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ABSTRACT. The local factorization theorem of Zariski and Abhyankar char-
acterizes all 2-dimensional regular local rings which lie between a given 2-dimen-
sional regular local ring R and its quotient field as finite quadratic transforms
of R. This paper shows that every regular local ring R of dimension n > 2 has
infinitely many minimal regular local overrings which cannot be obtained by a
monoidal transform of R. These overrings are localizations of rings generated
over R by certain quotients of elements of an R-sequence. Necessary and suffi-
cient conditions are given for this type of extension of R to be regular.

1. Introduction. The factorization theorem of Zariski and Abhyankar [1]
characterizes all 2-dimensional regular local rings which lie between a given 2-
dimensional regular local ring R and its quotient field as finite quadratic trans-
forms of R. There are two key steps in the proof:

(I) the existence of a quadratic transform of R in any such overring T or,
equivalently (for the purpose of our generalizing the statement to higher dimen-
sions), the existence in T of a quotient of two basis elements of the maximal
ideal of R;

(II) the fact that the union of an infinite sequence of quadratic transforms of
R is a valuation domain.

Hironaka [3, p. 151] states that the corresponding global theorem is false for
nonsingular varieties of dimension n > 2. Theorem 4.4 below shows that every »n-
dimensional regular local ring (7 > 2) has infinitely many regular local overrings
failing (I). (It is clear that statement (II) is false for » > 2.) However, there are
other finiteness conditions which are satisfied in higher dimensions. In Theorem
5.1 we give examples of two distinct types of minimal regular local overrings of a
given n-dimensional regular local ring (n > 2). Theorem 5.3 proves that if R is
an n-dimensional regular local ring with the property that any n-dimensional inte-
grally closed locality over R, contained in the quotient field of R, is analytically
irreducible, then every n-dimensional integrally closed local overring is a locality
over R. Some of the proofs of these theorems use the results of Theorem 3.1
which is of independent interest because it gives necessary and sufficient condi-

tions for certain extensions of a regular local ring to be globally regular.
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The results contained in this paper form part of my doctoral thesis. It is with

much pleasure that I acknowledge my gratitude to Professor Irving Kaplansky.

2. Preliminaries. Let R be a Noetherian domain and (x, x Yy xi) an ideal

Yo
of R, where x # 0 and i > 1. Let tys+++,t. be indeterminates land ¢ the homo-
morphism of R[t,---, ti] onto T = R[xl/x, cee, xi/x] defined by ¢ (ti) = x]./x
for j=1,--.,i, and ¢ is the identity on R. It is well known that if x, Xyottes
x, is an R-sequence then kernel ¢ = (:vctl =X sree, Xt = xi). Davis [2] proves
that if (x, Xyoce
between R and T, i.e., if Q is a prime ideal of T and Q NR = P then rank P =
rank Q + tr.d. T/Q:R/P.

With the same notation as above, if P is a prime ideal of R and P* its ex-

. xi) is an ideal of rank i + 1 then the dimension formula holds

tension to R[tl, sy ti] then ker ¢ C P implies that PT is a prime ideal of T,
T/PT = R/Plt ,---,t] and er.d. T/PT:R/P = i. If, in addition, we assume

that R is an n-dimensional regular local ring and x, x -5 %, is an R-sequence

T

then T = R[x 1/x, ceey xi/x] is n-dimensional. If N is a maximal ideal of T then
rank N=7n or n — 1 and rank N = rank N N R.
Throughout the remainder of this paper ¢ denotes the map of R[t P 'ti]

onto T defined above and Q' denotes the inverse image in R[tl, ceey ti] of an
ideal Q of T. The basic terminology is that of Kaplansky [4] and Nagata [8]. We
use the phrase T is an overring of a domain R’’ to mean that T contains R and
is contained in the quotient field of R. We use a restricted form of the definition
of monoidal transform as follows.

Definition 2.1. Let (R, M) be an n-dimensional regular local ring. Let P be
a nonzero prime ideal of R such that R/P is regular. The localization, at a
prime ideal containing M, of the ring generated over R by P/x, for some nonzero
x € P, is called a monoidal transform of R; if P =M it is called a quadratic trans-
form of R.

3. Regular extensions of a regular local ring. Let (R, M) be an n-dimensional

regular local ring. Let x, x +» x; be an R-sequence. Theorem 3.1 gives neces-

sary and sufficient conditiorlxs for T = Rlx 1/x, Sy xl./x] to be a regular domain.
David Whitman [10] proved that if {x, Xpstots xi§ is a subset of a regular system
of parameters of R, i.e., a subset of a minimal basis for M, then T is regular.
(Also see [S, p. 390].) We will show that there is one and only one other type of

R-sequence such that the resulting T is regular.

Theorem 3.1. Let (R, M) be an n-dimensional regular local ring, n> 1. Let
Xs %50y X, be an R-sequence and T = R[xl/x, cee, xi/x]. Then T is an n-
dimensional regular domain if and only if one of the following holds:

(a) the elements x, Xys++ey %, forma subset of a minimal basis for M,

(b) (1) x € M2 and X ¢ M? for i <j<i, and
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(2) if P is the contraction in R of a rank n — 1 maximal ideal of T con-

taining x, then either the elements x, x «» x, form a subset of a minimal basis

for Pp in Rp or x € P(2), 1
Proof. Assume that T = R[¢]/(ker ¢#) is a regular domain. If for some j, 1 <

j< i, the element x. is in M?, then xt. - X is in the square of the maximal ideal

(M, )R[t]. This contradicts the fact that R[t]/M ,)/(ker qS)(M 0 is regular, so we

have that the elements x -5 %, are not in Mz. If (a) does not hold, there is a

1’

relation QpX + QX 4o+ Q% € MZ, where the a, are in R but not all in M.

Suppose that there is a j, 1 < j< i, such that a ¢ M. Then
al(xtl - xl) R a].(xt]. - xj) R ai(xti - xl.)

=Xt OxL, et a].x(tl. + ao/a!.) +oeee kx4 Y,

where y € M2, But this relation shows that the generators of ker ¢ are linearly

dependent modulo N2, where N is the maximal ideal

(Mytla“" tj+a0/a7".."ti)R[t]'

Hence all the elements a +» @, must be in M, and x is in M?. Suppose, in

addition, that P is the coi'ltraction of a rank » — 1 maximal ideal of T containing
x. The fact that T, = Rp [xl/x,- cey xi/x] is regular implies, by the above,
that either the elements x, Xystres X; form a subset of a minimal basis for Pp

in R, or x€ P,

Conversely, to prove that (a) implies that T is regular we cite the result of
Whitman [10]. Assume instead that (b) holds. First we show, by induction on i,
that (b)(1) implies that TN is regular for all rank 7 maximal ideals N of T. Let
i = 1. Suppose, on the contrary, that N is a rank » maximal ideal such that T
is not regular. Now, (N')2N R = M2, Hence xt; —x, € (N)? and x € M? imply
that X € Mz, a contradiction. Assume that 7> 1, and let § = R[xl/x, X 1/x].
If N is a rank » maximal ideal of T then NN S = Q has rank 7, so the induction
hypothesis implies that S, is regular. Now,

Ty = SQ[ti]N(” - /(xt i N(S o~ S[ti]N"/(xti - %N

where N” is the inverse image of N in S[tl.]. If Ty is not regular and xt, — x, is
in (N")2, then x, is in Q2. But ¢: R[tl,- ces it l] — S is the identity on R, so
that (0?)' N R =(Q")2 N R =M? and x, € M?, the desired contradiction. Thus we
have shown that (b)(1) implies that TN is regular for all rank » maximal ideals N.
To complete the proof that T is regular, since T is obviously Noetherian, we
just need to check that T, is regular for any rank » — 1 maximal ideal N. This
follows immediately if x ¢ N, because, in that case, TN = Ryng- Assume that

NR
x € N. Then P=N NR has rank n -1 and NR_P is a rank 7 — 1 maximal ideal
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of RP[xl/x, ceey, xi/x]. Now, by hypothesis, either the elements x, x,,- -+, x,
form a subset of a minimal basis for Pp in Rp, in which case T, is regular by
[10], or x e P, If x € P(z), then Rp., Pp) satisfies (b)(1) so that TN is regu-
lar. This completes the proof of the theorem.

Example 3.2. Let (R, M) be an n-dimensional regular local ring, and x and
y be elements which form a subset of a minimal basis for M in R. Then R[y?/x]
is integrally closed but not regular.

Example 3.3. With the notation as in Theorem 3.1, let M = (x, Xysers X )

n-1

and T = R[xl/x, cee, xl./x]. Assume i< n - 1. Then for every k> 2, the ideals

M =(x—x’;,x (x';/x)—l,xz/x,-n,xi/x)

k X

A R &

are distinct rank 7» — 1 maximal ideals of T. Assume i< n - 1, then for every
k> 0, the ideals

_ k -
Nk_(x,xl,---,xn_z,xn_l(xl/x) 1, xz/x, ,xl./x)

are distinct rank » — 1 maximal ideals of T containing x.

Example 3.4. Using the notation of Theorem 3.1, we observe that if T = T,
is (a)-regular, then all the rings T]. = R[x 1/x, ceey x]./x] for j< i are regular.
The following example shows that if T is (b)-regular then T]. for j <1 need not
be regular. T =T, being (b)-regular implies that T, , localized at a rank 7 max-
imal ideal is regular but it does not imply regularity at all rank » — 1 maximal
ideals. The reason for this failure is that, while the rank # maximal ideals of
T'-l have (infinitely many) maximal ideals of T lying over them, a rank » — 1

1
maximal ideal of T, , containing x but not x, has no prime ideal of T lying

1=

over it. Let R = klu, v, w](i‘ , where & is a field and u, v, w are indetermin-

Jv,w)
ates. Let T = Rlu/(uv — w?), v/(uv — w?)]. Then T is regular but Rlu/(uv - w?)]
is not.

Example 3.5. The (a)-regular rings of Theorem 3.1 are unique factorization
domains as is easily seen by applying Nagata’s theorem [7]. A (b)-regular ring is
not necessarily a UFD. Let (R, M) be a 2-dimensional regular local ring; say
M= (x, y). Let { be a principal prime of the form [ = ax + by, where 0 # a € M.
Then T = R[y/f] isnota UFD. If beM, T is regular, otherwise not.

The following corollary is a global version of Theorem 3.1 and the proof fol-
lows directly from that theorem by localization.

Corollary 3.6. Let R be an n-dimensional regular domain, n> 1. Let x, X0
-3 x, be an R-sequence. Then T = R[xl/x, cee, xl./x] is regular if and only if
for all maximal ideals N of T containing x, if P = N NR, then either x, Xysees

x; form a subset of a minimal basis for Pp, in Rp or x € P and E SRR
¢ p2),

As an application of Corollary 3.6 we will see that many examples of globally
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regular rings can be obtained as extensions of a given regular local ring using
quotients of elements taken from a set of generators of the maximal ideal. To de-
scribe these extensions neatly we use a little graph theory. Let R be an n-dimen-
sional regular local ring with maximal ideal M = (x, - .- ,x ). Let T=
Rly /7y, y3/y4, e Yoro l/yzk] where for 1 < i< 2k, y, = x; for some j. We as-
sume yl./y”l # 1. Let G be the graph defined as follows. The distinct y,; are
the points of G, each yz./yi‘tl represents an oriented edge, y, —— ¥ ,,, of G
and, if yi/y,e is a product of the generators of T over R, the edge y, -—— y,
is also in G. We say that T is a G-extension of R if (1) G contains no point with
more than one edge emanating from it, and (2) G contains no cycles. For example,
if R is a 4-dimensional regular local ring with maximal ideal M = (x, y, z, w),
then R[x/y, z/w] and R[x/y, z/y, y/w] are G-extensions of R. Proposition 3.8
states that G-extensions of R are regular UFD’s.

It is easy to check that if T is a G-extension of R then the set [, = yl./yi‘,hl

¢

of fractions which generate T over R can be ‘‘nicely ordered’’, that is, ordered
in such a way, say [Z,l, ceey fik’ that the numerator of /, , for 1 <h < k, is not the

denominator of /ib+ . for j> 0. Using this fact, although several technical details
i

have to be dealt with (Lemma 3.7), the main technique of the proof of Proposition

3.8 is that of the previous theorem. For this reason we omit it.

Lemma 3.7. Let T =Ry, /y,, Y3/ Vgt Vopo /Y1) be a G-extension of R.
Let P = (x]-l, -+« x; ) be a prime ideal generated by a subset of the generators
q
Xppeoea %, of M. If, for 1 Sbgq,ij ;éyzl._l,wbere 1< i<k, then PT isa

prime ideal of T generated by an R-sequence.

Proposition 3.8. Let T be a G-extension of R. Then T is an n-dimensional
regular UFD.

4. Simple extensions and accessible domains.

Definition 4.1. Let (R, M) be an n-dimensional regular local ring, n> 1. T is
a simple extension of R if T is the localization at a rank » prime of a ring gen-
erated over R by a quotient of two elements of R which form a subset of a mini-
mal basis for M in R. An n-dimensional regular local overring T of R is acces-
sible from R if T can be obtained from R by a finite sequence of simple exten-
sions.

In this terminology, the factorization theorem of Zariski and Abhyankar [1]
states that if R is a 2-dimensional regular local ring then every 2-dimensional
regular local overring of R is accessible from R. For dimension 7> 2, the follow-
ing theorem shows that every n-dimensional regular local ring R has infinitely
many regular local overrings which are not accessible from R. First we need two
lemmas giving information about the structure of regular local extensions of the
type Rla/bly with a ¢ M? and be M?.
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Lemma 4.2. Let (R, M) be an n-dimensional regular local ring, n> 1. Let
T = Rla/b), where a and b are nonzero, relatively prime elements of R with
a ¢ M2 and beM?. If X,y c, X are any elements of R which, with a, form a

minimal basis for M, then x <y %, forma subset of a minimal basis for Ny in

e
TN’ where N is any rank n maximal ideal of T.

Proof. Write b = @+ a,x, + -+ ax with all a; in M. Given a rank 7
maximal ideal N of T, let s =1 - al(a/b). Then seT - N and sa €

(%5, ++»x )T. Consequently, Ny = (x,,--,x , [(a/b))T

Lemma 4.3. Let (R, M) be an n-dimensional regular local ring, n> 1, and let
a and b be nonzero, relatively prime elements of R. Let T = R[a/b]N, where
a ¢ M? and N is any rank n maximal ideal of R[a/b). If Xyseee, % i any mini-
mal basis for M then, for i # j, the quotient xi/x]. is in T if and only if (a, b)R
C(x;s x.)R.

Proof. Since a € M - M?, we can assume that a = x +Byx, + -+ Box
with ﬁi € R. Suppose, for i # j, that xl./x]. is in T. Then i or j must be 1 be-
cause, by Lemma 4.2, x,,- -+, x_ form an R-sequence in any order in T. We may

assume that xl/x]. is in T because x; /%, €T implies that xl/x]. €T since x].T
is a prime ideal. Now x, € x].T implies that (xl, x].)R is contained in ij N R.
(Actually, (xl, x].)R = ij N R because the dimension formula holds between R
and T.) Let | be the inverse image of x].T in R[t], where ¢ is an indeterminate.
Then rank J = rank x,.T + 1. Now (x,, x].)R C x].T implies that (x|, x].)*, the rank
2 extension of (x, xj)R to R[t], is contained in J. Thus we have (x, x].)* =]
and (bt — a)R[?] is contained in (x x].)*, proving that (a, b)R C (x,, x’.)R.
Conversely, if (a, bR C (x,, x’.)R, then a=x, +fB,x, +---+f x  implies
that 7 or j=1. Now (a, b)RC (x,, xl.)R means that (at — b)R[t] C (x x,.)*, so
that (xl, x].)T is a rank 1 prime of T. Therefore (xl, x].)T = x].T because x].T is

a principal prime of T. Hence xl/x]. eT.

Theorem 4.4. Let (R, M) be an n-dimensional regular local ring, n> 1. Let
a and b be nonzero, relatively prime elements of R with a ¢ M? and beM?, Let
T = R[a/b]N, where N is any rank n maximal ideal of Rla/b). If the ideal

(a, b)R is prime then no simple extension of R is contained in T.

Note. The statement ‘‘the ideal (@, b)R is prime’’ is equivalentto ‘b is a
prime of T.”’

Proof. This follows directly from Lemma 4.3. More specifically, suppose that
(a, b)R C (v, w)R, where v, w form a subset of a minimal basis for M. Then
(a, b)R = (v, w)R. Clearly, we may assume v = a. Passing to the e regular local
ring R= (R/aR)M/aR with maximal ideal M we have that b = WR. But b € M2
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and w, being a generator of M, cannot be in M? . This is a contradiction and

completes the proof.

Corollary 4.5. Let (R, M) be an n-dimensional regular local ring, n > 2. Then
R bhas infinitely many regular local overrings which fail to contain any simple ex-
tension of R.

Proof. Let x, y, z be a subset of a minimal basis for M. Then, for example,
since the elements /z. = yz + z21*1 where i > 1, are prime elements of R, the rings
T,=R [x//i]N’ where N is any rank » maximal ideal of R [x//l.], satisfy the hy-
potheses of the theorem.

We note that David Shannon has results in this same direction, which he an-

nounced in Notices Amer. Math. Soc. 18 (1971), p. 358, Abstract 683-A14.
Example 4.6. An accessible extension of R can have a regular local subring

which is not accessible from R. Let (R, M) be an n-dimensional regular local ring,

n>2. Let M=(x, y, z, w ~-,wn).Let

o
S=Rlx/y, z/y, (y + (z3/y))/(x/y)]Q,

where O = (M, x/y, z/y, ((y + (z3/y))/(x/y)) = 1). Let T = R[x/(y% + 23)]N, where
N=0 NRI[x/(y? + 23)]. Then RCTCS, S is accessible from R and from T, but
T is not accessible from R.

It is interesting to note that the rings which provided examples of inaccessible

overrings for n > 2 have a very simple form for n = 2.

Proposition 4.7, Let (R, M) be a 2-dimensional regular local ring. Let a and
b be nonzero, relatively prime elements of R with a ¢ M2 and beM?. Let T =
R[a/b]Q, where Q is any rank 2 maximal ideal. Then T = R[a/x"]y, where x is
any element of R such that M = (a, x), and v is the value of the image of b in the
DVR R/aR.

Proof. Let x be any element of R such that M = (4, x). R/aR is a DVR and
b =7xY so we may write b = ux” + ya, where u ¢ M and y € M. Let s =1 -
y(a/(ux¥ + ya)). Then s € Rla/b] - Q and s(a/x¥) € R[a/b], so that a/x" € T.
Now a/b = a/(ux” + ya) = (a/x¥)/(u + y(a/x¥)). Thus Rla/b]C R [a/x”]QnR[a/xv]
CT-= R[a/b]Q, and we have that R [a/x”]N =T, where N = Q NnRla/x"].

5. Some finiteness conditions. The set of minimal regular local overrings of a
2-dimensional regular local ring R is precisely the set of immediate quadratic
transforms of R. If the dimension of the regular local ring R is greater than two,
Theorem 5.1 below shows that simple extensions and the extensions constructed

in Theorem 4.4 are two distinct types of minimal regular local overrings of R.

Theorem 5.1. Let (R, M) be an n-dimensional regular local ring, n> 1. Let
R[y/x]N =T be a simple extension of R. Then there are no regular local rings
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properly between R and T. The extensions R[a/b]N of Theorem 4.4 are also

minimal regular local extensions of R, if n> 2.

Before proving the theorem we will state a local version of Theorem 3.1 for

the case 7= 1, the proof of which is entirely similar to the proof of Theorem 3.1.

Lemma 5.2. Let (R, M) be an n-dimensional regular local ring, n> 1. Let x
and y be nonzero, relatively prime elements of R. Let T =R [y/x]N, where N is
a rank n maximal ideal of Rly/x). Then T is a regular local ring if and only if
either

(1) x € M? and y & M2, or

(2) x ¢ M2, and one of the following holds:

(a) x and y form a subset of a minimal basis for M,
(b) y ¢ M2 and N £ M, (y/x) + 2~ 1), where u€ R =M and x + uy € M2,
(c) ye M? and N £ (M, y/x).

Proof of Theorem 5.1. Suppose (S, M,) is a regular local ring properly lying
between R and the simple extension T = R [y/x]N. We will derive a contradiction
to Zariski’s Main Theorem [8, p. 137] by showing that MS = M,. Clearly, y/x is
not in S so, using the fact that x is a principal prime in T, we have that x and
y are relatively prime in S. Therefore S[y/xly, =T, where N, =N, NS [y/x].
Now, using Lemma 5.2, we see that x and y form a subset of a minimal basis for
M, by ruling out all other possibilities. Since T is a simple extension of R, if

M=(x,y, Xgpt s xn), then x, x,,---, x  are linearly independent mod N%, inT.

3
Suppose in S there is a relation

2
Qx4+ o,y + agx, +-oe+ax €M)

where a; €S, not all a; EM,. One of the o for i> 2 is a unit of $ so we have

2
(o) +o,(y/xDx + ayxy + -+ a x €Ny,

which is a contradiction. Hence x, y, x;,---, x generate M, and MS =M,.

Suppose instead that T = Rla/b]y is as in Theorem 4.4. Then the hypothesis
on (a, b)R implies that b is a prime element of T, and hence that a and b are rela-
tively prime elements in any regular local ring S which is assumed to lie between
R and T. Thus we have S[a/b]NNnS[a/b] = T. Applying Lemma 5.2 we see that
a¢ (M 1)2’ where M1 is the maximal ideal of S. Let aq, Xyptoty X, be a minimal
basis for M in R. Then, if there is a relation

2
Q@+ ay, +otax € (Ml) ,

with a € S, but not all in M,, it is clear that some a, for j# 1, is a unit of §.

But a = b(a/b) is in lev’ since b is, so we have that QA X, + e+ QX is in

NIZV, which is a contradiction to Lemma 4.2. Thus MS =M, and again we have a
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contradiction to Zariski’s Main Theorem. Therefore no such S can existand T
must be minimal.

For a large class of n-dimensional regular local rings all n-dimensional, inte-
grally closed local overrings are localities. It is an open question whether this

“large class’’ includes all n-dimensional regular local rings.

Theorem 5.3. Let (R, M) be an n-dimensional regular local ring with the prop-
erty that any n-dimensional, integrally closed locality over R, which is contained
in the quotient field of R, is analytically irreducible. Then every n-dimensional,

integrally closed local overring of R is a locality over R.

Proof. Let T be an n-dimensional, integrally closed local overring of R. Let
N=(y;s---,y,) be the maximal ideal of T. Set S =Rl[y,,---,y]. By Rees’
Theorem [9], S’, the integral closure of S, is a finitely generated S-module. There-

fore, we have

! .
RCSCS :R[yl""’yz’wl’”"wk]gT’
the last inclusion holds because T is integrally closed. By assumption, SIIVnS' is
analytically irreducible, so by applying Zariski’s Main Theorem, we have that

1
San' =T

6. A remark on the relationship between Mac Lane’s inductive values and
quadratic transforms. Zariski and Abhyankar have also characterized every valu-
ation overring of a given 2-dimensional regular local ring R in terms of its quad-
ratic transforms: either as a 1-dimensional localization of a finite quadratic trans-
form or as the union of an infinite sequence of quadratic transforms. For the

special case R = V[x]( where V is a discrete valuation ring with maximal

m,x)’
ideal #V and x is an inéle)terminate, an earlier construction of S. Mac Lane [6]
represents any rank 1 valuation v of R either as an “‘inductive value’’ or as a
“limit value’’ of a sequence of approximations to v. The relationship between
these characterizations seems to have gone unnoticed except for a remark of M.
vander Put in his review (Zentralblatt, Band 198, Heft 2, Feb. 4, 1971, p. 366) of
Inoue’s paper extending Mac Lane’s results. In fact, Mac Lane’s inductive values
are the M-adic valuations of suitable quadratic transforms of R and his limit val-
ues are the valuations attached to unions of infinite sequences of quadratic
transforms of R. The key polynomial which Mac Lane uses to define an approxi-
mation to v is a multiple of the monic polynomial which is a generator of the

center of the transform.
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