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PIECEWISE MONOTONE POLYNOMIAL APPROXIMATION

BY
D. J. NEWMAN, ELI PASSOW AND LOUIS RAYMON

ABSTRACT. Given a real function f satisfying a Lipschitz condition of order
1 on [a, B], there exists a sequence of approximating polynomials {P_} such that
the sequence E_= ||Pn — fl (sup norm) has order of magnitude 1/n (B, Jackson).
We investigate the possibility of selecting polynomials P_ having the same local
monotonicity as f without affecting the order of magnitude of the error. In particu-
lar, we establish that if f has a finite number of maxima and minima on [a, b] and
S is a closed subset of [a, b} not containing any of the extreme points of f, then
there is a sequence of polynomials P_ such that E_ has order of magnitude 1/n
and such that for n sufficiently large P_ and f have the same monotonicity at
each point of S. The methods are class?cal.

Let Cla, b] = {f: { continuous on [a, Bl}, with ||/|| = max_ elas] lf&). olf, ) =
w(b) will denote the modulus of continuity of f. P_ and T are, respectively,
the spaces of algebraic and trigonometric polynomials of degree less than or
equalto n. C, C}, C,) .- denote absolute positive constants.

f € Cla, b] will be called piecewise monotone if it has a finite number of
maxima and minima on [@, b]. &, b and the local maxima and minima of [ will
be called the peaks of f. It follows from a result proved independently by W.
Wolibner [6] and S. W. Young [7] that if { is a piecewise monotone function on
[a, b] and € > 0, then there exists an algebraic polynomial p which increases and
decreases simultaneously with f on [a, 4] and satisfies |f - p| <e. We are
concerned here with the accuracy of this type of approximation as a function of
the degree of the approximating polynomial. Jackson’s classic theorem [2, p. 56]
states that for any function / € Cla, b] there exists p € P such that |/f - pll <
C, o(f, 1/n). O. Shisha [5], J. Roulier [4], and G. G. Lorentz and K. L. Zeller
[1] have obtained results on the accuracy of the approximation of an increasing
function by increasing polynomials of degree less than or equal to n. Lorentz
and Zeller have shown that for each increasing function f on [a, b] and for each
n> 0 there exists an increasing p € P_ such that 7 -2l < C, olf, 1/). They
have also shown that for any function f, increasing on [- 7, 0] and even on
[- 7, 7], there exists an even polynomial ¢ € Tn, increasing on [- 7, 0], which
satisfies | - t|| <C, w(f, 1/n). Our main results are Theorem 3 and Theorem 4
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in which we extend, in some sense, the result of Lorentz and Zeller to piecewise
monotone functions.

We will let ]n(x) be the Jackson kernel; i.e.,

1 (sin nx/2\* i 4
] (%) =— M—Z , where A = f" sin nx/2 dx.
A, \sin x/2 " -7\ sin x/2
It is known [2, p. 54] that »* <A< 2mn3.

Lemma. ] (x) has the following properties:
(i) If n is even, 0 <8 <, then

(1) fz ]n(x)dx > f:_s ]n(x)dx.
(i1) If 0 <& <7/2, then
@ [51,)dx < € /n38>.

Proof. (i) Case 1. 0<8<n/2.

Since ]n(x) is an even periodic function,

f:_sjn(x) dx = f:+8]n(x) dx.
Thus,

3 fz J (%) dx - f:+8]n(x) dx = fj[]n(x) - J (x + mldx.
Now, when 7 is even,
1 sin nx/2 \* sin nx/2 \*
== [<——Sin il ) _ (c_.—os >/ ) ]

Since (tanx/2)% <1 for 0 <x < a/2, the integrand in (3) is nonnegative, and,
hence, (3) is nonnegative for 0 <& < /2.
Case 2. n/2<86<m.

Here
) w -3 4
[21 s [T g = [T (dx - 5] () dx
and the result follows from Case 1.
4 1 ¢n (sin nx/2 \* 1 (n dx
i (x)dx < — ) A< — | —m .
(11) fsjn - 123 J-S sin x/z - n3 fS(sin x/2)4

Now sin(x/2) > x/m for 0 <x <. Therefore
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4 4 C
T 7 mdx _ @ 1 1 4
fs]"(x)dxs 55 a Sl 3| ST
n x 3n’ | & n°8

m

and the lemma is established.

Theorem 1. Let 7(x) = |x|, =7 <x < m, and be defined periodically by

r(x + 2km) = r(x) for k=21, £2,.... Then there exisis t € T, such that
4) @ max |#x) - nx)| < C/n.
—T<x<l

(ii) tx) decreases on [~ m, 0] and increases on [0, =).
(iii) t'(x) increases on [- n/2, n/2].
(iv) If 0 <8< n/2, then for all x €[5, n - 8]

(5) 1-C./n83 <t'(x) <1,

and forall x € (-7 +8,-8),-1<t'(x)<-1+ C6/"353'
W) 7 _|dlt(x) - r(x)]| < 4C/n.

Proof. For n even let
6) Hx) = f:r]n(u)r (x — u)du.
By Jackson’s Theorem, t(x) satisfies (i). By periodicity,

t(x) = j‘x+ﬂ ]n(u)r(x - u)du= f::_ﬂ]n(u)(x - u)du - f:+ﬂ]n(u)(x - u)du.

x—1
Hence

t'(x) = fz_”]n(u) du—n] (x -n)- f:+”]n(u) du+ ] (x +m)

)
o 2

Let x € [0, 7]. By the periodicity and evenness of ] (x) we then get

x m
(%) = - du.
P =2 %] Wdu-2f7 ] (ddu
Applying (1), ¢'(x) > 0. By a similar argument ¢'(x) <0 for — 7 <x <0, proving

(i) for n even. For n odd choose
® 1) = [T ), @ - wd,

and the proof follows as above. (i) and (ii) are established.
Proof of (iii). Differentiating in (7),

) =] () =] (x-m) -] (x+m)+] (x)=2[] () -] (x+m)]

This quantity is nonnegative for 0 < x < /2, as shown in the proof of part (i)
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of the Lemma. Then t"(x) >0 for — #/2 < x < n/2 by evenness and periodicity of
J ().
Proof of (iv). Let x €[5, 7 - 8]. We use (7) to obtain the desired estimates.
. w U
Since f_ﬂ]n(u)du =1 and ]n(u) >0, t'(x) <1. Now
21— 8

v > 2 wdu- [0 () du

which, by (2), gives
t'(x) > 1 - 2C,/n38% - 2C,/n38% =1 - C/n?5°.

The estimates for x € (-7 + 8, - 8) are similarly obtained.

Proof of (v). If h(x) = t(x) = #(x), then »'(x) is <0 on [0, 7] by (5). Hence
the total variation of h(x) on [0, 7] is bounded by

2C
2 max |t(x) - 7(x)] < —5
O<x<m

by (4). Similarly the total variation of h(x) on [~ m, 0] is bounded by 2C /n.
Since [7_ |dh(x)| is equal to the total variation of h(x) on [- 7, 7}, (v) is proved.

Definition. Let { be piecewise monotone on [4, b] with peaks at a = x| <
x,<...<x_=b A sequence of polynomials {p,} is said to be comonotone with
f on [a, b] if, for n sufficiently large, p, increases and decreases simultaneously
with [ on [a, 8]. {p } is said to be nearly comonotone with f on la, b] if, for
every e satisfying 0 <e¢ <}s min(x, | —x.),p  is comonotone with { on [x; +e
xi+l—e],i=1, 2, e, m=1.

Using this terminology, the sequence of polynomials defined by (6) and (8)
is comonotone with r(x) on [~ 7, n].

Definition. Let a =y, <y, <...<y,=b andlet L €C [a, &] be linear on
[yj' yj+1]’ j=0,1,...,k—1. Then L will be called piecewise linear on
la, 4] and yg, y,5 -+ » ¥, will be called the nodes of L. Let S be the slope
of L on [y]., yj+l]; we let M(L) = max |S].| and we let m(L) = min, lSjl. If m(L)

> 0 then L will be called a proper piecewise linear function.

Theorem 2. Let L be a proper piecewise linear function on [- /2, u/2].

Then there exists a nearly comonotone sequence {tn}, t, €T , such that
9 L - tn" < C,M(L)/n.

Proof. Let — n/2 = x, <oeo<x = 7/2 be the peaks of L. We will construct
a sequence {t }, ¢ €T , satisfying (9) and such that if 0<e<lminlx,, - x.)
then ¢t will have the same monotonicity as L on [x +E6 X, - d,i=1,2,..
m-1forall n>e 1 [C, M(L)/mu-)]“3
Let - n/2=y, <yl «+ <y, = /2 be the nodes of L. Let
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ag=Y(So+S,_ ) a;=Y%(S;-S._)), j=1,2,--+, k-1

Then
k-1

(10) Lx)=A+ ) alx-yl,
j=0

where A is a constant. Let ¢ be defined as in Theorem 1 [(6) and (8)] and let

k—1

1) t"(x) =A+y a,.t(x ~ y].).
j=0

Then ¢ €T . It follows [3, p. 147] that

c, c, C,M(L)
|L(x) -t (%)] < -——max Za < —max |§ | = ,
n 0 n i L n
=

thus establishing (9).

Now let x € [xl. +6 x, - —¢l. We assume, without loss of generality, that
.

i+l

L is increasing on (x, xi+1). Let Yo ¥ »¥ 4+ be those consecutive

ael? "
nodes (if any) of L(x) which are within ¢ of x; i.e., such that

12) |x—yq[<e, |x—yq+l|<c, ceey |x-yq,|<e.

Now, differentiating in (11), we get

k—1 k—1
(13) t(x)_Zar Zar+ Zar+2ar
a'+1
where T denotest(x—y) For j=¢,.-- , q' we have |x— |<e,hence,

from Theorem 1 (iii), i is decreasing as j goes from ¢ to ¢'. Also from
Theorem 1 (ii) and Theorem 1 (iv), 0<r <1 for x- y 20 and -1<7,<0 for x—y. <
0. Applying the estimates from Theorem 1 (iv) for ¢’ to the first and thud sums in (1 3)

we get ~1 g-—1 k—1 k—1
(14) t(x)_Za—ZaE+ Zar—Za+ZaE
q'+1 q'+l

where, from (5), we have 0 < Ei < C6/‘n363. Now, from the definition of {a].},

rewriting the summands, we obtain

q-1 k-1
Za—2a+2ar
sy © a'

q'-1

=W Se (1 -1)+ Z S;(ri=ri, P+, (l+r,) > m(L)
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by positivity of each term. Since 0 < E]. < C6/123€3, by partial summation we

obtain

-1 k—1 CBM(L)
(16) > aE. - 2 a.E.| < .
0

a'+1 n3e?

Combining (15) and (16) in (14), we get t'n(x) > m(L) - CEM(L)/n3c3. This quan-
tity is > 0 for n > e H[CoM(L)/m(L)]/%  Q.E.D.

Remark. In the proof of Theorem 2 we showed that ¢ will have the same monotonicity
as Lon[x,+ex, ,~€ i=1,2,..., m-1, for n> e HCy ML)/ m(L)]' /3.
It is not difficult to see that ¢ ~and L will have the same monotonicity
;p1 — €l for m> e [CgM(L)/mlx, € L)]'/3, where

m(x, ¢, L) denotes the minimum slope of L in an e-neighborhood of x. Indeed, in

at a point x € [x, +¢ x

view of the choice of g, .-, q', (12), Sq, cees Sq, > m(x, ¢, L); hence, when
making a local estimate in (15), m(L) can be replaced by m(x, ¢, L). In particular,
if ¢ is less than the distance from x to the nearest node, then n depends only
on the slope at x.

A piecewise monotone function [ will be called proper piecewise monotone
if it satisfies the following: for any e >0 and two successive peaks x, Xl

of f there exists & > 0 such that

() - 1(y)

>0
x-=y

for all x, y in [xi GEINE el, x £y.

Theorem 3. Let [ be a proper piecewise monotone function on |- /2, 7/2)
such that f € Lipy 1 (i.e., such that [ satisfies o(f, b) <Mb). Then there is

a nearly comonotone sequence {t_},t €T , such that

a7 If -t |l < CoM/m.

Proof. Let L_ be the proper piecewise linear function on [~ 7/2, n/2]
which has nodes at the peaks of / and at the points — n/2 + ju/n,j=0,1,.-.,
n, such that Ln(x) = f(x) at the nodes. Then L ~and f have the same peaks

and the same monotonicity for all x € [~ 7/2, n/2]. Also,
(18) /- L\ <Ma/n

and M(Ln) < M/n. Hence, by Theorem 2, there is a polynomial t, € T, such

that

'(19) L, -t <C,M/n.



1972] PIECEWISE MONOTONE POLYNOMIAL APPROXIMATION 471

Now ||f=¢ [ <lf-L I +IL, -t < CoyM/n from (20) and (21), establishing (19).
Since [ is proper piecewise monotone, for any ¢ > O there exists 8(¢) > 0

]

such that the slope §_ of Ln in [yi, yi+1] satisfies S, > & whenever [yi, Vil
is not within ¢ of a peak. Let n> ¢! [CBM/S(G)]1/3. In view of the remark
following Theorem 2, ¢ has the same monotonicity as L (and, hence, as /) at
all points not within e of a peak.

Remark. Theorems 2 and 3 were stated for the interval [- #/2, #/2], but are
easily extended to the interval [a, @ + 7] for any real number @ via the translation

X=u+a+mn/2.

Theorem 4. Let [ be a proper piecewise monotone function on [a, bl such
that f € Lip 1. Then there is a nearly comonotone sequence {pn}, b, € Pn,
such that ||f -p | < C | M/n.

This theorem is proved by use of the standard transformation x = cos 6, with
some modifications.

Note that the class of functions for which Theorem 3 and Theorem 4 are
proved includes all f which have a continuous derivative that does not vanish
except at the peaks. If we view monotonicity more *‘locally’’ and less “‘globally”’,
we can state our results more precisely, in a sense, than we have in Theorem 3
and Theorem 4. This is done in Theorem 3’ and Theorem 4', which are actually
corollary (indeed, equivalent) to the results already established.

Theorem 3" Let f € Lip 1 on [- /2, #/2). Then there is a sequence
e V1, €T, , such that

- tnli < C9M/n.

Moreover, { and t  will bave the same monotonicity at x for all
n>e” 1[CBM/5(€)] ! /3,
where € is the distance from x to the nearest peak of [ and

flx + b) - f(x)

S8(e) = inf 7

0<|b|<e

Theorem 4'. Let f € Lip 1 on [a, bl. Then there is a sequence b bo,
€ Pn, such that

/- pn“ < CloM/”°

Moreover, f and p_ will have the same monotonicity at x for all n >
€ 1[C8M/8(€)]1/3, where ¢ and 8¢) are the same as in Theorem 3'.
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