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ABSTRACT. In §2 a mapping of nonnegative functions is defined to be
an integral if it has the following properties: I(f) =0, I(f)< e for some f,
if f<g then I(N=<I(g), I(f + ) = 2I(), l(zc::’_1 g,) 52:)_1 I(g_). Given an
integral I a nonnegative function f is defined to be a measurable function
if I(f+ g) = I(f) + I(g) for all nonnegative functions g. If f, g, (8n)m=1
are measurable functions then the following functions are measurable: f+ g,
of forall a20, X% g f-g if [~g=0 and I(g) <oo; also 2> I(g,)
= 1(2:,°=1 8, An example shows if f, g are measurable functions then
max i f, g} may fail to be a measurable function. If an integral has the property
that if f, g are measurable functions then max {f, g} is a measurable function,
then the following functions are also measurable: min {f, g}, |f - g|, sup g,
and under certain conditions lim o SUP &5 inf g , lim inf g~ when-
ever (gn)"o=1 is a sequence of measurable functions. A theorem similar to
Lebesgue’s dominated convergence theorem is shown to hold.

In §l the Lebesgue integral, which does not in general have the prop-
erties required to be an integral as defined in §2, is used to obtain an inte-
gral U which does. If p is an outer measure and M is the g-algebra of
p-measurable sets then the set of measurable functions defined in §2 for the
integral U contains the usual set of ¥ -measurable functions. U has the
property that if f is a M -measurable function and if fX fdu denotes the
Lebesgue integral of f on a set X then f fdu= Uy fdp.

In it is shown that an, integral [ ci(efined on a set X induces an outer
measure p. If p is a regular outer measure, a representation theorem holds
for I: if f is a nonnegative function and U is the integral of $1 then I(f)
= Uy, fdp. Regardless of whether or not the outer measure p is regular a
similar theorem can be obtained: if f is a nonnegative W -measurable func-
tion then I(f) = Uy fdp. The relationship between pi-measurable sets and
measurable functions is explored.

Wherever possible the definitions and notation have been taken from [2].
Throughout the following let X be a set, let N be the set of all positive integers,

let R be the set of all real numbers. Unless stated otherwise every function

which appears is nonnegative; this is to be understood in the sense that if [ is
defined on X then 0< f(x) <o for all x € X.

1. The integral U. Let X be a set with an outer measure y defined on it.
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Let m# be the o-algebra of y-measurable subsets of X. For a nonnegative func-
tion [ defined on X let [, fdu be the Lebesgue integral of /.

This section will use the Lebesgue integral to define an ‘upper’ integral U
with the properties:

(a) fx fdu=U, fdu
whenever [ is an W’u-measurable function,
(b) 0<Uy f+gdu<U, fdu+ Uy gdu

whenever f, g are nonnegative functions. The purpose of defining and studying
U is to give an example of a type of integral which will be examined in $2.

Before starting the main development of this section, the construction of
two sets C, D which are not Lebesgue measurable will be sketched; C, D will
be such that C "D =g and 0<MC) = MD) = MC U D) where A is Lebesgue measure.
Let m,‘ be the set of Lebesgue measurable subsets of R. Let M be the ‘every-
where’ nonmeasurable subset of R which appears in Theorem (16.E) of [1]. A
useful property of the set M is that for any B € ’ﬂx it is true that (B N M) =
MB N M") = MB). For purposes here take B=[0,11CR and let C=B N M,
D=BNM" sothat CUD=B and MC)=XD)=MNCUD)=1.

The useful feature of C, D is that

MC) + XD) = 2MC u D).

In this sense C, D are some ‘worst possible’ nonmeasurable sets. They will be
used below to illustrate the behavior of various integrals.
Attention will now be turned to the central idea of this section: the devel-

opment of an upper integral U such that
0<Uy /+gdu<Uy fdu+ Uy gdu

whenever f, g are nonnegative. That the Lebesgue integral does not have this
property can be seen by taking C, D as above and setting

(=1 if x €C,
Ex)=0 if x eRNC,
Ex) =1 if x €D,
£ (=0 if xeRND"
Now
S+ &) =1 ifxeCcuD,
£+ S =0 if xeRN(CUD)

Hence [, §C+ ‘fD d\ = M(C U D). However Ir «fcd)\ = 0 since
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inf{£ (x): x €4, A €]y, MA) > 0}=0
and

fR fcd/\ = sup 3? inf{fc(x): x € Aki)\(f\k):
-1

{A TR Aﬂ* is a measurable dissection of R}.

Since each Ak € mx it is true that
S €cdr=suplot=o.

Since is similar it is true that
D

o=fR§CdA+fR.fDdA< fRfC+§DdA.

Since the Lebesgue integral does not work it is necessary to find one that

will. The first idea that presents itself might be to define for a nonnegative f

Uy fdp = inf 3i suplf(x): x € A Ju(A)):
k=1

{A 1P Ani is a measurable dissection of X }.

This appears to work as long as [ is bounded p-a.e. and is positive only on a
set of finite measure. Problems arise with functions like x~!/2 on [0, 1]and

x~2 on[1, [ for

J.; x=1240 =2 bue U%) x" 124\ = o
and

fT x~2dA =1 but Ut x"2d\ = oo,
One of the approaches which does appear to work for any function is to define

U much as above but to go from measurable dissections with a finite number of
p-measurable subsets of X to ‘countable dissections’ with a countable number
%1 Ay =X. The
approach here will be to use the Lebesgue integral and the properties of fmﬂ-mea-

of p-measurable pairwise disjoint subsets of X such that U

surable functions to define U.

Hopefully by presenting things in terms of the Lebesgue integral the devel-
opment will be more accessible to some readers than if U were defined on count-
able dissections. In addition the details of showing that U does indeed treat
fm,u-measutable functions just like the Lebesgue integral does can be omitted.
Also, the approach presented here is suggestive of the treatment in §9 of [2] of

the integrals I, I, I where I looks not unlike the finite sums on measurable
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dissections (or integrals of simple functions), 1 looks not unlike the Lebesgue integral
and I looks not unlike U. However, the range of ‘definition of U is rather more ex-
tensive than that of I. In any case the different approaches give the same U.

Definition 1.1. Let [ be any nonnegative function defined on a set X. De-
[ine

Uy fdu = inf {fx gdu: g is an m#-measurable function, {(x) < g(x) for all x € X}.

Theorem 1.2. Let g be a nonnegative m#-measurable function and let f, b

be nonnegative functions defined on a set X. U bhas the following properties:

(a) Uy gdp = fx gdp,

(b) Uy afdu= aly fdp for 0< a< e,
© Uy [+ fdu = Uy fdu + Uy, fdu,

) Uy /+bdu<U, fdu+ Uy bdp.

Proof. (a), (b), (c) follow from the definition of U; the reason for (c) as well
as (b) will be seen in $2. (d) can be obtained with the following: if g &) are
my_-measurable with 82 f, g, >k then &+ 8y is m#-measutable and 8+ 8y
>f+ b when f, h> 0. Hence from the definition of U one sees that
Uy [+ bdyu cannot be greater than Uy, fdu + Uy hdp. O

Using the functions {"C, {"D which were defined before Definition 1.1 it is

true that
O<UR §C+§Dd)\= UR .fcd)\= UR fDd/\
or
Upg éc+&$pdA<Up € dh+ Uy & dA
and

2Up €+ € dh=Ug £ dh+ Up £paN.

The next theorem will appear again in §2. Here and elsewhere for the put-
pose of being specific whenever f(x) = g(x) =« and [ - g appears set f(x)-
g(x) = o.

Theorem 1.3. Given g > 0 such that Uy gdp < oo the following two state-
ments are equivalent:

(a) g is Wﬂ-measumble,

®) Uy g+ fdu=Uygdu+ Uy fdu forall [>0.
Also, (a) implies (b) even if U, gdp = .
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Proof. First assume g is M ,-measurable. Since
U, /du = inf {fx bdu: b is fm#-measurable, f< b}
there exists a sequence of functions (b )> | suchthat f< b forall » €N and

lim Uy b du=U, fdu.

77— 00

Let b = inf bn. It is true that
(a) b is m#-measutable,
(b) f<h,
(c) Uy bdu=U, fdu.

It is true that

Uy b+gdu=Uy hdu + Uy gdu

and
U, fdu + Uy gdu = Uy hdu + Uy gdp.
The next step is to show that
Uy /+gdu=Uy b+ gdp.

Only the case Uy fdp + U, gdu < need be considered. Since f< b it is true
that

f+8<h+g and Uy f+gdu<Uy b+ gdp.
If there existed a > 0 such that
Uy f+gdu+ a=Uyb+gdy,

there would exist a function e such that e is m#-measurable, e>f+g, Ux edy
<Uy [+ gdu + a. There would then exist d such that 4 is mﬂ-measurable and
e=d+ g. Evidently d>  and U, ddu < U, hdy. This would however contra-
dict one of the properties of h. Hence it is true that

UX/+gdy=Uxb+gdu=Uxbdu+ngdp=Uxfdy+ngdp.

This finishes the first part. For the remainder assume U, gdu < oo. It still
must be proven that if g > 0 has the property that

Uy [+8dp=Uy fdu+ Uy gdu

for all { > 0, then g is m#-measurable. This will be done by showing that if g
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is not ?ﬂ#-measurable, then there exists a function f which turns out to also be

not mﬂ-measurable such that
0<U, [+gdu<Uy fdu+Uygdu.

Let g be a nonnegative function which is not mﬂ-:neasurable. As was seen
above there exists a function b with the properties: b is mﬂ-measurable, g < b,
Uy gdu= U, hdy. Now b~ g is a nonnegative function. It is also not lm’u-mea-
surable; were it m#~measutable, then - (h—-g)=g wouldbe. Set f= h- g so that
h=[+g It suffices to show U, fdu> 0. Were it true that UX fdp = 0, then for all
a>0 with B_ =~ 1(]a, o)) it would be true that p(Bu) = 0 and hence B, 637(#. However,
from the definition in [2, 11.2], f would then be m M—measurable. Since [ is not m i
measurable, U, fdu> 0 and

Uy hdp = Uy [+ gdu < Uy [du + Uy gdp. O

This theorem is also true for the Lebesgue integral. What can happen when
UX gdp.= oo can be seen in the function b — fC which appears in an example following
Theorem 2.7.

One may have noted that the above treats only nonnegative functions. One
reason can be found quickly enough. With sets B, C from before Definition 1.1
let fB(x) =1 if x € B, fa(x) =0 if x € R N B’ and similarly for fc. If one
writes for a nonnegative function b, U, - hdu =- U, hdy it is true that
U, fB - fcd)\ =AMB NnC')> 0 but U fB dr - U, de)t = 0. Behavior of this
kind shows the need to restrict Definition 1.1 to nonnegative functions. To
treat functions generally it would be necessary to first split them into positive
and negative parts and then treat each part as was done above. While such an
approach is feasible and has been used in the development of the Lebesgue inte-
gral, here it would appear to compound the complexity which is already substan-
tial while adding but little to whatever instructive value may be present.

In the following section attention is turned to a class of integrals which in-
cludes U.

2. The integral I. This section will examine a particular collection of inte-
grals. For each integral a set of measurable functions will be obtained and some
of the properties of these measurable functions will be given.

Definition 2.1. Let X be a set and let f, g, 81185 830 " be nonnegative
functions defined on X. The real valued mapping 1 will be called an integral
when it has the properties

(a) 0<K)) < o,

(b) there exists [> 0 such that Kf) < o,

(c) ) < Kg) whenever f< g,
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@) Kf+ N =KN+ K,
(e) IZ7_,8,)<2¥_ | Kg,).
The next four theorems show that the properties of Definition 2.1 are equiv-

alent to a more extensive set of properties.

Theorem 2.2. Let I be an integral and let 0 be the zero function: 0(x) =0
for all x € X. Then I(0) = 0.

Proof. Using properties (b), (c), (d) K0) = I(0+0) = K0) + I(0) < I(/) + K/)
<o, Hence I(0)=0. O

Theorem 2.3. Let I be an integral and let f, g be nonnegative functions.
Then Kf + g) < I(f) + Kg).

Proof. Define g, =0, g, =0, g5=0,---. Then

n=3

l(/+8)=l<f+g+ E: g,,) <I(f) + 1(g) + i 10)=1(f)+1(). o
n=3

Theorem 2.4. Let I be an integral and let f be a nonnegative function. If
0<a<oe then Kaf) = alf).

Proof. The theorem holds for a = 0, 1, 2. If it is true for @ it is true for
2a and a/2 since

1(2af) = I(af) + I(af) = al(f) + al(f) = 2al(f)

and

al(f) = I(af) = I(a/2f + a/2f) = I(a/2]) + 1(a/2f)

or
a/21(f) = I(a/2f).

The theorem thus is true for @ = 2" where 7 is any integer. The theorem also
holds when a = Ei___l 2" where each n, is an integer. The case for a =3
will be done here; the others are similar. One wants to show I(3f) = 3Kf). From
Theorem 2.3

1(41) < 1(3f) + I(f) < 3I(f) + I(f),

but I(4f) = 4I(f) and hence I(3f) = 3I(f). Knowing the theorem holds whenever a
can be written as a finite sum as was done above, one needs to show any non-
negative @ will work. This will be done here for 0< @ < 1. The extension to
any nonnegative Q is straightforward. a can be written a = £%_ 27"% where
each 7, is a positive integer. It is true that

32

k=1

-n

kca
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and
] -n I —n
1(): 2 "/> = y2 M <iap),
k=1 k=1
however
1(af) = 1<i 2_"’°/> < i 27 "RI(f) = al(f).
k=1 k=1
Also
I —n
lim '():2 ’°/> < I(af),
770 \k=1
but
lim 1<i2 ""/> PRI
772 \g=1 k=1
and

I(af) = al(f). o
These theorems can be summarized in the following theorem.

Theorem 2.5. Let I be an integral and let [, g, g,, g,, 83+ be nonnega-
tive functions defined on a set X. The list of properties in Definition 2.1 is
equivalent to the following:

(a) KO0) =0,

) 0<I(f) <o,

(c) (D<) if f<g,

@ Kaf) = allf) if 0< o<,

(e) If+g) <IN + Kg),

(6 1(2::’:1 g,) < 2:=1 I(gn).

Evidently Theorem 2.5 could be used as the definition of an integral instead
of Definition 2.1.

With the treatment given in $1, the integral U is an integral in the sense
of Definition 2.1 while the Lebesgue integral is not.

The next step is to obtain a collection of measurable functions for a given
integral I. This will be done in terms of the behavior of a function under inte-
gration and will make no reference to o-algebras of sets. In addition no mention
will be made of measures or outer measures. These entities will however appear
in §3.

Definition 2.6. Let X be a set and let | be an integral and let g be any
nonnegative function defined on X. g is called a measurable function if it is

true that Kf + g) = If) + g) whenever { is any nonnegative function defined on X.
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As was shown in Theorem 1.3 the set of functions which are measurable with
respect to U contains the set of fm#—measurable functions where p is the outer
measure used to define U.

It is true that any integral I/ has a measurable function, the zero function,
since I(f+ 0) = I(f) + 0.

The uniform norm, ||/l (2, 7.3], is defined ||/||, = supi|/(x)|: x € X}. When
restricted to nonnegative functions it is also an integral. It has only constant
functions as measurable functions.

The Sip-norm, I/, [2, 13.1], which for 1< p <o and f> 0 is also an inte-
gral, is defined here ||f||p =[U, fPdul*/?. If p>1 and X has more than one
element with positive measure, then for every measurable [ it is true that "/"p
= 0. It might be anticipated that any treatment of measurable functions may be
less than illuminating when applied to integrals for which the value of the inte-
gral of every measurable function is zero.

Next some properties of measurable functions are established.

Theorem 2.7. Let I be an integral and let f, g, 81> 8,5 83 ++ be nonnega-
tive measurable functions. The following functions are measurable:

(@) /+e,

(b) [-g if g<f and g) <,

(¢) af if 0<a< =,

() 2t:f:l &y
It is also true that

(e) HZ7_,g,)= 2>, g,

Proof. Let b be any nonnegative function. For (a) it is true that

Ih+f+g)=1h+f)+1(g)=1(h)+ I(f) + 1(g) = 1(h) + I(f + g).
For (b) one needs to show that
I(h+ [~ g)=1(h) + I(f - g).

Now

Ih+g+f-g=1h)+1(g+[-g) =1(h)+1(g) + I(f-g)=1(h+g)+ I(f -g),
but

Ih+g+f-g)=1h+[f-g +1(g
and

1(h +g)=1(h) + 1(g)

or
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Ih+f-g)=1(h)+ I(f-g).
For (c) one needs to show that
(b + af) = 1(h) + I(af).
If 0<a<o, Kb/a+ f) = Kb/a) + Kf) and al(h/a) = Kb), al(f) = Kaf). For (d)

one needs to show that

l<b+ f: gn) = I(b)+1<§: gn>.
n=1 n=1

Now
i > <16 + 1<§ gn) <1+ Y g,
n=1 =1 n=1

For k € N using (a)

k k k
< z )_l(b)+1 e >=l(b)+zl(gn).

n=1 n=1
Now

hm Zl(g)— Z l(g)

n=1

1<b+ i gn> = 1(b)+1<§ g") = 1(h) + i I(g,).
n=1 n=1

and

For b= 0 this gives I(£%_ g )= X% _ l(g ) which yields (e). O

It can thus be seen that for an integral I the set of measurable functions
contains the zero function and is closed under countable addition, nonnegative
multiplication and some subtractions. This set of functions can be obtained
even though no mention is made of measures and measurable sets.

While there are cases for which (b) of Theorem 2.7 is true for I(g) = oo,
there are also cases that fail. The basic prc')’blem is that every function with an
infinite integral is measurable. As long as subtractions are not involved this is
of no importance. For an example of (b) which fails when I(g) = = take the
integral U of §1 evaluated with Lebesgue measure and the set C as before
Definition 1.1. Define K x) = 1 for all x € R, h(x) - (c(x) =1 forall x €R N
C', b(x) - £(x) =0 for all x € C. It is true that Uy hdA =0, Up h— & dA = o
and b, h— fc are measurable. However b - (b - fc) =¢. and ‘fC is not mea-
surable as was seen after Theorem 1.2,

To this point for a given integral I and its set of measurable functions no-
thing has been said about max{f, g} defined in [2, 7.1. viil. If f, g are mea-
surable functions is max{f, g} or min{f, g} a measurable function? For the fol-

lowing example the answer is no.
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Let X be a set with elements a, b, c. Define for a > 0,
ala)=a, afb)=0a/2, afc)=0,
ac(a) =0, ac(b) = a/2, ac(c) = a.

An integral I will be defined for which o , B _ are the only measurable functions when
a, B> 0 and for which maxia , B} is not measurable when a, 8> 0. It will

be useful however to first consider some of the properties of the functions a ,

B
(a) The family of functions a_+ B_ for a, B> 0 is closed under addition:
for a, B,y, 6> 0,

(0, +BI+(y+8)=a +y,+B_+8_=(a+y +(B+d).

(b) If there are functions f, g for which f+g=a_+ 8., it may not be true
that either f or g has the form a; + BC' with @', B’ > 0. Define

f(a) =0, f(o)y=0a'/2, [lc) =0,
gla) = a', g®) =0, glc) =0,

for which [+ g = OL;. These functions will need to be considered when defining

I to insure

Ia +B)=1I(f+g <I(f)+1(g).

(c) Any function f> 0 can be written [ = o + B, + z where z has the form:
(Z1) zZ(a) =0, z2(b)=y, z(c)=0,
for y > 0, in which case the expression for { is unique
(Z2) Za)=y>0, zb)=0, zc)=y'>0,

for y +y' >0, in which case the restraint on z is z(@) + z(c) =y + y'. That
Z2 does not yield a unique z can be seen with the function f(a) = 2, f(b) = 1,
f(c) = 2, which can be written

f=1,+1_+2z with z2(a) =1, z(b)=0, z(c)=1,
or
f=2,+2z with z2(a) =0, 2(b)=0, z(c)=2,

or in a number of other ways. Since each different z will give a different pair

@, B, the value of the integral of a function will have to be independent of how

the function is written.

The integral I is defined
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Ha) =afa)+a(b)+alc)=a+a/2+0=3a/2>0,
1(B)=pBLa) + B _(b) + B (c) =38/2 >0,

(o, +B)=1(a)+1(B)=3/2(a+p),

so that Ko, + a ) = 3a. In attempting to make the functions a_ + 8 _ measur-
able and the functions z not measurable, I(z) will be set to the largest value

allowed by (c) of Definition 2.1 which is
I1(z) = infll(a, + B): a,+ B >z}

For z of the form Z1 with z(b) = y > 0, z(a) = z(c) = 0, set (z) = 3y. For L
of the form Z2 with zz(a) + zz(c) =y>0, zz(b) =0, set I(zz) = 3y/2. For z(b)
=y >0, z,(a) + z,(c) = 2y, one has

3y =1(z + z,) <I(2) + I(z,) = 6y,

so that neither z nor z, is measurable; hence no function of the form Z1 or Z2
is measurable.
For [> 0 of the form f=a_+ f_+ z, I is defined

1) = 1la,+ 8) + I(=).

Using these relations one can show that I is an integral and that a nonnegative
function is measurable if and only if it has the form a,+ B,

The reason for constructing I was to give an example of an integral for
which max{f, g} is not measurable even though f, g are measurable. Using
a,a leem= max{aa, ac} for a > 0. Thus m(a) = a, m(b) = a/2, mc) = a
and m=a_ + z, where zz(a) = zz(b) =0, zz(c) = a. Hence Km) = 3a. How-
ever & +a_—m=z where 2Ab) = a/2, z(a) = z(c) = 0. Thus

3a = l(aa + ac) = I(max{aa, aC} + z)

<I(maxlta, a_]) +1(z) =30 +3a/2,
Hence max{aa, ac} is not measurable. Since min{aa, a(__} = z it is not mea-
surable either.

One might note that not all integrals share this property shown by the inte-
gral in the above example. For the integral U of $1 it is true that maxif, g}
is measurable whenever f, g are measurable. The following theorem expands
on this.

Theorem 2.8. Let I be an integral with the property that maxif, g} is mea-
surable whenever [, g are measurable. If Kf + g) is finite then the following
two functions are measurable:

(a) mintf, g},
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®) |/- gl
Let (f)%_, be a sequence of measurable functions,
(c) sup f, is measurable.
If there exists k€ N such that I(sup [ Tosrs Thor = ) is finite, then
(d) limn_wsup /n is measurable.
If there exists k € N such that If,) is finite, then the following are measurable:
(e) inf f,,
(f) lim _ _ inf{ .

Proof. (a), (b) follow from Theorem 2.7 and the relations
mini{/, g} = f + g - maxlf, g} > 0,
I/ - gl =2 max1/, g} - (f+ g) > 0.
For (c) write g, =f,, g, + &, = max{/l, /2}. Now g, is measurable since g,
=maxlf,, /,} - f, > 0. Similarly write 2:=1 g, = maxif, [y oees [} or

gp=maxtfy. [y oo fy_p b= maxtfy, fr oo (320

Hence sup / = 27::1 8 and sup [ is the sum of a countable collection of mea-
surable functions and is hence measurable.
For (d) let s = sup{/n, /n+l’ fn+2,.

lim __ supf . There exists k € N such that Ks,) is finite. For n> &, let

-+« } so that lim s =
n—oo " n

8, =S, — S, Since each g is measurable sup g  is measurable. Since
lim _ s =s,-supg and s, >supg , lim _ s is measurable.

(e) can be established with arguments similar to those in (c), (d). (f) follows
from (e), (c). O

The necessity in (d) of Theorem 2.8 of requiring that I(sup{/k, /k+1’ o)
be finite for some k is seen in an example. Given the set C from before

Definition 1.1 and the integral U of $1 defined with Lebesgue measure, define
(=1 if xeC, [(x)=1/n if xeRNC"

It is true that lim _ _ sup f =& where £ (x) = 1if x €C, {.(x) = 0 if

x €RNC'. It is true that UR f,@\ = oo for all » and that fC is not measur-
able as was shown after Theorem 1.2. Similar examples can be given for (e), (f)
of Theorem 2.8.

Theorem 2.9. Let | be an integral and let (f )7_| be a sequence of nonneg-
ative functions defined on a set X. Then

(a) sup If) < sup /),

®) Kinf f)<iof I,).

The proof is omitted.



434 J. MALONE [November

Theorem 2.10. Let I be an integral as in Theorem 2.8. If (f )7_| is a se-
quence of nonnegative measurable functions, then

(a) l(limnﬁm inf f) < lim inf I(f ).

For (b) and (c) let it be true that there exists k € N such that

—00

’(S“P{fk’ fk+l’ /k+2’ "'D<°°.

Then
(b) lim _  sup I(/) < Klim _ _ supf ).
If lim_ _inff +g=1lim _ _ sup/ where l(g)=0, then

(c) limn_'o‘J I(fn) exists and

lim I(/n)=1(lim inf /,.> =I(lim sup / )
n—00 n—00 n—00 n
If g=0, lim _
I(limn_m /n).

Proof. If there exists £ € N such that for (a), inf{l(/k), I(/k+1)’ cve =0,
the proof is straightforward. Otherwise there exists k& € N such that I(/k) < oo
and I(inf /n) < l(/k)‘ Let

[p=1lim __ inf [n= lim sup [ and lim _ l(fn) =

— 00

inflf,, [, oo d=g, +inflf, [ -+ 1 =g +inf [ .

Similatly for &> 2 define
k—1
inf{/k’ /Ie+l’ ceed= 2 gn + ii,‘f /n°

n=1
Each g is measurable since for all k£ € N it is true that inflf,, frypp oo bis
measurable. Also

7~ 00

lim inf f = > 8, * igf [
n=1

Forall j> k> 1 it is true that

k—1
o1y fyyyo oD = T 16,0 + 1 (ine £,) < 10).

=1
Hence "

1( lim_inf /n) - né I(g)+l<i2f /ﬂ) < lim inf I(/,).

For (b) there exists k£ € N such that l(sup{/k, o417 *+ ) <eo. Let
SUP{/,HI, fryr oo d= suplf,, [ls1r = 3 - &, Similarly, for all j> &, let
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supf/’j, /i+l' -+ }=suplf,, RTINSy g,
n=k

Using the relations

lirgosup/n:_sup{/k’/letfl’.”}_ Z &
n= n=k
and

l<’£i~n;°sup /n> = l(sup!/k. /k+1’ )= Z l(gn),
n=k

the proof can be obtained in a manner similar to that in (a).

(c) follows from
I(Ji_.mwsup /n) = l<nl_i.q.1° inf /n\ < rl‘i_.moo inf l(/n) < nh..n;o 1(/’1)

< Jlim sup I(/)) < I(HH_.ngo sup /,,). o
(c) of this theorem can be restated so that it resembles a form of Lebesgue’s
dominated convergence theorem [2, 12,24]:
If there exists some nonnegative function s for which K(s) is finite and
/" <s for n €N, and if lim _ _ inof f =lim

—oo SUp/ , then lim _ / and

lim _ I ) existand Klim _ f)=1im __ I/ ). One sees that s> sup/ ,
and that if I(s) is finite then Ksup /) is also.

As has been shown [2, 12.25], (c) of this theorem may fail if one tries to ex-
tend it to the case where there is no dominating function or l(sup{/k, fk+1’ e D

=oo for all £ € N. It is possible however that

1 ( Jim, int f) = Jim 1/,) = 1( Jim sup ) <=,
even though no dominating function exists. This can be seen in an example. Let
the functions / , be defined on X =[0, 1] C R with value zero except where
defined otherwise. Define on the interval 11/2!, 1/2% = 11/2, 1] the function
for= 2°=1 so that using the integral U of §1, Uy /4, 4A = 1/2. Divide the
interval 11/22, 1/2!1 into two equal parts and define f11= 2! on
11/2%,1/22 + 1/2%] and f,, = 2" on ]1/22 + 1/23, 1/21] so that Uy /, d\=
Uy f1,d =21 . 1/23 = 1/22. The interval 11/23, 1/2?] is divided into 22
equal disjoint intervals of width 1/23.1/22 = 1/25 and {315 1529 /23, fr4 is
each defined on one of these so that fox= 22, U, [p9\ = 22.1/2°=1/23,
k=1, 2, 3, 4. The construction is continued by dividing the interval
11/27#1, 1/2"] into 2" equal disjoint intervals of width 1 2" 1/2n < 17224
The functions /nk, k=1,2,...,2" are each defined on one of these intervals
such that / , = 2" and U,/ , dA=2".1/22"*1 = 1/2"*1, For this set of
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functions sup f . > 1/(2x) so that there is no dominating function; if g > f, . for
all allowed 7, k then g > 1/(2x) and Uy gd\ = . Nevertheless lim inf f , =
lim f . = lim sup f , and Uy lim f , dA = lim Uy, fop@A=0.

It can be true that lim _ l(/n) exists and perhaps even equals
I(lim | inf /) or Klim _ _ sup/ ) even though Klim _ _ inf{ ) #
Ilim _ _sup/). Let X=1[0,1]1CR and let U be the integral of $1. Let the

Junctions fnk be the characteristic functions of their respective intervals so

that
£o0=1 on 0,11 and Uy&, dr=1,
£,7=1 onl0,1/2] and U,¢, dr=1/2,
£1,=1 on[1/2,1] and Uy¢,,dA=1/2,
£,0=1 on[0,1/2%] and Uy¢, dr=1/22,
so that tfnk, k=1,2 ..., 2% are defined to be the characteristic functions of

the 2" similar disjoint intervals of [0, 1]: [0, 1/27], 11/27, 2/27, ...,

12” - 1)/27, 1]. Thus Uy fnkd)\ =1/2" k=1,-.., 2% It is true that

lim sup fnk = ‘501 =1, lim inf fnk =0, and lim fnk does not exist. However
limUy & ,dr=0= Uy lim inf £, dA even though Uy lim sup £ pdh=1.

This section closes with a consideration of the requirement in Theorem 2.10
that each function belonging to (/n)':=1 must be measurable. The reason for this
can be roughly sketched. With X = N let each fn be the characteristic function
of the corresponding set tfl(x) =1if xefl], E(D)=11if xef1,2}, ..., fn(x)
=1lif xefl,2,-«v,nl, v, £ () =1if x €N. Forall n € N define I(§")= 1
and let I(tfw) = 2. It is possible to extend the definition of I and make it an
integral so that l(afn) = al(«fn) for a > 0, I(fle + fn) < l(fk) + I(fn), etc. Since
I(fw) = 2 it can be shown that there is some k¢ € N such that nf" is not measur-
able if n> k. However, lim, __ inf £, =&, sothat lim__ inf KE )= 1<
Iim ___ inf ¢) =2 and in fact Ilim __ inf &) > sup I€) = 1.

3. A representation theorem for the integral I. The integral I which ap-
peared in §2 will be used to induce an outer measure p on the subsets of X.
K p is a regular outer measure it will be shown that

1) = Upfdp,

where U is the integral defined in §1. If [ is a nonnegative m#-measutable
function this is equivalent to writing

1= [,

which says I can be written as a Lebesgue integral.

All functions which appear are nonnegative,
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Definition 3.1. Let X be a set and let E be a subset of X. Define as in
(2, 2.20},

fE(x)=1 if x € E, fE(x)=o if x € XNE'.

&g is called the characteristic function of E. Define p(E) = K&p).

The next theorem will show p is an outer measure; p will be referred to as
the outer measure induced by I.

Theorem 3.2. p defined in Theorem 3.1 is an outer measure as defined in
[2, 10.2]:

(@) 0< u(A) < forall ACX,

) w(2) =0,

(c) p(A) <u(B) if ACBCX,

(d) ;L(LJ::’=l An) < 2::1 [,I.(An) for all sequences (A”)°:=I of subsets of X.

Proof. See Theorem 2.5 and write

(@) 0<KE,) < oo,

(b) £,=0and (&) =0,

(c) ACB implies £, <&g and K& ,) < UEp),

@ with B=U%_, 4, (§) <37, K, ). o

Associated with p is the collection of p-measurable subsets of X.

Definition (2, 10.5]. Let X be a set and p an outer measure on the power
set of X. A subset A of X is said to be y-measurable if

w(T) =w(T N A) + (TN A"
forall TCX.

Associated with an integral | is the collection of measurable nonnegative
functions of Definition 2.6. In particular, there is the collection of measurable
characteristic functions 'fA where A C X. The question arises: is there any
relationship between A C X being a p-measurable set and {"A being a measurable
function? The next theorem looks at one part of the problem.

Theorem 3.3. Let p be the outer measure induced by theintegral I. Let A
be a p-measurable set and B a subset of X such that ANB=@. Then

HE, +£p) = 16, + 1),

Proof. A is p-measurable and w(AUB) = u((AU B) NA) + (AU B)NA")
= (A) + u(B). Hence K&, + &5) = (&) + KEp). o

For a given y-measurable set A a limited collection of functions is treated
by this theorem. It will be shown in Theorem 3.8 that if u is a regular outer mea-
sure and if A -is g-measurable then é—A is measurable.
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That Theorem 3.3 may fail if A is not yu-measurable can be seen in the ex-
ample following Theorem 1.2.

Theorem 3.3 raises the question: if ‘SA has the property that
(&, + &) =1(E,) + l(fB) whenever A "B = &

is A p-measurable? An example indicates not. Let X be a set with disjoint
subsets A, B, C. Let

[(6A+§B+§C)=2’ I(é'A)=l, I(§B+€C)=l’
I€g)=1€) =1, 1€, +&p) =106, + £ =3/2.

fB + ‘fC is measurable since 1(§A + 58 + ‘SC) = I(fA) + l(rf_} + ‘fC) and A is the
only nonvoid set not containing an element of B UC. B U C is not u-measurable

since

WA U B) <ulA U B) A (B UO) + AU B) N (BUO) = u(B) + u(A)
or

3/2 =1, +&Q) <1+ 1(ER) =1 + 1.,

The situation here is that while BU C is not u-measurable there is no set D
such that (BU C)N.D =g and (Bu C) UD) <pu(BUC) + (D). If p is a
regular outer measure sucha D can be found.

Definition [2, 10.40). An outer measure [ on the power set of X is said to
be regular if for each E C X there exists a u-measurable set A C X such that
ECA and p(A) = u(E).

Theorem 3.4. Let p be a regular outer measure on a set X. If ECX, u(E)
<o, and E is not y-measurable, then there exists D C X such that E N D = &
and p(E U D) < u(E) + u(D).

Proof. Since p is aregular outer measure there exists a set A such that
E CA, A isp-measurable and p(E) = p(A). Since E is not p-measurable A NE'
is not p-measurable and (A N E’) > 0. It is true that E= A NE=AN(ANE")’
and p(A) = W(EV (A NE") <p(E) + (A NE") = w(A) + w(A NE"). o

There exist outer measures induced by integrals which are not regular outer
measures but which have in common with regular outer measures the property:

(3.5) If A is not a p-measurable subset of X and (A) < oo, then there
exists a set BC X such that ANB =g , and (A U B) < wA) + u(B). Also
I, +&p) < I&,) + K(€R) and £, is not a measurable function.

For an example of an outer measure p which has property (3.5) but which is
not a regular outer measure let A, B be suchthat AUB= X and ANB = &
Define K&, + £p) = 1, KE,) = KER) = 2/3 so that 1= (AU B) < (A) + w(B) = 4/3. It is
true that A U B is y-measurable and is the only y-measurable set which contains either



1972] FUNCTIONS AND INTEGRALS 439

A or B both of which are not y-measurable. p has property (3.5) even though it is not a
regular outer measure. If y were defined: |[{A UB) = 1, i(A) = (B) = 1 then p would be
a regular outer measure. There are examples of outer measures possessing property (3.5)
which are not regular outer measures but which are not so simple as p. For those integral
induced outer measures which have property (3.5), if A is not y-measurable then ¢ A ls
not measurable. Restating this: If 3 A is measurable then A is py-measurable.

Before starting the development of the representation theorem it may be ap-

propriate to include the following:

Theorem 3.6. Let I be an integral which induces a regular outer measure
on a set X. Let (An)‘:’___l be a family of pairwise disjoint subsets of X and for
each A_ let B_ be a yu-measurable set such that A_CB_C X and p(A ) = u(B ).

n n n n n n
Let (an)::l be a sequence of numbers such that 0< a <o forall n €N, If
(B,)%_, is such that (B, N B,) =0 if n# k, then for all k> 1,

k k k k
I< Z an{:A > = Z anl(é:A ) = Z: anl(fB ) = ’<Z anfB )
n=1 " n=1 o n=1 i n=1 n

and

(5 o, ) - T @t T aiCe)=1( T o)
n=1 ” n=1 n n=1 n n=1 o

Proof. It is true that I(ZIa <f )- Ek l((fB and I(?N lfB ) =
2:=1 ’(an)- Also I(Ek ‘fA ) = 1(2 f ) since for k=2 there is the
function fAl + {:Az and the correspondmg set A, U A, for which there exists
a p-measurable set B suchthat A, U A, CB and [l(Al UA,)) =u(B). Were it

true that p(B) <u(B,) + u(B,) there would exist measurable sets B N B, and
B N B, such that

w(B N B) +u(B N B, <uB) < wlA)) +u(A).
Since A, CBNB, and A,CB N B, this cannot happen. Hence
HEq +€a ) =1 )4 1€, )= 1(Ep ) 4 165 ) = 1€ +&p)

The proof for & such that 3 < k<o is similar to k= 2 and is omitted. It is
possible to use the result for 3 < & < o to show that I(E°° fA ) = 2°°=1 I(§A )
or #(LJN A ) = Eoo -1 /.L(A ) =3% 1,u(B ). It will next be shown that "
Ka 'fA + azfA )- o ‘fA )+ Ka ‘fA ). For alfA + azth there is a cor-
respondmg functlon az‘fA +a cf'A ; for this pair it is true that

& pa
I(a15A1 + a25A2+ az«fAl + al(fAz)

—(a, + az);(gAl + g“‘z) =(a, + az)(l(fAl) + l(c;'-‘Az)).
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Also
I(OLI?fA1 + aZfA2+ az‘fAl + alfAz)

< I(OLlefAl + azrfAz) + I(OL2¢fAl + al.fAz)
< all(fAl) + azl(ffAz) + azl(fAl) + all(fAZ)
= (o, + a )&, )+l(fA ).

Hence the two possible inequalities are actually equalities and Ka 'fA +a {-’A )
=a &, l) +a l(rfA ). One might note that this was done without using the fact
that alfBl is a measurable function which is yet to be shown in Theorem 3.8.
An argument of this type can be extended to show I(Z’e a fA )=2%_ anl(‘fA )
= 25.: a l(f ) = I(E a fB ). For the countable case it is true that "
3k anl(f A, L anf A, V<HE™_ a ¢ a,) SZ. @, 15, ) and since
k 00

Jim 37 anl(efAn)= Y al&,)
. n=1 n=1 "
it is true that

’(Z aan >= Z an'(é-A ) = E an’(fB ) = I(Z ané'B )' o

n=1 n n=1 ” n=1 " n=1 ”

Theorem 3.7. Let I be an integral which induces a regular outer measure
p on aset X. Let [ be a nonnegative function defined on X. Given ¢ > 0 there
exists 3> 0 and sequences of subsets of X, (C D he oo’ (Dk)‘::_w, such that

(@) for all integer k, D, is p-measurable, C, C D, CX, y(Ck) = p.(Dk).

(b) For all k # n, D,ND =42, C, ncnzg.

(c) Z (u;s)’%gc <f<+p) Z @ +B)k§

k..—oo k:—OO

k=—o00 k=—oo

S B, )—1( 5 (1+B)"§C>

(d) <If)<@ +B)I< > (l"’B)kf )

k=—o00

=1 +p) }: @+ g, RE z a+ B)kz(f

k=—o00 k=—o00
Proof. Assume I(f) < oo; the other case is a straightforward extension of this
one. The procedure will be to construct two functions g, d such that g < f<d
and l(g) < I(f) < I(d). It will also be true that (1 + B)(g) = Kd) so that Kd) -
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I() < I(d) - Kg) = BI(g) < BI(f). B will then be chosen such that BI(f) < ¢.
Let B be such that 8> 0. Define for all integer &, A, ={x: x € X, f(x) >

(1 + B)*} which can alternatively be written A, = [~U[(1 + B)*, =]). For each
A, there exists B, such that A, CB, C X, w(A)) = f(B,) < and B, is p-mea-
surable where p is the regular outer measure induced by I. Define for each B,
D, =B, N(B,,)) ', It is true that supi{f(x): x € D 3<(1+ B)**! since if f(x)
>(1+ B)’“l, then x €A, |, x€B, |, x ¢(Bk+1)', x ¢Dk. It is also true that
if k£ n, then D,ND = @. Forall k define C, = A, N D,. It is true that
“(Ck) = u(D,) since otherwise there would exist a y-measurable set E such that
C,CECD, and u(C,) = (E) < (D). Since p(D, NE")> 0 and (D,NE") N
= @ it would be true that A, C B, ﬁ(Dk NE")" and uAa,) <

wB, n(D, ME")') <u(B,) = u(A,). Since this cannot happen it is true that
u(C ) = p(D ). Define g=27__ (l + ,?)knfc It is true that g < /. Also I(g)=

3 (14 ﬁ)kl(fc ) using Theorem 3.6. Let D ={x: x € X, f(x) = w}. Since
Kf) < oo it is true that (D) = 0. Define dx)=oco if x € D_. Complete the de-
finition of d thus: d=(1+ B)Z7___ (1+ B)ka . It is true that d> f; indeed
d(x) > f(x) for all x such that 0< f(x) <. It is also true that

Id) =1 +B) Z a+ 3)’*1(6

k=—o0

-1+p) Z @+ R*RIE, )=+ Pie).

k=—o00

Hence g < /< d, Kg) < K/) < Kd) and BI(g) > BI(g) = Kd) - I(g) > Kd) - I(f). B

can be chosen such that BI(f) < ¢ and the theorem follows. O

Theorem 3.8. Let I be an integral which induces a regular outer measure
u onaset X. If A is a p-measurable set then ‘fA is a measurable function;

which says given any nonnegative function [ defined on X it is true that

1/ + &) = 1) + IE,).

Proof. Only the case for I(£,) < = need be considered. Let / be such that
I/) <. For f and B, ¢ > 0 there exist families of sets (Ck)°k°=_°°, (Dk)°°=_°°
and the functions g, d as defined in the proof of Theorem 3.7. Define C oo =
={x: x € X, dx) = 0} and define for — o < k < oo, E —C NA, F = C NA"
G _D NA. ItlstruethatlJ°° o Ex CA4, U°° o g -A and2°° l(fE )
= Em__m I(fck) = I(fA) Also I(‘f ) = I(‘fEle + f )— 1(§Ek) + l(f ) It is true

that
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"Mx

(1 Hg)kf(: + Z 55)

k=—o00

l(g+§A)=l<

k

I< i (1+B)k(fE +&p )+ Z ¢ )

k=—o

1( i ((1+/3)k+1)§E + 2 1+ B, >

k=—oc k=z—o0

I

Z @+ p*+ DI ) + Z a+ /s)kl(rf

k=—oo k=—oo

LY B, REXTRIE > g,
k=—o0 k=—oo

= l(g) + l(fA)'

It is true that I(g) + I(fA) =g+ fA) < I(f + {:A) < I(f) + I(.fA) <Ig) +e+ I(‘fA)
and since given € > 0 an expression of this form can be found it is true that
(f+&,) = KN + KE,) and £, is a measurable function. D

Theorem 3.9. Let I be an integral which induces a regular outer measure

p onaset X. Let (A ) , be a family of u-measurable subsets of X. Let
(a)7_, be such that 0< a. < oo forall k € N. The function

d = Z @€y
k=1 k

is a measurable function. Let (d )7, be a sequence of measurable functions
each of which is defined as d is defined: each dn bas its own sequences
(Ak):=l and (ak):zl' Then the following functions are measurable:

inf a'n, lim inf dn, sup dn, lim sup dn.

n n-— o0 n n—00

Proof. That d is measurable is a restatement of Theorem 2.7. That sup d,

is measurable follows from Theorem 2.8 and the fact that if A, B are pu-measur-
able then A U B is and ‘fAUB = max{fA, fBL Hence max{fA, fB} is measur-
able. If there exists a d, such that I(a'n) is finite then inf 4, is measurable.
It is, however, also true that inf dn is measurable even if each I(a'n) =00, A
proof of this will not be given; the argument is straightforward with the exception
of one case that arises when for each dn there exists a set A, or sets for
which M(Ak) = . For a given nonnegative function / such that Kf) is finite
and for B> 0 there exists a sequence of subsets (Dl.)j.i_m as defined in Theorem
3.7. For each A, associated with d, the intersection of A, and each D, can

be formed to give a sequence of subsets of X each of which has finite measure.
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It can then be shown that Kf + inf d)) = /) + Kinf d ). Once supd, and
inf dare shown to be measurable lim _ _ infd and lim _  supd, follow. O

Next the representation theorem:

Theorem 3.10. Let I be an integral which induces a regular outer measure
p on a set X. Let [ be any nonnegative function defined on X. Let U be the
integral defined in (1.1). Then

I(f) = Uy /dp.

Proof. For all ACX it is true that Uy fA dy = l(fA) = u(A) so that U also
induces a regular outer measure on X. For 8, d and a sequence of subsets
(D)% . _, as in the proof of Theorem 3.7 it is true that d = 2 e (14 ,B)"ka

and

00

@)= 3 @+p*IE)= 3 U +B*Uy & du=Uyddp.
k=—o0 k=—o00
For /> 0 and I(/) <o it is true that Kf) = U, fdu. Assuming otherwise either
() <Uy fdu or Kf) > U, [du. For the latter case there would exist a d and
(DY
k' k==

o as in the proof of Theorem 3.7 such that

1) > Uyddy = I(d) > U, {dp.

However d > f and it is true that Kd) > I(f). The case for the assumption I(f) <
Uy, fdu is similar. The proof for Kf) = o is straightforward. Hence

UX/a'/,L =I(f). o

Knowing an integral I induces an outer measure p a similar theorem can be

obtained:

Theorem 3.11. Let I be an integral which induces an outer measure p on a
set X. Let [ be any nonnegative mﬂ-measurable function defined on X. Let U
be the integral defined in (1.1). Then

1) = Uy / dp.

A proof which will not be given can be obtained which is similar to the proof
of Theorem 3.10 and uses a theorem similar to Theorem 3.7 which is valid for
m#-measutable functions.

Theorem 3.11 also holds for the Lebesgue integral when it is used instead
of the integral U.

The rest of this section contains an assortment of topics that help round out
the discussion. An integral I induces an outer measure p on a set X for which

there is a family of y-measurable sets. There is also a family of characteristic
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functions of the form ffA which are measurable. The question arises: is there
any relation between A being p-measurable and §A being measurable? In the
next two examples the answer is no. In the discussion above starting with
Theorem 3.3 and ending just before Theorem 3.6 some aspects of this question
were examined when the measurability of fA was determined by looking only at
its behavior under integration with other ‘disjoint’ characteristic functions.
Here the actual measurabllity of {"A as defined in (2.6) will be examined.

It will first be shown that there exists a set X and an integral I such that
with B, C subsets of X such that BNC = &, §BUC or equivalently 'fB + {"C
is a measurable function even though B UC is not u-measurable. Let X be a set
with disjoi nt single element subsets A, B, C. Extend the definition of I which

appeared in an example following Theorem 3.3 so that if a > 0,
(o, +&g+ €N =20, 1aé,)=a,

Iag +€N = a, Naép)=1(aé.)=a,

Ia(€, + &) =1al, + &) =3a/2.
Any function f> O defined on X will have the form [ = O«th + BBfB + BC";:C
with o, 85, B> 0. Let B =min{By, B} and assume Bg2Bc so Bo=Bs
Bg=B+B,. Thus [=af, + B, +E& )+ B€y. Deflne

Haky + BEpy + E0) + Bybg) = 1y + ByEg) + BIE, + £,)

and define
oy + B€g) = % (ag,) + I(B,€,) + max 11(ad,), 1(B,€,))).

BC > B is treated similarly. It can be shown that I is an integral and that
fB + {:C is measurable even though B U C is not u-measurable:

pAUB)<u((AUB)N(B UC) +u((AU B)N (B UC)) = uB) + puA).

Hence if EA is measurable then A need not be p-measurable.

An integral can be defined which has the opposite behavior: A is p-measur-
able and ffA is not measurable. Let X be the union of the pairwise disjoint
single element sets A, B, C. For 0< a <, define I(Cqu) =a; for 0<B<1,
define l(ch + ch) = l(ﬁth + fc) =1+ /2 so that I(fB) = I(fc) =1,

I(‘fB + fc) =3/2; for 0<a<oo, 0< B < 1, define

I(oqu +£B +,ch)=1(afA +/3§B +§C)=max{a+l + B + BY4,1 + B/2}

socthat I(§, + &)= HEL) + Q) = 2= (€, + €) and (€, + £+ €)= [E,)
+ I(EB + fc). Hence A is a measurable set. For 0< a <o, 0<B< 1, 0<y
< oo, define
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I(Y(ascA + fB + ch)) = yI(CLfA + {:n + ch)

and

IG(ad, + BEg + &N = ylab, + BEg + €.

It can be shown I is an integral. ‘fA however is not a measurable function since

)+ 1€ +&-/2)=1+1 +1/4=2+1/4

and

1€, +¢ég +6./2) =1 +1 +1/2)A +1/2)/4 =2 + 3/16.

Hence if A is y-measurable then EA need not be measurable.

Theorems 3.4 and 3.8, however, show that for a regular outer measure p the
two statements are equivalent if p(A) < oo:

(a) A is p-measurable,

(b) fA is measurable.
The two preceding examples show that there exist integrals for which there
is no logical relation between these two statements. Are these two statements
equivalent only for regular outer measures? An example indicates not.

Let X be the union of the disjoint single element sets A, B, C. Define for
a>0:

a€,) =a, 1afy) =1 )=3a/4,
Hag, + abp) = 1(ad,) + (afy) = 7a/4,
I(a&, + ab ) =1ag,) + (&) = Ta/4,
I(afB + afc) =a< I(a:fB) + I(oufc) =6a/4,
I(ag, +abp + abl) = Hag,) + (aéy + aé ) = 2a.

B is not p-measurable since 1= (B U C) <u(B) + u(C) = 6/4. & is not measur-
able since 1 = I(fB + :fc) < I(fB) + I(fc) =6/4. C, EC are similar. B, C are

the only subsets of X which are not p-measurable. Hence if D C X is not p-
measurable then {"D is not measurable; if fD is measurable then D is p-measur-
able. The sets A, B U C are p-measurable and I will be extended so that

¢L €+ ¢ are measurable. For a, 8,y > 0, define lag, + Bég + ny) =
'(afA) + 1B + ¥éc). For B>y define

I(B‘fB + ‘yfc) = I(y(‘fs + {:C) + (B - y){:g) = yl(‘fB + fC) + (B - y)l({:B)’

and similarly, for y > 8. One can show I is an integral and -fA, fB + fc, fA
+ ‘fB + ‘EC are measurable. Hence if D C X is y-measurable then ‘fD is measur-
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able. However, p is not a regular outer measure since p(B) # u(BUC). If it
were true that p(B) = p(C) = u(B U C), pu would be a regular outer measure.

Even though the ‘equivalency’ of A and rfA as measurable entities is not
limited to regular outer measures an example may indicate what can happen if p
is not a regular outer measure. Let C, D be the same sets as before Definition
1.1. (An analogous discussion can be given using the sets B, C of the example
just above.) Lebesgue measure A as defined in [2, 9.19] is a regular outer
measure and it is true that A(C) = M(D) = M(C U D) > 0 and C U D is A-measurable.
The integral U is defined such that Uy £, d\ = AM(A). For y >8> 0 it is true
that

Upyéo + 66 dN = Up¥€dh = yA(O).

However, if one goes to an outer measure p which is identical to A on the A-mea-
surable sets so that A(CU D) = u(C U D) the only restriction placed on p is

that p(C) + p(D) > u(C U D). For any integral which induces @ it is true that
I(fc) + (&) > I((fC + {"D) = MCu D), and, for y >8>0,

max {(y€ ), 106 ), yI€ - + &p) = (y - ONE )
< l()’fc + afo)
<min{I(yE ) + 18, 81 - + &) + (y = ANE N

while
max {URythd)\, URBfD d\} = URyrfC + BrfDa’)\ < URy{"C an + URB‘fD dA.

Thus even once p has been determined I can take on any value allowed by the
inequality. The value of U, however, is uniquely determined by its regular
outer measure p. Hence if p is a regular outer measure the value of I is known;
if p is not a regular outer measure the value of I, in the absence of more com-
plete information, may only be known to be bounded by a set of inequalities.
However, knowing no more than I is an integral the following theorem can still
be obtained.

Theorem 3.12. Let I be an integral on a set X. Let | be a nonnegative

function such that I{) is finite. For € > 0 there exist sequences (an)‘:_l,

(ﬁn):=l such that for all n € N, 0< a <B, < e, and a sequence of subsets of
X, (An):zl, such that

™

B.éa

n n

Yoaé, <f<
n=1

1]
—

n
and
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(L Bk, - T oty ) zr(z BE, ) —1<§ “da,)
71:1 n ﬂ=1 n n n

n=1 n=1

e>1</— T a, ) 21(/)—1<Z aé, >
n=1 " n=1 n

e>1<2 B.&a —/> 21<Z B.ta ) - I(f).
n=1 i n=1 n
If I(/)> 0 the B, can be chosen such that

a <B,<U+eI(fNa .

Proof. Let B> 0. Define for all integer n A_={x: x € X, (1+ )" < f(x) <
(1+B)"*}. Let

A =fxixeX, fx)=0}, A__=1{x:x€ X, [(x)=0}

Define g =2>_ _(1+ B)”thn. It is true that g < f and Kg) < I(f). However
f<(1+ B)g and I(f) <(1+ B)(g). Choose B such that BIf) <e. It is true that
I(f-g) <I(1+ B)g- g =PIlg) <PIf) <e. The theorem follows by setting

a =(1+8)" B,=(1+p)a_, reordering the indexing, and noticing that

() =1/ -g+g) <I(f - g)+ 1)

so
() - 1) <If-g)<e B
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