member of
I'.(hn k') in a 3-cell. Let C'=Upan- 25 Ci(h, h') U Ci(h, h'). We will also assume
that the members of C’ are pairwise disjoint. Let 6»"* be any one-to-one and onto
correspondence between J(h) NJ(h') and Cih, h'). If j,.,eJB)NJ(h') and
y € I'y(h, k'), then construct a polygonal arc « in Int (y) such that « meets each of
0" (jue1) Ny and 657 (j,,,) Ny in an endpoint. The arc will meet no members
of C’ other than 6% (j,,,) and %% (j,.,). If j,,, and j,,, are distinct members
of J(h) N J(h') with a point in common and y € I',(h, #’), then construct an arc
a; ;. in Int (y) such that « , meets each of 0" (j,,,) Ny and 6" (j,.+1) Ny in an
endpoint of «; ;. The arc «; , will meet no members of C’ other than 6}*(j,,,) and
0" (jn+1). Adjust the collection of arcs so that no two meet. ““Fatten’ each in
such a way that the collection of arcs remains disjoint, and meets (C’)* in exactly
two 2-cells. Associate each fattened arc to one of the two members of C{(h, h’) that
it meets. A member of Cy(h, h’) will be a 3-cell which is the union of a member of
Ci(h, ') and the fattened arcs associated with it. Let

C= U Cih )V Cy(h, I).

hOR £ o
Let Ry 1(Un+1)=Unanes 0" (Jusr) Y 05" (Jusr)- Let
H,.,={cny:ceCyel,,andcny # g}

Note that u(H,,1)<4/2"**. Let Ky 1 ={Rn+1(n+1) : Jas1 €Jnsa}
Due to space limitations we will check only a few of the properties at the next
step of the induction.
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DIAGRAM
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Property 8. Let j,,,€J,,1 and j, €J, be such that j, O St (o1, Jus1)*#9.
By the starring rules we know that R,,,(j,,;) meets every member of
St'a+171(4},). Since R,(j,) is connected and since L, ,; = | H,(R,(j,))| +1,

Hn(Rn(jn)) = Stln+1 (A;:.)'

Therefore, R, 1(j,+1) meets every member of H,(R,(j,)). This stronger version of
Property 8 will be needed in the proof of Property 10.

Since w(H,)<4/2" and since R,,1(jn+1) meets every member of H,(R,(j,)), we
see that R,(ja)< Nyo*(Rus1(Jn+1))-

Property 5. Let j,,, €J,,, and let ji, ..., 7 be all the members of J, which
meet Stia+1*1 (.1, Juy1)*. Since w(Jns1) <e,

d[Stine1*t (Joy 1, Jar )*] < Q(Lasr+ D+ 1e < &'

Thus, there exists y € Y such that St'a+1*! (j,, 1, Jo1)*<S N, (). By the choice of
&, we know that y € j1 N---N ji. Therefore, ji N---Nji#g.

Property 6. By the definition of K, ,, R,,, maps J,,, onto K, ,. By construc-
tion distinct members of J,,,; are mapped to distinct members of K,,,. Thus,
R, ., is one-to-one.

I jos1s Jas1 €Jnsr and juy1 N1 =0, then Ryy1(jas1) O Ruyi(jnsr)=2. If
Jn+1 N jne1#9, then pick j, €J, such that j,,, Nji,; Nj,#2. In Property 8
we showed that each of R,.:(j,,1) and R,,,(jr,1) will meet every member of
H,(R,(ja)). Let h be any member of Hn(R.(jn))- Since jor1 Njns1#2, 0(jns1)
N 01(jn+1)# 2. Therefore, Ryt 1(jn+1) N Rus1(jni1) # 2.

If jav1 NJjny1#9, then we will show that Rni1(jas1)S Nigizr+2(Ras 1(jns1)-
Let x € Ry, 1(jn+1). There exist h e H, which contains x, and j, €J, such that
h< R,(j,). If h € A;,, then let j, be a member of J, such that j,,, Njr, i Nji#D.
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By Property 8, we know that R, 1(jn. ) meets every member of H,(R,(j;))- Since
Ry 1(Jas1) O Ry(ju)# 9, we know by 7 that j, N Stin+1(juy 1, Joy1)*#@. Thus,
Jn N jn#9, and R,(jn) " h#2. Let i’ be a member of H,(R,(j,)) which meets A.
Since R, (jn,1) meets k', d[x, Ry, 1(ns)]<d[h U W ]Z2d[h]+d[]<16/2"+1.

If h¢ A;, then there exists an integer k such that O<k<L,,; and
h e Sthnv1=¥ (A;‘:.) andjn N St* (jn‘+ v s )*#3. Since Jn+1 Ufrlt+ 1# D,

‘jm St (a1 Jns)* # 2.

Therefore, Rn+1( j,,“) meets every member of St"nn"‘ 1 (A,n) ThlS collection will
be nonempty because L,,, —k—120. The remainder of the proof is the same as
when h e A,,. Therefore, Ry, 1(Jns1)<E N1§/2"“(Rn+ 1(n+1))- )

Property 4. The members of K,,, have disjoint nonempty interiors by con-
struction. We must show that the interiors are connected. :

‘LEM“MA. If L is a finite collection of closed subsets and A< L*, then A is connected
provided:

1. L* is connected. :

2. A N his connected for all he L.

3. Ifh,WeLandhNh #3,then ANhOh #3.

Proof. The proof is routine and thus is omitted.
Let jny1€Jnyq. Let j, be:a member of J, which meets j,.,. We know. that
R,,( Jn) is connected by our induction assumption. We showed .in Property 8 that
R, 1(Jny1) meets every. member:of  H, in. R,(j,). To apply the lemma, let
L= Hn(Rn(]n)) and 4= Rn+ 1(]n+ 1) N Rn(]n) Therefore Rn+ 1(]1|+ 1) N Rn(.]n) is
connected. .
If jreld, and Rn+1( jn+1) N Ry( ],,);EQ then there exists an 1nteger k such that
R, ,1(jn+1) meets exactly those members of H,(R.(jn)) in St* (A} »). If h e Ay, then
Stk (h)* is connected because the star of a connected set is connected if the links
are connected. ‘To apply the lemma let L=St*(h) and. A=R;, (Jn+i) N L*.
Therefore, R,,,(jn4+1) NL* is connected. Since R,(j,) Nh#D, Ryyi(fns1)
N (Ry(j,) Y- R.(jy)) is connected. Therefore, R, 1(j.+1) is connected. Since distinct
members of. H,,, meet in 2-cells, Int (R, 1(j.+1)) is also connected. Therefore
K, . is a simple collection. .
-Property 9. Since most of the properties of a B-defining sequence are obvious,
we will only check the interlacing axiom and the fact that H, , is connected.
. Let h e H,. Pick j, eJ, so that A= R,(j,). There exists an integer k such that
h e Stlr+17% (4% )—Stlas1-%=1 (4F). Therefore, if j,,,€J,,1; then Roy1(jns1)
Nh#o if and only if j, O St (jay1, Jar1)*# 0. Note that j0 St* (fos1, Jns1)*
#g if and only if j,,; € St**1 (j,, Jui1). Therefore, J(h)=St**?! (j,, J,,1). Since
Ja 1s:connected and the members of J,,,; are connected, J(h)* is connected. Since:
6% maps J(h) onto Cy(h) with the property that j,., Nj,;1#@ if and only if
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O (nyr) N O¥re)# 2, Cih)y* is also connected for i=1,2. Moreover, since
04(jns1) N O4(jns1)# @ for each j, ., € J(h), Cy(h)* U Cy(h)* is connected. -

Let Z denote Zy, , (h). If z € Z, then there exists a unique 4’ € H, different from
h such that z N h'# 3. In fact, z is contained in exactly one member of Cl(h h)
U Cy(h, 1'). Denote this member by C(2).

Let Z, and Z, denote two dlS_]Omt subcollections of Z such that Z, U Z,=Z.
Let Wi=Ci(h)* U (Uzez, C(2) N k) and W2—C2(h)* U (UZEZ2 C(z) N h). Since
each C(z) N A is a 3-cell and meets each of C; (h)* i=1, 2 in a 2-cell, both W, and
W, are connected. Since C;(h) U Cy(h) is a simple collectlon and "since
Int (C(2)) N Int (C(z'))=o if z#2z', the .collection {W,, W} is simple. In the
terminology of [2] {Wy, W} is a simple complete amalgam of H,,(h) such that

Z¥< W,. Therefore, H, . ,(h) is interlaced in A.

Since H,,,(h)* is connected for all heH,,, and since H,’," is connected the
lemma used in Property 4 tells us that H,, is connected. ,

Property 10. Let j, ., €J,,,. Pick j,,eJ,l so that j, ., nj,,;é;z. If Jrns1 €Jns1
and jy1 N jiy1# 92,5 thenj, VSt (j;41, s 1)*# . Thus, by Property 8, Ry 1(Jn+1)
meets every member of H,(R,(j,)). In particular, R, ,(j,..) meets every member
of A;,.If he A;, and j,,, meets j,,, then by the construction 0"( s ) N0 Gniy)
#@. Thus, 60%(j,,1) meets R,,+1( ]n+1) ‘The desired collection is -

o A = {8 he Ay and i = 1,2,

Note that A,Ml_ We have now completed the proof of Proposmon 4.

Let K be the class of all 1 -dimensional contmuous curves up to topologlcal
equivalence. Let M be the subclass of K consnstmg of those elements of K having
no local cut. pomts Anderson [8] proved that a necessary and sufficient condition
for a member of M to be the universal curve is that 1t contam no open subset
imbeddable in the plane,

 DEFINITION. A map will be called monotone 1f each pomt-mverse set 1s compact
and connected.

THEOREM 1. There exists a monotone open’ map of the universal curve onto any
contmuous curve such that each pomt-mverse set 1 is also a unlversal curve.

REMARK: Since the monotone image of a 2~sphere isa cact01d [1 p-172], the
monotone image of a compact subset of the plane; will always have dimension less
than or equal to two.

" Proof. Let Y be: any continuous -curve. We can find sequences of continua
{J32- 1, {K;}22q, and - B-defining sequence {H,}>-, with the ten properties stated
in Proposition 4. Let M=\, HF¥=Ng-. K. Proposition 3. and Proposition 4
now combine to give an open map g of M onto Y, Since {H,}>_, is a B-defining
sequence, M is homeomorphic to the universal curve. Since the members of K,
are connected, g will be: monotone.
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To show that each point-inverse set is a universal curve, it is sufficient to show
that for each y € Y, g~!(y) is locally connected, g ~*(») has no local cut points, and
g~ !(y) contains no open subset imbeddable in the plane(?).

LEMMA 1. If jui3€Jnias Jnr2€Jns2, and joyo O juiz# 3, then Ry 3(jnss)
=Rny3(Jn+3) N Ruyo(fns2) Y Ty V- - U T, where

1. each T, is a connected union of members of H, , 3,

2. T'i N Rn+3(jﬂ+3) N 1€n+2(jn+2)5"ég for i= ], s S

3. the set St° (T, H,, 2)* is contained in five members of H,, ;.

LEMMA 2. Let j,,;€Jny; for i=2,....m. If joyoO\oo O jpin# I, then
Rn+m(jn+m)=Rn+m(jn+m) N- N Rn+2(jn+2) uSs,u---u s, where

1. each S; is connected,

2. each Si meets Rn+m(jn+m) N---N Rn+2(jn+2),

3. each S; lies in five members of H,, .

Proof. The proof of Lemma 2 follows from Lemma 1 and the construction.

We now will show that g~ () is locally connected for all y € Y. The proof given
here follows the technique of [3].

Let x € g~ !(y) and let ¥ be an open subset of g~ () containing x. It is sufficient
to show that x is interior to the component of V containing x.

Pick n large enough so that St3 (x, H,)* N g=Y(y)< V. Let p=St (x, H,)*. If
h, h’' € H,, then we will show that there is at most one component of g~(y)
N y(h N h') which meets every member of I',(h N #’). This will prove that there are
only a finite number of components of g~ 1(y) N (St (p, H,)* Y Uz y(h N 1))
meeting p. Therefore, V has only a finite number of components meeting p.

Let {f,}x-1 be a nested sequence of sets given by the conclusion of Proposition 3
such that M-, fo=8"'(»).

Let hn k' € E, where h#h'. If R, 1(j,+1) meets y(h N h'), then R, 1(jns1)
Nyh N R)Y=00" (o) U 057y ) Ny(h N A'). From now on we will denote
07" (jns1) bY 6i(jns1). Note that f,,, N y(h N FK') is connected.

Let y(h)=y1, ¥2 ..., yx=y(h") be the members of I';,(h N A’) listed so that
y; Ny;# if and only if |i—j| < 1.

Let F denote any continuum in H;¥,, which is not contained in y(h N #’). If S
is a component of F N y(h N h’) meeting y;, then note that S will either meet the
interior of every member of {y,..., ¥} or the interior of every member of
{yia s ')’k}'

Suppose f,+» N y(h N A’) contains two components K; and K, which meet every
member of I'(h N A'). Let h,,, be a member of H,,, contained in K; N yy.
Pick jnym € Jnem such that A, nS R, n(jusm) We can find j,,;€J,,,; for i=2,
...,m—1, such that j, pm O juym-1 NN jur2#@. Therefore, by Lemma 2,

(2) The author is grateful to Professor Anderson for suggesting this approach.
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we can find a connected subset of T of R, ,n(juim) N y(2 N ') which contains
hn+m and meets (Rn+m(jn+m) n---N Rn+2(jn+2)) N (721 U---v 729)*

Let h;., be a member of H,,, contained in R, n(juim) N N Ruyo(fnsiz)
which meets T. Note that i3, ,SK; N (ys U---U yg). Since 45, Ny(hN k')
=g, we know that Ry, n(jusm) NN Ryyo(jns2) is not contained in y(h N A').
Since Ryym(fasm) N -0 Ryyo(jny2) is connected, we know that the component
of (RuymUn+m) OV -+ Ryyo(Jus2)) N y(h N A') containing A}, ., dencted by Kj,
either meets every member of {y,, . . ., ya0} OF {yao, - . -, ¥i}. Since |Ty(h N A')| > 50,
both collections contain at least twenty members so that we can assume K
meets every member of {y,, ..., ys0}. Since K, meets every member of I',(h N A'),
K, meets y,;.

Let 42, ,, be a member of H,,,, contained in K, N y;;. Choose ji,m € J,sm and
jr,z+m—1 eJn+m—1 so that h%+m§Rn+m(jrll+m) N Rn+m—l(j1't+m—l)' Since Rn+m(jrlt+m)
meets every member of H,, 1 1n Ry m-1(fnsm-1) that Ry, n(jn.m) does (or vice
versa), we know that K, contains a member of H,, (R.im(Jrim)) iN Y10 Y y11
U vy,5. Thus, applying Lemma 2 as before, we can find 42, ,, € H,,,, such that
B3 nS Ko O Ry m(Gnam) N0 Ry a(frs2) O (vs U- - -U y14). Therefore, for some
¥ €{ys, ..., Y17} there exists two members h,,, and h,,, of H,,, such that
hn+1 Y h;l+lg7’i’ K, an+m(jn+m) Nn---N Rn+2(jn+2) N hn+17é®’ and

Kz N Rn+m(jn+m) n---N Rn+2(jn+2) N h;a+1 #* 3.

Since Ay U by 1Sy O fry1, We know by the rules of construction that A, ,
Nhyp1#2. Thus, Ryym(jnsm) N N Ryyo(jns2) N (Anyy U Hyyq) is connected
and K; N K,#@. This contradicts the assumption that K; and K, are distinct
components. Therefore, f,.,, N y(h N h’) contains at most one component which
meets every member of I',(h N A#’), and g~!(y) is locally connected.

The set g~ () has no local cut points. Let x € g~!(y) and let U be a connected
open subset of g~!(y) containing x. Suppose U—{x} is not connected. Let U, and
U, be two different components of U—{x}. Let u;, € U, and u, € U,. Choose n
large enough that St2 (x, H,)* N g=(y)<= U—{uy, u,}.

Choose h and 4’ in H, and j,,; € J,,, such that x € 6**(j,,,). There is no loss
of generality in assuming that x € Int (67" (j,, 1)).

Let Sy = 604" (jns1)-

LeMMA 3. If m> n, then there exists a function T,, of H,, into H,, with the following
properties:

1. If hy, hy € H, and by, N h, # @, then Ty(hy,) N Ta(W,) # 2.

2. Ifh,€ Hy, hyyy € Hyyy and by Shy, then Ty y(Bpy 1) S Tn(hy).

3. If hy, € H,, then h,, and T,(h,) lie in the same member of K,,.

4. If h,, € St* (A},), then Ty(hy) € St* (4} for all j, € J,.

5. If hy,=St(Sy, H,)*, then Tp(hn) =St (Sy, Hp)*. If hy €St (S,, H,)*, then Ty(hy,)
=hy,.

6.. x ¢ T,.(hy) for all h, € H,.
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Proof. The proof is left to the reader.

Combining Lemma 3 and Proposition 1 we have a continuous function f from
M into M defined by f(Nw=n+1tm)=Mm=n+1 ITm(h,), where the sequence
{hn}m=+s+1 is any nested sequence with h;,, € H,. Moreover, Properties 3, 5 and 6
in the lemma tell us that A

L f(g7'(y)<=g (), :

2. fiM =St (S,, H,)*=identity and f(St (S;, H,)* N M)<=St (S, H,,)*'

3. x ¢ f(M). ‘

Let fi=1|g~%( y) Note that.f,(U)< U. Moreover, since u,:and u, are mnot con-
tained in St (Sy; H,)*, fi(u;)=u, and fi(#;) =u,. Therefore, fi(U) is a connected
subset of U which contains both u, and wu,. But x ¢ f,(U) which contradicts the
assumption that Uy and U, are dlstmct components of U~ {x} Therefore g7y
has no local cut points.

The set.g~!(y) is' not locally imbeddable in the plane. Let U be any nonempty
open subset of g~Y(y) and let x € U. Pick n large enough so that St? (x, H,)*
N g~ Y(y)< U. For each integer m>n choose j,, € J,, so that y €,. Since j,,1 N jn
#J, Rpy1(Jme1) meets every member of H, in R,(j,). Therefore, the same argu-
ment as that used to show that {H,}7., is-a B-defining sequence can be used to
show that {H,(R,(jz) NN Ryr1(Jns1))}lm=ns1 IS @ B-defining sequence. Thus,
X=NZ-n+1 Ru(jm) is homeomorphic to the universal curve. Note that X is
contained in g ~(y). Since x € g~*(y), we know by the construction that R, 1(jn+1)
N St? (x, H,)*+# . Therefore, X N St?(x, H,)*#@ and thus X N U#g. Since
the universal curve is 1oca]ly not lmbeddable in the plane U is not 1mbeddable in
thc plane. -

PROPOSITION 5. If Y is any nondegenerate continuous curve, then there exist two
sequences of finite collecttons of compacta J={J}2., and K= {Kn},l 1 With the
followmg Dproperties:

‘1. Jy={Y}and J}¥=Y for all n.

2. Ky={I° and K,’,"QK,’," lfor all n.

230w <1/n.

4. J, and the collection of componen‘ts of members of K, are simple collections.

5. There exists an integer L,> | with the property that if j, € Jn and j3_1, .. ., ji_,
are all the members of J,_, which-meet Stia*2 (j,, J)*, then ji_s N -Nji_1#3.

6. There exists a one-to-one and onto correspondence between J, and K, given by
R, such that R,(j,) N R,(jn)# @ if and only zf Ja N Jn# S If Jn nj,,;é &, then

R(jn) S Najon-2(Ro(jn))-

7. If ju€Jn and jn_y €Jy_1, then Ry(j) N R,. 1(n-)# 2 if and only tf Jn-1
meets Stin (j,, J)*. Also if k,€K,, k,,_1 €K,_1,..and k,Nk,_,#3, then k,
NInt(k,-1)#2.

8. If ju€Jny ju-1€Jn_1 and j,_, N j,#3, then R,(j,) meets every member of

H,_1(R,_1(jn-1)), and Ry _1(jn-1)< Ngjz(Rn(Jn))- '
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9. There exists a finite simple collection of polyhedral 3-cells H, such that H,
refines K,, K¥=HJY, and H={H,}7., is a B-defining sequence. Also, ,u(H,,)<4/2"
Distinct members of H, meet in the empty set or a 2-cell. :

10. For edch j, €J, there exists a collection A, < H,, such that A¥ S R,(j,) and
such that if j,€J, and j, N ja# 3, then R,(j,) meets each member of A,. Each
component of R,(j,) will contain exactly one member of A;, and each component of
R.(jy) will meet some member of Aj,. No member fof H,, will meet two members of
the ’colleétion»{a €A, i juedi). - ’ : o '

1. If A0 -0 ji# >, then the dlameter of each component of R,(jHU-

U R,(j2) is less than 20/2" -1,

Proof. We can choose the metrlc on Y so that d [Y]<l Deﬁne R, between Jy
and K, by R,(Y)=13. Since d[Y] <1, u(J})<1.

Let H,={I®}. Since d[I°]=3'2<2, u(H,)<4/2'. All of the other conditions i in
the first stage of the 1nduct10n are trivially satisfied. Assume the theorem for the
integer n. . o

Let y €Y. Smce yE Int (St (y,J.)*), there exists e,>0 such that N, (y)
=St (y, J,)*. The collection {N.(y):ye Y} covers Y. Since Y is compact, there
exists a number &' >0 such that every subset of Y of diameter less than ¢ will be
contained in some member of this cover. ‘ k

Let L;,+1—1+|{h Nh' :hheH,and hNh #3}|. Let L,,+1—-3L,,+1 Let y,
and Y2 be two dlstmct points.in Y. Let ¢ be any posmve real number such that

S e <min{(n+1)"1,¢/(4L, . +3), 3d(y1, y2)i-

Let J,, , be an e-partitioning of Y and Joi1={Cly (j') : j € Jns 1}

Let j, €J, and let A;, be the collectlon given in Property 10 of the induction.
If ]n+1 eJn+1 and ]nn St (]n+1’ n+1) ;EQ bUt ]nn Stk 1(.]n+1a n+1) =4,
then R,y 1(jns1) is to meet exactly those members of H,,(R,,( Jn)) In Ster “k(4%).

Since we will need stronger versions of Propertles 5 and 8 as well as Property
7 to define the construction of H, ., we mention them now. In the same ‘way that
we proved Property 5 in Proposmon 4, we can prove that if j ]n, ..., Jn are all the
members of J, which meet St2Zn+1 (j,, 1, Jar1)*, then jl NN jis# @, Similarly,
we can prove that if j, N St>In+i (juyyq, Jor1)*# @, then R,,H(],,H) meets every
member of H,(R,(j,)). Property 7 is the same as before.

Let 4 and h’ be members of H, such that h N &'+ @. For each such pair we want
to define a subcollection of J, ;. If h=H’, then let J(B)={jns1 : Rus1(Jus1) is to
meet h}. If h£h', then J(h N A) w1ll be a subcollection of J(h)y nJ () deﬁned by
the two cases below. - .

Case 1. Let G, be defined exactly as G, is defined in the proof of Proposition 3.
If g€ G, and g=j3 U---U ji, then let

M) ={hOK i hOK £ o, h# K, hUk < R,.(J,{)u U R
Note that [A(g)| <Ly .
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We want to define a collection of subsets ¢ with the following properties:

1. The set £ is contained in J,, ;.

2. The members of ¢ are pairwise disjoint.

3.If jr,ie € and jn,q €St2(Gny1, Jns1), then R, ((jn, 1) meets exactly those
members of H, in H,(R,(j) V- --U R, (j})).

4. |€[=]A(g)l.

If A(g) is the empty collection, then let ¢ also be the empty collection. If A(g)
is nonempty, then let j,, ,; be a member of J,, , such that j1 N---NjINj,, . #3.
Let & ={j%1,...,j%.,} be a simple chain in J,,, such that j2,,=j,,, and j¥,,
N Bd (g)#@. The collection ¢={j0.,,j2:1,...,j2?} will have the desired
properties. Let ¢ be any one-to-one correspondence from ¢ onto A(g). If j,,; € &,
then let j,,, be a member of J(¢(j,,.)). Note that if ¢(j,,1)=h N k', then j,,,
eJ(h) nJ(H).

Case 2a. Let he A;, where j,eJ,. If j,,,€J(h), but there exists jn.,
€ St (ns1, Jus 1) —J(h), then choose j, € J, so that j, N j,,,#@. Since j, N j,#37,
R.(ji)Nh#@. Let ' be a member of H,(R,(j,)) which meets h. Let j,,, be
a member of J(h N k'). Since R,,(j,+1) meets h', j,,; is also a member of
J(h) nJ(R).

Case 2b. Let he H,(R,(j,)), but h¢ A;. Let h, be the member of A4; in the
same component of R,(j,) as h. Let n={hy,..., h;_1, h;} be a simple chain of
minimal length in H,(R,(j,)) such that h;=h. Note that » has at least two members.
If j.,.€J(h), but there exists j,.,, € St (jus1, Jus1)—J(h), then let j,,, be a
member of J(h;_, N h). The chain n will be considered fixed for all members
of J(h). Since 7 is of minimal length, we know that j,,, € J(h;_,).

Let I, be a simple 1-dimensional collection of 3-cells with the same properties
that I', had in Proposition 4. Also, let y(h N k') be defined as before.

By the same methods as those used in Proposition 4, we can define a simple
1-dimensional collection C of polyhedral 3-cells in T'} with the following properties:

1. If h and A’ are members of H, with a point in common, then there exist two
one-to-one functions of J(h N k') into C, denoted by 6%* =6%* and 05" = 6%"".
If Ci(h, h') denotes the range of 67", then the members of Ci(h, ') are pairwise
disjoint.

2. The set Ci(h, h')* is contained in Int (I',(h N A')*).

3. Each member of C;(h, h") meets each member of I',(h N &) in a 3-cell.

4. If jop1 € J(h), then 01(jos1) N 05(jns1) #9.

5. Let C'=Unnnzs Ci(h, B) O Co(h, k). If h#h', then 6M*(j,,,) meets
exactly four members of C’. In particular, 67" (j,,,) meets each 6%(j,,,) and
0% (jus1), where k=1, 2. Since J(h N h')=J(h) NJ(R'), O4(j,.1) and OF (j,.q) will
exist.

6. If j,., and j,,, are distinct members of J(h) such that j,,, N j;,:# 3, then
there exist four simple collections of polyhedral 3-cells, of(j,.:) and o(jn,1)
where i=1, 2, with the following properties:
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(a) The set o}(j,4+1)* is contained in y(h) and [ef(j,41)| =2
(b) One member of o?(j,,,) meets 6%(j,,,) in a 2-cell, and the other meets
6%(jr.1) in a 2-cell. Moreover, o?(j,,1)* meets no other members of C’.
(c) Distinct chains of the form «F have disjoint underlying point sets.
Let «(j,.1)=the collection of all 3-cells which are members of some of(j,,1).

Let C=Cl |V (Uj,,+1elﬂ+1 a(jn+1))-
Let H,,; and K, ,, be defined as in Proposition 4. Let

Rn+ 1(jn+ l) = U (G’f'hl(jn+ 1) v Bg'"'(j“ 1)) v a(jn+ 1)*'
In +1€J(ROR’)

We now have to check that the eleven properties in the induction statement hold
for the integer n+1.

The first nine properties can be checked in the same way that the first nine
properties in Proposition 4 were checked.

Property 10. Let K be a component of R, 1(j,,1). Let & be any member of H,
such that K N Int (h)#2. Note that 6*(j,, )= K. If St (i1, Jus1)SJ(h), then
0%(jn+1) exists for all j,1 €Sty .. (juy1). But if this is the case, then R, ;(jn+1)
N Oi(jns1)# 2.

If St (ot 1, Jn+1)EJ(h) and h € A;, for some j, € J,, then by Case 2a, we know
that there exists j, € J, and 4’ € H,(R,(j,)) such that A’ N h# 3, j, N j,,1# 9, and
Jesr €J(hNHK). Since j,,i€JhNHK), 04%(j,,1) exists. Moreover, 6%(j,..)
U 0% (jur1) Y 0% (jnsy) is a connected subset of R, ;(j,+1) so that 87 (j,..)SK.
Since St (jny1, Jur1)SJ(H'), 0% (Joi1) Will be the desired member of H, , ,(K).

If St (Juy1, Jns1) EJ(h) and A= R,(j,), but ki ¢ A4, , then by Case 2b, we found a
simple chainy={h,, .. ., h;_1, hy="h} in H,(R,(j,)) of minimal length where s, € 4; .
By the starring rules we know that St (ji, 41, Jotr1)SJ(hi-1). As above, 0%~ 2(j, 1)
will be the desired member of H, . ,(K). Pick one such member from each compo-
nent of R,,:(j.+1) and denote this collection by 4, ,,. Note that we can assume
that U,,, esnes Asn., 15 @ subcollection of 6, ={01(j,+1) : h € Hy, jui1 €J ()}
Since no member of H,,, meets two members of 6;, no member of H,,, will
meet two members of {a € A;,,, : jor1 €Jns 1}

Property 11. Let ji,,,...,j5,1 be distinct members of J,,,; with a point in
common. We want to show that if K is a component of R, (ji,)U---
U R,.1(ji+1), then d[K]<5-4/2".

Let Dy={jny1€Jns1 :Jns1€J(ANK) under the rules of Case 1}. Let
Dy={jns1€Jns1 : Jns1 €J(h N A') under rules of Cases 2a and 2b}. We want to
show that D¥ N D¥=g. If j. ., € St2 (D¥, J,,1), then there exists g€ G, such
that g=j1uU---U I and R,,,(j,+1) meets exactly those members of H, con-
tained in R,(j}) U---U R,(jI). Therefore, no member of St (D¥,J,,,) can be a
member of D, and D¥ N D} =& . Therefore, the collection {j},,, .. ., j.} does not
contain members from both D, and D,. Hence, we can consider the two cases
separately.
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Case 1. Since the members of D, are palrw1se dlSjOlnt only one member of
{Jj jn+1, ..., Js,1} can pOSSlbly belong to D;. If Ji+1 € Dl, then exactly one compo-
nent of Ry, i( jli)uU--u R, a( j,,“) wrll meet more than. one member of H,.
Namely, the component contammg Qi) v 6 ( j,,+1) U 01 Ui +1), where
hnk ¢(],L+1) In this case d[K]<d[hUh]<2 4/2", N

Case 2. Suppose K is a component of R, 1(jt.,) (SEERAY R,,+;(j,,+1) and some
member of {ja1,...,/as1}isin Do If KN R,,(J,,);é@ then let ho be a member of

H,(R,(j,)) such that h, € St* (4%) and KN Stet (A%)*

Note that there does not exist any simple chain of four members {ho, hy, hg, h3}
in H,(R.(j,)) such that KN h#g for i=0,1,2,3 and KN (h; U h;,;) is con-
nected Therefore, if C is a component of R,(jn), then K N C<=St? (hy, ")* If

Ro (i) N KEC, then by Case 24 we know that there exists Ji+1 such that
JanNVjaea# @ and jo,y €J(ho O K), where i’ € H(R,(j3)). Since Ryya(jis1) meets
every member of H,(R.(j})), ji,. is not a member of any J(h* N h®), where h*
U S Ry ( J,,) and h®#h’. Therefore, K n R,,( e St (ho, H)*. Smce no member
of H, meets two members of 4= U,,,e,n jns €aCh member of St (ho, H) meets no
member of 4 other than ;. Therefore KcSt? (ho, H,)* and d [K]< 20/2". We have
now established our theorem. ’

DEFINITION. A map 1scalled light if each point-i_nverse set is totally disconnected.

THEOREM 2. There exists a lzght open map of the universal curve onto any non—
degenerate contmuous curve such that each pomt-mverse set is a Cantor set.

REMARK. The above theorem is not true 1f we replace the universal curve by
the plane umversal curve. L. F. McAuley [17] showed that there is no light open
map from the plane umversal curve onto a 2-cell..

Proof. Let Y be any nondegenerate contmuous curve. By Proposmon 5, we can
find sequences of compacta {J,.},l 1 {Kp}n=1, and {H,}_, with the eleven properties
stated there. Let M=o Hy =N2-1 K. ¥ Proposmon 3 and Proposition 5 now
combine to give an open map g.of M onto Y. Smce {H}*_,isa B-deﬁmng sequence,
Mis homeomorphlc to the umversal curve. Since the diameters of the components
of R,(jHu-- v R,,( Jn), Where jz O -0 ji# @, are less than 20/2", g will be light.

Each pomt-mverse setis a Cantor set. Let ye Yand.xe g~ (). Since g is light,
it is sufficient to show that every nerghborhood of X contams two points of g‘l( »).
Let V be any nelghborhood of x in g7*(y). Let { f,,},, . be any nested. sequence
grven by the conclusion of Proposmon 3 such that g(N-, f,)=y. For each n,
p1ck Jjn € J, such that ye € j, and R,( J,,)C o Choose n large enough that St? (x, H,,)*
ngl(yev. , _

Lethbea member of St (x, ,,) such that R 1( j,,;l) meets h. Since R, o Jn+2)
meets every member of Ry, J,,H), i 2(,/,,,,2) meets. both 63(j,,1)=h, and
02( Jn+1)=h,. Hence, 0”1(Jn+ ,) and 912(1;,+2) exist and are drsjomt Since Ry i(jn+i)
meets every member of R,,+2( Jn+2)s ﬂ‘ 2 RusilUns+d) O 011(Jns2) # 2. Similarly,
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N2 Ruyi(nes) N 2(jn42)# 2. Therefore, V contains at least two points, and we
have established Theorem 2.
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