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FUNCTIONS AND INTEGRALS
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J. MALONE

ABSTRACT.   In §2 a mapping of nonnegative functions is defined to be

an integral if it has the following properties:   1(f) > 0,  /(/)< ■»  for some  /,

if /<g   then   /</)<./<g),  /(/ + /) = 2/(/),   /(2~=1 g„)i.2~=1 /(g).    Given an

integral  / a nonnegative function / is defined to be a measurable function

if /(/+ g) =/(/)+ 7(g)   for all nonnegative functions   g.    If /, g, (g„)Ç-i

are measurable functions then the following functions are measurable: f + g,

af forall   a > 0,  S~=1 gn, f - g  ii f - g > 0 and  /(g) <= «,;   also 2~     /(g^)

= /(Sn_i g   ).    An example shows if /, g  are measurable functions then

max \ f, g\  may fail to be a measurable function.   If an integral has the property

that if /, g  are measurable functions then max \f, g\  is a measurable function,

then the following functions are also measurable:   min \f, g\,   \f — g|,   sup g

and under certain conditions  lim sup g  ,   inf g  , lira inf g    when-
oo . 72— ~x> r  ö72'        .     ö72' n—to ?72

ever  (e  )     ,   is a sequence of measurable functions.   A theorem similar to°72  72 = 1 . ^

Lebesgue s dominated convergence theorem is shown to hold.

In §1 the Lebesgue integral, which does not in general have the prop-

erties required to be  an integral as defined in §2, is used to obtain an inte-

gral  U which does.   If p is an outer measure and    JTi    is the (7-algebra of

p-measurable sets then the set of measurable functions defined in §2 for the

integral U  contains the usual set of   % -measurable functions.   U has the

property that if / is a   ÎB -measurable function and if J7 fdp. denotes the

Lebesgue integral of / on a set  X  then J7 /rf/u. = Vyfdß.

In §3 it is shown that an, integral   / defined on a set   X  induces an outer

measure a.   If p is a regular outer measure, a representation theorem holds

for /:   if / is a nonnegative function and   U is the integral of §1 then  1(f)

— Uy fdp..    Regardless of whether or not the outer measure p is regular a

similar theorem can be obtained:   if f is a nonnegative     il! -measurable func-

tion rhen   1(f) = U,, fdp.    The relationship between /^-measurable sets and

measurable functions is explored.

Wherever possible the definitions and notation have been taken from [2].

Throughout the following let  X be a set, let  N he the set of all positive integers,

let   R he the set of all real numbers.   Unless stated otherwise every function

which appears is nonnegative; this is to be understood in the sense that if / is

defined on  X then  0 < f(x) < <x>  for all  x £ X.

1.   The integral U.   Let  X be a set with an outer measure p defined on it.
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Let   mI    be the ff-algebra of //.-measurable subsets of X.   For a nonnegative func-

tion / defined on  X  let J"„ fdp be the Lebesgue integral of /.

This section will use the Lebesgue integral to define an 'upper' integral  U

with the properties:

(a) f    fdp. = Cx fdp

whenever / is an M -measurable function,

(b) 0<YX f+ gdpi<Vxfdp + \ixgdp

whenever /, g  are nonnegative functions.   The purpose of defining and studying

U  is to give an example of a type of integral which will be examined in §2.

Before starting the main development of this section, the construction of

two sets  C, D  which are not Lebesgue measurable will be sketched;   C, D  will

be such that C n D = 0  and 0 < X(C) = X(D) = X(C U D) where À is Lebesgue measure.

Let m^   be the set of Lebesgue measurable subsets of  R.   Let  M be the "every-

where' nonmeasurable subset of  R  which appears in Theorem (16-E) of [l].   A

useful property of the set  M  is that for any  B £m^   it is true that  A(ß nM) =

X(B n M")= X(B).   For purposes here take  B = [0, l] C R  and let  C = B O M,

D = B n M'  so that  C U D = B   and X(C) = X(D) = À(C U D) = 1.

The useful feature of  C, D  is that

X(C) + X(D) = 2A(C U D).

In this sense  C, D  are some "worst possible' nonmeasurable sets.   They will be

used below to illustrate the behavior of various integrals.

Attention will now be turned to the central idea of this section:   the devel-

opment of an upper integral  U  such that

0 < Lix / + g dp < Ux fdp + LIX g dp

whenever /, g  are nonnegative.   That the Lebesgue integral does not have this

property can be seen by taking  C, D  as above and setting

Çc(x) = 1     if  x  £ C,

f c(x) = 0    if x e R n C',

¿¡Ax) = 1    if x £ D,

Now

£D(x) = 0    if x £ R nD'.

£c(x) + <fD(x) = 1     if x e G u D,

fc(x) + fD(x) = 0    if x eR n(CuD)'.

Hence JR rfc+ ifD ¿A = À(C U D).   However /   ¿;c dX = 0 since
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influx): x £A, A £%x, A(A) > Oi = 0

and

j   Çcd\ = sup ) ¿ uáiícUh x £ A^IAÍA^):
(*> = !

í A j, • • •, Aj  is a measurable dissection of  R > .

Since each A.   e 1R.    it is true that
ze 7»

J    £,cd\ = supiOi = 0.

Since zfD  is similar it is true that

Since the Lebesgue integral does not work it is necessary to find one that

will.   The first idea that presents itself might be to define for a nonnegative  /

Ux fdp = inf  }y^ supi/U): x £ Ak\p(Ak):
(k=l

i A   , • • •, A   S  is a measurable dissection of  X >.

This appears to work as long as  / is bounded   p-a.e.   and is positive only on a

set of finite measure.    Problems arise with functions like x~        on [0, 1] and

x~2  on [l, oo[  for

/
x

0
--1/2a-A=2 but Unx-1/2a"A

jo u

and

■a-A= 1 but   U7 x-2a'A = <
/;

One of the approaches which does appear to work for any function is to define

U  much as above but to go from measurable dissections with a finite number of

ft-measurable subsets of  X  to "countable dissections' with a countable number

of fí-meásurable pairwise disjoint subsets of X  suchthat  UT, A, = X.   The

approach here will be to use the Lebesgue integral and the properties of ill  -mea-

surable functions to define  U.

Hopefully by presenting things in terms of the Lebesgue integral the devel-

opment will be more accessible to some readers than if U  were defined on count-

able dissections.   In addition the details of showing that  U  does indeed treat

Ml  -measurable functions just like the Lebesgue integral does can be omitted.

Also, the approach presented here is suggestive of the treatment in §9 of [2] of

the integtals  /, /, / where  / looks not unlike the finite sums on measurable
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dissections (or integrals of simple functions), / looks not unlike the Lebesgue integral

and / looks not unlike U.   However, the range of-definition of  U  is rather more ex-

tensive than that of  /.   In any case the different approaches give the same   U.

Definition 1.1.   Let f be any nonnegative function defined on a set  X.   De-

fine

Ux fdp. = inf < I     g dp: g  is an %  -measurable function, fix) < g(x) for all x £ X?-.

Theorem 1.2.   Let g  be a nonnegative %  -measurable function and let f, h

be nonnegative functions defined on a set  X.   U  has the following properties:

(a) Ux gdp = J x gdp,

(b) Ux afdp= aUx f du    for 0 < a < oo,

(c) Vy f+ fdp = Uy fdp + UY fdp,
7\ /\ /V

(d) Ux / + h dp < Ux fdp + IJX h dp..

Proof,   (a), (b), (c) follow from the definition of  U; the reason for (c) as well

as (b) will be seen in §2.   (d) can be obtained with the following:   if g,, gh ate

11  -measurable with g,> f,  g, > h    then g,+ g,   is ^H  -measurable and g,+ g,

> f + h when /, h > 0.   Hence from the definition of  U  one sees that

\}y j + h du cannot be greater than  Ux / dp + U    h dp.   D

Using the functions  ¿;c, <fD   which were defined before Definition 1.1 it is

true that

0<\}RÇc + £.DdX=\}RÇcdX=V)RïDdX

\}Rtc + {DdX<\AR£cdX+\}RtDdX

or

and

2VR£c + ÇDdX=VR£cdX+URc;DdX.

The next theorem will appear again in §2.   Here and elsewhere for the pur-

pose of being specific whenever fix) = g(x) = oo  and  f - g  appears set f(x) -

g(x) = oo.

Theorem 1.3.   Given g > 0 such that  \]y g dp < oo  the following two state-

ments are equivalent:

(a) g  is M  -measurable,

(b) Ux g + fdp = Ux g dp + Ux fdp for all / > 0.
Also, (a) implies (b) even if \]y gdp. = oo.
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Proof.   First assume g  is M, -measurable.   Since

Ux I dp = inf \J      h dp: h is  % -measurable, / < h >

there exists a sequence of functions  (h )°° ,   such that / < h    fot all  n £ N  and^ 72   72=1 '    —        72

lim  l_7 h   dp = Ux /z//j.
72 -»oo

Let  h = inf h  .   It is true that
72

(a) h  is 'Hi  -measurable,

(b) / < h,

(c) Ux hdp = \]xfdp.

It is true that

Ux i + g zifz = Ux /> dp + Ux g zi(7.

and

Uv fdp + Uv gdp = UY /Wzz + Uy gdp.
A. A. A A

The next step is to show that

Ux / + g dp = Ux h + g dp.

Only the case  U„ f dp + U    gdp <°o  need be considered.   Since / < h it is true

that

/ + g < h + g    and     U^ / + g dp < Ux h + g dp..

It there existed  a > 0 such that

^x I + S ¿i1 + a = Ux h + g dp,

there would exist a function  e such that  e  is Hi   -measurable,  e > f + g, YJX e dp

< Ux f + g dp + a.   There would then exist  d such that  d is "H  -measurable and

e = d + g.   Evidently d> f and  Ux ddp < Ux h dp.   This would however contra-

dict one of the properties of  h.   Hence it is true that

Ux /+ gdp. = Ux h + gdfji = Ux hdp + Ux gdp = Ux fdp + \Jxgdp.

This finishes the first part.   For the remainder assume   Lx gdp < oo.   It still

must be proven that if g > 0 has the property that

Ux / + g dti = Ux /zz7 + Ux g dp

for all / > 0,  then g  is 1Î  -measurable.   This will be done by showing that if g
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is not !1l,-measurable, then there exists a function / which turns out to also be

not 11  -measurable such that

0 < Ux / + g dp < Ux fdp + Ux g dp.

Let g  be a nonnegative function which is not 11 -measurable.   As was seen

above there exists a function  h with the properties:   b is ll^-measurable,  g < h,

U„ gdp= Y¡x hdp.   Now  h - g  is a nonnegative function.   It is also not >R   -mea-

surable; were it >H  -measurable, then  h - (h - g) = g  would be.   Set /'= h- g so that

h = / + g.    It suffices to show IL fdp> 0.   Were it true that LI    fdp = 0, then fot all

a > 0 with Ba = f~ K]a, oo]) it would be true that fÁBj = 0 and hence Bfl eiH      However,

from the definition in [2, 11.2], / would then be M -measurable.   Since / is not M -

measurable,   Uv fdp > 0  and

U v h dp = Uv / + g dp < Ux fdp + Ux g dp.     n

This theorem is also true for the Lebesgue integral.   What can happen when

LL g dp = oo can be seen in the function h - f _ which appears in an example following

Theorem 2.7.

One may have noted that the above treats only nonnegative functions.   One

reason can be found quickly enough.   With sets  B, C from before Definition 1.1

let £ßU) =1   if x e B,  ¿;3(x) = 0 if x £ R C) 3' and similarly for <fc.   If one

writes for a nonne^ative function  h,  U    - hdp = - Lx hdp  it is true that

UR £B - ¿Jc dk = A(/3   DC ') > 0 but UR rfB d\ - UR cfc dk = 0.    Behavior of this

kind shows the need to restrict Definition 1.1 to nonnegative functions.   To

treat functions generally it would be necessary to first split them into positive

and negative parts and then treat each part as was done above.   While such an

approach is feasible and has been used in the development of the Lebesgue inte-

gral, here it would appear to compound the complexity which is already substan-

tial while adding but little to whatever instructive value may be present.

In the following section attention is turned to a class of integrals which in-

cludes  U.

2. The integral /. This section will examine a particular collection of inte-

grals. For each integral a set of measurable functions will be obtained and some

of the properties of these measurable functions will be given.

Definition 2.1.   Let  X be a set and let /', g, gj, g     g     . . .   be nonnegative

functions defined on X.   The real valued mapping  I will be called an integral

when it has the properties

(a) 0 < /(/) < oo,

(b) there exists /> 0 such that  1(f) < oo,

(c) /(/) < 1(g) whenever f < g,
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(d)   /(/+/) = ¡if) + /(/),

(e) H2°;=1g)<2:=liign).

The next four theorems show that the properties of Definition 2.1 are equiv-

alent to a more extensive set of properties.

Theorem 2.2.    Let  I be  an integral and let  0 be the zero function:   0(x) = 0

for all x £ X.   Then 1(0) = 0.

Proof.   Using properties (b), (c), (d) 1(0) = /(0 +0) = /(0) + /(0) < ¡if) + ¡if)

<oo.   Hence   /(0) = 0.   o

Theorem 2.3.    Let I  be an integral and let j, g be nonnegative functions.

Then ¡if + g) < ¡if) + ¡ig).

Proof.   Define g    = 0,  gA= 0, g, = 0, • • •  .   Then

(OO v OO

f+s+ T, s„)< ¡if) + Hg) + X '(0) = '(/> + Ag).    □
72 = 3 / 7Z = 3

Theorem 2.4.   Let I be an integral and let f be a nonnegative function.   If

0 < a < oo then ¡iaf) = al(f).

Proof.   The theorem holds for  a = 0, 1, 2.   If it is true for  a  it is true for

2a and a/2 since

/(2a/) = /(a/) + /(a/) = al(f) + al(f) = 2a/(/)

and

al(f)= /(a/) = I(a/2f+ a/2/) = /(a/2/) + /(a/2/)

a/2/(/) = /(a/2/).

The theorem thus is true for a = 2"  where  n is any integer.   The theorem also

holds when  a = 2'. 2      where each n,   is an integer.   The case for a = 3

will be done here; the others are similar.   One wants to show  I(3f) = 31(f).    From

Theorem 2.3

/(4/)</(3/) + /(/)<3/(/)+ ¡if),

but  /(4/) = 4/(/)  and hence  ¡i3f) = 3¡if).   Knowing the theorem holds whenever  a

can be written as a finite sum as was done above, one needs to show any non-

negative   a  will work.   This will be done here for  0< a < 1.   The extension to

any nonnegative  a  is straightforward,   a  can be written  a= 2°?_.  2   "k where

each nk is a positive integer.   It is true that

¿2     k< a
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and

;
/    £2 /     =  Z2       '(/)</(a/).

\fe = l /       k=l

however

/    oo _ \ oo        _/    oo _ \ oo _

l(af)= /     £ 2     kf    < X 2     fe/(/)= a/(/)-
U=l /        ¿ = 1

Also

lim   /(¿2      */) </(a/),
;—o

¿=1

but

;
lim /     V2      7     =  X   2      */(/)
y~°°    U = l /       fc.l

and

/(a/)=a/(/).     G

These theotems can be summarized in the following theorem.

Theorem 2.5.   Let I be an integral and let j, g, g     g     g  , • • .   be nonnega-

tive ¡unctions defined on a set  X.   The list of properties in Definition 2.1 is

equivalent to the following:

(a) 1(0) = 0,

(b) 0 < /(/) < oo,

(O   Kf)<Kg)   iff<g,
(d) /(a/) = al(f)  if 0< a<oo,

(e) /(/+g) </(/)+ Kg),

(f) l(l°° . g ) < 2«     ¡(g ).
72 = 1   °72     —        77= 1       ^72

Evidently Theorem 2.5 could be used as the definition of an integral instead

of Definition 2.1.

With the treatment given in §1, the integral U is an integral in the sense

of Definition 2.1 while the Lebesgue integral is not.

The next step is to obtain a collection of measurable functions for a given

integral  /.   This will be done in terms of the behavior of a function under inte-

gration and will make no teference to a-algebras of sets.   In addition no mention

will be made of measures or outer measures.   These entities will however appear

in §3.

Definition 2.6. Let X be a set and let I be an integral and let g be any

nonnegative function defined on X. g is called a measurable function if it is

true that  /(/ + g) = /(/) + 1(g)  whenever f is any nonnegative function defined on X.
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As was shown in Theorem 1.3 the set of functions which are measurable with

respect to LI  contains the set of M  -measurable functions where p  is the outer

measure used to define  U.

It is true that any integral  / has a measurable function, the zero function,

since  /(/ + 0) = /(/) + 0.

The uniform norm, ||/||a  [2, 7.3], is defined   ||/||a = sup||/(x)|: x é Xl.   When

restricted to nonnegative functions it is also an integral.   It has only constant

functions as measurable functions.

The =L  -norm,   ||/||fi [2, 13.l], which for   1 < p < oo  and / > 0  is also an inte-

gral, is defined here   ||/||    = [Ux fp dp]   'P.   If p > 1   and X  has more than one

element with positive measure, then for every measurable / it is true that   ||/|L

= 0.   It might be anticipated that any treatment of measurable functions may be

less than illuminating when applied to integrals for which the value of the inte-

gral of every measurable function is zero.

Next some properties of measurable functions are established.

Theorem 2.7.   Let  I be an integral and let j, g, g,, g   , g  , • • •   be nonnega-

tive measurable junctions.   The following functions are measurable:

(a) f+g,

(b) f-g  if g<f and HgXoc,

(c) a/ if 0 < a < oo,

It is also true that

(e)   K2~     g) = 1-     KgJ.

Proof.   Let  h be any nonnegative function.    For (a) it is true that

¡(h + i + g) = ¡(h + f) + Kg) = Kh) + ¡if) + Kg) = Kb) + ¡if + g).

For (b) one needs to show that

Kh + f - g) = lih) + ¡if - g).

Now

l(h + g + f-g)= 1(h) + l(g + f- g) = Kb) + Kg) + ¡if -g)= lih + g) + /(/ - g),

but

Kh + g + f - g) = Kh + l-g) + Kg)

and

¡ih + g) = Kh) + Kg)

or
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l(h + f-g)=l(h) + l(f-g).

For (c) one needs to show that

I(h+ af)= 1(h) + l(af).

If 0 < a < oo,  l(h/a + f)= I(h/a) + 1(f)  and al(h/a) = 1(h),  al(f) = l(af).   For (d)

one needs to show that

Now

¡h* £ gn)-'(h) + i(z.
\ 72 = 1 ' \72 = 1

(oo \ l    oo \ oo

b+   £«„)   <M)+l(X  gn)   </(*)+  Z  '<«„)■
72 = 1 / \r/ = l / 72 = 1

For k £ N using (a)

/(/,+ ¿gn)=/(/7)w(¿g„) =/(¿)+¿Kgw).

\ 72 = 1 / ^72 = 1 / 72 = 1

Now

and

k- oo

lim    £  /(gn) =   E   /(gn)

/ oo \ i   oo V oo

/ zw x «j =/(*>+'(r«.l=/(¿)+ 2: /(g«x
\ 72 = 1 / \t2 = 1 / 72 = 1

For  h = 0 this gives  /(S°°  , g  ) = S00  , l(g )  which yields (e).   d0 72 = 1   °72 72=1°72 J

It  can thus be seen that for an integral  / the set of measurable functions

contains the zero function and is closed under countable addition, nonnegative

multiplication and some subtractions.   This set of functions can be obtained

even though no mention is made of measures and measurable sets.

While there are cases for which (b) of Theorem 2.7 is true for  l(g) = oo,

there are also cases that fail.   The basic problem is that every function with an

infinite integtal is measurable.   As long as subtractions are not involved this is

of no importance.   For an example of (b) which fails when  1(g) = oo  take the

integral  U  of §1 evaluated with Lebesgue measure and the set  C  as before

Definition 1.1.   Define  h(x) = 1  for all x e R,  h(x) - <fc(x) =1   for all x e R n

C ',   h(x) - ic(x) =0 for all x £ C.   It is true that liR hdk = oo,   U     h - <f   dk = oo

and  h,   h - tf     are measurable.   However  h - (h - ÇA = tfr  and zfr  is not mea-

surable as was seen after Theorem 1.2.

To this point for a given integral  / and its set of measurable functions no-

thing has been said about  maxi/, gi  defined in [2, 7.1. vii].    If /, g  are mea-

surable functions is  maxi/, gi   or  mini/, gi  a measurable function?   For the fol-

lowing example the answer is no.
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Let  X be a set with elements  a, b, c.   Define for  a > 0,

a (a) = a,        a (b) = a/2,        a (c) = 0,

a (a) = 0,        a (b) = a/2,        a (c) = a.

An integral  / will be defined for which  a , ß    ate the only measurable functions when

a, ß > 0 and for which  max i a  , z3  !   is not measurable when  a, ß > 0.   It will

be useful however to first consider some of the properties of the functions  a

(a)   The family of functions  a    + ß    fot  a, ß > 0 is closed under addition:

for a   ß, y, 8> 0,

(afl + /3c) + (yfl + 8c) = aa + ya + ßc + 8c = (a + y)a + (ß + S)c.

(b)   If there are functions /, g  for which / + g = a   + ß  ,  it may not be true

that either / or g has the form  a    + ß     with  a , ß    > 0.   Define

fia) = 0, fib) = a'/2,       fie) = 0,

g(a) = a',        g(b) - 0, gic) = 0,

for which /+ g = a      These functions will need to be considered when defining

/ to insure

I(aa+ßc)=I(f+g)<lif)+lig).

(c)   Any function /> 0 can be written  /= a   + ß   + z where  z has the form:

(Zl) z(a) = 0,        z(b) = y,        z(c) = 0,

for y > 0,  in which case the expression for / is unique

(Z2) z(a) = y > 0,       z(b) = 0,        z(c) = y' > 0,

for y + y > 0, in which case the restraint on z is 2(12) + Ac) = y + y . That

Z2 does not yield a unique z can be seen with the function fia) = 2, fib) = 1,

/(c) = 2,  which can be written

f=la + lc + z    withz(a) = l,     zib) = 0,     z(c) = l,

or

f=2a + z    with z(a) = 0,    z(è) = 0,    z(c) = 2,

or in a number of other ways.   Since each different  z will give a different pair

0-a, ßc  the value of the integral of a function will have to be independent of how

the function is written.

The integral  / is defined
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I (a ) = aa(a) + a (b) + a. (c) = a + a/2 + 0 = 3 a/2 > 0,

I(ßc) = ßc(a) + ßc(b) + ßc(c) = 3/3/2 > 0,

Kaa + ßc) = l(aa) + I(ßc) = 3/2(a + ß),

so that  /(a    + a ) = 3a-   In attempting to make the functions  07 + /3     measur-

able and the functions  z  not measurable,  l(z)  will be set to the largest value

allowed by (c) of Definition 2.1 which is

I{z) = inf \l(aa + ßc): o-a + ßc> z\.

For z of the form  Zl with z(b) = y > 0,  z(a) = z(c) = 0,   set  l(z) = 3y.   For z2

of the form Z2 with ^2(a) + zAc) = y > 0,  z (è) = 0,  set  l(z2) = 3y/2.   For z(b)

= y > 0,  z;)(a) + z (c) = 2y,  one has

3y = /(z + z2) < l(z) + /(z2) = 6y,

so that neither z nor z     is measurable; hence no function of the form Zl or Z2

is measurable.

For / > 0 of the form / = aa + ßc + z,  ' is defined

Kf) = I(aa + ßc)+I(z).

Using these relations one can show that  / is an integral and that a nonnegative

function is measurable if and only if it has the form  a   + ß  .

The reason for constructing  / was to give an example of an integral for

which  max)/, gi  is not measurable even though /, g  are measurable.    Using

aa, 07  let 77z = max¡07, a  i for a > 0.   Thus 772(a) = a,  m(b) = a/2,  777(c) = a

and  777 = 07 + z    where  zAa) = zAb) = 0,  zAc) = a.   Hence  /(77z) = 3a.   How-

ever  a    + a    - 777 = z where  z(b) = a/2,  z(a) = z(c) = 0.   Thus

3a=/(a   +a ) = / (max i a , a  \ + z)
a c a       c

< /(maxiaa, a |)+ I(z) = 3a + 3a/2.

Hence  maxia^, a j  is not measurable.   Since  minia   , a   \ = z it is not mea-

surable either.

One might note that not all integrals share this property shown by the inte-

gral in the above example.   For the integral U  of §1 it is true that maxi/, g!

is measurable whenever /, g  are measurable.   The following theorem expands

on this.

Theorem 2.8.    Let  I be an integral with the property that max!/, gi   is mea-

surable whenever j, g  are measurable.   If l(f + g)   is finite then the following

two functions are measurable:

(a)   mini/, gi,
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(b) \f-g\.
Let (f )°°  ,   be a sequence of measurable functions,

n n = 1

(c) sup   /    is measurable.
rn' n

If there exists  ke N  such that  /(sup /, , fk+,, i ^.y, • • • )  is finite, then

(d) lim sup /    is measurable.
' 7Z —oo        r  I n

If there exists  k £ N such that  ¡if A   is finite, then the following are measurable:

(e) inf„/„,

CO    lim_ooi«f/„-

Proof,   (a), (b) follow from Theorem 2.7 and the relations

mini/, gl = f + g - maxi/, g i > 0,

|/-g| =2 maxi/, gl-(f + g)> 0.

For (c) write gj = /,,  g. + g, = max!/., j A.   Now g     is measurable since  g2

= maxf/j, f2l - /, > 0.   Similarly write  2*=J g^ = maxS/j, /2, • • • , /J   or

gi = max{/1. /2, ••••/A_I. /rj-maxl/,, /2, ■ • • , /¿.^O.

Hence  sup /   = 2,_. g,   and  sup /    is the sum of a countable collection of mea-

surable functions and is hence measurable.

For (d) let 5   = supi/  , /     ., /     _,, • • .  I  so that  lim s   =
72 r-    ' n'   '72+1'   ;7Z+2' 72 — oo       Z2

lim      „ sup / .   There exists  k £ N  such that  ¡(s A  is finite.   For n > k,   let
72—oo        r ' n k '

g   = s, - s  .   Since each g     is measurable   sup g     is measurable.   Since
°7Z k 72 °Z2 r   °72

lim s    m s. - sup g     and  s, > sup g   ,   lim s     is measurable.
n— oo     77 k c  °72 k — r  °7Z' zz^oo     rz

(e) can be established with arguments similar to those in (c), (d).   (f) follows

from (e), (c).   D

The necessity in (d) of Theorem 2.8 of requiring that  /(sup[/,, /,    .,••■])

be finite for some   k  is seen in an example.   Given the set  C  from before

Definition 1.1 and the integral U  of § 1 defined with Lebesgue measure, define

/ (x) = 1    if x e C,      / (x) = 1/tz    if x £ R n C'.
' ZZ 77

It is true that  lim sup /   = Í-.  where ¿Ax) = 1 if x £ C, £Ax) = 0 if
72 —oo r  :n       'C =C 5C

x £ R H C  .   It is true that  U„ /   dX = oo for all  n and that ¿v  is not measur-
K   ' 72 ^ C

able as was shown after Theorem 1.2.   Similar examples can be given for (e), (f)

of Theorem 2.8.

Theorem 2.9.    Let I be an integral and let (f )°°_.   be a sequence of nonneg-

ative functions defined on a set  X.   Then

(a) supn/(/n)</(supn/n),

(b) /(inf    / ) < inf    /(/ ).
rz ' Z2   — n     ' n

The proof is omitted.
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Theorem 2.10.   Let  I be an integral as in Theorem 2.8.   // (/ )°°_,   is a se-

quence of nonnegative measurable junctions, then

(a)   /(lim inf/ ) < lim inf /(/ ).
v   J n—'oo ' n    — «—.do ' n

For (b) and (c) let it be true that there exists k £ N such that

/(supi/^, /fe + 1, /jfe + 2, ...})

Then

(b) lim sup /(/ ) < /(lim sup / ).v     ' 72 —OO *       M 72     — 72—OO í    !„'

If lim inf /   + g = lim sup /    where  1(g) = 0,   then
1 n—>oo 7 72       o 72—»oo        r ' n °

(c) lim /(/ )  exists and' 77—OO        M 72

lim   /(/ ) = / (  lim   inf /   )  = / ( lim   sup / ) .
72-.00 " \77 — O0 "/ \t2-.00 "/

// g = 0,   lim^^ fn = limB_^ inf fn = limw-i, sup fn and lim ^^ Kfj =

/(lim / ).
tí —oo i n'

Proof. If there exists k £ N such that for (a), inf Í /(/ ), /(/, ,),•-• S = oo,

the proof is straightforward. Otherwise there exists k £ N such that /(/,) < oo

and  /(inf / ) < /(/',).    Let

infi/2, fy ••• S = gj + infi/j, f2, ••• i = g, + inf fn-

Similarly for k > 2 define

fe-1

¡"f */*./* + !• ■••!=   £*„ +*«*/„•
72=1

Each g     is measurable since for all k £ N it is true that  inf i/,, /,    ,, ...  1  is

measurable.   Also

oo

lim  inf /   =  V"  g    + inf / .
n-oo        'n       ¿-.   °n        n    'n

72 = 1

For all / > k > 1   it is true that

k-l

l(\ni\fk,fk+v ...})=  £/(gJ + / (inf /„)</(/,.).

Hence "=I

OO

/Aim   inf/)   =   V ¡(g) + I firf /   ) <  lim   inf/(/ ).
U-oo 72/ ¿-^ V    „    '«/    -  „-.oo '72

72=1

For (b) there exists  k £ N such that   /(supi/, , /,     , . . .|) < «>.   Let

SUP*4+1' //fe + 2' •"  S= suPÍ//i> fk + V •'•  i_ Sfe-   Similarly, for all ;> /e,  let
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s upS/;>/,+1.---l = supí4,/,+1,...j-£,

7Z=7e

Using the relations

lim  sup /   = sup I/,
72 — oo TL R 'k-x-l'

and

)

,(ix>-sup/-) = /(sup!/^' fk*v'"»~ £ a*J>
n=k

the proof can be obtained in a manner similar to that in (a),

(c) follows from

/ ( lim sup /   )  = /( lim inf M < lim  inf /(/ ) <  lim  /(/ )
\n-oo      r'n) \n_oo '77/-„_oo 'tz   - „_«,      'n

<  lim sup /(/ ) < /(  lim  sup /   J.     d
- n-oo        r tz     -      ^„_oo "/

(c) of this theorem can be restated so that it resembles a form of Lebesgue's

dominated convergence theorem [2, 12.24]:

If there exists some nonnegative function s  for which  l(s)  is finite and

/   < s  fot n e N,  and if  lim inf /   = lim       _ sup / ,  then  lim      ^ /    and
i n — ' tz—oo ' n tz —oo       r 'n zz—«oo ' n

lim /(/ ) exist and   /(lim      „ / ) = lim      „ /(/ ).   One sees that  s > sup /  ,
rz —oo    vn' v        tz —oo i n tz—oo    x' n —       r 'zz'

and that if l(s)  is finite then  /(sup / )  is also.r    ' TZ

As has been shown [2, 12.25], (c) of this theorem may fail if one tries to ex-

tend it to the case where there is no dominating function or /(supj/, , /, .,•••!)

= oo  for all  k £ N.   It is possible however that

/ ( lim  inf /   )  =  lim   /(/ ) = /( lim  sup /   )
Vrz^oo '«/        „-oo       'tz \tz-oo       r    « /

even though no dominating function exists.   This can be seen in an example.   Let

the functions fnk  be defined on  X = [0, l] C R  with value zero except where

defined otherwise.   Define on the interval ]l/2!, l/2°] = ]l/2, l]  the function

f01 = 2   = 1  so that using the integral U of §1,  Ux fQl dX = 1/2.   Divide the

interval ]l/22, 1/21]   into two equal parts and define /,, = 21   on

]l/22, 1/22 + 1/23]  and /12 = 21  on ]l/22 + l/23, 1/21]  so that Ux fudX =

Ux fX2dX= 21 • 1/23 = 1/22.   The interval ]l/23, 1/22]  is divided into 22

equal disjoint intervals of width  l/23 •  l/22 = 1/25  and f21, f22, f2y f2A  is

each defined on one of these so that  f     = 22, Ux /  , dX = 22 •  1/25 = 1/23,

k = 1, 2, 3, 4.   The construction is continued by dividing the interval

]l/2"+1, 1/2"]   into  2"  equal disjoint intervals of width   l/2n+1 •  l/2" = l/22"+1.

The functions fnk, k = 1, 2, • ■ . , 2",   are each defined on one of these intervals

suchthat fnk= 2" and Ux fnk dX = 2n ■  l/22"+I = l/2" + I.   For this set of



436 J- MALONE [November

functions  sup /   , > l/(2x)  so that there is no dominating function; if g > fnk  for

all allowed  72, k then g > l/(2x)   and Ux g dk = 00.   Nevettheless  lim inf fnk =

lim fnk =  lim SUP fnk   and   UX lim fnkdX = Um UX /„/fe^ =  °*

It can be true that  lim /(/ )  exists and perhaps even equals
72 —00        J 77 *

/(limn_;x) inf fn)  or  /(lim ^    ^ sup /J   even though  /(lim^^ inf /J /

/(lim      ^ sup / ).   Let X= [O, l] C R and let U be the integral of §1.   Let the

functions ¿r   ,   he the characteristic functions of their respective intervals so» = 727Ï

that

f01 = 1 on  [0, 1] and Ux£01 <& = 1,

¿7j=1 on  [0, 1/2] and Uxfn dk = 1/2,

f12 = l on  [1/2, 1] and Ux£12<& = 1/2,

£21=1 on[0,l/22] and Ux£21 dk = 1/2 2,

so that rf ,, A = 1, 2, • ' •, 2", are defined to be the characteristic functions of

the 2" similar disjoint intervals of [0, l]: [O, 1/2"], ]l/2", 2/2"],

](2" - l)/2", 1].   Thus  Ux Çnkdk = 1/2",  k = 1, • • . , 2".   It is true that

lim sup zf  , = rf0, = 1,  lim inf <f  , = 0,  and  lim rf  ,   does not exist.   However

lim Ux ¿fnk dk = 0 = Ux lim inf ¿¡nk dk even though  Ux lim sup f nfe z/A = 1.

This section closes with a consideration of the requirement in Theorem 2.10

that each function belonging to (/ )°°_. must be measurable.   The reason for this

can be roughly sketched.   With X = N let each <f    be the characteristic function

of the corresponding set ¿j,(x) =1  if x e j li,  ¿;2(x) =1  if x £ ) 1, 2Í, • • • , £ (x)

= 1  if x e Í1, 2, • •. , n\, ■ . •, rf^U) =1  if x e N.   For all 72 e N define K€n) = 1

and let  ¡(Ç^) = 2.   It is possible to extend the definition of  / and make it an

integtal so that  I(a^n) = aKf„)  for a > 0,  l(gk + ¿7) < K£k) + HÇJ,  etc.   Since

/(£„) = 2  it can be shown that there is some  k £ N such that £    is not measur-OO 72 _

able if 72 > k.   However,  lim inf <í   = ¿     so that lim inf /(<? ) = 1 <
72— 00 3 72 3oo 72—00 ^72

ydim^   ^ inf ¿7.) = 2 and in fact /(lim      ^ inf £ ) > sup /(£ ) = 1.

3.   A representation theorem for the integral  /.   The integral / which ap-

peared in §2 will be used to induce an outer measure  p on the subsets of X.

If p  is a regular outer measure it will be shown that

/(/)=Ux/a7,

where  U  is the integral defined in §1.   If / is a nonnegative  511 -measurable

function this is equivalent to writing

'</> - fxfdp,

which says   / can be written as a Lebesgue integral.

All functions which appear are nonnegative.
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Definition 3.1.   Let X be a set and let  E  be a subset of X.   Define as in

[2, 2.20],

rfE(x) = 1     if x e E,       ¿fE(x) = 0    if x e X r\E'.

¿;P  is called the characteristic function of E.   Define piE) = /(¿Tp).

The next theorem will show p is an outer measure;  p will be referred to as

the outer measure induced by  /.

Theorem 3.2.   p defined in Theorem 3.1 is an outer measure as defined in

[2, 10.2]:

(a) 0 < (i(A) < oo  for all AC X,

(b) ,2,(0)= 0,

(c) piA) < p(B)  if ACBCX,

(d) pi\J°° , A ) < 2°° , piA ) for all sequences (A  )°°  ,   of subsets of X.
r   w72=l TZ     —        Z2 = l   r        Z2      ' ' U   7Z=1 ' '

Proof.   See Theorem 2.5 and write

(a) 0 < I(¿¡A) < oo,

(b) £0 = 0 and  ¡(Q = 0,

(c) ACS   implies  ¿A < £ß  and  HÇ A) < Uß),

(d) withß = u;=1^, ¡i¿B)<2^lneAn). □

Associated with p  is the collection of p-measurable subsets of  X.

Definition [2, 10.5].   Let   X be a set and p an outer measure on the power

set of X.   A subset  A  of X  is said to be p-measurable if

p(T) = p(Tn A) + p(Trx A')

for all T C X.

Associated with an integral  /  is the collection of measurable nonnegative

functions of Definition 2.6.   In particular, there is the collection of measurable

characteristic functions t¡ .   where  AC X.   The question arises:   is there any

relationship between A C X being a ^-measurable set and t¡.   being a measurable

function?   The next theorem looks at one part of the problem.

Theorem 3.3.    Let p be the outer measure induced by the integral I.    Let A

be a p-measurable set and B  a subset of X such that A n B = 0.    Then

K¿A + c:B) = KeA) + K¿B).

Proof.   A  is p-measurable and   piA U 3) = p((A U B) n A) + p((A U 3) n A ')

= p(A) + p(B).   Hence  ¡(¿A + ¿ß) = /(^) + /(ffl).   n

For a given /i-measurable set  A   a limited collection of functions is treated

by this theorem.   It will be shown in Theorem 3.8 that if p  is a regular outer mea-

sure and if A   is p-measurable then £     is   measurable.
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That Theorem 3.3 may fail if A   is not p-measurable can be seen in the ex-

ample following Theorem 1.2.

Theorem 3.3 raises the question:   if  rf.   has the property that

/(<fA + £B) = ¡i£A) + ¡ic;B)    whenever  A n(B = 0

is A p-measurable? An example indicates not. Let X be a set with disjoint

subsets  A, B, C.   Let

/(f B) = Uc) = 1,       /(^ + ffl) = KÇA + ec) = 3/2.

£B + <fc  is measurable since  ¡igA + f0 + fc) = z"(rf ̂) + '(£.-, + £c)  and  A   is the

only nonvoid set not containing an element of S u C.   9 U C  is not p-measurable

since

*

piA u 3) < p((A U S) n (B U C)) + p(U u 8) n (3 u C)') = p(B) + p(A)

or

3/2 = /(^ + £B)</(^) + /(£B) = l+l.

The situation here is that while S U C is not p-measurable there is no set D

such that (B u C) n-D = 0 and p((3 u C) U D) < p(B U C) + <¿(D). If p is a

regular outer measure such a  D  can be found.

Definition [2, 10.40].   An outer measure p  on the power set of X  is said to

be regular if for each E C X there exists a p-measurable set A C X such that

E C A  and piA) = piE).

Theorem 3.4. Let p be a regular outer measure on a set X. If E C X, piE)

< oo, and E is not p-measurable, then there exists OCX such that E <~) D = 0

and piE u D) < piE) + piD).

Proof.   Since p is a regular outer measure there exists a set A   such that

E C A,  A  is p-measurable and piE) = piA).   Since  E is not p-measurable   A C\ E

is not p-measurable and piA Pi E ') > 0.   It is true that E = A n E = A C\(A n E ') '

and piA) = piE U (A O £ ')) < p(£) + piA  n E') = p(A) + piA n E ').   G

There exist outer measures induced by integrals which are not regular outer

measures but which have in common with regular outer measures the property:

(3.5) If A is not a p-measurable subset of X and piA) < oo, then there

exists a set 3 C X such that Ar\B =0 , and piA u B) < p(A) + p(B). Also

f(£/t + íg) < ^C^) + 'C£B)  ar,d £,4   is not a measurable function.

For an example of an outer measure p which has property (3.5) but which is

not a regular outer measure let A, B be such that A U B = X and A O 3 = 0.

Define  X.^ t <fß) = 1, /(^) = *£B) = 2/3 so that 1 = piA U 3) < p(A) + za(S) = 4/3.   It is

true that A U 0 is p-measurable and is the only ¿/-measurable set which contains either
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A or S both of which are not ix-measurable.   p has property (3.5) even though it is not a

regular outer measure.   If p were defined:  p{A US) = 1, p(A) = p(B) = 1 then p would be

a regular outer measure.   There are examples of outer measures possessing property (3.5 )

which are not regular outer measures but which are not so simple as p.   For those integral

induced outer measures which have property (3.5), if A is not z_t-measurable then <f ¿ is

not measurable.   Restating this:   If ç     is measurable then A is p-measurable.

Before starting the development of the representation theorem it may be ap-

propriate to include the following:

Theorem 3.6. Let I be an integral which induces a regular outer measure p

on a set X. Let (4 )"°_, be a family of pairwise disjoint subsets of X and for

each A     let B     be a u-measurable set such that  A    C B    C X  and u(A  ) = u(B ).
77 72 ~ 72 72 ~    n        ~      n-

Let (a  )°°  ,   be a sequence of numbers such that  0 < a    < oo  for all n £ N.    If77   72 =1 l ' —        72  — ; '

(B  )°°  ,   is such that p(B    !~) B A = 0  if n / k,   then for all k > 1,
7272=1 ~ n k ' ' —        '

Í Sa ) - Z ".< ) = Z <V^b ) - *(Z Sb )
72=1 "/ ,2 = 1 " ,2=1 " Wl "/

and

oo \ oo oo /     oo

„ = 1 "/        ,2=1 "        «=1 " Wl "/

Proof.   It is true that  I(1k   . £„  ) = lk   ,  /(£_  )  and  /(S°°  . £
n=l'.J„ 72=1 B„ 72=1^ B,

.  /(rf _   ).    Also   I(lk   , Ç,    ) = C£*   , f „  )   since for k = 2  there is the
72=1 "n 72 = 1       An 72=1        ÍJn

function  f.    + ¿;A     and the corresponding set  A    U A     for which there exists

a zx-measurable set  S   such that A    U A    C B  and /t(A    U A  ) = ¿z.(B).   Were it

true that p(B) < p(B {) + p(B )  there would exist measurable sets  B n B     and

ß n B2   such that

,/(ß O Bj) +zjt(ß n B2)<ít(B) </i(Aj) + <j(A2).

Since  Aj C BOBl   and  A2 C B  OB2  this cannot happen.   Hence

'^,  *€A) - '^) <   '^ -  '<V  " 'V = '^1 + W

The proof for k  such that   3 < ¿ < oo   is similar to  k = 2  and is omitted.   It is

possible to use the result for  3 < k < oo  to show that   /(S°°  . Ë.   ) = £°°      /(¿7   )
— 72 = 1       71n 77 = 1 A „

or ft(U^=, A) = 2~=1 ;t(An) = S^j/ißJ.    It will next be shown that

/(ai^j + a2^A2) = ^¿A? + /(a2^A2)-    For ai^! +  a2^42   there is a COr"

responding function  Ot2f4] + a^   ; for this pair it is true that

/(al^I + a2^2+a2^1 + ai^2)

(*l + a-2)«tAi + tA) =(°-l + a2)(«tA) + l(£A ))
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Also

/(a1^i "»-a^+a^ + a^)

i'<ai^,   +a2^A2) + /(a2^A1 +  ai^A2)

<a /(£    )+"/(£    )+a   /(e    )+a /(£    )

= ial + a2)iK£A) + K^A)).

Hence the two possible inequalities are actually equalities and ¡iaJiA    + a2^A  ^

= a  li£.   ) + a  /(£.   ).   One might note that this was done without using the fact

that  ajiB     is a measurable function which is yet to be shown in Theorem 3.8.

An argument of this type can be extended to show  /(£*_,  a £A  ) = 2     . a  l{ÇA  )

= X *   . a  /(zfB  ) = ¡(2k_. a rfB  ).   For the countable case it is true that

2k " a /(J,  ) = /(2*  " o f "   ) < A2°° , a <f .   ) < 2°° . a   /(f,   ) and since

k oo

lim   £  a ,(¿A  ) = £   a /(<f    )

72 = 1 TZ = 1

it is true that
/oo \ oo oo /    °° \

'   Z   «jA      = L "Ä > - Z  *.«*. ) = /   Z  «A    •      a
\Z2=1 ' 72=1 72 =1 \7Z = 1 '

Theorem 3.7.   Let I be an integral which induces a regular outer measure

p on a set X.   Let f be a nonnegative function defined on X.   Given e > 0 there

exists ß > 0 and sequences of subsets of X, (C,)°?        , (D,)f        ,  such that

(a) for all integer k,  D,   is p-measurable,  C, C D, C X,  piC¡A = p(D,).

(b) For all k¿ n,  DL n D   = 0,   CL O C    =0.

oo oo

(c) £   (1 + /3)*£c   < / < (1 + /3) X   (l + /3)*f    .
ze = -oo fe=-oo

Z a +/s)fe/(^c ) = /( £ d+j8)*ic )
/e=-oo fe \ze=-oo fe/

(d) </(/)<(! +j8)/(   X    (1 +/3)*£
7e = -oo V

= (1 + /3)   X   (1 + z3)*/(rfD ) <   £   (i + ß)^c )
ze=-oc * 7e = _00 fe

+ f .

Proof.   Assume  /(/) < oo;  the other case is a straightforward extension of this

one.   The procedure will be to construct two functions  g, d such that g < / < d

and  ¡ig)< ¡if) < ¡ict).   It will also be true that (1 + ß)Üg) = ¡id)  so that  ¡id) -



1972] FUNCTIONS AND INTEGRALS 441

/(/) < 1(d) - 1(g) = ßl(g) < ßl(f).   ß  will then be chosen such that   ßl(f) < c

Let ß be such that ß > 0.   Define for all integer k,  A^ = \x: x £ X, f(x) >

(l + ß)k\ which can alternatively be written Afe = /_1([(1 + ß)k, oo]).    For each

Ak there exists  Bk  such that A^CB^CX,  p(Afe) = p(Bk) < oo  and  Bk  is p-mea-

surable where p  is the regular outer measure induced by  /.   Define for each B. ,

Dk= Bk n(Bfe+1)'.   It is true that  supi/(x): x £ Dj < (1 + ß)k+l   since if /(x)

> (1 + ß)k+1,  then x £ Ak+l,  x e Bfe+1,  x/(B^ + 1)',   x 4 D k.   It is also true that

if k / 72,  then D.n D    = 0.   For all k define   C, = A,  O D,.   It is true that

/t(C, ) = p(D A  since otherwise there would exist a /z-measurable set  E  such that

CkC E C Dk and /¿(C7) = p(E) <p(T>k).   Since /x(D^ n E ') > 0 and (DknE') n

Afe = 0   it would be true that  A^ C B^ O (D     D E') '  and /¿(A^) <

p(B,   <^(D,   n E )') < p(B.) = p(A,).   Since this cannot happen it is true that

piCk) = ¡j.(Dk).   Define  g = S~=_oo (l + ß)Hc  ■   It is true that g < f.   Also  Kg) =

SI=_oo ^ + ß)kK£c )  using Theorem 3.6.   Let  D^ = ix: x £ X, f(x) = 00!.   Since

1(f) < 00  it is true that p(D00) = 0.   Define  d(x) = 00   if x £ D   .   Complete the de-

finition of d thus:   d = (l + /3)2°°    ^ (l + ß) £D   ■   It is true that d > /; indeed

d(x) > /(x)  for all x  such that  0 < f(x) < 00.    It is also true that

00

1(d) = (l + ß)  £ (1 + 0)*/^ »

;=—00
k

= (1 + /3) £   U + /3)*'(£c ) = U + |8)/(g).
L 4
zfe =—OC

Hence g < f < d,   1(g) < 1(f) < l(d)  and ßl(g) > )8/ (g) = 1(d) - /(g) > l(d) - 1(f).   ß

can be chosen such that ßKf) < c and the theorem follows.   G

Theorem 3.8.   Let I be an integral which induces a regular outer measure

p on a set X.   If A   is a p-measurable set then ¿7,   is a measurable function;

which says given any nonnegative function f defined on X  it is true that

/(/ + ^) = /(/) + /(^).

Proof.   Only the case for  K£A) < 00   need be considered.   Let / be such that

/(/) < 00.    For / and ß, e > 0 there exist families of sets  (C,)"f        , (D,)7
' k  fc=-oo' k  k = -°c

and the functions g, d as defined in the proof of Theorem 3.7.   Define   C       =

D_oo = ix: x e X, a\x) = 0!  and define for - 00 < k < 00,   E k= C^OA,   F k = Cfe n A

C, = Dfc n A.   It is true that U^ Efc C A,    U¿_ G, = A  and £-__ «£     )

= ^=_ KfGfc) = l(irA).   Also  /(fCfc) = /(f^ + eFA) = /(íEfc) + /(£Ft).    It is true
that
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(oo oo                     \

£   (l+/3)*£ +   Z   £EJ
k=—oû k-— oo              /

(oo oo

Z  Ü+¿3)*(¿ +f   )*   Z f£
<e = -oo *             *         fe = -oo

/       oo oo \

= /( £ (i+/3)^E, *€„)* Z £EJ

/(   £   ((i +/3)* + l)£Efe+   £   (1 + j8)*fF
vze = _oo k- — oo

Y. «i + /*» +1 wig ) + z « * zSz*'(f p )

/e=—oo fe - —oo

= %) + '(^).

It is   true that  /(g) + UA) = Kg + £A) < Kf + tA) < Kfi + H£A) < Kg) + e + /(^)

and since given e > 0 an expression of this form can be found it is true that

/(/+ ¿;A) = /(/) + ¡i£A)  and ¿;A   is a measurable function.   D

Theorem 3.9.   Let  I be an integral which induces a regular outer measure

p on a set X.   Let iA,)'T_,   be a family of p-measurable subsets of X.   Let

(a A°?_.   be such that  0 < a, < oo  ¡or all k e N.    The function

oo

d=   Z   *ktA
k = l k

is a measurable function.   Let (d )°°  ,   be a sequence of measurable functions1 72   72 = 1 ' ' '

each of which is defined as    d is defined:   each d    has its own sequences

(A A°?_,   and iaAft,_,.   Then the following functions are measurable:

inf d ,     lim  inf d ,     sup d ,     lim  sup d .
77 ' 77 , 77 . 77

TZ-» OO

Proof.    That   d is measurable is a restatement of Theorem 2.7.    That  sup d
r 72

is measurable follows from Theorem 2.8 and the fact that if A, B are p-measur-

able then A U B is and £Au3 = maxlf^, ¿j I. Hence maxj^, ÇA is measur-

able.   If there exists a d    such that ¡id )  is finite then  inf d    is measurable.
77 72 TZ

It is, however, also true that  inf d    is measurable even if each  ¡id ) = oo.   A
n zz

proof of this will not be given; the argument is straightforward with the exception

of one case that arises when for each d    there exists a set A,   or sets for
TZ k

which p(Ak) = oo.    For a given nonnegative function / such that  /(/)  is finite

and for ß > 0 there exists a sequence of subsets (D)°°       as defined in Theorem
■* Z   Z=—oo

3.7.   For each  A,   associated with d    the intersection of A,   and each D.   can
«- TZ ft I

be formed to give a sequence of subsets of X  each of which has finite measure.
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It can then be shown that  /(/ + inf d ) = /(/) + /(inf d ).   Once  sup d    and
' 72 n x        77

inf d    ate shown to be measurable   lim inf d    and  lim      „ sup d    follow. D
72 72—oo 72 n —oo *       n

Next the representation theorem:

Theorem 3.10. Let I be an integral which induces a regular outer measure

p on a set X. Let j be any nonnegative function defined on X. Let U be the

integral defined in (1.1).   Then

1(f) =\]x fdp.

Proof.   For all A C X  it is true that  Ux £A dp = K£A) = p(A)  so that  U  also

induces a regular outer measure on  X.   For ß, d and a sequence of subsets

(D,)°° as in the proof of Theorem 3.7 it is true that d = ¿Tf    „ (l + ß) ¿;„
k   k~— oo r k- — oo ' tZz,

and
OO OO

1(d) =   £   (1 + j8)*/(iD) =   Z   (l +ß)kVxCDdp = Y)xddp.
k- — oo 7e = — oo

For /> 0 and /(/) < oo  it is true that  /(/) = UY /rifi.    Assuming otherwise either

/(/) < Uy ¡dp  or  /(/) > Ux f dp.   For the latter case there would exist a z/ and

(T> A°?__go  as in the proof of Theorem 3.7 such that

1(f) >\]xddp = 1(d) >\}xfdp.

However d>f and it is true that  1(d) > /(/).    The case for the assumption  1(f) <

Ux f dp is similar.   The proof for  /(/) = oo  is straightforward.   Hence

Ux/a7 = /(/). n

Knowing an integral  / induces an outer measure p a similar theorem can be

obtained:

Theorem 3.11.   Let  I be an integral which induces an outer measure p on a

X.   Let j be any nonnegative .11  -z;

be the integral defined in (1.1).   Then

set X.   Let f be any nonnegative M  -measurable function defined on  X.   Let U

/(/) = Ux/a7.

A proof which will not be given can be obtained which is similar to the proof

of Theorem 3.10 and uses a theorem similar to Theorem 3.7 which is valid for

M. -measurable functions.

Theorem 3.11 also holds for the Lebesgue integtal when it is used instead

of the integral  U.

The rest of this section contains an assottment of topics that help round out

the discussion. An integral / induces an outer measure p on a set X for which

there is a family of p-measurable sets.   Thete is also a family of characteristic
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functions of the form £.   which are measurable.   The question arises:   is there

any relation between  A  being ¿/-measurable and ç ,   being measurable?   In the

next two examples the answer is no.   In the discussion above starting with

Theorem 3.3    and ending just before Theorem 3.6 some aspects of this question

were examined when the measurability of <f .   was determined by looking only at

its behavior under integration with other 'disjoint' characteristic functions.

Here the actual measurability of f .   as defined in (2.6) will be examined.

It will first be shown that there exists a set  X  and an integral / such that

with  B, C  subsets of  X  such that  BC\C = 0,  £      _  or equivalently £„ + ifr

is a measurable function even though  B DC is not p-measurable.   Let  X be a set

with disjoint single element subsets  A, B, C.   Extend the definition of  / which

appeared in an example following Theorem 3.3 so that if a > 0,

¡(cl(Ça + ÇB + £c)) = 2a,       I(a$A)=CL,

<(a(£B+£c))=    a,       /(a£B) = l(a£c) = a,

¡iaic;A + €B)) = l(a(¿;A + ^)) = 3a/2.

Any function / > 0 defined on X  will have the form / = a£A + ßR£B + ßc£c

with a% ßß, ßc > 0.   Let ß = miní/3g, ßcl  and assume  ßß > ßc  so ßc = ß,

ßB = ß + ßv   Thus f=agA+ßiCB+Cc) + ßlCB.   Define

/(< + ßiczB + €c) + ß^B) = /(< + /8,fB) + ßiiiB + €c)

and define

Ü^A + ß^B) = Vi ÜiactA) + ¡(ß^B) + max \I(a£A), Hß^B)\).

ß C - ßB  ls treated similarly.   It can be shown that  /  is an integral and that

ç,, + çc  is measurable even though  B U C  is not p-measurable:

piA U 3) < p((A U 3) D (B U C)) + p((A U S) n (3 U C)') = p(B) + p(A).

Hence if rf^   is measurable then A  need not be p-measurable.

An integral can be defined which has the opposite behavior:   A   is p-measur-

able and çA   is not measurable.   Let X  be the union of the pairwise disjoint

single element sets  A, B, C.   For  0< a < oo,  define  ¡ia<îA) = a; for  0< ß < 1,

define  /(<fB + ßc;c) = ¡ißt;ß  + fc) - 1 + /3/2  so that  /(£ß) = ¡(Çc) = 1,

/(fB + fc) = 3/2;  for  0 < a < oo,   0 < /3 < 1,  define

/(a^A + ^ß + /3^c) = /(a^A + ^ß + f c) = max I a + 1 + /3(1 + ß)/4, 1 + ß/2\

so that UA + £B) = KÇA) + 1£B) = 2 = UA + ¿:c)  and  UA + ÇB + fc) = /(£,)

+ Kf B + fc).   Hence  A   is a measurable set.   For 0 < a < oo,   0< ß < 1,   0 <y

< oo,   define
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'(y(<l + £B + #c)) = yl(a£A + £R + ßSc)

and

/(y(^ + /3^ß + fc» = y/(^ + /3£ß + tfc).

It can be shown  / is an integral,   rf.   however is not a measurable function since

'<£¿) + /(íB+fc/2)-I+l +1/4=2+1/4

and

/(^ + £B + fc/2) = 1 + 1 + (1/2X1 + 1/2 )/4 = 2 + 3/16.

Hence if A   is p-measurable then rf.   need not be measurable.

Theorems 3.4 and 3.8, however, show that for a regular outer measure p the

two statements are equivalent if p(A) < oo;

(a) A   is ¿/-measurable,

(b) ¿;A   is measurable.

The  two preceding  examples  show  that  there  exist  integrals  for which  there

is no logical relation between these two statements.   Are these two statements

equivalent only for regular outer measures?   An example indicates not.

Let  X  be the union of the disjoint single element sets  A, B, C.   Define for

a > 0:

/(a£A)=a,       /(a£B) = /(afc) = 3a/4,

l(aÇA + afß) = I(a¿¡A) + /(a<fß) = 7 a/4,

Ha-€A + a4c) = Ii°4A) + K<x£c) = 7 a/4,

/(afß + a£c) = a < /(afß) + /(a<fc) = 6a/4,

/(a^ + a<fR + a£c) = I(aÇA) + /(a<fß + arfc) = 2 a.

B  is not p-measurable since   1 = p(B U C) < p(B) + /i(C) = 6/4.   zf „   is not measur-

able since   1 = K£B + ¿¡A) < K£B) + K€ç) = 6/4.   C, <fc   are similar.   B, C  are

the only subsets of  X  which are not z_i-measurable.   Hence if  D C X  is not im-

measurable then çD  is not measurable; if <fD   is measurable then D  is p-measur-

able.   The sets  A,   B U C  are ¿t-measurable and  / will be extended so that

£A,  fß + £c  are measurable.   For  a, ß, y > 0,  define  /(a<fA + /3rfB + y£c) =

/(a^) + /(/3f B + y£c).    For /3 > y define

<(/3£B + y€c) = /(y(£ß + çc) + (ß - y)£ß) = y/(fß + rfc) + (z3 - y)/(£ß),

and similarly, for y > ß.   One can show  / is an integral and <f.,  zf „ + tf      rf

+ ç„ + zfc  are measurable.   Hence if D C X  is p-measurable then ¿7   is measur-
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able.   However, p is not a regular outer measure since p(ß) /■ p(B U C).    If it

were true that  p{B) = piC) = piB U C),  p would be a regular outer measure.

Even though the "equivalency" of A  and £.   as measurable entities is not

limited to regular outer measures an example may indicate what can happen if p

is not a regular outer measure.   Let  C, D  be the same sets as before Definition

1.1.   (An analogous discussion can be given using the sets  S, C  of the example

just above.)   Lebesgue measure  X as defined in [2, 9.19] is a regular outer

measure and it is true that XiC) = XiD) = À(C u D) > 0 and  C U D  is A-measurable.

The integral  U  is defined such that  UR ¿¡A dX = A(A).    For y > <5 > 0 it is true

that

URy£r + SÇ   dX = U   yf   ¿A = yX(C).K X.. U K C '

However, if one goes to an outer measure p  which is identical to X  on the A-mea-

surable sets so that A(Cu D) = p(C U D)  the only restriction placed on p is

that p(C) + p(D) > p(C U D).    For any integral which induces  p it is true that

/(<fc) + /(£„) > /(rfc + £0) = A(C U D),   and, for y > S > 0,

max \¡iyc;c), liS¿;D), y/(£c + £p) - (y - S)/(^)j

< I(y¿;c + 8ÇD)

< min \Hy€c) + /(SfD), S/(fc + ̂ D) + (y - S)f(ec>5
while

max WRyc;cdX, UR8£Dd\\ = \]RyÇc + SÇD dX < URy^c^A + \)R8£n dX.

Thus even once p has been determined  / can take on any value allowed by the

inequality.   The value of U,  however, is uniquely determined by its regular

outer measure p.   Hence if p is a regular outer measure the value of / is known;

if p is not a regular outer measure the value of   /,  in the absence of more com-

plete information, may only be known to be bounded by a set of inequalities.

However, knowing no more than  /  is an integral the following theorem can still

be obtained.

Theorem 3.12.   Let  I be an integral on a set  X.   Let f be a nonnegative

function such that ¡if)  is finite.   For c > 0   there exist sequences (a )°°_ ,

(/3„)~=1   such that for all n £ N,   0 < a^ < ß    < oo,   and a sequence of subsets of

x,  iAn)™=1,  such that

OO rx>

Z«Ja <f<ZßJA
« = 1 " 72 = 1

and
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•>'('-Ê"A.)^>-'(£'A.).

'"(PA.-^ÍC,^,)-'</)■
// /(/) > 0  the ß     can be chosen such that

a   <ß   < (1 + c/l(f))a  .72   —   r72   — ' 72

Proof.    Let ß > 0.   Define for all integer 72 A^ = \x: x £ X, (l + ß)n < f(x) <

(l + /3)"+1S.   Let

Ax = jx: x e X, f(x) = ooi,       A_oa = ix: x e X, f(x) = Oi.

Define g = S~=_oo (l + jö)"^   .   It is true that g < / and  Kg) < 1(f).   However

/< (1 + ß)g  and  /(/) < (1 + ß)Kg).   Choose  ß  such that ßl(f) < e.   It is true that

'(/ - g) < Kil + ß)g - g) = ßKg) < ßKf) < e.    The theorem follows by setting

a    = (l + ß)n,  ß   = (l + ß)a   ,  reordering the indexing, and noticing that

Kf)=l(f-g+g)<Iif-g) + l(g)
so

I(f)-l(g)<I(f-g)<c   a
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